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The' 'Tr'a'n's po:r t' Eq'dat ' ion - 

S. L, G r a l n i c k  

Plasma P h y s i c s  L a b o r a t o r y  

P r i n c e t o n  U n i v e r s i t y ,  P r i n c e t o n ,  N:J. 0.8540 

A s t e p - w i s e  t e n s o r  t r a n s f o r m a t i o n  t e c h n i q u e  i s  ' 

p r e s e n t e d  f o r  t h e  t r a n s f o r m a t i o n  o f  t h e  s i n g l e  e n e r g y  g roup  

t r a n s p o r t  e q u a t i o n  t o  an a r b i t r a r y  s p a t i a l  c o o r d i n a t e  

sys tem.  Both g r a d i e n t  and d i v e r g e n c e  fo rms  o f  t h e  e q u a t i o n  

are g i v e n  and t h e  same method is a p p l i e d  t o  t h e  d e r i v a t i o n  

o f  t h e  d i f f u s i o n  approx imat ion .  W e  d e m o n s t r a t e  t h a t  u s i n g  

an o r t h o g o n a l  r e p r e s e n t a t i o n  o f  t h e  p r o p a g a t i o n  v e c t o r  w i l l  

s i m p l i f y  t h e  d i v e r g e n c e  form o f  t h e  e q u a t i o n .  The 

a p p l i c a t i o n  o f  t h i s  t e c h n i q u e  is i n  t h e  r e p r e s e n t a t i o n  o f  

t h e  t r a n s p o r t  e q u a t i o n  i n  c o o r d i n a t e  s y s t e m s  o t h e r  t h a n  t h e  

u s u a l  r e c t a n g u l a r ,  c y l i n d r i c a l  and  s p h e r i c a l  ones .  I ts u s e  

is  d e m o n s t r a t e d  by t r a n s f o r m i n g  t h e  t r a n s p o r t  e q u a t i o n  t o  a  

t o r o i d a l  c o o r d i n a t e  s y s t e m  c o n s i s t i n g  o f  n e s t e d  c i r cu la r  

toroids.  
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The t r a n s p o r t  e q u a t l o n  f o r  a  s - ing le  en'er'gy group,  

r e p r e s e n t i n g  : t h e  c o n s e r v a t i o n  l a w  of d e n s i t y  i n  phase  space ,  

may b e  w r , i t t e n  i n  t e r m s  of  t h e  d ivergence  of  a 5-dimensional 
. . . . 

v e c t o r .  
, . " ' 

Drawbaigh, u s i n g  t h e  m e t r i c ,  

h a s  demons t r a t ed  t h a t  t h i s  p h y s i c a l  l a w  is expres sed  by t h e  
! 

t e n s o r  e q u a t i o n ,  

where,  

and 



I n  e q u a t i o n  4 , g  = .) g i j l ,  is the 'de te rmrnan t  o f  t h e  metric 

and t h e  summation o f  r e p e a t e d  i n d i c e s  is  assumed. 

A c o n s e r v a t i o n ,  l a w ,  s u c h  a's e q u a t i o n  2, , y i e l d s  . an 

i n t e g r a l  fo rm o f  t h e  t r a n s p o r t  e q u a t i o n  d i r e c t l y ,  which  may 

b e  u s e d  f o r  t h e  d e r i v a t i o n  o f  c o n s e r v a t i v e  f i n i t e  d i f f e r e n c e  

. e q u a t i o n s  (2)  i n  any s y s t e m  o f  c o o r d i n a t e s .  T h i s  h a s  

been i l l u s t r a t e d  by;Drawbaugh i n  r e f e r e n c e  1 by t r a n s f o r m i n g  

t o  c y l i n d r i c a l  a n d  s p h e r i c a l  c o o r d i n a t e  sys tems .  The most . 
f o r m i d a b l e  s t u m b l i n g  b l o c k  i s  . t h a t  of i n v e r t i n g  a  

t r a n s f o r m a t  i o n  o f  t h e  form, 

. . 

.The n o t a t i o n  u s e d  h e r e  is t h a t  t h e  v a r i a b l e s ,  xi r e p r e s e n t  

t h e  c o o r d i n a t e s  o f  t h e  o r i g i n a l  5 -d imens iona l  Riemannian 

s p a c e ,  ( f o l l o w i n g  Drawbaugh w e  c h o s e  x1 = x ,  2 = y, ,3 = 2, 

