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SCAURS RELATIONS FOR EBOT CORREMT nCMHBft* 

C. f . Redd aai H. E. beads** 
Nttals ami Ceramics Division 

Oak Ridge Rational Laboratory 

As tract 

Fonwlat art given for various electromagnetic quantities 
for colls In the prmnca of conductors, with the scaling 
parameters factored out so that small-scale nodtl experiments 
can bt rtlatod to large-scale apparatus. Particular emphasis 
Is given to such quantities as eddy currant heating, forces, 
power, and Induced nagnttlc fields. For axially sjtmm'rlc 
problcns, closed-form integrals an available for the vector 
potential and all the other quantities attainable from it. 
For unsyaeetrlcal problens, a thrtt dimensional relaxation 
progran can bt used to obtain the vector potential and then 
the derivable quantities. Data on experimental neasin •tints 
are given to verify the validity of tht scaling laws for 
forces, Inductances, and Impedances. Indirectly these also 
support the validity of tht scaling of tht vector potential 
and all of the other quantities obtained from It. 

Introduction 

Scaling of eddy current nondestructive testing problems has been 
used for eeny years, for both analytical calculations and experimental 
Measurements.1'*7 In the analytical calculations, we reduce the con
figuration to dleenslonless ratios, perform) all the calculations using 
pure numbers, and only Introduce dimensions In tht final step. In the 
experimental measurements, we perform tht measurements on models that 
are usually larger than the actual test so that tht dimensions can be 
more accurately controlltd. 

•Funding provided by tht Superconducting Magnet Development Program of 
tht Thermonuclear Division. 

"Consultant from Tht University of Tennessee, Knoxvlllt, Tennessee. 
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He have started our analysis with the vector potential. and can 
obtain closed form Integral equations for It for a m y of the stapler 
cases. These equations can be quickly evaluated on a small digital 
conputer. 

For aere complicated problem we aust use a relaxation or finite 
difference technique. In either 2 or 3 dimensions. This technique 
requires a large digital conputer for numerical evaluation. Once the 
vector potential has been detenrined for various discrete frequencies 
It can be calculated for any piece-wise continuous wave-shape using 
Fourier synthesis. Fran the vector potential any Induction plwiiioatnuii 
can be calculated. These calculations generally Involve the numerical 
evaluation of Multiple Integrals which Involve functions of the vector 
potential. As an alternative to numerical calculations, In many Instances 
we can use measurements on a model to evaluate the multiple Integrals. 

A number of successful designs have been completed using these 
techniques. 9" 1 3 
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I. Single Frequency. Scaled Equations for the Vector Potential 

An axial1y symmetric coil of rectangular cross-section above Multiple 
parallel planes is shown in Fig. 1. The closed form integral equation 
for the vector potential produced by such a coil is, in the n-th region: 

An(r,x) « MIu9 . 

x [1 - e"1^] [K 1 2(n,i)/ V • K22(»,l)«V] * \ • 0) 

Fig. 1. Coil Above Multiple Planes. 



The terns in brackets an conpletely diaensionless. They are a function 
of the linear dluenslons divided by scaling factor (usually the neon 
radius of a coll of Interest, R5). The frequency enters only through 
the function «tKxR5

2, which is also dtaeaslonless and would usually be 
kept constant In scaling a aodel. The terns containing the frequency 
»n: 

%-V.***v«*2 • ( 2 ) 

and 

"rel 

Both of these terns are dlnenslonless. 
Vl2(n,\) 

The terns contain an equal nunber of 0 *s in both the 
V22(k,U n 

nunerator and denoninator and are dinjensionless. 
lie can also obtain the vector potential for any irregular coils and 

conductors using a three^taenslonal relaxation technique. Using 
Cartesion coordinates, as shown in Fig. 2, we find for the three con-
ponents of the vector potential in non-ferronegnetic nedia: 

I n2(R2~*iK3 V l ** 
* A * A_ * A , 

*klm I n2(R2-ROLi V l V l V l *l*\ XU\ 

L 'kn n2 J 



O N 7S-CM2 

Fig. 2. Cartesian Coordinates for Three-Dinensionel Relaxation. 

