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measurements.1-7 In the anmalytical calculations, we reduce the con-

SCALING RELATIONS FOR EBOY CURRENT PMENONEMA*

C. V. Dodd and N. E. Degis*™

Metals and Ceremics Division
Osk Ridge Natfomal Laberatory

Astract

Formulae are given for varicus electromagmetic quantities
for coils in the presence of comductors, with the scaling
parameters factored out so that small-scale medel experimpnts
can be related to large-scale apparstus. Particular esphasis
is given to such quantities as eddy current hesting, forces,
power, and induced magmetic fields. For axially sysmetric
problems, closed-form integrals are svailable for the vector
potential and all the other quantities obtaimable from it.
For unsymmetrical problems, a three-dimsnsions] relaxation
program can be used to obtain the vector potential and then
the derivable quanticies. Datz on experimental seasurements
are given to verify the validity of the scaling lms for
forces, inductances, and impedances. Indirectly these also
support the validity of the scaling of the vector potential
and all of the other quantities obtained from it.

Introduction

Scaling of eddy current nondestructive testing problems has been
for many years, for both amalytical calculations and experimental

figuration to dimensionless ratios, perform al) the calculations using

pure

numbers, and only introduce dimensions in the final step. In the

experimental measurements, we perform the measurements on models thst

are usually larger than the actual test so that the dimensions can be

more

accurately controlled.

*Funding provided by the Superconducting Megnet Development Program of
the Thermonuclear Division.

Consuitant from The University of Tennessee, Knoxville, Tennessee.
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te have started ow amalysis with the vector potential, end can
obtain closed form integral equations for it for many of the simpler
cases. These equations can be quickly evaluated on a smll digital
computer.

For more complicated problems we must use a relaxation or finite
difference technique, in either 2 or 3 dimensions. This technique
requires a large digital computer for mmerical evaluation. Once the
vector potential has been deterwined for various discrete frequencies
it can be calculated for any piece-wise continucus weve-shape using
Fourier synthesis. From the vector potestial amy induction phenomenon
can be calculated. These calculations gensrally invoive the numerical
evaluation of multiple integrals which involve functions of the vector
potential. As an alternative to mmerical calculations, in mery instances
we can use measurements on a model to evaluate the multiple intagrals.

A number of successful designs have been completed using these
techniques.®-13
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I. Single F Scaled tions for the Vector Potential

An axially symmetric coil of rectangular cross-section above myltiple
parallel planes is shown in Fig. 1. The closed form integral equation
for the vector potential produced by such a coil is, in the »n-th region:

~a(LytLlg)
A"(r,zl = Nlug { [ e 2T

1 & J(Ry,Ry ), (ar)
LZ(Bz-R,)Lg] 0 advaa(k, 1)

x [ - e—aL3] [Vlz(n,l)e.u’lz + Vaa(n, l)eun.] dc} . 1)

O~ 0We 73-4800

R 0

NI
:,§ -

.

N

Fig. 1. Coil Above Multiple Planes.
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The terms in brackets are completely dimensionless. They are a function
of the linear dimensions divided by scaling factor (usually the mesn
radius of a coi) of interest, R5). The frequency emters omly through
the function wuais?, which is also dimensionless and would usually be
kept constant in scaling a model. The terms comtaining the frequency

are:

o, = Vo2 + jouo B2, (2)

| "
Bn = v, Vi + Jwmgo Rt - 3)
rel

Both of these terms are dimensionless.
Vyain,1)
The terms ———— contain an equal number of 8 ‘s ir both the
Vaalk, 1)
numerator ard denominator and are dimensionless.
e can also obtain the vector potential for any irregular coils and
conductors using a three-dimensional relaxation technique. Using
Cartesion coordinates, as shown in Fig. 2, we find for the three com-

ponents of the vector potential in non-ferromagnetic media:

é o cos L %%
A s |poll — + A + A + A + A
Tkim n2(Rp-Ry)ly  Sktt Tkp1 k-1 Fian i

[

k
A + 4 +( -l)(A -A +A - A )
sl -1 Ik+1 ¥in ¥; e 2

e
) [5 + :k + juuokz"Rs] ’ ‘ (4)

k+1 n2
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Fig. 2. Cartesian Coordinates for Three-Dimensional Relaxation.
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6§ cosc g
A, = |t —= b A A A
k L nZ(Ry-RyJLy “m+' “mé1 “m-1 Tker “k-1 "la1 f1-)
0. N ; \
+(a -I) A, -A_th -4
\‘mty k1 Tk Y Y1
o Juua, . Re?
s [5+om + kim , (6)
m#) n?
where

up is the magnetic permeability of free space (43 x 10°),
N is the number of turns in the coil,

I is the current per turn, and any subscript not sritten is

assumed to be k, I, m, as the case might be.

A1l other terms are dimensionless, and the vector potential is
directly proportional to the source terms, ug¥I. The quantity 8, is
equal to 1 if the lattice point is imside the coil, zero if it is out-
side. a, is the angle beiween the wire direction and the x axis;

RQ is the coil mean radius; »n is the number of lattice points in the
cdil mean radfus Rs; L is the number of lattice points in the coi)
a§ the coil passes through the plane perpendicular to the x-axis; and

tﬁe term “’"°klmR52 is dimensionless.

bitae it e ko IR
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From these equations, the vector potential at each point can be
obtained using a relaxation process.

- The dimensionless numerical answer so determined will depend on:

1. The coil and conductor geometry;
2. The value of wuoRs? .
The dimensioned factors multiplying the dimensionless numerical

answer will be pohNI.

II. Fourier Synthesis to Form Non-Sinusodial Pulses

Thus far, the vector potential for a single frequency, w, has been
obtained. We shall now superpose a number of different frequencies to
obtain the vector potential of 3 pulse, such as illustrated in Fig. 3,
by Fourier synthesis. If the current is piecewise continuous and has a

repetition period T, we can write the current waveform as

»
”

=0
I(z) = I -5 + 21 a, cos (mwy1) + bmsin(mulr) ’ (7)
o

PR

where w = 2x/T »

CRE Kt ML JURN AN~V NN V00 AR G, VP 0 AT YA AN NN AL N R WAL NP RN AR S SRR 5 i A R i

i aad e et

T/2
“l I ’
a, = — %cos (mwy 1) dt m=20,1,2,3.,, », i8)
-7/2
and
T/2

“1 I(r) -
b, = — f —_I_;- sin (moy1) dv M= 1,2,3 ... =, (9)
-T/2
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Fig. 3. Diagram of Current Pulse.

From the current, the vector potential as a function of time can be
calculated:

a [ _J
o - -
—;A(o) + 2 a, Afm) COS (mw)1 + QMJ

A(t) = uoIoN{
m=]

+ b‘lm} sinfmu;t + 'm)} »{10)

where A(m) is the vector potential calculated at the angular frequency
mwy with the uolo¥ factored out. A(m) is completely dimensiorless and

s sy I AR 110 . A
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depends only on the geometry and the values of the products mu;ucic? .

The value of w; can be varied to compensate for chamges in o and Rs .
The value of 1 must then be varied 50 that the product u,t is constant.
Thus, the pulse in real time ¢t may vary for the scaled model. The
phase shift, o 1S deterwmined by ¢, = atn (%) , and A/m) = [RiA2im) +
Im Azr-u]‘/? . We shall rewrite the equation for A(t) as

A(t) = uolW A7)
where
A(t) is the dimensionless sum given in curly brackets in Eq. (10).

From the vector potential we can calculate a1l the physically
observable phenomena.

