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~nalytic Solutions For Constant Tension Coil Shapes 

S. L. Gralnick and I?. H. Tenney 
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ABSTRACT 

An analytical solution of the differential equation describing 

the shape of a flexible filamentary conductor (incapable of sup- 

porting bending stresses) in a toroidal magnetic field has been 

obtained - previously only numerical solutions were available. 

The solution derives from a series expansion of modified Bessel 

functions of integer order. The characteristics of toroidal field 

magnets for proposed tokamak devices are obtainable by. term by 

term integration of the solution series. General expressions are 

given for the following coil characteristics: the conductor turn 

length, the solenoid inductance, the area enclosed by the coil and 

the coil support dimensions. For several particular cases of 

interest these coil characteristics are obtained as closed form 

analytical formulae. 

A new type of coil, called a compound-constant-tension coil, 

is proposed. It is formed by selecting and matching (point and 

slope) segments chosen from two or more members of the one parameter 

family of solution curves found for the shape equation. These 

coils may be supported by tension members at the intersections of 

the solution curves or by a compression ring support and provide 

a unique and highly attractive solution to the toroidal field coil 

centering force support problem of tokamak designs. 
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A n a l y t i c  S o l u t i o n s  F o r  C o n s t a n t  Tens ion  C o i l  S h a p e s  

1 
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Plasma P h y s i c s  L a b o r a t o r y  

P r i n c e t o n  U n i v e r s i t y  

P r i n c e t o n ,  New J e r s e y  08540 

I .  I n t r o d u c t i o n  

The s h a p e  assumed by a  f l e x i b l e  f i l a m e n t a r y  

c o n d u c t o r ,  ( i n c a p a b l e  o f  s u p p o r t i n g  b e n d i n g  s t r e s s e s ) ,  i n  a 

t o r o i d a l  m a g n e t i c  f i e l d ,  (BT a I / R ) ,  h a s  been of  

c o n s i d e r a b l e  i n t e r e s t  t o  t h e  d e s i g n e r s  of t o r o i d a l  f i e l d  

magnets  f o r  f u t u r e  CTR e x p e r i m e n t s  and e v e n t u a l  p o w e r .  

r e a c t o r s .  A c o i l  d e s i g n e d  t o  c l o s e l y  a p p r o x i m a t e  t h i s  i d e a l  

s h a p e ,  t h a t  is  d e s c r i b e d  by t h e  d i f f e r e n t i a l  equat ion( ' )  

( r , B , z  c y l i n d r i c a l  c o o r d i n a t e s  a r e .  used  and k i s  a  

c o n s t a n t ) ,  would e x p e r i e n ' c e  minimum stress l e v e l s  f o r  a 

g i v e n  m a g n e t i c  f i e l d  p r o d u c t i o n .  A s  t h e  d e s i g n  o f  e x i s t i n g ,  

c o p p e r ,  t o r o i d a l  f i e l d  magne t s  h a s  a l r e a d y  n e c e s s i t a t e d  t h e  

u s e  of h i g h  d e s i g n  stresses t o  r e a c h  d e s i r e d  f i e l d  l e v e l s ,  

i t  i s  e v i d e n t  t h a t  t h e  r e a l i z a t i o n  o f  h i g h  f i e l d ,  l a r g e  



b o r e ,  s u p e r c o n d u c t i n g  magnets  i s  l i k e l y  t o  depend '  on o u r  

a b i l i t y  t o  employ methods of  r e d u c i n g  t h e  e x c e s s i v e  

m e c h a n i c a l  ;stress f i e l d s .  Al though a c t u a l  magnets  a r e  no t  

f i l a m e n t a r y : ,  and  t h i s ,  combined w i t h  t h e  ' . d i s c r e t e  

d i s t r i b u t i o n  o f ' c o i l s  a b o u t  t h e  t o r u s  p r o d u c e s  n o n - t o r o i d a l  

componen t s  - .  o f  m a g n e t i c  f i e l d ,  t h e  s h a p e s  d e s c r i b e d  by . 

e q u a t i o n  (1) are an e x c e l l e n t  a p p r o x i m a t i o n  t o  the.  shape  of 

a c t u a l  r e d u c e d  stress c o i l s .  C o n s e q u e n t l y ,  mos t -  of  t h e  

p r o p o s e d  e x p e r i m e n t a l  and power r e a c t o r  d e s i g n s  employ 

t o r o i d a l  f , i e l d  c o i l s  o f  t h e  f a m i l i a r  D s h a p e ,  sometimes 

r e f e r r e d  t o ,  as t h e  Pr ince ton-D,  (2 )  t h a t  can  b e  g e n e r a t e d  

f r o m  e q u a t i o n  ( 1 ) .  .. . 

