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ABSTRACT 

Using a simple model of a relativistic electron layer rotating in 

an ai;ial magnetic field, energy gain by an increasing magnetic field 

and energy loss by synchrotron radiation were considered. For a typical 

example, initial conditions were -v. 8 MeV electron in a ̂  14 kG magnetic 

field, at a layer radius of ̂  20 mm, and final conditions were *v 4 MG 

magnetic field -u 100 MeV electron layer energy at a layer radius of 

•v 1.0 mm. In the final state, the intense 1-10 keV synchrotron 

radiation imposes an electron energy loss time constant of i* 100 nano­

seconds. In order to achieve these conditions in practice, the magnetic 

field must be compressed by an imploding conducting liner; preferably two 

flya-.g ringsv in order to allow the synchrotron radiation to escape 

through the midplane. The synchrotron radiation loss rate imposes a 

lower limit to the liner implosion velocity required to achieve a given 

final electron energy (y 1 cm/usec in the above example). In addition, 

if the electron ring can be made sufficiently strong (field reversed), 

the synchrotron radiation would be a unique source of high intensity 

soft x-radiation. 

Work performed under the auspices of the United States Energy Research 
and Development Administration under contract No. W-7405-Eng-48. 
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I. INTRODUCTION 

Stable layers and rings of relativistic electrons in magnetic 

mirror geometry have been studied for a number of years, particularly 
(1 2) at the Lawrence Livermore Labora-ory ("ASTRON")v * ' and at Cornell 

(3) University. Theoretical studies have shown that these layers can 

be compressed to high energy by Increasing the magnetic confinement 
(A S) 

field. * ' As the magnetic field is raised, the emission rate of 

synchrotron radiation by the electrons rapidly increases because of the 

growth of both the magnetic field and the electron energy. In this 

paper we shall investigate the conditions for which the electron energy 

loss by synchrotron radiation approaches and exceeds the energy gain 

from the compression. We will then discuss the experimental aspects 

of the maximum electron ring energy, the synchrotron radiation intensity, 

and the synchrotron spectrum. 

II. SINGLE ELECTRON MODEL EQUATIONS 

For the sake of clarity we present a single electron model for 

weak cylindrical layers; that is, v << Y» where v = N'r_, N ? = electrons 

per unit length, r Q = classical electron radius, and y is the ratio 

of total electron energy to rest energy mc". This model is also 

applicable to a high v current-neutralized layer. We assume relativistic 

electrons <Y » 1). Then the orbit radius a is given by: 

a e c/Se = I A Y/B 

where Q is the gyrofrequency of the electron, where B is tht mag­
netic field (unperturbed by the electrons in this approximation), and 
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I A « mc2/e = 1700 abamp. (2) 

The synchrotron radiation power rate P per electron is given by 

P = f ^ Y Z B 2 (3) 

We define the time constant T for the fractional loss rate of energy 
from the electron by means of synchrotron radiation: 

1 - P 2 ce _2 ... 
s Y»C I A 

We will not discuss the details of the spectrum of the synchrotron 
radiation, but simply quote the equation for its characteristic energy 
E and characteristic frequency u . l 

E Q = * u 0 = 3h y3 ae = 3e * y2 B (5) 

where t = 1i/mc is the Compton wavelength of the electron. Figure 1 

shows a comparison of the synchrotron spectrum with that of a black-

body. 

In order to compute the effect of changing the magnetic field, we 
e ca 
(5) 

consider the canonical angular momentum of the electron P. which can 

be written: 

\ 7 B a 2 (6) 

P g is a constant of the electron motion; using this fact, one can 
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derive the compression time constant T from Eqs. (1) and (6): 

1_ _ x _ 1 B 
T = Y 2 B 

Thus, the complete equation for the time dependence of the electron 

energy becomes: 

Y T T 

2 B 3 T3 Y * 
A 

Strictly speaking, P Q is no longer a constant when the synchrotron 

loss term 1/T becomes large compared to the compression term 1/T . 

However, as long as the fractional radiation loss per electron revolu­

tion is low (r fi » 1), PQ changes only slowly, and Eq. (8) is a 

sufficient approximation for our purpose. 