I1I. Physical Phenomena

A. Eddy Current Density

J=oE=-o3 ()
J = UI'OIO"IZ m(m) [a. sin (m;rﬁ.’) - bm cos (m,fﬁm)] . (12)

m=}

AR B i VR DN TR LTl ML GRINNAR LT 7 T, TN A, YT YRS W KA.
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The total curvent passing through a normalized area, dAn » in terms
of the actual area, di- = ‘dA°/Rs?)Rs? = dA, Rs2 , is given by

> N >
J = Tol dA_(wjug0 Rg?) E li(l)[dn sin (muyi + ¢ )
=l

- b cos (muT + 0.)] . (13)

The only dimensions are contained in the I, . All the other terms are

dimensionless and normalized.

8. Eddy Current Power

The eddy current power dissipated per unit volume is:

da My 2 )
G- -B-a(5) - (14}
The instantaneous pownr dissipated in a normalized volume, dvn. is

P= Igzlzulllgﬂs dvu(ﬂlvoﬂﬁsz)

- N2
'[ 2 ~ ) [b. €S (mat4e_) - a, sin (wwjt + 0.)]} . (15)
=)

Again, a1) dimensions are contained in the terws Io2wingRs , and the

others are dimensionless.
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If there are several different components of the vector potentiai, the
total power will contain the sum of the squares of the time derivatives
of all of the components of the vector potential. That is:

o (2.2 2]

C. Magmetic Field

IR

VX A (17)

The exact forwm of the curl of A depends on the coordinate system in

which A and B are computed. Using symbols defined by Morse & Feshbach and
shown in Fig. 4, we have:

B=vx4 hlhzhg 2 hia; [ack (hyhy) - acl "'k‘k’] y (18)

The dimensions of 3 will be 4/length.
In general, we will have for the components of the megnetic field:

5, = wofol il [ (wyeer) T(,,,] .

If we normalize the dimensions by dividing all lengths by R we have

uolo¥

B = —- E;:‘; [—,:—k ( "zzz“') - 3%1- (n,}krt))] . (20)
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Fig. 4. Curl in Curvilinear Coordinates.

For the special case of an axially symmetric coil above plane
layers of conductor as shown in Fig. 1 with only a o-component of the
vector potential, the expressions for the Z-component of the magnetic
field in the n-th region (in terms of the varfables used in the computer
progras) is:

|
|
E \
l |
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N 3I kg j c-ﬂLs C.GL

n - alsy
By (ro3) = HR RIS 2 )

2 -
J(Rz,Rl) [l - e

Vi2(n,1) -0 3 Va2(n,1) L
X Jolar) Voalk 17 e + Voo (k, 17 e da .

The r component is given by:

Nalqug j -alg -aljz
n - e e - o-ol3
B, (rs3) = Fir—g—yi s , S J(Ry,RY) [V - e %)

Via(n,1) -o, 3 Va22(n,1) ¢,
x Jy(ar) 777 %] a, e *che da

D. Force Density

For non-ferromagnetic materials we have for the force demsity:

%-3:3'-o%x (VXZ) .

For the jth component of force in a normelized volume

an = hyhoh3 dey dE; dE; we have

(21)

(22)

(23)

o gt

%
1
3
X
3
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dr. = ...102'2(.1”0352){ [z ﬂk (-)[a. sim (mu)t + ..)

J
=]

3 )
- b. Ccos (mnt + 0.)]] hl [35_5 61‘7({’)) - -iq (hJjj{t))]

- [2 ﬂl(lt) [a. sin (me)1 + 0.) - b. coS (mu;t + 0.)]]

=l

x &, [f’; (h Jijm) - a—:—; (klzl(t)]} deydedes - (20)

The only dimensions are contained in the uolo282 term. The a and o,
terms depend on the relative pulse shape, and the A(i) terms depend on

the geometrical shape and the dimensionless mmbers, mw,uolts? .

If we evaluate the s component of force in cylindrical coordinates

we have:

[ -
dr, = uglo?M (wyugolts?) { 2 H-'(llld. sin (mnv + ¢ )
[ m=)

"(1’1

- [2 i.(-) [a. $in (mt + 0 ) - b, €08 (muyt ¢ 0.)]
)

-

- b. Cos (mu)t + 0.)] r [% i'(t) -

-

(g

. [«%i’m % (.a,m)] } anis .

