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The Orthogonal Conductivity of a Toroidal Plasma 

Allen H, Boozer 

Plasma Physics ~abbrator~, Princeton Unive~sity 

Princeton, New Jersey 08540 ' USA 

ABSTRACT . 
I . . 

RVl lCC 

Thir repart war prcpnred'ar an nocount o f  work 
rpn ro red  by the United S u t u  Gavernmcnt. Neither 
l c  United S u t u  nor the United Stalu Energy 
R-ch and Dcvelopmnt Administnlion, nor any of 
their cmployru,  nor any of their mntnctarr .  
~ u b c o n m ~ t o m .  01 the" cmploym. maker any 
rvarnnty, express or implied, or nrrvmcr any l e d  
Lbilily or rcsppandblllly for the accuracy, complelencu 
or u r R l n c n  of any information, spparat~u,  product or 
p m w  d i i o d ,  or represents that its wc would not 
infringe privately o m e d  rights. 1 

The orthogonal conductivity of a toroidal plasma 

is calculated in the 'fluid regime. If the damping time 

for toroidally directed angular moment&  is',^ . N.. , . the ' 
. .  - -2 ' 2 

orthogonal conductivity .is shown to be a, =(.PC /B ) /T; P ' n . .  
for large f N .  Here,$ is the mass density, a the speed 

of light and B the poloidal component of the magnetic 
P 

field. For large 'cN, the flow induced 'by the orthogonal 

electric field is almost purely toroidal and of magnitude. 

(Er - EO)/B where E:. is the electric field required 
r P 

for ambipolar diffusion. 

J* 
WTfdBUT1ON OF: THIS DCCUMENT kS 1JNLIMITE.B 



. .  . I. INTRODUCTION 

The. orthogonal conductivity of a plasma'has not been 

a popular topic. for .theoretical calculations. .Indeed, ,the. 

concept requires some explanation. The orthogonal, conductiv- 
. . 

ity-is the constant of proportionality between -the current 

perpendicular to the magnetic surfaces and the electric field 

perpendicular to the surfaces. It has been mea3ured using 

probes in the B-3 stellarator' and the FM-I s'pherator. The 

primary importance of the concept occurs when a charged 

species is not well cbfifined in a plasma device. Examples 

could be a particles from nuclear reactions. or high energy 

ions from ion cyclotron heating or beam injection.' To main- 

tain'charge neutrality the plasma must establish a back cur- 

rent equal to the electric curr,ent of the poorly confined 

species leaving the plasma. 

The ideal MHD equations, which are customarily used 

in plasma physics, give zero orthogonal conductivity. This 

comes from j*bp=o -- independent of the electric field -- and 
qP being orthogonal to the .magnetic surfaces. This so- 

called intrinsic ambipolarity persists into the neo-classical 

regime for toroidally symmetric systems. 4 
. . 

The basic problem with obtaining. a finite orthogonal 

conductivity is that the current crossing the magnetic sur- 

faces is proportional .to. the damping time for toroidally 



. . 
I . I  

. . . . .  

directed angular momentum.- '1p an idealized toroidally . .  ,, > 

8 symmetric system,.the symmetry gives an infinite d.GPing;time. . ,, 

However, therk 'are a myriad of effects which in practice 
. . .  . . 

give a finite damping time for toroidal angular momentum. . 
. . .  

These include the drag of, the neutrals, the. orthogonal vis- 

cosity, magnetic pumping.,due to field ripple, and the convec- 
. . .  

tion of angular momentum by plasma diffusion. 

The various effects which damp throidal angular 

momentum can be represented by a phenomenological time con- 

stant. Mathematically this phenomonological theory closely 

resembles that with damping by neutrals alone. Consequently, 

of the various methods of damping toroidal anqular momentum, 
t 

we will retain only the neu'tral . f drag term. At the appropriate 

places, the changes that would occur if only toroidally directed'.' 
. . ! .;:, 

momentum were damped and not all components of momentum as.with 
:. .:-I ,.::! 

neutral drag will be pointed out. . . . 
1. . ' _  

In addition to the non-ideal effects which can destroy 

toroidal angular momentum, there exists one very important non- 

ideal .effect which conserves toroidal angular momentum, the 

parallel viscosity. In many plasma experiments, the parallel ,. 

viscosity establishes flow equilibrium within a magnetic sur- 

face on a much shorter time scale than that for dampinq toroidal 

angular momentum. Consequently.the effects of parallel viscos- 

ity will be included in the theory., 



Previ.ous theoretical work on the orthoqonal . . conductiv- 

ity has concentrated on the effec't of the neutral drag, ne- 
< 

glecting viscous effects. B. Lehnerf in his 1963 review of., .' 

rotating plasma conf in~ment sys tems5 gave the orthogonal con- 
2 .  2 

ductivity of a cylinder, oi = ( p c  /B )/T~.:. The ion-neutral. . : 
- 

collision time .is ''T':.' ' p  ,is 'the .plasnia mass density, and B-, is 
r N' 

magnetic field strbngth. S. Yoshikawa (1965) evaluated. o i  . 