The : e a r l i e s t  a n a l y s i s  o f  t h e  problem of  g e n e r a t i n g  a  

c o n s t a n t  t e n s i o n  c o i l  s h a p e  t h a t  w e  have  found  i s  t h a t '  of 

L e i t e s ,  ( 3 )  who d e t e r m i n e d  t h e  d e s i r e d  s h a p e  by a  g r a p h i c a l  

c o n s t r u c t  i o n .  More r e c e n t l y ,  t h i s  problem ha.s been 

a d d r e s s e d  by F i l e ,  M i l l s  and S h e f f i e l d ,  ( I )  who h i v e  employed 

a n u m e r i c a l  q u a d r a t u r e  o f  e q u a t i o n  !(I), and by S h a f r a n o v  ( 4 )  

who h a s  a l s o  p r e s e n t e d  a  n u m e r i c a l  s o l u t i o n  b u t  who d e r i v e d  

e q u a t i o n  (1) by pos ing  t h e  q u e s t i o n ,  "What c o i l .  s h a p e  
a 

p r o d u c e s  an extremum o f  t h e  i n d u c t a n c e  o f  t h e  t o r o i d a l  
< .  

s o l e n o i d ? " ,  a n d  s o l v i n g  t h e  r e s u l t i n g  v a r i a t i o n a l  problem. 
.a. 

We have found  an  a n a l y t i c  s o l u t i o n  o f  t h e  e q u a t i o n  
. . 
'i . 

which  w e  p r e s e n t  h e r e .  T h i s  s o l u t i o n  i s  d e r i v e d  from an 

e x p a n s i o n  in '  a series o f  B e s s e l  f u n c t i o n s .  Term by t e r m  . . 

i n t e g r a t i o n . o f  t h i s  u n i f o r m l y  c o n v e r g e n t  s e r i e s  y i e l d s  a  one  



p a r a m e t e r  f 'amily of  i n t e g r a l  c u r v e s  o f  e q u a t i o n  (1). 

S o l u t i o n  c u r v e s  f o r  two c h o i c e s  o f  t h e  p a r a m e t e r  k  a r e  

d i s p l a y e d  i n  f i g u r e  1. 

Q u i t e  r emarkab ly  much o f  t h e  i n f o r m a t i o n  r e q u i r e d  by  

t h e  d e s i g n e r  i s  o b t a i n a b l e  i n  c l o s e d  form as  e x a c t  

a n a l y t i c a l  fo rmulae .  S p e c i f i c a l l y ,  f o r  t h e  P r i n c e t o n  D 

s h a p e  t h e  f o l l o w i n g  i n f o r m a t i o n  is a v a i l a b l e :  t h e  t u r n  

l e n g t h ,  t h e  s u p p o r t  c y l i n d e r  h e i g h t ,  t h e  c r o s s  s e c t i o n a l  

a r e a  o f  t h e  c o i l  and i ts  i n d u c t a n c e .  

The D s h a p e  is s u i t a b l e  ' f o r  a  c o i l  d e s i g n  i n  whYch 

t h e  c e n t e r i n g  f o r c e  i s  t a k e n  by a s u p p o r t  c y l i n d e r  i n  t h e  

c e n t e r  o f  t h e  machine. Space  i n  t h i s  area is l i m i t e d  

however, and t h e  need t o  p l a c e  ohmic h e a t i n g  w i n d i n g s  i n  

t h i s  same i n t e r i o r  r e g i o n  a l s o  c o m p l i c a t e s  matters. 

A l t e r n a t i v e  d e s i g n s  c a n  b e  d e v e l o p e d  from t h e  v a r i e t y  o f  

c o i l  s h a p e s  which can  be g e n e r a t e d  f rom t h e  f a m i l y  o f  

s o l u t i o n  c u r v e s  of  e q u a t i o n  (1). These  s h a p e s  c o m p r i s e  

t h r e e  g e n e r i c  families:  , t h e  D-type c o i l  fo'rmed by u t i l i z i n g  

t h e  l a r g e r  o u t e r  l o b e  o f  t h e  s o l u t i o n  c u r v e  and  c l o s i n g  t h e  

c o i l  on t h e  i n s i d e  w i t h  a v e r t i c a l  c o n d u c t o r  e l e m e n t ,  t h e  

