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Magnetic Braiding due to Weak Asymmetry¥*
Alexander B. Rechester and Thomas H. Stix

Plasma Physics Laboratory, Princeton University
Princeton, New Jersey 08540

Magnetic surfaces for a plasma with a helical
current perturbation ~ €2 are destroyed by toroidal
effects or by a second current perturbation, of
incommensurate helicity, and the behavior of magnetic
field lines becomes stochastic in layers of relative

width e_léxp(-n/Ze).

This work considers how the magnetic surfaces for a tokamak
discharge are affected by helical perturbations of the plasma
current. Such current perturbations are known to be associated

1,2

with resistive modes, and substantial experimental evidence

has been offered3 for the occurrence of magnetic islands4 asso-

ciated with nonlinear tearing instabilities.s'6

In this paper
we show that the existence of two such modes with different
helicity or the effect of toroidal geometry on a single such
mode leads to the destruction of magnetic surfaces. The result-
ant stochastic wandering or "braiding"” of the magnetic lines can
produce collisionless radial heat transport, enhanced current
penetration and radial particle transport, and may change the
inductance for toroidal plasma current flow so that sudden onset
of braiding would produce negative or positive spikes in the
loop-voltage signal.7

The mechanism of magnetic surface destruction8 was first

investigated in two classic papers on magnetic irregularities.g’10
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where it was demonstrated that a spectrum of overlapping reso- .

nances produces *stochastic wandering of the magnetic field lines.

—

In this work we 'star't with a field of helical symmetry and

exact magneti¢ surfaces which exhibits a single set of b?imary
islands, i.e., a single resonance at some r = r, between the
helical variation and the rotational transform 1 (r) . Weak
asymmetry is introduced via a first-order magnetic perturbation
of different Helicity which might be due to toroidal effects or
to the presence of a second magnetic resonance at r ='£i . The
1ncommensurate perturbation is found to produce little- secondarx
islands whlch appear wherever the Fourier components of the per-
turbation resonate with the local transform, w(k), Eq. (4),
within the primary islands. In féct, a pile-up océurs with a . e
denumerable iﬁfinity of chains of these little secondary‘islands
appearing as the primary separatrix is approached from both
inside and ouéside. Calculating the width of the secondéry
islands 1in each such chain and thé spacing between adjacent
chains, we fiﬂé that the relative thickness of the braiding
region, withiﬁ'Which secondary—island overlap occurs (see Fig. 1),
is given by a non-analytic function of the expansion paraﬁeter,

€ , namely e_gexp(-n/Zs) . €, defined in Eq. (8), is propor-
tional to the thickness of the primary islands and is inﬁersely
proportional t; ml|rl - rol/m . L= 2|ml/m| + 1, and m and
m, are azimuthal mode numbers for the original helical field and

for the perturgation. This result may be compared with an earlier .+
estimatell for the thickness of the stochastic layer =~ exp(-1l/g) .

We also find thét toroidal effects produce stochastic regions

around the separatrices associated with any magnetic island. As



a specific illustration, we consider the m = 2 ST tokamak
islands, measured by von Goeler,3 and evaluate the fraction of
island area in which the magnetic field is stochastic.

It is worth noting that the results obtained here may be
directly applied also to the.analysis of the motion of a charged
particle in the field of two incommensurate plane waves.ll

We consider, in zero order, a magnetic field of helical
symmetry, ﬁ(r,u), u=mbd - nz/R. r, 6, and z are the usual

cylindrical coordinates. The field is derivable from a vector

pontential, B =9 x K(r,u) , and direct substitution will verify

Il

that the flux function12 Y mAz +~n(r/R)Ae = -f[mBG - (nr/R)Bz]dr
satisfies the condition for a maghetic surface, §-V¢ =0 . We
define 21/1(xr) = g(r) = r<Bz>/R<Be> , where the averages are

taken over a period in u , and, making use of the identity

rBr = 3y/%u , expand around the rational surface r = ry v at

which nq(ro) -m=0 . With Br = b(r) sin u , which we might

imagine stems from a helical ripple in the plasma current distri-

bution equivalent to Ajn ~ 8§{r - ro) cos u , we find

w__ﬂd_> :