4  ( C a r t e s i a n  s p a t i a l  c o o r ' d i n a t e s ) ,  x  = w and x5 = 6 where 6 

is t h e  component o f  - R a l o n g  t h e  Z d i r e c t i o n  and w is  t h e  

a n g l e  be tween t h e  p r o j e c t i n n  o f  63 on the xy p l a n e  and t h e  - 
=i 

p o s i t i v e  x d i r e c t i o n ) ,  w h i l e  x  a r e  t h e  c o o r d i n a t e s  t o  which 

w e  c h o s e  t o  t r a n s f o r m  t h e  e q u a t i o n .  An a l t e r n a t i v e  

t e c h n i q u e ,  u s e d  by Pomraning & S t e v e n s  ( 3 )  t o  t r a n s f o r m  t h e  

t r a n s p o r t  e q u a t i o n  t o  a  t o r o i d a l  c o o r d i n a t e  s y s t e m  

c o n s i s t i n g  o f '  n e s t e d  c o n c e n t r i c  c i r c u l a r  t o r o i d s ,  is  t o  
d 

a p p l y  t h e  c h a i n  r u l e  . of d i f f e r e n t i a t i o n .  He . r e ,  t h e  '-a 



t r a n s f o r m a t i o n  which  must b e  i n v e r t e d  is a mapping of 

E u c l i d e a n  3-space  o n t o  i t s e l f  which. is a  more t r a c t a b l e  

p rob lem.  However, t h e  t r a n s f o r m a t i o n  p r o c e s s  i s  c o m p l i c a t e d  

by t h e  f a c t  t h a t  i n  any non-Cartesian.coordinate s y s t e m  t h e  

t r a j e c t o r y  o f  a p a r t i c l e .  moving i n  a s t r a i g h t  l i n e  i s  n o t  i n  

g e n e r a l  a l o n g  a  g e o d e s i c  c u r v e  o f  t h e  c o o r d i n a t e  s u r f a c e s .  

C o n s e q u e n t l y ,  t h e  a n g l e  between t h e  d i r e c t i o n  o f  mot ion  and 
i 

t h e  c o o r d i n a t e  d i r e c t  i o n s  w i l l  v a r y  alvrlg t h e  t r n j  e c l u ~ ~ y  

i m p l y i n g  t h a t  Y w i l l  v a r y  ac a fli.nc:I;:i.an of t h c  a n g l e  

v a r i a b l e s  as wll as t h e  npa t  i a l  va.,.rl a.hl.es. The, e x c e p t i o n  

t o  t h i s  i s  f o r  t h e  case i n  which t h e  c o o r d i n a t e  s y s t e m  does  

y i e l d  s t r a igh : l ;  g e o d e s i c  c u r v e s  for p a r t i c u l a r .  c o o r d i n a t e  

s u r f  aces. . . 

I n  t h i s  p a p e r  w e  w i l l  . r e s o l v e  t h e  d i f f i c u l t y  

p r e s e n t e d  by e i t h e r  o f  t h e  above c i t e d  methods by p r e s e n t i n g  

a. s t e p - w i s e  t e n s o r  f o r m a l i s m  f o r  t h e  t r a n s f o r m a t i o n  of  

e q u a t i o n  1 t o  an  a r b i t r a r y  c o s r ~ l j  uate s y s t c m  ( ' ~ i e c l  % c 1 1 1  T I ) .  

W e  w i l l '  t h e n  d e m o n s t r a t e  t h e  t e c h n i q u e  by a p p l y i n g  i t  t o  t h e  

t o r o i d a l  geometry  t r e a t e d  by Pomraning and S t e v e n s  ( s e c t i o n  

111), a n d  a l s o  show t h a t  t h e  d i l l u s i o n  approx imat ion  i s  

r e a d i l y  o b t a i n ' a b f e .  F i n a l l y  w e  w i l l  y r u v e  i n  , .rcction I V  

t h a t  p r o v i d e d  an o r t h o g o n a l  r e p r e s e n t a t i v r i  of t h e '  v e c t o r  - .Q ' 

is  ' u s e d ,  t h e  a n g l e  v a r i a b l e  t r a n s f o r m a t i o n  is g i v e n  by a  

g r o u p  o f  m o t i o n s  in 3-space and c o n s e q u e n t l y  i t s  J a c o b i a n  i s  

e q u a l  t o  one. ' T h i s  is  a  d e s i r a b l e  a l t h o u g h  no t  e s s e n t i a l  

p r o p e r t y . .  