*klm h; 6 COS « 0 7 

2. J L . * _ L . * + * • * + A 

3j 

i 

* • * • [ - ^ - - A (It. -A * A -A \ 
*k+l *k-l Vl+l J V V , 'm xk+l Xk) 

, c °l JtmaklJli • 5 + — — • -
°J« n 2 

(5) 
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I , = jii 
6 COS o o 

A = | uo*J —~ — + —— A +A +A +A +A +A 
kirn L n 2 ( / ? 2 - * i ^ 3 3«»' ***I *«-I S ** l **-l 3Z*1 *Z-1 

\ V l / \ xk+i xk H+l Hf 

L V i n* J 

where 

wo Is the magnetic permeability of free space (4* x 10" ), 

N Is the number of turns in the coil, 

I is the current per turn, and any subscript not written is 
assumed to be k, I, m, as the case might be. 

All other terms are dimensionless, and the vector potential is 
directly proportional to the source terms, \t0Nl. The quantity « f f is 
equal to 1 if the lattice point is Imside the coil, zero if it is out
side, o is the angle between the wire direction and the x axis; 

x 
ff5 is the coil mean radius; n is the number of lattice points in the 
coil mean radius ffs; N ' 1$ the number of lattice points in the coil 

x 
as the coil passes through the plane perpendicular to the x-axis; and 
the term wpo. j R $ 2 is dimensionless. 
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From these equations, the vector potential at each point can be 
obtained using a relaxation process. 

The dimensionless numerical answer so determined will depend on: 

1. The coll and conductor geometry; 
2. The value of *voRs

2 . 
The dimensioned factors Multiplying the dimensionless numerical 

answer will be UQIII. 

II. Fourier Synthesis to Fom iton-Sinusodial Pulses 

Thus far, the vector potential for a single frequency, w, has been 
obtained, we shall now superpose a number of different frequencies to 
obtain the vector potential of a pulse, such as illustrated in Fig. 3, 
by Fourier synthesis. If the current is piecewise continuous and has a 
repetition period r, we can write the current waveform as 

I(x) « /„ -y • 2J a cos (mail) + b sinfmw.r; \ * (7) 
' Pi w m 

where **i = 2*/7 , 
T/2 

a_ * — J Y ^ - cos (mxx) dz m - 0,1,2,3 ... • , (8) 
-T/2 

and 
T/2 

Ml * 
fcm*~* f j - $ 1 n <*»\t> <k m" 1'2*3 "* " ' W 

-T/2 
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I/h 

Fig. 3. Oiagraa o* Current Pulse. 

Fron the current, the vector potential as a function of time can be 
calculated: 

V Bbrl 

A(i) « VQloNi-rAfQ) * > a Aim) COS (mmx\ + * J 

* bjlmj sitXimni * im) > »(10) 

where A~(m) is the vector potential calculated at the angular frequency 

m»i with the VOIQN factored out. H(m) is conpletely dimensior.less and 
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depends only on the geoaetry and the values of the products M U | U O ^ S 2 -
The value of »i can be varied to coapensate for changes in a and R$ • 
The value of T aust then be varied so that the product w tT is constant. 
Thus, the pulse in real tine t aay vary for the scaled aodel- The 
phase shift, *M, is deterained oy tm * atn (~jj) , and A(m) = {RU2fmj + 
Im Az(m)] , 2 . He shall rewrite the equation for A(T) as 

A(x) * vtlBAh) 

where 

A(J) is the diarnsionless sua given in curly brackets in Eq. (10). 

Fro* the vector potential we can calculate all the physically 
observable phenomena. 

III. Physical Phenoaetw 

A. Eddy Current Density 

/ « < * - - « & . (U) 

J - OUQIQ»*I2J ri(m) lam sin (mtur+tj - bm cos (m*^^)] 02) 
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The total current passing through a noraalizeti area, dA , In teras 
ft 

of the actual *n», dA' = fdA'/ni

2)R5

2 » dA Rb

2 , Is given by 
ft 

Jf Io» <Z4Kr«ni0° * s 2 ' J ) *&(m)lam sin ft»r. • â J 

- ^ cos fr*ir • • „ > ] - (13) 

The only dimensions are contained in the J 0 . All the other terns »re 

dinensionless and noraalized. 