C-type c o i l  formed by u t i l i z i n g  t h e  smaller l o b e  o f  t h e  

c u r v e  and c l o s i n g  t h e  c o i l  on t h e  o u t s i d e  o f  t h e  t o r u s  and,  

f i n a l l y ,  a  c o i l  formed by combining e l e m e n t s  chosen  f rom two 

d i f f e r e n t  . members o f  t h e  f a m i l y  of  s o l u t i o n  c u r v e s  

( d i f f e r e n t  v a l u e s  o f  k ) .  A s  w e  w i l l  d e m o n s t r a t e ,  s u c h  a 

c o i l  can  b e  i n  s i m p l e  t e n s i o n  a t  e v e r y  p o i n t .  We w i l l  c a l l  



c o i l s  o f  t h i s q ; t y p e  compound c o i l s .  Members o f  t h i s  f a m i l y  

p o s s e s s  t h e ' n o v e l  d e s i g n  f e a t u r e  of  b e i n g  s u p p o r t a b l e  by two 

t e n s i o n  member's a t t a c h e d  a t  t h e  i n t e r s e c t i o n  p o i n t s  of  t h e  

e l e m e n t s  o f . . t h e  c o i l ,  t h e r e b y  p r o v i d i n g  a  un ique  and h i g h l y  

a t t r a c t i v e  s o l u t i o n  t o  t h e  t o r o i d a l  f i e l d  c o i l  c e n t e r i n g  

f o r c e  s u p p o r t  p rob lem.  

11. S o l u t i o n  o f  t h e  C o n s t a n t  T e n s i o n  T o r o i d a l  S o l c n o i d  

Shape E q u a t i o n  
. . 

T'he soiut - .. . I o n  of equation (1) 1s a s.l;raig:.h-l; f u r w a r d  

matter ,  a n d  a c c o r d i n g l y  w e  w i l l  p r o c e e d  t h r o u g h  i t  w i t h  some 

r a p i d i t y ,  l e a v i n g  much of t h e  a l g e b r a i c '  d e t a i l  t o  t h e  

r e a d e r .  The p h y s i c a l  l e n g t h s  o f  t h i s  problem w i l l  a l l  b e  
. .  . . ,. 

n o r m a l i z e d  t o  t h e  g e o m e t r i c .  mean r a d i u s  of . the  o u t e r  and 

i n n e r  e x t r e m e s  o f  t h e  s o l u t i o n  c u r v e ,  

We d e f i n e  x  .~= r/ro a n d  y  = z / ro  . The first i n t e g r a l  of 

e q u a t i o n  ( 1 )  may b e  o b t a i n e d  d i r e c t l y  by s i m p l e  i n t e g r a t i o n  



We n o t e  t h a t  

and s u b s t i t u t i n g  8 i n  f a v o r  of  x i n  e q u a t i o n  (-3) g i v e s  t h e  

i n t e g r a l  i n  t h e  form; 

Using t h e  d e f i n i t i o n  of  t h e  arc l e n g t h  a l o n g  t h e  c u r v e ,  

w e  can  f i n d  t h e  l e n g t h  o f  arc between t h e  p o i n t  a t  which 

0 = o  (x= l ,  y=o) and  any o t h e r  p o i n t  on t h e  c u r v e ,  namely 
? 



where  S g ( 8 )  " i s  ' t h e  a l g e b r a i c  s i g n  of 8 .  We w i l l  need t o  

know s l a t e r  on.-when w e  want t o  e v a l u a t e  t h e  t u r n  l e n g t h  o f  

a t o r o i d a l  f i e l d  c o i l .  

\Ye now t u r n  o u r  a t t e n t i o n  t o  t h e  i n t e g r a l ' a p p e a r i n g  

*.. . 
, i n  e q u a t i o n  (7), 

I t  t u r n s  o u t  t h a t  a l l  o f  t h e  r e q u i r e d  i n f o r m a t i o n  i s  
.,., " .  

o b t a i n a b l e  f rom J and  i t s  d e r i v a t i v e s  w i t h  r e s p e c t  t o  k .  
. . 