I I. Tensor  Transf'or'ma't'ion' Te'c'hn'ique 

C o n s i d e r .  t h e  t r a n s p o r t  e q u a t i o n ,  

where Y, 0 and S a r e  t h e  a n g u l a r  f l u x ,  c r o s s  s e c t i o n  and ' 

s o u r c e  f u n c t i o n ,  and M i  i s  d e f i n e d  i n  terms o f  t h e  

p r o p a g a t i o n  v e c t o r  R by e q u a t i o n  3 i n  t h e  5-dimensional  - 
Riemannian s p a c e  h a v i n g  c o o r d i n a t e s  x1 = x, x 2  = y ,  , 3  = z, 

x4 = o and x5  = 6 f o r  which t h e  c h o i c e  of  metric t e n s o r ,  

g i j ,  i n t r o d u c e d  by Drawbaugh ( s e e  s e c t i o n  I )  i s  made. T h e  

p h y s i c a l  components o f  R i n  t h i s  s p a c e  are,  - 

a ={I- {612 }* c o s  , 
B ={I- { 6 1 ~ ) ' s i n  w 

w h i l e  t h e  f i v e - d i m e n s i o n a l  v e c t o r  M~ h a s  components,  



. . . . 
We w i l l  u s e  t h e  n o t a t i o n  n i t o  d e n o t e  t h e  v e c t o r  p o r t i o n  o'f 

M~ and  n o t e  t h a t ,  

The r e p r e s e n t a t i o n  o f  t h e  e q u a t i o n  i n  any o t h e r  
=i 

5-d imens iona l  Riemannian  s p a c e  h a v i n g  c o o r d i n a t e s  x may b e  

f o u n d  by t h e  f o l l o w i n g  p r o c e d u r e :  

i )  I n t m d i , ~ r . e  a t r a n s f o r m a t i o n ,  TI, o f  t h e  s p a t i a l  

1 2  c o o r d i n a t e s  x , x , x3 b u t  p r e s e r v e  t h e  c h o i c e  of  a n g l e  

4 5 v a r i a b l e  x , x . Thus ,  

1 i -1 -3 x = x (x 0 . .  X ) 

i i )  T r a n s f o r m  t h e  metric t e n s o r .  

S i n c e  '.gij is a rank two c o v a r i a n t  t e n s o r  ' i t  

t r a n s f o r m s  u n d e r  TI a c c o r d i n g  t o  

. - 

(We are u s i n g  t h e  b a r  n o t a t i o n  t o  d e n o t e  a r e p r e s e n t a t i o n  i n  

t h e  xi c o o r d i n a t e  s y s t e m .  ) 



i i i )  Transform t h e  ' c o v a r i a n t '  components o f  .Q. - 
. . 

i S i n c e  t h e  x s p a t i a l  c o o r d i n a t e s  ' a re - '  C a r t e s i a n ,  the' 

c o v a r i a n t  and c o n t r a v a r i a n t  components o f  ' - Q are i d e n t i c a l .  

We form ni by 

-ij 
i v )  Form t h e  a s s o c i a t e d  c o n t r a v a r i a n t  t e n s o r  g . . 

T h i s  r e q u i r e s  t h e  s o l u t i o n  o f  t h e  e q u a t i o n s  

where 6; is  a ~ r o n e c k e r  delta.  ' The t r a n s f o r m a t i o n  TI w i l l  

a f f e c t  t h e  s p a t i a l  v a r i a b l e s  o n l y .  Consequen t ly  even f o r  a  

c h o i c e  of non-or thogonal  c o o r d i n a t e s  t h e  m e t r - i c  t e n s o r '  w i l l  

b e  p a r t i t i o n e d  as  f o l l o w s :  

X X X  

X X X  

X X X  
. . . . . . . . . . , ,  

0 0 ' 0 

0 0 0 

i 
0 : 0. 

0 0 
.. . . . 

, 

( 1 - cS2 )  0 
2  -1 

' 0 (1-6 ) 

. . 



and  t h e  i n v e r s e  w i l l  Be 'of t h e  f o r m :  

where  A -' is t h e ,  i n v e r s e  of the 3. x 3 matr ix  ocrupyi  ng the 
u p p e r  l e f t  p a r t i t i o n  of Eij. 

Y )  Form t h e  c o n t r a v a r i a n t  components o f  - Q i n  zi. 
The r e l a t i o n s h i p  between the c o n t r a v a r i a n t  and 

c o v a r i a n t  1 comp.onents is ' g i v e n  by,  

vj , )  Form t h e  p h y s i c a l  cumnponentrs of C2 a l o n g  t h e  c o o r d i n a t e  - 
(4 1 c u r v e s .  . . . . 