B. Eddy Current Power 

The eddy current power dissipated per unit voluwe is: 

TJie instantaneous powe>r dissipated in a noraalized volune, dv , is 

P « l0
2*2-i»«o^s dV^v^Ri2) 

•» 2 
(15) 

Again, all dimensions are contained In the terns / 0
2*iuo*5 > •«* W * 

others are diaenslonless. 
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If there are several different components of the vector potential, the 
total poMer will contain the sua of the squares of the tine derivatives 
of all of the coaponents of the vector potential. That is: 

3K"° KM''&)••&)•}• 
C. Magnetic Field 

flxvxl (17) 

The exact fona of the curl of I depends on the coordinate system in 
which A and B are coaputed. Using syabols defined by Norse ft Feshbach and 
shown in Fig. 4, we have: 

* '* * * - susk E *A fe "W - wt

 r w l • (18> 

The diaensions of i will be 4/length. 
In general, we will have for the coaponents of the aagnetic field: 

*, • <*+ srfk [^ (w , J ) - ̂  (w")] • ( 1 9 ) 

If we noma Hie the diaensions by dividing all lengths by * 5 we have 

•t • UJw ukr, [a; (»*'*') - ̂  (W")J • <*» 
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OMNL-IMG T5-«t*<» 

Fig. 4. Curl In Curvilinear Coordinates. 

For the special case of an axlally symmetric coll above plane 
layers of conductor as shown In Fig. 1 with only a e-component of the 
vector potential, the expressions for the z-component of the magnetic 
field In the n-th region (In terms of the variables used In the computer 
program) Is: 
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*3J»»»0 t tf-°^6 ~-*L2 

{ -•i2rn,u -an» K 2 2rn,i; a n »| 
y2 2rft,u c * K 2 2r*,i; * j da 

The r component Is given by: 

D. Force Density 

For non-ferroMgnettc Materials we hive for the force density: 

§«/x*--ofixrvxiij . 

For the jth component of force In a nonMllzed voline 

dv « hih2h3 d%\ di2 dti we have 
n 



14 

•iMoffs2'j I 2 "** (m)lam %in <mtl dPj ' *%I%*?(*i9**s2H 2 i "** M^m $ 1 " ( m t l T * V 

- ^ c o s r-iT + V l ] *i ^T ^fc'") - ̂  (*//*')] 

-[ 2 ) **t(*) tam sin ft^it + *m) - bm cos ft*^ * ^ J ] 
*;«i 

^ ( v / t ; ) -^ ( f c ^ r t i ) ] j <fcl<fc*fc3 - (2«) 

The only dtaenslons art contained In the ve/o 2* 2 tern. The am and tm 

terns depend on the relative poise shape, and the A(i) terns depend on 
the geaettrical shape and the dtmnslonltss nvnhers, m*xvoRs2 . 

If «t evaluate the » luuniinint of force In cylindrical coordinates 

. *„ «S f-,t • V ] J r I |f 4/tJ . ^ 4 J 

< » > 
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E. Voltages Induced in Coupled Circuits 

The voltage indexed in a length of wire is 

" / f t •*• (26) 

The general expression for the voltage indexed in coil 1 by a 
current I t flowing in coil 2. as shown in Fig. 5, is: 

F 1 2 « n^rjVjM,*, JJ mlam sin (m.xt * # M 

-bmW (mux 4- *l3m)} 
all 
in coil 1 

«2<J»1«J • <&, (27) 

a 
• « • atn 

** J Ai(j**\*) ' dS\ 

flj A2(jmxm) • Si 
(28) 

and the elenent of length, dSx , has 
indoctance of the two coils is: 

lized. Hence* the noteel 

V\2 «p% 

mi 

j,k,l all terns 
In coil 1 

(»> 
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79 CMS 

Fi§. 5. Calls la tat Presence of Arbitrary Coaaactors. 