(25)

R —— .
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E. Voltages Induced in Coupled Circuits
The voltage induced in a length of wire is
V= f—:% - d&. (26)

The general expression for the voltage induced in c0il 1 by a
current I, flowing in c0il 2, as showm ¥m Fig. S5, is:

V2 = uolllquRs 2 .'(a. sin (meyt + .lh)

-=]
- b. C0S (mu)T + .l’)] .]]f iz(jnll) . 81 » (27)
in cofl 1
vhere
Im [lzljﬂl.) o él
2, = atn » (28)

>
Rl [ Axljem) - &85,

and the element of length, d;, » has been novmelized. lHemce, the mwtwsl
inductance of the two coils is:

v -

Ny, = 7:—2. poll2u;Rs z ‘d- sin (mu)t + ’ld - b. cos (mu)1 + 0!2.’]
»=1

¢ 2 f ‘lz(J.;l)al . (29)

J.k,1 811 turms
in il )

AP HUMAN A 0 Y DN RO, i\ i ¥ i

iibliiial
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Fig. 5. Coils in the Presence of Arbitrary Conductors.

The term in the absolute value brackets must be integrated over all of
the turns in coi) 1. Newever, if the coil hes a constant turms demsity
over its cruss-section we can siuplify the term to:

I Azfjum) - &8 = 2 I;z (Jopm) - &8 . (30)
a1l terns turns single
in coil ) torn

e e c.{!m, ji,u-,-) - &8 dlc.s. ores,) .




Therefore,

M2 = uollizuiRs 2 wla_ sin (Mt + ¢$120) - B, cOS (w1 + ¢, )]

-l

Y ”f‘u‘-"l"’ as, l . ()

Jlkl ‘l

where a; is the crossectional area of the coil, perpendicular to the

direction of the turms. The dimensions of a; will cancel those of da,.
For comsistency we shall take both to be normelized. If dS is takem
along ome coordimate, the summation over I,= and r reduces to

. j f f Ay, CGwm) d(Vol) . (32)

cofl volume

The valve of &), , in olms, is directly proportional to uelomfs . Al

of the other terms are dimmnsionless and depend wpon the relative geom-
etry and the shape of the curvest wave form. The voltage induced in the
qth circuit dee to curvent flowing in ¥ other circuits can be calculated

by the egwation,

chl 101!.
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Furthermore the terms in the expression can be witten as

N -
vq = E u,tr'qyralns 2 -[a. sin (mu)t + '!m')
r m=1
-bn oS (mw)t + O.F)] 'E' II I | |Jull) d Vol + Iqir'q .
vol q
(34)

F. Curveats in Multiple Coupled Circuits

We shall definme a coupling coefficient with the following equation:

llo.  J UIRS
C__ = Iff A (Jull) d Vol (35)
mr q
‘ 4
and define the a, coefficient for the current in the rth coil as
a_=a_ . (36)

The current loop equation for the qth loop for ¥ coils then becomes:

Vo (x) = A TR + 2 2 I {apm [nqc o STOM1T)

+ Cogr S0 (v + qu)]f b [Rq‘qr cos(mu; 1)

+ cm cos(mu;t + 0.’,_)] } . (37)
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Ne have assumed that the current wave shapes can be represented by a
finite number of terms, #°. We can use the orthogomal properties of the
trigonometric functioas to solve for the a - and b - coefficients. e
shall miltiply eq. (37) by sin (ms,), integrate from 0 to T (the period
of the periodic function, T = 2u/u,;), and use the following relatiomnships
to simplify the equations:

sin(me 1 ¢ .'m') = sin(met) cos(om) + cos(me;7) siu(om) (38)

cos(muy v + o_q,) - cos(meyt) cos(e_ ) - sin(me7) sin(e_ ) (39)

g mr
2'[u| .
A sin(meytv) sin(met) dr = Fo, " -:;I— L (40)
z'lﬂl
coslmeyr) cos(mt) dv=F o = & (a1)
ZIIU|
sin(wé;t) cos(mst) dv =0 . (42)