These  components  w i l . 1  be g i v e n  by,  



(The n o t a t i o n  i 1 1 i n d i c a t e s  no sum on i 1, The . .. Xi wi l l  be 

u s e d  i n  c o n s t r u c t i n g  t h e  t r a n s f o r m a t i o n .  o f  ' the . a n g l e  
0' 

v a r i a b l e s  n e c e s s a r y  t o  r e p r e s e n t  - R i n  t h e  zi s p a t i a l  

c o o r d i n a t e s .  I f  t h e y  do n o t  form an o r t h o g o n a l  t r i a d ,  i t  

may, i n  some cases, b e  c o n v e n i e n t  t o  c h o s e  d i r e c t i o n s  which 

do n o t  l i e  a l o n g  o n e  o r  more o f  t h e  c o o r d i n a t e  c u r v e s  s o  a s ,  

t o  form an o r t h o g o n a l  r e p r e s e n t a t i o n ,  ( T h i s  p o i n t  w i l l  b e  

d i s c u s s e d  f u r t h e r  i n  s e c t i o n  IV). 

v i i )  I n t r o d u c e  t h e  f o l l o w i n g  t r a n s f o r m a t i o n  o f  t h e  a n g l e  
-i 

v a r i a b l e s ,  p r e s e r v i n g  t h e  x s p a t i a l  c o o r d i n a t e s .  

where i t  is u n d e r s t o o d  t h a t  i , j  and k are any p e r m u t a t i o n  of  - 
t h e  i n d i c i e s  1 , 2 , 3 ,  ( i . .e .  i f  i = 3  and k = l ,  j = 2 ) .  

i x )  Trans fo rm the c u n t r a v a r i a n t  components  of  R . - 
The c o n t  r a v a r i a n t  v e c t o r  

a c c o r d i n g  t o ,  . _.. . . _ .. - _. _ _ _  



x) The g r a d i e n t  fo rm of  t h e  e q u a t i o n  is g i v e n  by, 

x i )  To form t h e  d i v e r g e n c e  i n  Zi i t  is n e c e s s a r y  t o  know 
- - 

t h e  , d e t e r m i n a n t  o f  t h e  m e t r i c  t e n s o r ,  gij . T h i s  
- 

( 5 )  d e t e r m i n a n t ,  I % 1,  i s  o b t a i n e d  from t h e  t r a n s f o r m a t i o n  r u l e ,  

where  J i y  t h e  J a c o b i a n  o f  t h e  t r a n s f o r m a t i o n ,  

The i n n e r  t r a n s f o r m a t i o n  is t h e  i n v e r s e  o f  T and t h e  o u t e r  2 

o n e  i s  TI c o n s e q u e n t l y ,  

where  J i s  t h e  J a c o b i a n  01 TI r ~ l d  J2 is thc Jacobian of T, 1 L' 

x i i )  The c o n s e r v a t i o n  law form o f  t h e  t r a n s p o r t  e q u a t i o n  i s  

given by, 



111. A p p l i c a t i o n  -- of  ' t h e  Tensor  Transforniat. ion Techn ique  - -  t o  

A T o r o i d a l  Coor'din'ate' S v s t  e m  

A t o r o i d a l  c o o r d i n a t e  sys tem,  f r e q u e n t l y  u s e d  by 

p lasma p h y s i c i s t s  c o n c e r n e d  w i t h  tokamaks,  and o f  p o s s i b l e  

a p p l i c a t i o n  i n  t h e  s t u d y  of  n e u t r o n i c  and p h o t o n i c  p rob lems  

i n  f u t u r e  t o r o i d a l  f u s i o n  d e v i c e s ,  is formed by r o t a t i n g  a  

n e s t  of  c o n c e n t r i c  c i rc les  a b o u t  an  a x i s  which d o e s  n o t  

i n t e r s e c t  t h e  n e s t  ( s e e  F i g .  1). Pomraning and S t e v e n s  ( 3 )  

have d e r i v e d  t h e  t r a n s p o r t  e q u a t i o n  i n  g r a d i e n t  form and  t h e  

diffusion e q u a t i o n ,  by a p p l i c a t i o n  of t h e  c h a i n  r u l e .  A s  an  

example of  t h e  a p p l i c a t i o n  o f  t h e  t e n s o r  t r a n s f o r m  t e c h n i q u e  

w e  w i l l  d e r i v e  t h e  g r a d i e n t  form of  t h e  t r a n s p o r t  e q u a t i o n  

as w e l l  a s  t h e  d i v e r g e n c e  form, t h e  l a t e r  form b e i n g  more 

d i r e c t l y  a p p l i c a b l e  t o  t h e  c o n s t r u c t i o n  o f  f i n i t e  d i f f e r e n c e  

e q u a t i o n s  by t h e  i n t e g r a t i o n  t e c h n i q u e .  We w i l l  a l s o  d e r i v e  

t h e  d i f f u s i o n  e q u a t i o n  i n  t h e  same manner. T r a n s f o r m a t i o n  

T is  g iven  b y ,  
1 

1 -1 -2 x = X COS X 

-2 x2 = (zl s i n  x + R) cos ii3 
-. . 

3 ; -1 -2 T 1 :  .- - x - (X s i n  x + R )  sin z3 



1 2 ' 3  - where (x = X, x = y, x .-&z, x 4 = w ,  x5 = 6) and (.zl = r, 

-2 -3  -4  -5 x =0, x =@, x = W ,  x = 6). The transformation of 

Drawbaughls metric is accomplished by evaluation of the 

derivatives in equation 10. As an example, 

" .  