Tea Una la the abselete velee brackeu aast be integrated ever all of 
the tares fa cell 1. However, If the ceil has a constant tares density 

Its cross-section MO caa slaellfy the tana to: 

slefle 
(30) 

all 
la cell 1 

sections! area, . { J J **(**> ' * «"«•*• c.s. araai i> • 
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Therefore. 

*i2 * wo*i*2«i*s J ) *&«„ s<n '•*•!* + •i2«r> - fc„ cos f«»iT • # J a -;] 

41 (31) 

a 1 1s the crossectlonal area of the coll, perpendlailar to the 
direction of the toms. The dimensions of *t will cancel those of dmx. 

For consistency ne shall take both to be mrealfeed. If ds 1s taken 
along one coordinate, the sanation over l,m and i» rcdnces to 

J J J *l2(J»i"> d(Vol) . (32) 
coll volone 

The value of MX2 • In ohns. Is directly proportional to »t*2»i*s • All 
of the other terns are dtnensloaless and depend noon the relative eeon-
etry and the shape of the cerrent nave fern. The voltaec Indeced In the 
qtk clrcnlt dee to cerrent flowlna In f other clrcelts can he calculated 
by the novation, 

9 
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Furthermore the terns in the expression can be written as 

Z "•w*"1*5 2 *">*s1n (m,iT * *i mqr 

-bm cos f - . x • ^ 3 h ff J *rV*l*> d Vol 
volq 

+ I R . 
<7 <? 

(34) 

F. Cwrrents in Multiple Coupled Circuits 

Me shall define a coupling coefficient with the following equation: 

M o f a V l / ? 5 

mqr Iff V'">*; d Vo1 

vol 
(35) 

and define the a coefficient for the current in the rth coil as 

a * a (36) 

The current loop equation for the ath loop for n coils then becomes: 

i w 
V(x) - f ^ J J T • E E 7r {«m K V $1""~lt; 

*i «»i 

<**.$l" '"*»T * W ] * bm ftV C O $ ' ~ I T ; 

* V «•"••»* * w O ) . (37) 
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He have assuned that the current wave shapes can be represented by a 
finite nunber of terns, *'. He can use the orthogonal properties of the 
trigononetric functions to solve for the a and fc coefficients. He 
shall Multiply eq. (37) by sin (M»I), integrate fron 0 to T (the period 
of the periodic function, T - 2v/«,), and use the following relationships 
to sinplify the equations: 

sin(Mkt,T • a ) * sin(«»,T) co$U ) • C O S ^ T ) sin(# ) (38) 

cos(«».,T • a ^ ) - COS(«MIT) cosU ) - sin(«MiT) s i n U ^ ) (39) 

J sin(nMiT) sin(n»iT) dtx * j 6^ * ̂ - i ^ (40) 

2»/«l 
/ COS(M*IT) COS(IMIT) <h • J a ^ • J- « m (41) 

Using these relationships, we obtain: 

-1 T 
» — / K (T) $in(«n#iT) * . 

i 
$ 
i 
j 

J S1«M,T) COS(IMIT) dx * 0 . (42) I 

(43) 
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Similarly, if we Multiply eq. (37) by COS(«HIT) and integrate fron 0 to 
2V/MI, we can obtain: 

* r T 
£ K «mSCm*m S i " *mnJ * 7 , b ~ . ^r.6^. * C~,~ C 0 S ^J] 

•l 
* ~ •( ^ ( T ) ^""l* 1 d x ' ( 4 4 ) 

For each angular frequency conponent, D M ) , there Mill be ff equations 
of the for* of eq. (43), one for each of the * coils, designated by q: 

Ji am (*i • Cmll cos •„„) + ... • In am (cmln cos ^J 

+ li, (<_,, sin • ) + . . . + I b (-C sin * , ) l lm mil mil n rm mm Tmln 

T 
*»1 = — / M * ) sin Onw l T) <*T (45) 

• " 0 

I a 1 M (c . cos A . ) + . . . • I a (/? + c , cos # ) l iw ffwi mnl n ww n /win wnw 

l IJW /wil wni n wn wnn »*ffin 

* — / V ( t ) sin(mwiT) <ft . w T) n 
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There will also be H equations of the font of eq. (44), one for each of 

the H coils: 

J i a

W

( C « n S i n •mil* * - + tn'nmKin s 1 n W 

r 
« — J M * ) cos (»I»IT) <*T . 