D i f f e r e n t i a t i n g ,  

iLZ = J s i n 8  e k s i n B 1  ak 9 

a n d  e q u a t i o n .  ( 5 )  becomes 

The area e l e m e n t  o f  a  c o i l  formed f rom t h e  l a r g e r  l o b e  o f  

t h e  s o l u t i o n . ,  c u r v e  is  



where y = y(-k,n,/2). Using 8 i .n  f a v o r  of  x and i n t e g r a t i n g  
2 

between a lower l i m i t  xmln, chosen a s t h e  i n t e r i o r  r a d i u s  of  

t h e  c o i l ,  and x2,  t h e  a r e a  is  

i n  which A=r2-R1, t h e  b o r e  w id th  of  t h e  c o i l ,  and 

8 - - 8(xmin). (n .b . .  - - n - 8  f o r  a D-type c o i l s .  ) 
min emax min  

Now, 

which f a c t  f a . r . i l  ?t .at .es o u r  r e d u c i n g  equa t ion  (13)  t o  



When t h e  s m a l l e r  l o b e  o f  t h e  s o l u t i o n . '  c u r v e  is u s e d ,  t h e  

a n a l o g o u s  f o r m u l a  is, 

i n  which  t h e  maximum c o i l  r a d i u s  r is d e f i n e d  by, 
msix 



For  D-type c o i l s ,  t h e  m a g n e t i c  e n e r g y  i n d u c t i v e l y  

s t o r e d  i n  t h e  f i e l d  is, 

t h e  i n t e g r a t i o n  b e i n g  p e r f  orrned between t h e  minimum and 

maximum c o i l  r a d i i .  R e c a l l i n g  t h a t  i n  a  t o r o i d a l  s o l e n o i d  

and r e p l a c i n g  5 by ' ~ L I ~ ,  w e  f i n d  t h a t ,  
2  

w h i l e  f o r  C-type c o i l s ,  

a a 
L =  4rok2 { s i n  e m a x [ ~ 3 ( k , . - n / 2 )  - ~ J ( k , e  max 11 



The l o c k e d  d o o r  wh ich  now s t a n d s  be tween  u s  and  t h e  

desired i n f o r m a t i o n ,  ( y ,  S ,  A ,  a n d  L), is  t h e  i n t e g r a l  

J ( l r ,B)  - t h e  k e y  t h a t  o p e n s  i t  i s  t h e  r e c o g n i t i o n  t h a t  

w h e r e  t he" J ,  are  B e s s e l  f u n c t i o n s  o f  i n t e g e r  order.  (:5)  hi^ 
n  

ser ies  c o n v e r g e s  a b s o l u t e l y  a n d  u n i f o r m l y , ,  a s ' d v e s  t h e  

se r ies  t h a t  r e s u l t s  f r o m  its t e r m  by t e r m  i n t e g r a t i o n  on tj. 

The  rest t h e n  is algebraic d e t a i l  wh ich  w e  w i l l .  n o t  p r e s e n t  

h e r e ,  s e v e r a l  d i f f e r e n t  a n d  e q u i v a l e n t  series 

r e p r e s e n t a t i o n s  o f  J ( k , € l )  b e i n g  o b t a i n e d ;  a c u n v i e n t  ser ies 

is ,  

(6 1 I 

i n  t e r m s  o f  t h e  m o d i f i e d  B e s s e l  f u n c t T o n ,  In * o f '  i n t e g e r  

o r d e r .  



I n  t h e  n e x t  two s e c t i o n s  of  t h i s  p a p e r  w e  w i l l  f o c u s  

o u r  a t t e n t i o n  on D-type and C-type c o i l s  and d e m o n s t r a t e  

t h a t  when emax = n ( p r i n c e t o n  D )  o r  when emax = o o r  . n  

t h a t  c l o s e d  form e q u a t i o n s  a r e  found  g i v i n g  t h e  d e s i r e d  

d a t a .  

111. Formulae f o r  D-type C o i l s  

The e a r l i e s t  r e c e n t  a p p l i c a t i o n s  o f  c o n s t a n t  t e n s i o n  

c o i l s  were t h e  u s e  o f  t h e  P r i n c e t o n  D s h a p e  i n  t h e  tokamak 

r e f e r e n c e  d e s i g n  s t u d i e s ( 7 '  'I; more r e c e n t l y  s e v e r a l  

p roposed  e x p e r i m e n t a l  d e v i c e s  have  a l s o  used  c o i l s  ,of t h i s  

shape.' T h i s  c o i l  is  . g e n e r a t e d  by s e l e c t i n g  8  = + 3 ~ / 2 .  
max 

V a l u e s  o f  J and i t s  f i r s t  two d e r i v a t i v e s  w i l l  b e  needed 

a t  8  = - ~ / 2  and 8  = ~ / 2 .  ~ t '  t h e  former v a l u e  o f  8 ,  

w h i l e  a t  t h e  l a t t e r ,  



. , 

Using equation (7) provides the length 0-f the curved portion 

of the D, 

while the height o'f the support or straight section is 

nh t a . i ned  .by differentiatins equations (23) and (24) using 

the well-known formulae (9 > 
.>. 

and using equation (10) to evaluate y, 

Summing eqiiations (25) irld (28) the total conductor turn 

length is, 

= 2nrok [ ~ ~ ( , k )  + 1,(k) ] . (29) 'turn . 