'lahe metrlo' Lensor in thc zi coordj .nntns  -is 

For any ~Ythogonal coordinate ~ystem, aB this O I I ~  is, 

it is necessary ,that each of the off diagonal elements of 

the metric tensor be zero. When. this is so, the associated 

contravariant tensor g2.j.is formed by inverting cach element 
- 

of gij. For example, 



The components  o f  - fl a r e  g i v e n  by 

and s u b s t i t u t i n g  i n  e q u a t i o n  11 w e  f i n d ,  

- 
R 3  

= (1-62)* (p + r s i n e )  s in (w-0)  . 

Equa t ion  13 g i v e s  the v a l u e s  o f  ni, 

2 3 E' = (1-6 1 c o s ( w - B 1  s i n 0  + : b c o s O  

1. li2 = - {(1-62)' c o s  (w-@) c o s 0  - 6 s i n 0 )  r 

. . . .  :l ' ' li3 = { ( ~ - & * j ~  s i n ( w - 0 ) )  {, + 1 



and using equatlon 14 we see that, 

The transformation T will be, 
2 

=4 
X = tan -1 A 3  - 

E g u a t i u ~ l  In will then g ivc  t h e  contravaria.nt 

components of $2 in the gi coordinates, - 



E v a l u a t i n g  t h e  d e r i v a t i v e s  and  s l m p l l  f y i n g ,  

and 

=4 I n t r o d u c i n g  t h e  n o t a t i o n  5 = z5 and v = x t h e  g r a d i e n t  f o r m  

. of t h e  e q u a t i o n  is now o b t a i n e d  d i r e c t l y  as 

A r c o s O - A  s i n 0  

+ 
0  

( R  + r s i n  0 )  
0 

E q u a t i o n  20 can b e  compared d i r e c t l y  t o  Pomraning and 

S t e v e n s '  r e s u l t  by o b s e r v i n g  i n  t h e i r  f i g u r e  2 t h a t ,  
. . . . 



Ths Jacob ian  o f  TI is given by equa t ion .  16, 

! 

and,  as w i l l  be shown i n  t h e  nex t  s e c t i o n  o f  t h i s  paper ,  i f  

- X2 and  Xg form an o r thogona l  t r i a d  J = 1, which is t h e  
2 

case f o r  t h e  example b e i n g  cons ide red .  Consequently,  

S u b s t i t u t i n g  i n  e q u a t i o n  19 g i v e s  t h e  d ive rgence  form of t h e  

transport e q u a t i o n ,  

  he d i f f u s i o n  approximat ion r e s u l t s  when one assumes 

F i c k l s  law, .- - .  .. 



9 .  

where - J is t h e  c u r r e n t  and X the t o t a l  f l u x ,  t o  b e  v a l i d .  ( 6 )  

I n t e g r a t i o n  o v e r  t h e  a n g l e  v a r i a b l e s  i n  the t r a n s p o r t  

e q u a t i o n  y i e l d s  a  c o n s e r v a t i o n  l a w  f o r ' ? ,  

.F rom e q u a t i o n  22 w e  see t h a t  t h e  c u r r e n t ,  

i s  a  g r a d i e n t .  Consequen t ly ,  J is a  c o v a r i a n t  v e c t o r  which - 

y a y  b e  w r i t t e n  i n  t h e  f i  s p a t i a l  c o o r d i n a t e s  as  

Equa t ion  2 3  is t h e n ,  

and  s u b s t i t u t i n g  f o r  and summing o v e r  j g i v e s ,  



which  is t h e  des i red  d i f f u s i o n  e q u a t i o n .  

I V .  t h e '  E v a l u a t i o n  - of J a c o b i a n s  

A s  w e  no ted  ear l ie r ,  i t  is n e c e s s a r y  t o  e v a l u a t e  t h e  

J a c o b i a n  o f  b o t h  t r a n s f o r m a t i o n  g r o u p s  TI and T , t o  b e  a b l e  
2 

t o  t r a n s f o r m  t h e  d e t e r m i n a n t  o f  t h e  metric t e n s o r  n e c e s s a r y  
=i 

t o  f o r m i n g  t h e  d i v e r g e n c e  i n  x . J1 can  be e v a l u a t e d  by 

u s i n g  t h e  t r a n s f o r m a t i o n  r u l e  e x p r e s s e d  i n  e q u a t i o n  16, 

and  s i n c e  t h e  d e t e r m i n a n t  I g ( whleh appeal>s on t h e  r i g h t  

2 hand s i d e  o f  e q u a t i o n  26 e q u a l s  1, J1 is g i v e n  by t h e  

d e t e r m i n a n t  I g \ . Applying L a p l a c e ' s  r u l e  f o r  t h e  

development  o f  a d e t e r m i n a n t  we see t h a t ,  



where 1 A 1 is t h e  d e t e r m i n a n t  o f  the 3x3 s u b m a t r i x  . 

d e f i n e ' d  i n  s e c t i o n  2. 