. . .  . . . . 

in a torus and found the cylindrical result must be multipl'ied 
. . .  . . : 2  by a ~firsch-.a~ah~iiter factor (1 + 2q ) with q the tokamak 

. , 6 safety factor. 
1 

Our results agree with ~oshikawa in the regime of 

negligible parallel viscosity. In the regime dominated by 

2 2 parallel viscosity we find o, = (pc /B ) / T ~  with B being 
P P 

the poloidal magnetic field strength. For tokamaks, this is 
. . . . 

a substantial enhancement over both the cylindrical and ,'the 

Yoshikawa result. 

11. MODEL . ' 

. . 
We use the usual ~norr model7 of'a goroidal plasma 

for the magnetic field . . . . . , . . . - . 
. . .. .. . . . . ... .. . 5. . . . 

where the major radius, R = Ro - r cos 9 .  We also define 
\'b 

Q(r) = B /B , the inverse aspect ratio E = r/Rot and the e 4) 
safety factor q = EJD.   he coordinate system is given in 

Fig. 1. The two fluid equations used are essentially linearized, . ... . . 



. .  . . . 

time independent, Braginskii .equations8 with the addition of. a 
~. 

. . 
neutral drag term for the ions. 

The .force f -is the parallel,viscosity given by Grimm. 
i,e 
9 and Johnson. --- one of the few expressions. for this quantity 

which conserves toroidal angular,momentum. . . . . 

-b ' '  
4-+ 

with b a unit rector along the magnetic vector. and 6, 'the 

identity tensor. 

I with = 3/4 for ions and 9/16 for electrons.*  he bulk 
viscosity :K will not be required since our solutions will 

+...+ 
have ..$7::v=o. The- time constant T refers to. the self col- 

lision time of the species in question. 

The solution will be derived by conside:ring effects 

in two orders. In the.lower order all dissi,patlve effects 

are neglected. The lower order.solution has arbitrary 

constants in the expressions for the current and velocity ' 

A 

in a magnetic surf ace. The 5' ~"iiponents.. of ''the?:full. fluid 

equations give two consistency relations which must be 

satisfied by the lower order solution .and.determine the' 

arbitrary constants. . . 



(Z) 

A 

The $ components .of..the full fluid equations give expressions 

for fluxes of electrons and ions across .the magnetic surfaces 

in terms of the lower order equi.librium. ' The flux of klectrons 

crossing a sus1ace n < ur i s  given by 

The current crossing a magnetic surface < jr > ..: 

-- .. . . . . . 

. - . .... '.Z. . . .  . ... . . We have neglected te,ms in-; jr > and <. ur > which depend 

on the parallel viscosity. Toroida.1 symmetry implies ion and 

:;'klectrons cannot damp their own toroidal angular momentum; so 
. .  . . 

. 
'... , 

2 A 

.+ .:.. 
(R/Ro) + *'f d0/2n . .  . = 0 . . (10). 

This will be .explicitly demonstrated.for..the parallel viscosity 
. . .-:,<?? 

of Grimrn and Johnson. The expr&sions for <,  jr > and < ui > 
* .' . . . ..,. 3 

, . . . .  

demonstrate th-eir intimate rklad6n with toroidal angular 
. . 

momentum conservation. .. . . .. _-__ . . . .- . - 



The lower order fluid equations (without dissipation) 
. . , .  

can be written 

TO have a ,steady-state sol'ution, .the.pgessure and: the'e1ectri.c 

potential .must' 'be~'funct'i.ons 'of r alone. . 'That i,s, ,,constant on 

a magnetic surface..t,' Conservation 'of plasmaand charge. to .-the 

i ,  9 .  

, . ., . . . lower, order requires. -: ' . 

Since there is no radial component of velocity in the lower 
. ,..>.?. . .'. . , . . * ,  , . 

order solution 
. :, . . .  . . P 

. . '  . ,. . . . 