The area and inductance are found in much the same manner, 

substituting 2 for Omin in equations' (14) and (10) and 

differentiating equation (23) and (24) as required. The 

results are as follows: 

Another D-type coil for which closed form formulae 

result is obtained by setting emax - n .  The coil is formed 

by connecting the points of horizontal tangency of the 

larger lobe of the solution curve with a straight vertical 

element. The formulas for the turn length, area, inductance 

and support height of this coil will depend on the values of 

3 (k ,n/2) (equation 24) and J k , ;  the latter is readily 

uhuwn tu bc, 



where L n  is a modified Struve function. (.lo) Using this 

formula and others described previously, we find that; 

II = *rol: [Io(k) + Il(k) + LQ(k) + L,(k)  IT] turn (35) 

The area and inductance of this coil are given by, 

and 



I V .  .Formulas  f o r  C-type C o i l s  

The f a m i l y  of  c o i l s  o b t a i n e d  from t h e  s m a l l e r  l o b e  o f  

t h e  s o l u t i o n  c u r v e  w i l l  b e  c a l l e d  C-type c o i l s .  ' They a r e  

formed w i t h  a v e r t i c a l  c l o s u r e  on t h e  e x t e r i o r  s i d e  of t h e  

t o r u s ,  i n  c o n t r a s t  t o  t h e  D c o i l s  which a r e  closeid on t h e  

i n s i d e .  The C-co i l  o f f e r s  some a d v a n t a g e s  o v e r  t h e  D-coi l  

i n  t h a t  i t  is s u p p o r t e d  a t  t h e  e x t e r i o r  s i d e  o f . t h e  t o r u s  

where s p a c e  is more r e a d i l y  a v a i l a b l e .  Also ,  t h e  c o i l  i s  

c l o s e r  t o  c i r c u l a r  t h a n  t h e  D c o i l s ;  c o n s e q u e n t l y ,  when t h e  

e x t r a  v e r t i c a l  h e i g h t  o f  t h e  D c o i l  is n o t  e s s e n t i a l ,  i t  

g i v e s  a d e s i g n  s o l u t i o n  h a v i n g  a  s h o r t e r  . t u r n  l e n g t h  and 

lower  i n d u c t a n c e ,  t h e r e b y  r e d u c i n g  m a t e r i a l  r e q u i r e m e n t s  and  

t h e  amount o f  e n e r g y  needed t o  c h a r g e  t h e  s o l e n o i d .  For  t h e  

p a r t i c u l a r  c a s e  i n  which emax = o  c l o s e d  form f o r m u l a s  a r e  

a v a i l a b l e  as  f o l l o w s :  

2 ' t u r n  = nrok  {;; + [ ~ ~ ( k )  - L~,3(k)l  - - (40)  . 



One s h o u l d  b e a r  i n  mind t h e  s i g n i f i c a n c e  o f  rl and 

r t h e  e x t r e m e  e x t e n t s  o f  t h e  s o l u t i o n  c u r v e  when comparing 
2 '  

f o r m u l a e  f o r  C-type and D-type c o i l s .  Each c o i l  i s  

d e t e r m i n e d  by  s p e c i f y i n g  i ts  minimum r a d i u s  R1, i t s  w i d t h  A 

and  t h e  maximum t a n g e n t  a n g l e  O m a x .  Fo r  C-type c o i l s  t h e  

r e s u l t i n g  v a l u e  o f  k i s ,  

k = Ln(1 + AIR1) / ( 1  + s i n  emax) . (-43 

r may than '  b e  found  from, 
2 . . 

F o r  D-type c o i l s  on t h e  o t h e r  hand Rl and rl a r e  n o t  e q u a l .  

k i s  found  t o  be, 

k = k n ( l  + AIR1) / ( 1  - s i n  Omax) , (45) 



and i n  t h i s  c a s e ,  

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  a 8  max = 0 C-type c o i l  

and  a  emax = 3 1 2 1 ~  P r i n c e t o n  D c o i l  which  have  t h e  same R1 

and A p o s s e s s  1 v a l u e s  which are i n  t h e  r e l a t i o n s h i p  

"c/"D = 2 ;  w h i l e  t h e  emax = IT D-type c o i l  h a v i n g  t h e  same R 1 

and  A h a s  t h e  same k v a l u e  as t h e  emax = 0 C-type c o i l .  