The J a c o b i a n  d e t e r m i n a n t  o f  t h e  t r a n s f o r m a t i o n .  T 
2 

w i l l  b e  of the f o r m ,  

w h e r e  t h e  v a c a n t  locat  i o n s  are zero. A p p l y i n g  L a p l a c e ' s  

r u l e  a g a i n ,  



F o r  c 1 a r f . t ~  w e  w i l l  c o n s i d e r  the s p e c i , f i c  case i n  

which  g4 and g5 are d e f i n e d  by 
! 

=4  x .= tan 

. . 
E v a l u a t i n g  t h e  d e r i v a t i v e s  i n d i c a t e d  i n  e q u a t i o n  27 

g i v e s  

The e v a l u a t i o n  o f  t h e  d e r i v a t i v e s  i n  t h e  d e t e r m i n a n t s  i n  

e q 1 . 1 ~ t i n n  29 r e q u i r e s  f irst .  r e p l a c i n g  t h e  b y  Ai : which a r e  i 

f u n c t i o n s  o f  a4 and  z5 o n l y .  Us ing  t h e  d e f i n i t i o n  o f  

a n d  t h e  t r a n s f o r m a t i o n  r u l e  f o r  c o v a r i a n t  v e c t o r s ,  



s u b s t i t u t i n g  i n  t h e  d e t e r m i n a n t s  i n  e q u a t i o n  29, 

I 

(Note  t h a t  i n  t h e  f i n a l  d e t e r m i n a n t  u s e  is made o f  

-4 5 x = ,x? z = x ) and a n a l o g o u s l y ,  

W e  now i n t r o d u c e  t h e  n o t a t i o n ,  



I n  terms of w h i c h  the J a c o b i a n  may be w r i t t e n  as,  
, ., 

C 

The A .  a r e  f u n c t i o n s  o f  x4 and x5 o n l y ,  
1 

= (1 - (x5)2)4 cos x 4 

5 2 .3 
= (1 - ( X  ) 1 sin x 4 

C o n s e q u e n t l y  t h e  d e t e r m i n a n t s ,  D ( j , k ) ,  a r e  r e a d i l y  e v a l u a t e d  
. . 

a n d  w e  f i n d ;  

. . 
a l l  o t h e r  D( j ,  k )  b e i n g  e q u a l  t o  z e r o .  A .  t y p i c a l  t e r m  i n  J2 

i n v o l v e s  t h e  e v a l u a t i o n  of 



The hrack.eted t e r m s  . i n  e q u a t i o n  34 are the cofactors o f  the 

e l e m e n t s  of t h e  ' s e c o n d  column o f  t h e  J a c o b i a n  o f  TI, a n d  

c o n s e q u e n t l y ,  

T h i s  e q u a t i o n  may be w r i t t e n  as 

(35) 

-1 -3 If t h e  geometric c o o r d i n a t e s ,  x ... x , f o r m  a n  o r t h o g o n a l  i 

c o o r d i n a t e  s y s t e m ,  
. . 



a n d  

Then,  

Any r c p r c o , c n t a t i o n  of - R i n  to rmc  of. i t o  oomponcnto i n  

t h r e e  m u t u a l l y  o r t h o g o n a l  d i r e c t i o n s ;  n o t  n e c e s s a r i l y  t h e  

c o o r d i n a t e  d i r e c t i o n s  d e f i n e d  by z'. . .p3 ,  w i l l  i n t r o d u c e  a  . 
t r a n s f o r m a t  i o n  T  h a v i n g  

2 
J2 = 1. To d e m o n s t r a t e  t h i s ,  l e t  

u s  c o n s i d e r  t h e  t r a n s f o r m a t i o n  T w r i t t e n  i n  t h e  form, (7 )  
2 

-1 -2 
y  a n d  y a r e  d e f i n e d  by 



-1 - 3  
a n d  t h e  s p a t i a l  c o o r d i n a t e s  x ... x a r e  p a r a m e t e r s  o f  t h e  

-i 
t r a n s f o r m a t i o n  g roup ,  G. Chose t h e  y a s  c o o r d i n a t e s  of a  

2-dimensional  s u b s p a c e  o f  t h e  5-dimensional  s p a c e  h a v i n g  

-i 
c o o r d i n a t e s  x ; t h e  metric t e n s o r  o f  t h i s  s u b s p a c e  is ,  