(46) 

J,a, {C , sin * , ) + . . . + J a (C sin * ) 
l m iwii imi n Tin tmn innri 

1 \tn m\ ntnl n tn n imn ntnn 

«1 f 

7" J K n ^ C 0 S ^"* ,iT^ d x * 

Equations (45) and (46) provide 2* linearly independent equations to 
determine the In coefficients, l,a.. ... , l a . i.b.. ... , i"J> t 

1 in n TUT l in n tun 

for the single frequency component, mux . A similar set of 2N equations 

must be solved for each of the frequency components in the pulse. 

The d.c. component of current in the ?-th coil will be 

a J 
^ • r e r / ' « < ' > * • (47) 

<7 ' 0 

There will be just N equations of this type to be solved. 
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6. Driving Voltages 

In equations (43) through (47), it is assuaed that the voltage 
K (t) applied to the q-th coil is a known function of tiae, as is usually 
the case. For the charge-up of a coil, the voltage would be a raap 
function, as shown in Fig. 6. 

ORNL-DWG 75-10666 

V{r) 

T •> T 
Fig. 6. Charging a Coil with a Voltage Raap. 

We can also slaulate the turn off of the coil with a voltage step. 
Mien the coil goes noraal, the current is duaped into a duap resistor. 
As far as the coll and coupled circuits are concerned, this is equiva
lent to a single turn-off pulse of the voltage, K ' ( T ) , as illustrated in 
Fig. 7. There is no difference in the voltage and current at point a 
between the two circuits. The value of V'(x) Is v(x) * K(T) • I R(* . 
The only real difference is that the voltage that would be dropped across 
I R d u m p Is saved by the switch, reducing the power required by the voltage 
source. 
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SMALL 
NCSfSTDW 

RESISTOR: O'Tl 
® 

KIT) I^T) 

. . .SUFgE-t— NORMAL -
CONDUCTING r - » 

SUPER-!• NORMAL-
CON0UCTN6 r-» 

Fig. 7. Equivalent Dumping of Current In Coll. 

Once the voltage functions, v ( i ) are known or simulated, we can 
obtain the current coefficients, which in turn will give us the current 
in the various circuits. From these currents we can then calculate all 
of the other parameters, such as forces, eddy currents, and power 
dissipated. 
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IV. Weasuiiannii of the furious Properties 

The calculated pareneters can he •eawred with various degrees of 
accuracy and difficulty using Models constructed of a stellar notorial 
or HojuW Metals with probes inside then. He shall new discuss these 

A. Eddy Current flensity 

This can he Measured by put*'ug a current probe In Models containing 
Mercury or wood's Metal. However, the current probe will upset the 
field to a certain extent In the region near the prone. The current is 
usually Measured indirectly, using the voltage drop or the Magnetic 
field. 

8. Eddy Current Power 

The total power can be deieiMlned by Measuring the power consumed 
In the coll. The instantaneous power generated 1n a snail section of 
the shielding can be determined by Measuring tonperature changes on the 
surface of the conductor using infrared techniques or by using the 
tenperature coefficient of the Metal's resistivity (Measured with §n 

eddy current prone) or by using ttaraocouples inside the natal. The 
latter Measurement technique would probably Influence the results nore 
than the others, but it could bo applied to the Interior of the con
ductor. All three of these techniques depend on the shielding heating, 
which depends In turn on the geonetry, themal conductivity and heat 
capacity of the nodal. 
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C. Napttlc Ftoli 

Tht aooattlc ffoli CM at aaasaroi asfaf a tall proat for hath ac 

M i ac ftoMs or a plck-ap call for ac flolws. Tha plcfc-o» coll aaasam 

tht that rota of chaaat of tat aoaaatlc f f t l i that passes taroafa tat 

call aai faralshts hath aoMltaoo M i pfcoso lafaraotlM. Tht aoasere-

aoat accuracy « l " oe aaaat IS far tat plck-af call. Tat Mi l praat CM 

oaaoaro tho Mil l floMs to M accaracjr of aaaat 0.1%. with a freejatacy 

rupMM frM oc to aaaat 20 Ob. 