Using these relationships, we obtain:

»
:-2-: [I A8+ Co €05 0, ) ¢ Ib _(C__ sin o_")]

- T
» '—‘ j; Vq(t, sin(me 1) dr. (43)
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Similarly, if we multiply eq. (37) by cos{ms;t) and integrate from 0 to

2s/u), we can obtain:

I c sin +I_ b RS +¢C co
,.,,[ Ty nge) * T By (R80 * G s’mr)]

- T
e [ v ix) costmz) dr . (44)

For each angular frequency component, mw), there will be ¥ equations
of the form of eq. (43), one for each of the ¥ coils, designated by g:

Iag (R +C ,cos¢ )+...+I a (C

mil n mm min cos ’Ml’l)

+Ib (°cmu sin om”) + ...t Inbm (-cm"l sin omln)

"3}
—'—{ Vi(t) sin (mo 1) dr (45)
Il - (emx cos ’mm) to..tIa (Rn +c, . COs om)
+1b, (-cm’ll sin o’m) + ...t Inbm(-cm sin ’,mn)

wy T
= '—'{ Vn(‘l’) sin(m;t) dsr .

Rimmarl T PVPRIE TS P TIRTRAT PP Yo orer -y

e e A, M s < % 1t 8 e o wnn s b .



There will also be ¥ equations of the form of eq. (44), one for each of

the ¥ coils:

Ia (C. sing

+ * oo * i
1 1m mll lllll) Inam(cnln sin ’nln)

)

+ + + +
Ilbm(nl Cun cos .mn) Inbm(cmln cos ’uln

T
= ;l—"o' V1{1) cos (mwyt) dr .

: (46)

j +
Ilalm(cmnl sin oml) ... *+Ia

n mwn (cum sin ’m)

+ Ilbm(cm‘ cos o,m) (RT3 & (Rn tc, o, CoS om)

T
= '—lj; Vn(T) cos (mu;t) drt .

Equations (45) and (46) provide 2¥ linearly independent equations to
determine the 2¥ coefficients, Ilalm’ cee s In“m’ Ilblm, e s Inbm,
for the single frequency component, mu; . A similar set of 2¥ equations
must be solved for each of the frequency components in the pulse.

The d.c. component of current in the g-th coil will be

T
a I w
_‘1.2_9." -r—'; f Vq(T) dr . (47)
q9 0

There will be just ¥ equations of this type to be solved.

it o N T M P
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6. ODriving Voltages

In equations (43) through (47), it is assumed that the voltage
Vq(t) applied to the g-th coil is a knowm function of time, as is usually
the case. For the charge-up of a coil, the voltage would be a ramp
function, as shown in Fig. 6.
ORNL-DWG 75-10666

Vir)

] R h

T =

Fig. 6. Charging a Coil with a Voltage Ramp.

We can also simulate the turn off of the coil with a voltage step.
When the coil goes normal, the current is dumped into a dump resistor.
As far as the coil and coupled circuits are concerned, this is equiva-
lent to a single turn-off pulse of the voltage, v-(t), as illustrated in
Fig. 7. There is no difference in the voltage and current at point a
between the two circuits. The value of v*(r) is v~ (1) = v(x) + 1 Romp
The only real difference is that the voltage that would be dropped across
I Rdump
source.

is saved by the switch, reducing the power required by the voltage

N T Y T




|

RESISTOR
T) «
vir) vir)
SUPER- = NORMAL — SUPER - l=—nORMAL —o §
CONDUCTING 1o CONDUCTIG r—o :
Fig. 7. Equivalent Dumping of Current in Coil.
*
H
Once the voltage functions, Vq(‘t) are known or simulated, we can
obtain the current coefficients, which in turn will give us the current
in the various circuits. From these currents we can then calculate all
of the other parameters, such as forces, eddy currents, and power ’i
dissipated. |
J
i
I
e e ~ I sl .. und
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IV. Vessurements of the Varieuws Preperties

The calculated paremgters can be messwred with various degrees of
accuracy and difficulty using models comstructed of a similar saterial
or liquid metals with probes inside them. e sasll mow discuss these
measurements.