T h i s  s u b s p a c e  h a s  o n e  non-van i sh ing  Riemannian symbol o f  t h e  

first k i n d ,  

and c o n s e q u e n t l y  t h e  c o n d i t i o n ,  

A ) '  R n ~ ~ f i  = Kn(Acry  A B ~  '- Aa6 B Y  



. , 
is s a t i s f i e d  i n d e n t i a l l y  w i t h  K = 1. The s u b s p a c e  is s a i d  

0 

t o  have  c o n s t a n t  Riemannian c u r v a t u r e .  F o r  s u c h  a s p a c e  

t h e r e  e x i s t s  a set o f  ( n + l )  c o o r d i n a t e s ,  ( n  = dimens ion  o f  
i 

t h e  s p a c e ) ,  Z , s a t i s f y i n g  t h e  c o n d i t i o n ,  

a n d  i n  t e r m s  of which  t h e  metric o f  t h e  sub-space  may be 

w r i t t e n  as,  

The r e l a t i o n s h i p  be tween  t h e  zi and is  

T h i s  s y s t e m  o f  e q u a t i o n s  ' is  i n t e g r a b l e  and y i e l d s  "a f a m i l y  

of s o l u t i o n s  



i n  which t h e  ai a r e  c o n s t a n t s ,  n (n+1) /2  o f  which are 
j 

independent ,  s a t i s f y i n g  t h e  c o n d i t i o n s ,  

Choosing t h e  Zi  t o  be  

s a t L i  sf ies e q u a t i o n s  4 1  and t h e  c o n d i t i o n s  e x p r e s s e d  by 

gzquations 39 and 40. E q u a t i o n  42 is t h e n  t h e  g roup  of 

r o t a t i o n s  a b o u t  a p o i n t  i n  t h e  3-dimensional  E u c l i d e a n  space . , 

i h a v i n g  c o o r d i n a t e s  Z and maps any o r t h o g o n a l  r e p r e s e n t a t i o n  

of - $ 2  i n t o  a n o t h e r .  I t s  J a c o b i a n  . i s  e q u a l  t o  1 a n d ' i t  w i l l  

i n o t  a l t e r  t h e  metric p r o p e r t i e s  o f  t h e  s u b s p a c e  u s i n g  t h e  Z 

i a s  c o o r d i n a t e s .  C o n v e r s e l y  a t r a n s f o r m a t i o n  o f  Z g i v i n g  a 

non-or thogona l  ' r e p r e s e n . t a t i o n  01 - Q. w i l l  n o t  s a t i s f y  

e q u a t i o n  39 a n d  ' t h e b f o r e  w i l l  n o t  be an a l i o w a h l e  c h o i c e  o f  

c o o r d i n a t e s  f o r  t h e  s u b s p a c e  w i t h  t h e  metric A' 
a&' 

I n  o t h e r  

words s u c h  a t r a n s f o r m a t i o n  would ' a l t e r  t h e  metric 

p r o p e r t i e s  o f  t h e  s u b s p a c e .  
. , 



V. C o n c l u d i n g  Remarks 

T h i s  p a p e r  h a s  p r e s e n t e d  a  t e n s o r  t r a n s f o r m a t i o n  

t e c h n i q u e ,  u s e f u l  i n  r e p r e s e n t i n g  t h e ,  t r a n s p o r t  e q u a t i o n  i n  

an  a r b i t r a r y :  . s p a t i a l  c o o r d i n a t e  sys tem.  Both t h e  g r a d i e n t  
~. . . . 

a n d  d i v e r g e n e e  f o r m  o f  t h e  e q u a t i o n  a r e  o b t a i n e d ,  t h e l a t t e r  

b e i n g  p a r t i c u l a r l y  s u i t e d  t o  ' t h e  d e r i v a t i o n  of  f i n i t e  

d i f f e r e n c e  e q u a t i o n s  by t h e  i n t e g r a l  method. Th.e . d i f f u s i o n  

e q u a t i o n ,  app$..7' c a l ) l e  i n  t h e  s h o r t  mean f r e e  p a t h  l i m i r ,  was: 

o b t a i n e d  ' i n  a : ' s i m i l a r  manner. 

By r e c o g n i z i n g  t h e  t e n s o r  c h a r a c t e r  o f  t h e  e q u a t i o n  

a n d  i n t r o d u c i n g  a s u i t a b l e  metric t e n s o r  i n  a f i v e  

d i m e n s i o n a l  Riemannian s p a c e ,  Drawbaugh set ' t h e  .stage f o r  

t h e  u s e  o f  ' t , h e  t e n s o r  fo rmal i sm.  H i s  work however was 

c o m p l i c a t e d  by t h e  need  t o  i n v e r t  a 5-dimensional  m a t r i x .  