27 R dr/ . __ !
o
) 2 '

£ = (1/2) (r - ro) - T cos u ’ (1)

r = [—(21rbR)/(m<Bz>d1/dr)]r=ro . (2)
The island ix i ' - = 2 _ 1/2

island separatrix is given by the &£ Y contour, y = |T|

and the full width of the islands is 4y . See Fig. 1.



ry
Introducing orthogonal coordinates &, a, n which are .
local to the primary islands, the coordinate £ , Eq. (1),
parameterizes the magnetic surfaces and Vi will be everYwhere
perpendicular to thgm. The third coordinate, n , is chosen so
that Vn is d%;ec;ed along the r = constant, u = constant

helical lines and is normalized so that |Vn| =1 . & is per-

A
o

pendicular to i and to & , & = fi x E , and we choose to
calibrate o so that its rate of uhangé along n 1ig A funclion
of & alnne, i.,e., so that Q= do/dn ~ w(f) , with the important
advantage that Eq. (6), below, will then be immediately soluble by
simple Fourier analysis.

One may verify that the choice do/du = (da/dn)/(du/dn) =
y(ag/ar)"l will provide that w ~ da/dn remains constant along

a line of force, i.e., on a single ¢ surface. We now introduce

new variables, k(&) ,

0 < k2 = (v2 + By/2v? (3)

and, inside the separatrix, ¢(k,u), such that k sin z = sin(u/2)

The integration of da/du =“Y(di/dr)-l then leads directly to

z am(a,k) and the coordinate transformation equations,

ua = 2 sin—l[k sn(o,k)] and r - r, = 2vYk cn(o,k) , where sn
and cn are Jacobian elliptic functions, periodic with the
period 4K(k), and where K(k) 1is the complete elliptic integral J

of the first kind. The angle variable a increases by the

(;: ~

increment 4K(k) on one complete circuit (see Fig. 1); if we
renormalize this increment to 27 , then the effective rotational
transform in the island interior, relative to the local magnetic
axis (the elliptic stagnation point), will be w(k) ,

¥
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wlk) = 7g(ky an =~ 2 RK(K) ar ' (4)

where’ L = 2mR[1 + (nro/mR)z]l/2 , the distance along <§(ro,u)>

for Az = 27R .

Distances between nearby contours § and & + df are

related by |df| = dglVEl_l = 2y[cn2a&-(my/ro)2sn2a anZa1"2ax ,
and the area inside a closed contour §&(k) , k £ 1 , is given
by |

A = levk(1-k®) dK (k)

i [Vu| dk ! (5)
where |Vu]| = mL/2nroR - A, may also be considered the action variable
conjugate'to the angle variable a ; the Hamiltonian would be E(Ai)

Outside the Separatrix, the appropriate substitution leads to
u = 2am[B,(1/k)] , «r - r, = 2yk dn|B, (1/k)] , and in (4),
K - K(1/k) . See Fig. 1. Distances are related by
Id;l = 2y[dn28 + (ym/kro)zsnzscnzsl—l/zdk , and the total area

between the upper and lower ¢£(k) , k > 1 , contours from g = 0
to 2K(1/k) 1is AO = 16yk|Vu|“l E(1/k) , where E is the complete
elliptic integral of the second kind.

We now introduce weak asymmetry through the first-order per-

(1) _ (1) L (1)

r = constant , as might be induced

turbation, B sin w ,
by helical plasma current ripples at an adjacent surface, r = ry .