The divergence conditions on velocity and current affect only 

the 8 component due, to.the symmetry in $. They require 

~ . .  

with J and V .  arbitr.ary functions of r. The radial components' 
P p . . 

of fluid equations imply 



with 

The arbitrary functions J ( r )  and. V (r) are. constants on a '3, 

P , , P . . 

magnetic surf ace and m u a L  be ova11i.ated in terms of JD and . . .  VE, 

with the consistency relations, Eqs. 6 and 7. Once this is 
e .  

8 . ,  . . , '  

, 
done Eqs. 15, 16, and 17 give an exact solution . . to the ' . lower , 

. I 

okder equations which is consistent with the, full fluid equations. C 

IV. CONSISTENCY RELATIONS Y 
. - 

. . . . . .. . . . 
The equilibrium derived in Sec. I11 is symmetric' 

in the ion and electron velocities. Therelore, thb integrals 

required by the consistency relations, Eqs. 6 and 7, have 

identical structure. In Appendix A, using this lower order 

equilibrium, we will show that 

.. . . . 

a ,  

In Appendix, B , is a derivation 'of 
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If only toroidally directed momentum were damped, the 
1 + o2 in Eq.(23) would be e2 and 1 + q2 ( + ai) in Eq. (24) 

1 would be q2 ( I + ai). 
The consistency relation, Eq. (7,), requires a new 

dimensionless parameter to compare the electron viscosity and 

the resistivity. This is 

. . " L  

Assuming E << 1 , but arbitrary gives . 

w i t h  ITD =  en en: To validly use the two. fluid equations . . . - . . . 

a must be'must less than one. Consequently it will be dropped. 
17 

> However, the results for a - 1  are of some interest despite 
17 

their lack of validity and will be discussed later. 

The surface constants V and J .can be expressed in 
P P 

terms of VE and JD using Eq. (24) and (26). . 

with VD = JD/en and 



Neg lectirrg nbil tral  m ~ m e n t w . ;  damping:;. . . in . . aU-:.&ut. - .&.,.toroidal _ .,:. . .. . 

; 2 
direction would change, 1 + q2 ( l 2 . ,. + a) in Eq. (27) into q (z + a) . 

V.. PERPENDICULAR CURRENT 

. The .consistency relations evaluated in Sec. 1.V 

eliminated all arbitrariness in the lower order equilibrium 

solution and the perpendicular current can be evaluated using 

Eq. (9). The required integral is performed in Appendix B giving 

The substitution of V from Eq. (27)gives < jr > in terms of 
p 

VE and VDoxequivalently in terms of Er and dpi,e/dr. The 

expression < jr > is of the form 
,- 

, . .. 

< jr > =- o,(~~ - E ~ O  ) 
1 

(30 

with E ~ O  being the electric field required for ambipolar 
, . .  . 

diffusion. If in the expression  for^^' we assumethat 8<<1' as. ' 
well as &<<I, we find 

< 

The'parameter 6 measures the fraction . . of the diamagnetic 
. . 

' . current carried by each species. If the solution is dominated 
. - 
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The expression for J in terms of JD is given -in Eq. ( 2 8 ) .  
P 

With a small amount of algebra,' one finds 

the well-known ' ~ f  irsch-Schliiter result. 
10 

The electrons diffuse in accordance with the 

~firsch-Schliiter formula independent of' the electric f5eld: 

while the ion diffusion is 'reduced or enhanced in response to 

electric fields. This result, of course, comes from the model 

of the neutral drag acting 'only on the ions. 

The effect of large a Eq, (25), will now be con- 
rl 

sidered. While considering this effect, we will assume V = 0 
. i E 

and 60 << 1;to simplify the calculations. One finds if 0<<1 

AS noted earlier, this equation has no validity in a cgassical 
i' ' 

> 
theory for a - 1. Suppose, however, we ignore the limits of 

rl 
2 c'lass.ica1 theory and consider a >> 1 / ~  . Then we find diffusion 

rl 

by a pseudoclassical law 



-14- 

This is 1/izli2 larger than neo-classical diffusion.'' If 

the classical theory were valid in the long mean free path 

limit, it would predict an even larger diffusion coefficient 

than the neo-classical theory. For a >> l/izL, the cLassica1 
rl 

theory also predicts a bootstrap current , jg = - c(dp/dr)/Bp. 
This result also is 1 / ~  larger than the neo-classical value. 