F o r  a r b i t r a r y  and  u n u s u a l  c o o r d i n a t e  s y s t e m s  t h i s  is  a  

n o n - t r j  v i a l  u n d e r t a k i n g .  Tl ie  cu i - rcn t  work shnill d be viewed 

a s  an  e x t e n s i o n  o f  Drawbaughls  e f f o r t .  Recvgnizir ig t h a t  t h e  

t r a n s f o r m a t  i o n  o f  t h e  f i v e  c o o r d i n a t e s  c o u l d  be c o n s t r u c t e d  

o f  t w o  t r a n s f o r m a t i o n s ,  t h e  f i r s t  o p e r a t i n g  un Lhe s p a t i a l  
. . 

c o o r d . i n a t e s  aluut: and  t h e  sec.ond t r a n s f o r m t n g  t h e  a n g l e  

v a r i a - b l e ,  w e  have  r e d u c e d  t h e  prob3.em t o  a set o f  t r a c t a b l e '  
. , 

s t e p s .  F u r t h e r ,  by first work ing  w i t h  t h e  c o v a r i a n t  

components  o f  ' - R and  later  w i t h  t h e  c o n t r a v a r i a n t  

c.omponents o f  . - R ,  t h e  r i e c e s s i t y  o f  fo rming  t h e  i n v e r s e  

t r a n s f o r m a t i o n  i s  r e p l a c e d  by t h e  need  o f  f i n d i n g  E ~ J ,  

w h i c h  i n v o l v e s  f o r m i n g  t h e  i n v e r s e  o f  a  3x3 m a t r i x .  



Although t h e  c h o i c e  o f  s p a t i a l  c o o r d i n a t e  s y s t e m s  and 

v a r i a b l e s  h a s  i n t e n t i o n a l l y  been l e f t  a r b i t r a r y  a ; 

p r e s c r i p t i o n  f o r  t h e  s e l e c t i o n  o f  t h e  r e p r e s e n t a t i o n  of - $2, 

i.e. t h e  c h o i c e  o f  a n g u l a r  v a r i a b l e s ,  h a s  been g i v e n .  I n  

p a r t i c u l a r ,  i f  t h e  c h o i c e  o f  t h e  Xi is such  t h a t  t h e y  a r e  

t h e  p r o j e c t i o n s  o f  - $2 a l o n g  t h e  d i r e c t i o n s  o f  an o r t h o g o n a l  

t r i a d ,  t h e n  T2 w i l l  have  a u n i t  v a l u e  J a c o b i a n .  Thus i n  

d e a l i n g  w i t h  c o o r d i n a t e  s y s t e m s  which are s p a t i a l l y  

non-or thogonal  a s i m p l i f i e d  e q u a t i o n  may r e s u l t  from 

c h o o s i n g  a n  a n g u l a r  r e p r e s e n t a t i o n  o f  - $2 a l o n g  d i r e c t i o n s  

o t h e r  t h a n  t h a t  o f  t h e  c o o r d i n a t e s .  

The p a r t i c u l a r  a p p l i c a t i o n  o f  t h i s  t e c h n i q u e  is i n  

t h e  r e p r e s e n t a t i o n  o f  t h e  e q u a t i o n  i n  c o o r d i n a t e  s y s t e m s  

o t h e r  t h a n  t h e  u s u a l  r e c t a n g u l a r ,  . c y l i n d r i c a l  and s p h e r i c a l  

ones .  A r e p r e s e n t a t i o n  o f  t h i s  form a l l o w s  one  t o  choose  

c o o r d i n a t e  s u r f a c e s  a l o n g  s u r f a c e s  o f  p h y s i c a l  i n t e r e s t  

( e . g .  a  su r fac ' e  o f  c o n s t a n t  p r o p e r t i e s ) .  ' Today 's  i n t e r e s t  

i n  t h e  development  a f u s i o n  r e a c t o r s  b a s e d  on t h e  tokamak 

p r o v i d e s  an  i n c e n t i v e  t o  c o n s i d e r  t o r o i d a l  c o o r d i n a t e  

r e p r e s e n t a t i o n s  uf t h e  t r a n s p o r t  e q u a t i o n  f o r  t h e  

i n v e s t i g a t i o n  o f  n e u t r o n i c ,  p h o t o n i c  and n e u t r a l  t r a n s p o r t  

problems.  W e  have  i l l u s t r a t e d  t h e  t e c h n i q u e  by a p p l y i n g  it 

t o  t h e  t o r o i d a l  c o o r d i n a t e  s y s t e m  p r e v i o u s l y  t r e a t e d  by 

Pomraning and S t e v e n s .  
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Fig. 1. Toroidal  coordina tes  r ,  0 ,  @, generated by 
r o t a t i n g  a  n e s t  of concen t r i c  c i r c l e s  about an a x i s  which 
does n o t  i n t e r s e c t  t h e  nes t .  