Equation (7) shows that as the magnetic field is increased the 

orbit shrinks; therefore, fixed radius coils would not be an energy-

efficient method of supplying the increasing magnetic field because 

most of the coil volume would be empty of electrons at the higher 

fields. Consequently, we shall assume that the magnetic field is 

increased by means of a moving metal liner — a well-known method of 

producing megagauss magnetic fields. ' We are implicitly assuming 

that the metallic liners will be driven by magnetic fieldsv * rather 

than by high explosives because that method appears to be more con­

venient and less destructive. If we neglect resistive losses in the 
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liner, the conservation of flux can be writ ten: 

B/B 0 = (R 0/R) 2 (9) 

where R is the radius of the metal liner. 

Figure 2 is a plot of orbit radius a, characteristic energy E , 

and radiation loss time constant T in some parameter ranges of 

interest. In a loss-less system, a given electron moves along a 
2 

straight line of constant -J- (in Fig. 2) as the magnetic field is 

varied. Thus, a 10 MeV electron in a 10 kG magnetic field can be com­

pressed by the liner to become a 100 MeV electron in a 1 MG field, 

provided the compression time T is much less than the radiation 

loss time constant T over the entire path. If T > T , then Eq. (8) 

must be solved, and the path of the electron in Fig. 2 is curved. 

III. SOME SOLUTIONS FOR THE SINGLE ELECTRON MODEL 

A simple computer code was written to solve Eq. (8) under the 

conditions of liner compression according to Eq. (9). The liner was 

approximated by a "point mass" which was given an initial inward 

velocity Ufl = - R at the initial radius R-. The liner war then 

decelerated by the magnetic pressure; however* for most of the code 

runs thLj deceleration was negligible over the compression range of 

interest. It was subsequently realized that the principal character­

istics of these solutions could be found analytically. The analytical 

results are presented here; the computer output shows similar behavior. 
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Equation (8) can be rewritten in terms of the liner implosion 

velocity U = - R, with the help of Eq. (9): 

V T T R T C 5 S 

In order to reach a required maximum value of the characteristic 

synchrotron energy E_, we must have T ^ T (or r i W , ahich implies 

that the liner velocity U mu"t satisfy: 

U > 
*A 

where we have used Eqs. (1), (4), and (5). Numerically, Eq. (11) is 

(10) 

Hi$)(fs) 
1), (4), and ( 

.95 | ) £„ (ke 
U (mm/usec) > (.95 | I E Q (keV) (12) 

In practical liner systems 1 <^ (R/a) <_ 2; thus, liner velocities of 

2-20 mm/usec correspond to synchrotron radiation in the 2-10 keV 

soft x-ray regime. Note that Eqs. (11) - (12) are valid at each value 

of E_ over a wide range of values of Y and B given by the line of 

constant Efl = "hwn plotted in Fig. 2. 

Next we solve for the time-dependent solucion of Eq. (10) by 
introducing the compression variable \: 

R0 1 > E IT * T^TTT^ CU) 
where T 0 = R

0/U, and where the liner wall has constant velocity U. 

Consider the solution of Eq. (10) in the time interval 0 <_ t < T_; 

we will never need to reach the end of this time interval at T 

because the synchrotron radiation term always becomes dominant before 
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t reaches X . In terms of the variable A, we have 

Y T o d A 

U _ J_ 
B T_ 

X. 
1 + a (X 4 - 1) 

where £__ and P- are the values of EQ and P at time t • 0, respectively. 

A specific example of these solutions is given in Fig. 3, which 

plots the time history of the parameters B, Y, E Q , P, and a. The 

curves are shown as dotted lines for times when the magnetic field B 

(14a) 

(14b) 

f-^*->* <Uc> 
s Ts0 '0 

where x „ and y- are the values of T and y at time t = 0, and where 

we have used Eq. (9) for the liner flux compression. 