A. Eddy Curremt Density

This can be measured by putting a current probe in models containing
mercury or Nood's metal. However, the currest probe will wpset the
field to a certain extent in the region near the probe. The currvest is
usually measured indirectly, using the voltage drop or the megmetic
field.

8. Eddy Curvent Power

The total power can be determined by measuring the power consumed
in the coil. The instantanecus power generated in a smll section of
the shielding can be determined by measuring temperature changes on the
surface of the conductor using infrared tecimiques or by using the
temperature coefficient of the metal’s resistivity (msasured with an
eddy current prove) or by using thermocouples inside the metal. The
latter measurement technique would probebly influence the results more
than the others, but it could be applied to the interfor of the con-
ductor. A)] three of these techniques depend on the shielding heating,
which depends in turn on the geometry, therwsl conductivity and hest
capacity of the model.

s ke e, W,

AN W -
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C. Magmetic Field

The sagaetic field can be messwred wsing 3 )] prebe for beth oc
and dc fields or a pick-up cofl for ac fields. The pick-up coil messures
the time rate of change of the megnetic field thet passes throwph the
cofl and furnishes both megnitude and pisse fnformation. The mssswre-
agnt accwracy will be sbout 1T for the pick-wp cofl. The 811 probe con
msesure the mell fields to an accurecy of sbewt 0.13, with a freguency
response frem dc to abewt 20 Oz.

0. Force Density

The segnetic forces con be mssswred by messuring imell displacements
with strain gauges and extensemeters, or by msesuring the ferce required
on 3 part to prevent the part frem meving. The amswnt of displacement
of a “rigi€” bedy preduced by a current puise applied to & neerdy coil
will depend on the stress-strain relationships of the body and its
inertia. Smll, non-contacting eddy current displacement probes behind
the part could measure 3 displacement wp to 2000 u in with 2 resolution
of 1 u inch and an accwrecy of 10 » inches, at & high vibrations)

frequency.

E. Yoltages in Circuits

The megnitudes and phases of the volitages in the varfows circuits ;
can be msasured to within about 0.1% and 0.2°, respectively, at a partic-
viar sinusoida) frequency. These messwraments will allow quite accurate
calculations of the impedences and cowpling coefficients in the various
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circuits. The most accurate remge of measurements is in the 50 Kz to

10 Nz range. The time-voltage relationship for a puise can be measured
to within about 12, but it can probebly be cbtained mere accwrately

using & Fourier sum of the various compements to recomstruct the waveshape.

V. Use of Measurements and Scaling in Liew of Calculations

There will be advantages and disadvantages to wsing either experi-
mental setsurements or numerical calculations. A list of several of
these considerations is given below.

A. Advantages of Measurements

1. They will be required anyhow to verify the calculations.

2. In meny instances the measurements will be more accurate tham the
calculations. In particular, for cases where we can wse the
results of a single frequency measurement, the messurements will be
more accurate for quantities such as voltages, total impluse, and
total power.

3. The measurements may point out preblems and omissions mede in the
calculation.

4. The measurements may be cheaper than the 3-dimensional relaxations.

8. Advantages of Calculations

1. The calculations themselves will not introduce errors into the

models as the measurements do.

T,
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2. It is the only way to obtain seme amswers, such as the force
densities, eddy current demsities and hoating donsities at vorious
places inside the metal.

3. The calculations may give some special insights into the prebles
that the measurements would miss, such as where would be the best
place to modify the specimen configuration to reduce the eddy
currents.

In actwal practice, the two techniques will probebly complement each
other to some extest.

VI. Experimental Verification of Scaling

There have been 3 number of experimental verifications of the
scaling of induction problems. A1l of the standard eddy curremt celcu-
lations are scaled, with the scaling factors introduced as multipliers
after all the namerical calculations have been performed usirg dimension-
less functions. Therefore, any experimental verification of the calrula-
tions also verifies the scaling.