V. Compound C o i l s  

Smooth c o i l  s h a p e s  can  b e  formed by n e s t l i n g  D and  C  

p o r t i o n s  o f  s o l u t i o n  c u r v e s  as i n d i c a t e d  i n  f i g u r e  ( 3 ) .  

Such compound c o i l  s h a p e s  a r e  g e n e r a l i z a t i o n s  o f  t h e  C and D 

c o i l s  d i s c u s s e d  above.  I n  f i g u r e  2 t h e  c o i l  bebcb can b e  

t h o u g h t  o f  as  a D-type c o i l ,  beb ,  w i t h  i ts  s t r a i g h t  segment . 

r e p l a c e d  by a segment o f  a C-type c o i l ,  bcb .  The c o i l  a d a c a  

can  b e  t h o u g h t  o f  as a C-type c o i l  aca w i t h  i ts s t r a i g h t  

segment r e p l a c e d  by t h e  D-type c o i l  a d a .  F i n a l l y ,  t h e  c u r v e  

f g f  s u g g e s t s  t h e  h y p o t h e t i c a l  p o s s i b i l i t y  of p r o d u c i n g  a 

non-planar ,  z e r o  c e n t e r . i n g  force c o n f i g u r a t i o n .  

W e  o b s e r v e  t h a t  t h e  C a n d  D shaped  segments  

c o r r e s p o n d  , t o  d i f f e r e n t  v a l u e s  o f  k i n  e q u a t i o n  (1). T h i s  

jump i n  k i m p l i e s :  e i t h e r  a d i f f e r e n c e  i n  t e n s i o n  f o r  t h e  C 



I 

a n d  D segmen?s, o r  t h a t  e i t h e r  t h e  C or  D segment.  c a r r i e s  a 

m e c h a n i c a l  l o a d i n g  i n  a d d i t i o n  t o  i ts e l e c t r o m a g n e t i c  
. . 

l o a d i n g ,  o r  a c o m b i n a t i o n  o f  t h e s e  two. The n e c e s s i t y  of a  
. . 

t e n s i o n  jump o r  m e c h a n i c a l  l o a d i n g  comes e a s i l y  from 

c o n s i d e r a t i o n  o f 3 t h e  f o r c e  b a l a n c e  i n  a s m a l l  segment of  

f l e x i b l e  f i l a m e n t  a s  shown i n  f i g u r e  3 .  The segment i s  t o  

b e  c o n s i d e r e d  as  p a r t  of  a  t o r o i d a l  s o l e n o i d  and t h e r e f o r e  

t h e  m a g n e t i c  f i e l d  i s  t a k e n  t o  e x i s t  o n l y  on one  s i d e  of t h e  
. ., . .,. 

s e g m e n t . *  The segment  i s  under  c o n s t a n t  t e n s i o n  and s u b j e c t  

t o  a m e c h a n i c a l  p r e s s u r e ,  p ( r ) ,  a s  w e l l  a s  t h e  

e l e c t r o m a g n e t i c  f o r c e s  a r i s i n g  f rom c a r r y i n g  a  c u r r e n t ,  I ,  

i n  t h e  t o r o i d a l  m a g n e t i c  f i e l d ,  B. If  p ( r )  = p o r o / r  t h e  

f o r c e  b a l a n c e  l e a d s  t o  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  t h e  

r a d i u s  o f  c u r v a t u r e  o f  t h e  f i l a m e n t ,  
... 

w h i c h  i s  e q u i v a l e n t  t o  e q u a t i o n  1. ( F o r  t h e  C and D . c o i l s  

d e s c r i b e d  i n  t h e  above s e c t i o n s ,  t h e  s t r a i g h t  segments  have 

a n  i n f i n i t e , : r a d i u s  o f  c u r v a t u r e .  T h i s  c i r c u m s t a n c e  can B e  
1 .  . . 

d e s c r i b e d  ;by e q u a t i o n  (47)  by t a k i n g  po 2 11 Bo.) Eoi- t h e  
2 

compound c o i l ,  d i f f e r e n t  v a l u e s  o f  k  i n  e a c h  segment can be 

. a c h i e v e d  i n i . a  v a r i e t y .  o f  ways. F o r  example i f  T  is  t o  b e  
. . 