0. FOrct Oaaslty 

Too aoflattlc forces C M at aMtarai ay aoitarlaj Mi l l ilsplitaenils 

Mlth strtlo aaaets aai tMtaiaattti I . or ay aaasarlaf tht forco roojtlrti 

M a part to promt tht part frM aortaf. Tht anaat af iltplacMMt 

of a "rleM" aeey puiacai ay a carroat palso opplloi to a warty coll 

will iopaai M tht stress-strait relatleaslrips of tht hoty aai Its 

1 tenia. SMll. aaa-caatactlaf aot> carrMt ilsplacaoMt piohti hohlai 

tht part coali oMsaro a ilsplacMMt op to 2000 u la with a resolution 

of 1 » Itch aai M accuracy of 10 * 1 achat, at a alga vlaratlOMl 

froojaMCy. 

E. Voltaots la Circuits 

Tho aeealteats aai phttos of tht volttgos la tht various circuits 

CM at BMsarai to vlthla aaoat 0. IS aai 0.2* • respectively, at a partic

ular sinusoidal fraoatacy. Thasa aoasaraatots will allow quite accurate 

calculations of tht lojieawcii aai coap11a| cotfflcltats In tho various 
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circuits. The most accurate reuse of mnunmaats is In the SO Hi to 
10 U b ranee. The time-voltage relationship for a pulse can be •ensured 
to within about H , but it can probably be obtained were accurately 
using a Fourier sua of the various components to reconstruct the waveshape. 

V. Use of Measurements and Scallne in lieu of Calculations 

There will be advantages and disadvantages to usinf either experi
mental neasurenents or nunnrlcal calculations. A list of several of 
these considerations 1s given below. 

A. Advantages of Heasuroamnts 

1. They will be required anyhow to verify the calculations. 
2. In many instances the waiuromnts will be wore accurate than the 

calculations. In particular, for cases where we can use the 
results of a single frequency newsurement, the i m u u i m s will be 
wore accurate for quantities such as voltages, total iapluse, and 
total power. 

3. The measurements nay point out problems end omissions made in the 
calculation. 

4. The measurements may be cheaper than the 3-d1nens1onal relaxations. 

B. Advantages of Calculations 

1. The calculations themselves will not Introduce errors into the 
models as the measurements do. 
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2. It Is the only Mty to obtain sea* earners, such as the force 
densities, eddy current densities and heating densities at various 
places inside the octal. 

3. The calculations nay five soae special insights into the prehlen 
that the neasui tints would *1ss, such as where would be the best 
place to nodlfy the speciaea configuration to reduce the eddy 
currents. 

In actual practice, the two techniques will probably cenpleaent each 
other to sone extent. 

VI. Experlaantal Verification of Scaling 

There have been a nunber of experlnental verifications of the 
scaling of induction problems. All of the standard eddy current calcu
lations are scaled, with the scaling factors Introduced as multipliers 
after all the nunerlcal calculations have been perfomr i usieg dlocnsion-
less functions. Therefore, any experinental verification of the calcula
tions also verifies the scaling. 

He have nade a series of lapedante aeasureeents and calculations on 
coils of four different sizes and with different numbers of turns in the 
presence of conductors with the results shown in Table I. 