We have made a series of impedance measurements and calculations on
coils of four different sizes and with different numbers of turms in the
presence of conductors with the results shown in Table I.

The four coils varied in mean radius from 0.20 in. te 1.20 in., and
the test frequency and 1iftoff were varied to keep the product wuoRs?
and the normalized 1iftoff as nearly constant as possible. However,
there were still variations, as shown by the standard deviations of the
wuoRs? and 11ftoff, which contribute to the impedance variations. The




Table 1. Normalized Coil mpedance for Four Colls frem 0.30 to 1.20 in.
Mean Radius as a Function of wuoRs?2 and Nerwalized Lift-off.

Measured Calculated % Difference
wuoRs? Sx  Lift-off Sk Im, X R, Sx Im, R In, R,
3.122 0.007 0.0473 0.0001 0.9990 0.0310 0.0766 0.0240 .9167 .1000 +8.98% -23.40%
8.742 0.029 0.8250 0.0120 0.1312 0.6047 .8208 .1289 -4.%9 +1.78
24.98 0.081 0.7343 0.0016 O0.1300 0.0005 .7278 .1268 +8.93 +2.82
78.10 0.36 0.6427 0.0012 0.1029 0.0017 .6378 .1008 +7.88 +£.39
334.13 1.16 0.5703 0.0005 O0.0610 0.0005 .5645 .0616 +)1.03 «0.97
874.20 2.97 0.5364 0.0024 0.0437 0.0011 .5362 .0814 +0.04 +5.56
3.122 0.007 0.0946 0.0002 0.9175 0.0105 0.0692 0.0065 .9247 .0870 -0.78 -20.46
8.7‘2 0.029 o.“]o 0.0"2 o. ‘m o.m “‘7 n‘m ‘o-m .3 m
24.98 0.081 0.7693 0.0016¢ 0.1086 O0.0006 .7635 .1089 +0.76 +2.88
78.10 0.36 0.6917 0.0009 0.0045 0.0021 .6896 .0821 +0.30 *2.92
34.13 1.16 0.6339 0.0017 0.0488 0.0005 .6310 .0392 +0.46 «0.81
874.20 2.97 0.6070 0.0018 0.03%Y 0.000 .0088 .0328 -0.30 +7.00
3.122 0.007 0.1892 0.0004 0.9225 0.0345 0.04%0 0.0136 .9382 .0866 -1.67 -27.03
24.98 0.081 0.8245 0.0013 0.0830 0.0010 .8192 .0755 +0.68 0’ 9
78.10 0.36 0.7707 0.0003 0.0593 O0.00%6 .7680 .(%66 +0.35 +4.77
34.13 116 0.7735 0.0019 0.0326 0.0003 .7289 .0330 +6.12 1.2
874.20 2.97 0.7740 0.0027 0.0229 0.00068 .742 .0217 -0.03 +8.83
3.122 0.007 0.3785 0.0006 O0.9870 0.0040 0.0292 0.0182 .9572 .0406 +3.1 -28.08
8.742 0.029 0.9293 0.0250 0.0538 0.0087 .9232 .0461 +0.66 +16.70
24.98 0.081 0.8933 0.0019 0.0478 0.0016 .809%. .0807 +0.42 +17.44
78.10 0.36 0.8647 0.0003 0.0322 0.0021 .8632 .0293 +0.17 +9.90
334.13 1.16 0.8470 0.0024 0.0164 0.0003 .8436 .0166 +0.40 -1.21
874.20 2.97 0.8382 0.0021 0.00115 0.000%5 .8364 .0108 +0.22 +6.48

Sx = standard deviation of the mean.