c o n s t a n t ,  po must b e  d i f f e r e n t  i n  e a c h  segment .  P h y s i c a l l y ,  

t h e  proper' po w i l l  'arise from t h e  r e a c t i o n  o f  a  r i g i d  
* The a u t h o r s  e x p r e s s  t h e i r  g r a t i t u d e  t o  P. Bonanos $02 
r e m i n d i n g  *.hem o f  t h i s  a s p e c t ' o f  t h e  m a g n e t i c  f i e l d  and 
c o n s e q u e n t  r e d u c t i o n  i n  c a l c u l a t e d  c o i l  t e n s i o n .  



s u p p o r t  shaped t o  conform t o  t h e  C o r  D segment  o f  t h e  

compound c o i l  w i t h  which i t  i s  i n  c o n t a c t .  I f  p o  = 0 

everywhere ,  t h e n  T  must d i f f e r  i n  each  sekment  o f  t h e  

compound c o i l  s i n c e  I ,  Bo and ro a r e  common t o  b o t h  

segments .  P h y s i c a l l y  t h i s  jump i n - . t e n s i o n  can  b e  p r o v i d e d  

by a  t e n s i l e  s u p p o r t  mechanism a t  t h e  j u n c t u r e  o f  t h e  C and  

D segments .  The t e n s i o n  s u p p o r t s  a l l o w  t h e  compound c o i l  t o  

hang from a  s u r r o u n d i n g  s t r u c t u r e  s u c h  a s  a  w a l l  o r  e x t e r n a l  

compress ion  r i n g ,  y i e l d i n g  a  n o v e 1 . s o l u t i o n  t o  t h e  t o r o i d a l  

f i e l d  c o i l  c e n t e r i n g  f o r c e  problem. 

For  t h e  compound c o i l  t h e  v a l u e  o f  2 ,  A ,  and  L a r e  

t h e  sum of  t h e  c o r r e s p o n d i n g  q u a n t i t i e s  p e r t a i n i n g  t o  t h e  C  

and D t y p e  segments  o f  t h e  c o i l .  For  t h e  p a r t i c u l a r  

compound c o i l  composed o f  C and D segments  t h a t  j o i n  w i t h  

z e r o  s l o p e  t h e  above ment ioned q u a n t i t i e s  can  b e  e x p r e s s e d  

by t h e  c l o s e d  form f o r m u l a e  d i s p l a y e d  above i n  S e c t i o n s  I 1 1  

and I V .  These  f o r m u l a e  r e q u i r e  knowledge o f  k  f o r  b o t h  

segments .  The compound co i l  is  d e t e r m i n e d  by t h e  

s p e c i f i c a t i o n  o f  t h r e e  q u a n t i t i e s  such  a s  R1, A and  t h e  

s l o p e ' o f  t h e  c o i l  a t  t h e  p o i n t  where t h e  C and D segments  

joii i .  'Lo flnd t h e  r e s u l t i n g  v a l u e s  of  k r e q u i r e s  t h e  

s o l u t i o n  o f  a t r a n s c e n d e n t a l  r e l a t i o n  a r i s , i n g  from t h e  

r e q u i r e m e n t  t h a t  t h e  h e i g h t  o f  t h e  C-segment must match  t h e  

h e i g h t  of  t h e  D-segment. 
\ 



V I .  C o n c l u d i n g  Remarks 

We have  f o u n d  an  a n a l y t i c a l  s o l u t i o n  t o  tlie c o n s t a n t  

t e n s i o n  s o l e n o i d  p rob lem,  ( e q u a t i o n  I ) ,  i n  t e r m s  of  an 

i n f i n i t e  series o f  B e s s e l  f u n c t i o n s .  Using t h i s  s o l u t i o n  w e  

h a v e  been  a b l e  t o  d e m o n s t r a t e  t h a t  c l o s e d  form f o r m u l a s ,  

i cq3.  36,  30-3i j , txlst w ~ l i c l i  y ruv idc?  t ~ e s i r k d  design 
. . . . 

i n f o r m a t i o n  f o r  t h e  P r i n c e t o n  D coil. S i m i l a r  f o r m u l a s  a r e  

a l s o  o b t a i n e d  f o r  t w o  o t h e r  c o i l s ,  t h e  em,, = D-type e v i l  
. . 

( e q s .  33-37) and  t h e  emax = 0 C-type c o i l ,  ( e q s ,  38-42). 