12 

The classical theory taken into the long mean free..- 
* 

path regime i~ even mote at variance with the ~firsch-~ch1il.e~ 

theory than is the neo-classical theory. This comes from the . 
\ 

cZassical formula for the parallel viscosity increasing without 

limit as the mean free path increases. The neo-classical theory 

appears to differ from the classical primarily in the parallel 

3/2 viscosity with a bounded from above by 1 / ~  . 
rl 

The pseudoclassical diffusion coefficient given in 

Eq. (38) would be valid if the mean free path for electron- 

electron collisions were shsrte~ tkan the csnnecti.nn lenqth 

q ~ ,  while the mean free path for electrons losing n~urllrrrLum to 

ions were much longer. Enhancement of collision times by 

instabilities could have this effect. 

VII. FLOW PATTERN 

The flow pattern induced by the electric field across 

the mag~etic surfaces can be determined using Eqs. (15), (17), 

and (2?). The diamagnetic velocity, which appears in Eq. (27), 

can be replaced by the electric field required for ambipolar 

diffusion E ~ O .  One finds under the assumption 8<<1, iz<<l, that 



I ,  

0 ' 
with vE calculated with the field EP (see Eqs. (18) and (31) ) . 
The second term in Eq. ('39) is the poloidal rotation which 

would occur.. under ambipolar conditions. In the classical 

regime, viscous effects.are negligible on the diamagnetic 

current distribution so this term is not affected'.by parallel 

viscosity. 

The toroidal component of..velocity can be accurately 

given for ~ < < 1  by 

1 
v 9  = v: + v 9 q cos R 

1 0 with v , = ( V  -.:v- ) / @  and v4 = Vp + %.' Eq* ( 3 9 : )  can be used 
9 P .  E 

:.. 1 ' ,  . . . .  to evaluate v Q and vi. giving . . 
9 '  . . 

For purpojes b f  evaluating v one can simpl%fy Eq. (39) to A .  

Equations (41) through (43) '  are valid even if the inomenturn I 

damping is only in the tnroidal d i s e c t l u n .  
\. . 



The toroidal flow, 
v# 

, is dominated by the cos 0 

term for ~a<2. For a>> 1/c2, however, the toroidal flow is 

unidirectional and approximately equal to v = (c/B ) (E -E~O). 
. 4..  .. P . r  

2 
The poloidal flow, VQ, is just the d x 3 flow for a<< 1 / ~  . 
However, for a>> 1/~* i t  drops to the diamagnetic drift velocity 

0 0 

vE and is independent of the applied electric field Er-Er. , 

VIII. DISCUSSION 

The toroidal orthogonal conductivity u., relatcs the avezage .. 

electric current crossing amagnetie surLacc c jr > and the 

electric field across the surface Er. The current < jr > 

interacts with the poloidal magnetic field to. give a torque I 

F 

in the toroidal direction. ~onsequently, to have a finite 

orthogonal conductivity, there must. be a finite damping time g, 
. . . 

T for toroidal angular momentum to balance this torque. 
N 

Although our calculationsare valid for arbitrary rN 

in fluid regime, the situation of most practical interest is 

the limit of weak damping of toroidal angular momentum. Under 

this condition, the parallel viscosity.dominat.es the flow 

' 2  2 pattern induced .by the d x b drift. One finds 0, = (PC /Bp ) /TN 

with p the plasma mass, density and. B the poloidal magnetic 
P 

0 field. The induced flow is toroidal with:v = (C/B~) (Er - Er ) 
@ 

0 and Er equal to the electric field.required for ambipolar 

diffusion. 
.. - - . . 

In. the fluid theory the import&it parameter :for 

determining the importance of the parallelviscosity is 

3 .  2 ' a =-(T. /m. ) T.T /-(q~ ) . Here ? = .  and m. are the temperature i 4 .  1 1 l N  ,.o 1 

mass of the ions, ri is the ion-ion collision time and qRo is 
-- . - 7 "  



the connection length for the magnetic fiela. Parallel 

viqcosity is dominate if cr...>>l/~* 1 and,. negligible if ai<al. The 

regime of negligible parallel viscosity has been studied by 

S. Yoshikawa assuming damping of momentum by neutrals.6 The 

2 2 2 
orthogonal conductivity in this. regime is a;=(pc /B ) (1+2q )/TN 

. . . ..'.. . . . .  . _,._ .__-..---- .__. . . .  . .  . . .  . . 
with B the magnitude of the niaij%tlc field and q:the-~wel~- . ., .. .: 