The first step is Fourier analysis of the perturbation field,

~ F(l) » Eq. (6), into harmonics of the variables o and 1 .
We define X and «k such that on r = ry + W= mls - nl(z/R) =
Au - ¢ (n/R) , .A = ml/m ;o K o= ong o< (mln/m) . The error in the

approximate forms for A and «k is of order (ro/qR)2 . In the



ensuing Fourier analysis, 2\ is required to be integral, but
the results should be representative of the analysis for other
values of A . The new magnetic surfaces will, near r = r_ , v

o
(0) (1)

be of the form ¢ (k) + ¢

(k,o,n) = constant, and will

satisfy the first-order equation, ﬁ(o)-v¢(l) = (ﬁBn + &Ba)-V¢(l) =
+§(1).v¢(0) . We approximate Bn as constank, and use Eq. (4)
together with da/dn = |V0L|Bq/|V'n|Bn to evaluate }Va]Ba , to

find, inside thé separatraix,

Ly (1) (0)

3¢ 4K (k) a0t (1) as 'Y (&)
L=+ o oK) =g — = F Iz ©(6)
(1) -Lﬁ(l’(w)-vg/sn )

Although Eqg. (6) was derived for thin primary islands, its
use of the act;on [Ai(k) or Ao(k)] - angle (o) formalism assures t
us that an equation'of this same form could be obtained for thick
primary islandé.

To solve Eq. (@). we Fourier-expand hnth ¢(l) and F(l)

14

(1) e em i [_THO _ _ VKD
u ’\) .
and substitute to obtain ¢, (k) = -iF (k) @9 sae) -
[vw(k) - ZﬂVK]j} , using L = 2mR . Since we are free to choose

the function ¢(0)(k) , the simpiest selection for solubility is

d¢(0)/dk =T, (k=k ) where w(kuv) = 2mvk/y for each wu,v .

Then the magnetic surfaces can be determined by expanding

¢(O) + ¢(l) = constant around each little resonance, k = kuv ’
(k=k__ )2 -1 ~
. 1AV i (L Sw éé) -( mua vKﬂ)
fk ® - i & L Fyvexe iagmky T ® ) (7)

[



summing just over u,v and -u , =V .

To determine Fuv R

4 -1 27 4K
Fuv(k)=[8nK(k)] J' d(nK/R)J doF (w,k)exp i[-(muo/2K) + (vkn/R)1] ,
: (o} (o)

with F(w,k) = —L(ba»Bn)(r—ro)sin[Au—(Kn/R)] , we recall
r - r = 2vk en(a,k), A = ml/m , and u/2==sin_l(k sn a) = Q .
Then we expand, for example for 2A even, sin(Au) = sin(2AQ)

+1 22>\—l cos € SinZA-l A+122A—l

dn a(ksna)zx-l+...

= (-1t Q+ ... = (-1)
and introduce similar expansions for 2)X odd and for cos(2m19/m) .
Contributions to Fuv from subsequept terms in the series are
algebraically small in the expansion‘parameter, e, Eq. (8). The
o-integral is easily evaluated if its contour is depreésed, for
uy >0, to run from (0,0) to (0, -iw») to (4K, =-iw») to (4K,0).
Expanding the integrand about the uppermost pair of singular
points],‘3 we use, for example near o = 2K - iK", K' EK[(l—kz)l/z] ,
cn o = cn(2K-iK' + Aa) = dn(Aa) [ik sn(Aa)]™ Y , etc., with the
expansion parameter ¢ ,

€ EIM%L{M > ’rﬁﬁ'

1'"1 70

. (8)

(The evaluation of Fuv can be carried through in a straight-
forward fashion without the small-g expansion -- e.g., picking
up all the residues, etc. -- but the result is cumbersome.) ~ The
aréument for w and for the K and K' elliptic integrals is
kuv ;s and v = +1 . ry is the radius at which q(;l) would
eyual ml/'nl it di/dr were constant. In this manner we find
Fuv for py >0 , and for p < 0 we use F—u,—v = Fuv* .. Then
Eq. (7) takes the standard form for island contours,



2 ;
(k-k ) 9
- v - o _ |wK|n
€x > r.H cos(— oR ) ' (9)
ot J2227 20 0 1 exp(-k'/e)
: k = (2)\)! b k(dK/dk) E2>\-l )

where H "[Sgn(wK)]u‘. The full width of the little islands in

terms of k 1is 4Yk ’ Yk = IPkll/z . From the resonance con-

dition w(k,,) = 2mvk/u  and using |v| = 1 , we can find the

increment in ku Ak , corresponding to adjacent resonant

\) 1 4
surfaces determined by |Au| = 1 . Using (4) and (8),

Ak = ZﬂIKI[uZdw/dk]_l = we[2dK/dk]" ! . Because w(k) ~ 0 as’

k -1, Eg. (4), resonances will occur for all integer 1y > Hin

(A similar pile-up also occurs as the separatrix is approached

from the outside.) Overlap of little islands will begin when

Ak = 4y, , which occurs when ‘.