The s u g g e s t i o n  o f  u s i n g  t h e  C-type c o i l  i s  n o t  new t o  

t h i s  w r i t i n g .  Our c o n t r i b u t i o n  t o  C - c o i l s  i s  t h e  a b i l i t y  t o  

malcc r a p i d  c a l c u l a t i o n s  f o r  d e s i g n  and e s t i m a t i n g  purposes .  
. , 

T h i s  is  i n  f a c t  t r u e  f o r  b o t h  C and D ' t y p e  c o i l s  o f  
. . 

a r b i t r a r y  " p a r a m e t e r s .  The series f o r  l ( k , 8 )  ' converges  

r a p i d l y ,  and n u m e r i c a l  e v a l u a t i o n  o f  1 and i t s  k  d e r i v a t i v e s  

p r o v i d e s  r a p i d  i n f o r m a t i o n  on t h e  p r ' o p e r t i e s  of  any c o i i  o r  

c o i l  segment  formed f r 0 m . a  s o l u t i o n  c u r v e  of  e q u a t i o n  ( 1 ) .  

By ' j o i n i n g  two s u c h  segments 'we have p roduced  a  

compound c o i l ,  p r e s e n t e d  h e r e ,  w e  b e l i e v e ,  f o r  t h e  first 

t i m e .  G r e a t  f l e x i b i l i t y  is a v a i l a b l e  i n  t h e  c h o i c e  o f  s h a p e  

and t h e  s u p p o r t  d e s i g n  o f  t h e s e  c o i l s .  F i g u r e  4 shows I 

s e v e r a l  d i f f e r e n t  compound c o i l  s h a p e s  and s u p p o r t  schemes. 

The tens.ior;' jump i m p l i e d  by t h e  d i f f e r i n g  v a l u e s  o!f"' k  f o r  ,P, 

t h e  two s e g m e n t s  c a n  b e  t a k e n  by a t e n s i o n  me.chanism, 

e f f e c t i v . e l y  h a n g i n g  t h e  c o i l s  on s t r u c t u r e  o u t s i . d e  o f  the 



t o r u s  and i t s  conges ted  c e n t r a l  core .  The p a r t i c u l a r  

s o l u t i o n  composed of t h e  emax = T D-type segment and 

8 = -T C-type segment; a l l o w s  t h e  p o s s i b i l i t y  o f  u s i n g  a 
max 

p l a n e ,  r i n g  t r u s s ,  s u p p o r t  s t r u c t u r e  which can 

s imul taneous ly  be  p a r t  of  t h e  t o r o i d a l  t o r q u e  frame. 

A l t e r n a t i v e l y  by mounting one segment of t h e  c o i l  on a 

preformed suppor t  pad i t  is p o s s i b l e  t o  g e n e r a t e  a 

mechanical l o a d i n g  which e x a c t l y  compensates t h e  unbalanced 

t e n s i o n .  T h i s  form of s u p p o r t  s u g g e s t s  t h e  p o s s i b i l i t y  of 

u s ing  s t r u c t u r e  a l r e s d y  p r e s e n t  i n  r e a c t o r  d e s i g n s ,  ( b l a n k e t  

and s h i e l d ) ,  t o  s u p p o r t  t h e  t o r o i d a l  f i e l d  c o i l s ,  p o s s i b l y  

r e a l i z i n g  a  more economical  des ign .  

F i n a l l y ,  w e  would l i k e  t o  p o i n t  o u t  t h a t  compound 

c o i l s  may have more than  two segments. A m u l t i p l e  segment 

c o i l  having t e n s i o n  suppor t  f i x t u r e s  o r  p reshaped  s u p p o r t  

b locks  would a l l ow one t o  t a i l o r  t h e  shape  of t h e  c o i l ' t o  

t h e  p a r t i c u l a r  needs  of  t h e  exper iment  o r  r e a c t o r  be ing  

des igned  wi thout  s a c r i f i c i n g  t h e  r e d u c t i o n  o f  mechanical  

stresses and a s s o c i a t e d  s t r a i n  energy o f f e r e d  by c o n s t a n t  

t e n s i o n  c o i l s .  
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F ig .  1. S o l u t i o n  c u r v e s  o f  e q u a t i o n  1 for  d i f f e r e n t  v a l u e s  
o f  k ;  Z (r=r ) = O f  Z' (r=r ) = O ;  r =5.27,  (n .b . ,  s c a l e s  d i f f e r ) .  
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Fig. 2. Compound-Coil shapes generated by combining segments 
of different solution curves of equation (1) - different k values. 





764003 
Fig. 4. Several compound coils, illustrating the wide 

variety of shapes obtainable and two potential means of support- 
ing the coil, tension attachments or a compression support ring. 