The four colls varied In mean radius from 0.30 In. to 1.20 in., and 
the test frequency and liftoff were varied to keep the product <*MO/?5

2 

and the normalized liftoff as nearly constant as possible. However, 
there were still variations, as shown by the standard deviations of the 
uuoffs2 and liftoff, which contribute to the iapedance variations. The 



Table I. Normalized Coll impedance for Four Colls from 0.30 to 1.20 tn. 
Mean Radius as a Function of «uoJ?5

2 and Normal tied Lift-off. 

Sx Lift-Off Sx 

Measured Calculated t Difference 

WMOJ? 5

2 Sx Lift-Off Sx Im„ n Sx « • Sx 

.9167 
_5L 
.1000 46.986 

% 
3.122 0.007 0.0473 0.0001 0.9990 0.0310 0.0766 0.0240 .9167 

_5L 
.1000 46.986 -23.401 

8.742 0.029 0.8250 0.0120 0.1312 0.0067 .8288 .1189 •4.59 41.78 
24.98 0.081 0.7343 0.0016 0.1300 0.0005 .7278 .1268 •8.93 •2.92 
78.10 0.36 0.6427 0.0012 0.1029 0.0017 .6378 .1005 •7.68 •2.39 

334.13 1.16 0.5703 0.0005 0.0610 0.0005 .5645 .0616 •1.03 -0.97 
874.20 2.97 0.5364 0.0024 0.0437 0.0011 .5362 .0414 •0.04 •5.66 

3.122 0.007 0.0946 0.0002 0.9175 0.0105 0.0692 0.0065 .9247 .0870 -0.78 •20.46 
8.742 0.029 0.8410 0.0112 0.1066 0.0026 .8487 .1099 •0.09 -3.00 

24.98 0.081 0.7693 0.0016 0.1086 0.0006 .7635 .1069 •0.76 42.66 
78.10 0.36 0.6917 0.0009 0.0845 0.0021 .6896 .0821 •0.30 •2.92 

334.13 1.16 0.6339 0.0017 0.0688 0.0005 .6310 .0692 40.46 •0.81 
874.20 2.97 0.6070 0.0018 0.0351 0.0011 .6088 .0328 -0.30 •7.01 

3.122 0.007 0.1892 0.0004 0.9225 0.0345 0.04W 0.0135 .9382 .0666 -1.67 -27.03 
8.742 0.029 0.8693 0.0136 0.0817 0.0069 .8807 .0810 -1.29 40.86 

24.96 0.081 0.8245 0.0013 0.0830 0.0010 .8192 .0755 •0.65 49.93 
78.10 0.36 0.7707 0.0003 0.0S93 0.0016 .7660 .0966 •0.3S •4.77 

334.13 1.16 0.7735 0.0019 0.0326 0.0003 .7289 .0330 +6.12 -1.21 
874.20 2.97 0.7140 0.0027 0.0229 0.0006 .7142 .0217 -0.03 •6.53 

3.122 0.007 0.3785 0.0006 0.9870 0.0040 0.0292 0.0162 .9572 .0406 •3.11 -28.08 
8.742 0.029 0.9293 0.0250 0.0538 0.0041 .9232 .0661 •0.66 •16.70 

24.98 0.081 0.8933 0.0019 0.0478 0.0016 .889C .0407 •0.42 •17.44 
78.10 0.36 0.8647 0.0003 0.0322 0.0021 .8632 .0293 •0.17 •9.90 

334.13 1.16 0.8470 0.0024 0.0164 0.0003 .8436 .0166 •0.40 -1.21 
874.20 2.97 0.8382 0.0021 0.0115 0.0005 .8364 .0108 •0.22 •6.48 

Sx • standard deviation of the mean. 
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numbers of turns were all different, but were also eliminated by normali
zation. The Impedances given in columns S end 7 * n normal ired by 
dividing by the coil inductance in air. The important quantities to 
notice in the table are the following: (1) the standard deviations of 
the real and imaginary parts of the normalized impidancis (columns 8 and 
6), which should be zero if the scaling, construction, and measurements 
were perfect; (2) the experimental and calculated values of the real and 
imaginary parts of the coil Impedances for the various liftoffs (columns 
7, 5, 10, 9). Note that, except for the first two values of «uo/?5