. known tokamak safety factor, q = (rBT) / (ROBp) . In the , 

Yoshikawa regime the induced poloidal velocity is the value 

expected from the 2 x $ drift. There is, however, a 'much 

larger toroidal flow than the d x . 3  *low. This comes from the 

requirement of zero flow divergence in the surface. One finds 

vo = 2qV cos 9 where YE is the magnitude of the d * 2 flow and 
E 

'i 8 is,the poloidal angular distance. In the intermediate regime 

L l<<a.<<l/e , the orthogonal conductivity is independent of T ~ .  
Y' 1 

The orthogonal conductivity has been measured on the 
. o  

B3 stellarator' and the FM-1 ~~herator.2 . . The B3 operated in the 

regime a.<<l. The neutral density was not well enough known 
1 

to test the theory with great accuracy, however, the data were 

consistent with the Yoshikawa orthogonal conductivity. The 

neutral density was thought low enough in the B3 to require 

2 Yoshikawa's .Pfirsch-Schliiter factor (1+2q ) .  The FM-1 experi- 

2 ments were done with cr.>>l/e . The. results for a, were quite 
1 

close to those predicted by the theory. However, the poloidal 

field b3minatos the toroidal field in_ FM-1;' 'so the ,.l/B * scaling 
P 

was not properly tested. 
. ) 

If. - T ~  is large enough compared to the ion collision 

time, one woi.1l.d expect thc results , fo r  ec:i.~l/c2 to hold in the I 
.. + a .  ,. .,, , 1 

neo-classical regime. Neo-classically, the toroidal velocity 



0 
tends to relaxes to .v .= - (6 /B ) (E -E. ) on an ion collision 0 P r r  
time scale and the .ind~ced'~~oloidal velocity goes to zero. 

13 

The relation between < jr 2 and the damping time for toroidal 

angular momentum is just toroidal torgue balance and should 

.. hold in all regimes, 

An interesting analogy.was found between the classical 

theory extended to mean f r'ee pathst l o n g  compared to the connec- 
b 

tJon length and the neo-classical theory. Indeed, the primary 

calculatlonal difference between the classical and neo-classical 

- theory .appears to bc in the para.l,l,el vjlscos,ity. The long mean 

frek path classical theory predi,cts diffusion according to the 

2 pseudo-classical law --(B/B ) faster than.diffusion in cylinder-- P' 
which is even faster than the neo-classical results. 
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APPENDIX A 

In this appendix.the required integrals of the 

parallel viscous force will be evaluated. The parallel 

viscous force was given in Eqs. 44)  and (5). First the ex- 
. . 

pression for F , Eq. ( 5 ) .  wil1,be evaluated with the velocity 

distribution of Eqs. (15). and (12). TO do this we must evaluate 
"? ' A  A  A  + .  A.  * A  -b 2 1/2 

' (g .$)'(g . v )  and (b Vb). v. Using b = (4 + 00)/(1 .+ 0 ) 

A  -+ sine. b 'if(& v) = - - 
Ro' 

Using 

r. A  A  A  

d0 = -'r.de + 4' sin 8 d$. (A21 ' 

, . 
A  h " 

d$ = (cos 0 r - .s'in'0.9) d4 (A3 

A  ?i' A  2 A  sine ' (1 +,@-.)b..~b = - - ( ..e -.@$I + .  ( cos 9 0. - - 
R .. R r 1 r (A'4 ) 

. . 

So that 

? .' 

Combining terms and remembering V-v = 0, Eq. (14), one finds 

sine P' = -2anT-r 2 v ( T I  
.Ro , P 

The viscous force can be written as ~ 

.. .,;,. + -f A A  +-+ . A A  

1 
C+ -+ 

1. 5 = FV*(bb- 7 6) + (bb - 3 6 )*OF 
, 





APPENDIX B 

In this appendix.the required integrals of the velocity 

distribution will be evaluated. .The velocity di.stribution 
-t 

is given in Egs. (15) and (17). ' The integral ["bmv dq/21r 

will be evaluated first 

To carry out the required.integral.we need 

This gives 

..... . . . T h e  other integral we mist evaluate is 
.-.  . . 

2 (R/Ro) v d0/2rr. Evaluation of this integral involves the 0 . . 
. . 

. - .  . . . - .  integral , 

Consequently 
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F i g .  1. The toroidal coordinate system. 
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