G = k =-22A+3 ge exp(~K'/e)

2dK/dk ~ W(ZOI b T _2AF1

(1o

For k » 1, k(2dK/dk) % = 1-k = 6k and K'(k) = n/2 . As

noted before, the thickness, &k , of the stochastic layer is

°2A-lexp(—n/26) .

given by a non-analytic function of € , namely, ~¢
For fixed b . € varies. as (dr/dr).l/2 and. in this circumstance
high-shear regions will be especially susceptible to magnetic
braiding. Of some interest also is the steep rise of the b
function e_zx—lexp(—K'/e) prior to reaching its maximum at
e = K'/(2x+1) ;. In this range a modest increase in ¢ can pro-
duce a sudden iarge increase in the thickness of the braiaing
layer. |

Outside ofuthe zero-=order sep&ratrix, the expressioné for

”
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K(1/k)

i

w and ¢ are the same as before except that K
etc. .Equations‘for the new magnetic surfaces in the neighbor-
hood of k = kuv are in the form of set (9) but with o > 8 ,
(kak/ak) "1 - k2A[ar(1/k)/ak]1”r and H~ (1/2) [1 + (-1)WTFY

[1 + sgn(wk)] . Resonances appear only for sgn(wk) > 0 and
|au] = 2 , so that the density of little islands and the thick-

ness of the braiding layer are reduced to approximately half

their inside—separatrik values. The expression for the overlap

* condition resembles (10) except that the new left-hand side reads

(k2 aK (1/k) /ak] L ~ 26k .

Using'the results of the previous paragraphs together with
the expression for Ai , Eq. (5), and for Ao , We can easily
derive an expression for the ratio of the total stochastic area
both insidé and outside the primary separatrix, 6A , to the
total area, A , within the primary separatrix, valid for
g << 1,

SA/A = (0.750)2n(27.4/0) . (11)

The considerations here can be applied to study the effect
of toréidal geometry on magnetic islands. To first order in
r/R , the axisymmetric poloidal and toroidal fields are given14
by Bp(w)[l + (x/R)A(y) cosb] and Bt(w)[l - (r/k) cosd] ; the
quantity A + 1 1is proportional to the magnitude of the effec-
tive "vertical" field needed to balance the well-known toroidal
hoop forces. We compute the excitation function F = nan(A+l),-
(r/R) {8in]| (m+1) 6-nz/R] + sin[(m-1)6-nz/R]} , and carry out the
perturbation analysis as before to find, with m, =m + 1,

n, =n,



-10-

e 2X+1

k- mr (A+1)! 2

- _ exp (-K'/¢g)
2dK7Qk r TR | (2X-1)! g2Atl (12)

as a measuré of»thé’beginning of little-island overlap and magnetic
braiding just iﬁsiée the separatrix.

Abel inVefsiqﬁs of x-ray intensity oscillations from the ST
tokamak indicated,9 just prior to disruption, the presence of a
magnetic island near the g = 2 surface ofA4Y = 3.5 - 4 cm full
thickness. Using m= 2, n=1, t, = 8c¢m, R =7109 cm ,
d1/dr = 0.4 cm ! , and thus ¢ = 0.24 and A = 3/2 , and setting
A = 0 , simultaneous solution of Egs. (5) and (12) shows that
~ 30% of the interior area of the m = 2 . island would be braided

by the toroidal perturbation of the symmetry, close to the maximum

of (12) with.respect to variation of ¢ .
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753982

Fig. 1. Structure of primary magnetic islands in the
vicinity of r = r , showing several E£=constant contours and, at
selected points, Calues of the angle variables u, a and B. T > 0.
Shading indicates a representative region of "braiding," i.e.,

stochasticity.