o i fpe )
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nsusbers of turns were 311 differeat, but were also eliminated by normali-
zation. The impedances given in columms 5 and 7 are normalized by
dividing by the coil inductance in 2ir. The importaat quaatities to
notice in the table are the follcwing: (1) the stamndard deviatioms of
the real and imaginary parts of the normelized impedances (columns 8 and
6), which should be zero if the scaling, construction, and measurements
were perfect; (2) the experimental and calculated valuves of the real and
imaginary parts of the coil impedances for the various liftoffs (columms
7, S, 10, 9). Note that, except for the first two values of wuo?s?,
for which the frequencies were S0 low that the measurements were not
very accurate, the standard deviations in columns 6 and 8 are very
small, indicating that the four different coils all gave the same
results. This indicates the validity of the scaling laws which keep
wuoRs2 and the normalized 1iftoff constant and factor out the mmber of
turns of the coils, when the driving coil and the pickup coil are one
and the same. The calculated values in columns 9 and 10 are for a coil
with normalized dimensions which are the average of those for the four
coils. Since the percentage differences between measured and calculated
values seem randomly scattered, it seems that the experimental measure-
ments are most in error, and the variations are generally comparable to
the standard deviations of the measurements. *
Table II shows how the calculated and measured inductances vary for
a large number of coils that have been used in a number of eddy current
experiments, using the appara;us shown in Fig. 8. Although the agreement
is quite good for these exampjes. there have been a few instances where

the error was as large as 2%.1 It 1s suspected in these cases that an

error occurred in the number pf turns.
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Fig. 8. Diagram of Impedance Measurement Apparatus.

In Table III we show the experimental force measurements for two
different size coils with the same shapes, made with the apparatus
illustrated in Fig. 9. These measurements again demonstrate the validity
of scaling. The error is relatively large for these measurements, but
they were made before more accurate experimental apparatus was available.
Note that the forces are given in 10-7 newtons/(amp-turn)2, indicating
the validity of factoring out the number of turns and the driving

current.




Table III. Comparisom of Calculated and Measured Eddy Current Forces
Calculated  NMeasured y 3 Measured 4

wpaRg? Force® Coil 8**  Difference ~Cail O Difference
Lift off = .0876 Rs:

3.082 1.12146 1.048 -6.55 1.058 -5.65

8.628 2.80859 2.642 -5.93 2.694 -4.08

24.€65 5.11168 s.7\4 -1.78 4.954 -3.08

77.05 7.52462 6.933 -7.86 7.326 -2.64
329.8 9.82756 8.989 -8.53 9.664 -1.66
862.8 10.7935 10.18 -5.68 10.90 +0.99
Liftoff = .0952 Rrs:

3.082 . 987604 . 9289 -5.94 .9540 -3.30

8.628 2.41421 2.265 -6.18 2.366 -2.00
24.65 4.29660 4.027 -6.41 4.260 -0.85

77.05 6.174% 5.776 -6.4) 6.201 +0.48
329.8 7.85378 7.430 -5.40 7.954 +1.28
862.8 8.53264 8.237 -3.48 8.913 +4.46

*Forces in units of 10°7 newtons/(amp-turn)2
*

*£0il B mean radius = 0.6063 in.
i

Coil C mean radjus = 0.9023 in.

®
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Fig. 9. Diagram of Force Measurement Apparatus.

VII. Susmary and Conclusions

The concepts of scaling will allow experimental measurements made
on relatively small models to be extended to full size models. There
will be an optimm size for 2 mode! to obtain the most accurate results
at the least expense. If the model is too small, it will be expensive
to hold the coil and conductor dimensions to the desired tolerances, and
the measuring apparatus will be difficult to install. On the other
hand, if the model is too large, it will consume an expensive 2mount of
materials and construction labor. A model which uses coils that are
2 to 4 inches in diameter would probably give the best results at the
lTow.5t cost.

The experimental measurements made thus far demonstrate the validity

R O N TP I

of scaling. However more accurate and additional measurements (such as

the voltage coupling coefficients for multiple coils) need to be made to

o

provide more confidence.
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While the scaling can provide quite valuable desigr. parameters, it

will not furnish al) of the answers. The best results will probably

come from a balanced program of matemmatical models and experimental

models with comparisons between numerical calculations and experimental

measurements.
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