Next we substitute Eq. (14) back into £q. (10). The resultant 

differential equation is then solved by means of che introduction of an 

intermediate variable y - y/A; we omit the algebra here, -and write 

down the solution: 

(15) 

where i - T 0 / 4 T 0 . The corresponding solutions for the characteristic 

synchrotron energy E Q and radiation power P are then readily obtained: 

JL . (>±)2 . i i < 1 6 ) 
h 0 0 VO/ [1 + a (X* - \)y 

L. - U-)2 . WrY i i . 
P 0 \ Y 0 V \ V [1 + a (X* - 1)1 



exceeds 17 megagauss, because practicl liners are not likely to exceed 
(9) 

this compression limit,v ' and the constant liner velocity assumption 

of the analysis is no longer realistic. However, in this example one 
2 finds that che electron energy ymc and the characteristic synchrotron 

the magnetic field is less than 10 megagauss and the solution is a 

good approximation. 

If we apply E<j. '.12) to the example of Fig. 3, we find that: 

a (mm) 
^— - - \ ^ - = 7.2 keV (IB) 

This result ajrees with the 7.0 keV maximum energy plotted in Pig. 3. 

The corresponding liner velocity, U « R
0 / T 0 > I s 8.8 on/uaec for 

an initial liner radius R Q * 2.5 cm. Note also that the peak of each 
2 curve in Fig. 3 occurs in the time sequence, fine , £ and P, ;is 

expected from the form of Eq. (15), (16), and (17). Finally, we 

observe that the orbit radius a shrinks more rapidly than it would in 

the absence of synchrotron radiation. 

IV. ELECTRON LASERS AND RINCS 

The single electron theory which we have just discussed is not 

exact for the case of an intense non current-neutralized electron 

layer or ring whose self-magnetic field perturbs the initial vacuum 
(1 2 3) field. ' * ' The effects of synchrotron radiation need to be added 

to the more extended treatments of magnetic compression of electron 
(A 5) layers and r.'ngs. ' In addition the variations of electron energy 

and path curvature within the layer would change the synchrotron rad-



iation characteristics (see Fig. 4). However, our preliminary calcula­

tions suggest that the synchrotron spectrum shape is not greatly changed 

s 
(11) 

for an electron layer for which Y = v. J Nevertheless more analysis 

is needed, especially because the recent Cornell experimental results 

demonstrate that In practice most electron layer equilibria are not 

long cylinders, but rather doughnut or ring-like shapes. 

We shall not indulge In an extensive discussion of the formation 

and stability of electron rings here; however, a few comments are 

pertinent. Relativistic synchrotron radiation is strongly peaked in 

the forward direction, with an average angle of the order of 1/y 

radians. For a single electron gyrating in a magnetic field B, this 

translates into a narrow cone of radiation with the cone angle 6 

given by 

tan 0 c * v./vj| (19) 

where v and v., are the electron velocities perpendicular and parallel 

to the. magnetic fieid, respectively. In a practical electron ring 

trapped in a mirror field there is a distribution of electron 

velocities which spreads the synchrotron radiation out over a solid 

angle of about 0.1 steradian at the raidplane, as diagrammed, in Fig. 5. 

If one wishes to measure the synchrotron radiation, it is desirable to 

keep the midplane free from absorbing materials, such as liners. The 

"flying ring" Imploding liner geometry J is suitable for this purpose, 

as shown in Fig. 6; it is also a simple way to keep the electron ring 

confined in a magnetic mirror geometry. 



-10-

A choice of techniques is available for the initial forma'.ion of 

the electron ring. A conventional inflector and resistive layer 

trapping arrangement is shown in Fig. 7; more recently injection of a 

straight hollow beam through a magnetic cusp geometry has been 

successfully used Co form a rotating beam from which a few percent of 

the electrons have been subsequently trapped as a field-reversed 

electron layer in a magnetic mirror. 

The 1.93 cm initial radius (at 13.7S kG) of our liner example 

(Fig. 3) is somewhat smaller than the experimental radii (at lower 

field) attained in recent experiraents; ' ' however, a moving mag-
03^ netic mirror technique ' car, be used to transfer and compress the 

ring from its initial formation site into the linet structure. 

V. C0NCLUFT0NS 

We have seen that if relacivistic electrons are compressed Co 

siegagauss fields, energy loss by synchrotron radiation can effectively 

compete with compressions!, energy gain. Such affects could be studied 

experimentally by combining relativistic electron rings with mag­

netically-driven liner technology. 

let us estimate the totai synchrotron power loss rate fir the 

previous example {Fig. 3); at 2.7 usee the power P is approximately 

23."1 pwatts/electron. If the layer is 1 ran long, then the total 

number of electrons 8J in the layer is: 

S, - (0.1) ~ = 3.5 x 10 1 1 v (20) 
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The corresponding total power output PN would be approximately S3 v 

megawatts, and for a power ^ulse half-width of about 65 nanoseconds 

(Fij;. 3), we obtain a total radiated energy estimate of > 5 u joules. 