2, 
for which the frequencies were so low that the measurements were not 
very accurate, the standard deviations in columns 6 and 8 are very 
small, indicating that the four different coils all gave the same 
results. This Indicates the validity of the scaling laws which keep 
uiio#52 and the normalized liftoff constant and factor out the number of 
turns of the coils, when the driving coil and the pickup coil are one 
and the same. The calculated values in columns 9 and 10 are for a coll 
with normalized dimensions which are the average of those for the four 
coils. Since the percentage differences between measured and calculated 
values seem randomly scattered. It seems that the experimental measure
ments are most in error, and the variations are generally comparable to 
the standard deviations of the measurements. 

Table II shows how the calculated and measured Inductances vary for 
a large number of colls that have been used in a number of eddy current 
experiments, using the apparatus shown in Fig. 8. Although the agreement 
is quite good for these examples, there have been a few instances where 
the error was as large as 2%. It 1s suspected in these cases that an 
error occurred in the number of turns. 
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MOKMKTER 
ADJUSTMENT 

Fig. 8. Diagram of Impedance Measurement Apparatus. 

In Table III Me shoM the experimental force measurements for two 
different size coils Mith the same shapes, made Mith the apparatus 
illustrated in Fig. 9. These measurements again demonstrate the validity 
of scaling. The error is relatively large for these measurements, but 
they Mere made before more accurate experimental apparatus Mas available. 
Note that the forces are given in 10" 7 newtons/(amp-tum)2, indicating 
the validity of factoring out the number of turns and the driving 
current. 
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Table H I . Coupariso* of Calculated and Measured Eddy Current Forces 

**K*ft 5
2 

Calculated 
Force* 

Measured 
Coil B** 

I 
Difference 

Measured 
Coil C*** 

X 
Difference 

Lift off - .0476 ffs: 

3.082 1.12146 1.048 •6.55 1.058 -5.66 
8.628 2.80859 2.642 -5.93 2.694 -4.08 
24.65 5.11168 4./U -7.78 4.954 -3.08 
77.05 7.52462 6.933 -7.86 7.326 -2.64 

329.8 9.82756 8.989 -8.53 9.664 -1.66 
862.8 10.7935 10.18 -5.68 10.90 +0.99 

Liftoff = .0952 J?5: 

.9289 -5.94 .9540 3.082 .987604 .9289 -5.94 .9540 -3.40 
8.628 2.41421 2.265 -6.18 2.366 -2.00 
24.65 4.29660 4.02? -6.41 4.260 -0.85 
77.05 6.17141 5.776 -6.41 6.201 +0.48 
329.8 7.85378 7.430 -5.40 7.954 +1.28 
862.8 8.53364 8.237 -3.48 8.913 +4.46 

Forces in units of 10" 7 newtons/(amp-turn)2 

** 
Coil B mean radius - 0.6063 in. *** 
Coil C mean radius = 0.9023 in. 
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Fig. 9. Diagram of Force Measurement Apparatus. 

VII. Summary and Conclusions 

The concepts of scaling will allow experimental measurements made 
on relatively small models to be extended to full size models. There 
will be an optimum size for a model to obtain the most accurate results 
at the least expense. If the model is too small, it will be expensive 
to hold the coil and conductor dimensions to the desired tolerances, and 
the measuring apparatus will be difficult to install. On the other 
hand, if the model is too large, it will consume an expensive amount of 
materials and construction labor. A model which uses coils that are 
2 to 4 inches in diameter would probably give the best results at the 
lOWwit COSt. 

The experimental measurements made thus far demonstrate the validity 
of scaling. However more accurate and additional measurements (such as 
the voltage coupling coefficients for multiple coils) need to be made to 
provide more confidence. 
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.a* I 

While the scaling can provide quite valuable design parameters, it f 1 will not furnish all of the answers. The best results will probably ,| 
'•£-. 

% 

cone fnw a balanced program of matehmatical nodeis and experimental f 
models with comparisons between numerical calculations and experimental 
measurements. 

. .«WMM>MI-^» 
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