Using an average electron energy »t 2.7 usee y ~ 100, then for an 

electron layer where y = u (the threshold of field reversal) we obtain 

i- 500 joules of synchrotron radiation. Using an angular es-ii*ace 

of 0.1 steradians (Fig. ?) we obtain a rough estimate of \ 50 v joules/cm 

of radiatlor. ;ii a radius ot" \0 cm in the midplare, which is well outside 

the initiaj rajius of the liner in this example. This is a large energy 

:lux at a short wavelength as compared to conventions! accelerator-

produced synchrotron sources,^ ' ' 

Another application o-' thir analysis is to estimate the amount of 

electron energy muJtiplication achievable by compression. It is 

usvful to not2 that the maximum electron energy is efficiently 

attai-.ed before the synchrotron radiation power becomes dominant 

(Fig. 3), Consequently, it should be possible to design au eneriment 

to extract these high energy electrons; one would use a pair of flying 

ring liners where one of the rings is lighter than the other and rebounds 

sooner from the magnetic field pressure* At that time, the corresponding 

magnetic mirror would disappear and the electron ring would be projected 

down the axis In a rime that is short compared to the compression time 

(in the millimeter-scale geometry of the example). For this projection 
2 process che magnetic moment u = v m vi/2B is approximately an adiabatic 
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invariant;1 ' therefore, without significant change in the total 

energy the electron ring velocity v will be converted into parallel 

velocity v.. as B becomes smaller along the axis. With optimum timing 

of the disappearance of the weaker mirror, the example of Fig. 3 

indicates that one can convert 7.75 MeV electrons into 100 MeV electrons 

at 2.65 usee. Using the same total number N_ of electrons as in th»? 

previous example (v == 100), we find that t'*e energy of the 100 MeV 

electron shower is •>> 500 joules, similar to the synchrotron radiation 

yield previously estimated. The size, shape, and duration of this 

electron pulse depends on the details of the field distribution at the 

weaker mirror position, and will not be considered here. 

Thus we conclude that liner compression of electron rings can 

be used Co produce either ̂  100 MeV pulsed electron showers or high 

intensity synchrotron radiation in the 1-10 keV soft x-ray region. ' 
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FIGURE LEGENDS 

Figure 1 

Intensity-normalized spectra of synchrotron and black body 

radiation plotted against log frequency. Note that the peaks 

were aligned by setting (3/2) kT = (1/4) 1iu). 

Figure 2 

Selected values of orbit radius a [Eq. (1)], characteristic 

synchrotron energy E f l [Eq. (5)], and synchrotron radiation loss 

time constant T [Eq. (4)] are plotted versus magnetic field 
2 B and electron energy mc y. 

Figure 3 

Numerical value of synchrotron power P (microwatts/electron), 

electron energy ymc (MeV), characteristic synchrotron energy E 

(keV), magnetic field B (megagauss), and orbit radius a (mm) 

plotted versus time t (microseconds) at late times for an 

example for which yQ = 15.5, BQ = 13.75 kG, a. = 19.32 mm, 

T = 2.828 usee, and a - 4.0 x 10" . 

Figure 4 

Radial Betatron Oscillations: tie have assumed a field-reversed 

layer so the trajectories have negative curvature inside the 

orbit. 

Figure 5 

Effect of axial betatron oscillations on synchrotron emission 

angle. 
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Fiijure 6 

"Flying ring" moving metal liners compressing a relativistic 

electron ring. 

Figure 7 

Injection and trapping of relativistic electron layers. 
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Figure 3 
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Figure 4-
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Figure 5 

V z = 0 AT END OF 
LAYER (EMISSION IS 

NEARLY PERPENDICULAR) 

V 2 = . l C IN MID-PLANE 

(EMISSION INTO 
VlO STERADIAN) 
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Figure 6 
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