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CHAPTER I
INTRODUCTION

The problém posed for this thesis.wﬁs‘thé determination of the
admittance and transfer fUnctions;of large, solid-core electromagnets.
The effects of eddy currents ‘and hyStereéis were considered in deriving
the functions. Specifically,_the.study was concerned with the type of
‘magnet employediin nucleﬁr physics research‘which reqﬁireg very preéise
regulation (0.1% to 0.001%) of the magnetic field.

Although & number of papers hdve been written on eddy currents
and hysteresis in transformers, inductors, and rotating machinery, the
results are not directly appliqabletto a magnet which is & part of a
closgd-loop System, Most of thg papers have been concernéd with core
losses in electrical eguipment. Therefore, the purpose of this paper
is to cousolidéte'and simplify the previcus results for the special
case of a magnet in which the variations in flux density are very small.
Eddy currents externasl of the iron (in coil support and cooling plates)
were ‘also considered in deriving the admittance and transfer functions.

There are, of course, other factbrs besides eddy currents which
influence the dynamics of an electromagnet. One of these has been
terﬁed a "delay-line" effect by Dr. Bob Smith of the University of

California since, in sbme cases, the leskage inductance of the magnet

- winding combines with the winding capacitance to produce a "transport

lag." According to Dr. Smith this effect occurs primarily in high-

voltage, low-current magnets which employ a.large number of turns in
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the winding. This paper, however, will be limited to the study of
eddy current and hysteresis effects. |

This study originated during the design of an analyzing magnet
regulator for the ORNL 63-inch cyclotron. The admittance of this
particular magnet was modified considerably by external eddy currents
in the coil support plates (see Figure 18). Although consideration of
only the .external eddy currents seemed to provide quite accurate
analytical results, it was known that internal eddy currents and
hysteresis could also affect £he admittance. Therefore, this study
was initiated toAdetermine the magnitude of these effects.

The results of this paper should be of considerable importance
to the designer of magnet control systgms since eddy currents can
modify greatly the magnet admittance from that usually assumed. Since
this funcétion ié always "inside" the regulator loop, it has a large
influence on the design of the regulating system. 1In Chapter IV it
will be demonstrated that neglect of eddy current coupling can resﬁlt
in an unstable regulator.: The magnet transfer function is "outside"
the loop of & current regulaﬁor4and does not affect the stability of
such a system. If eddy currents exist, however, this function assumes
the characteristics of a rather peculiar low-pass filter and thus aids
in removing high-frequency variations from the'magnétic field.

In developing the admittance and transfer functions the frequency
response method has been employéd rather than the Laplace Transform
since the results are somewhat simpler although less general. In Chap-

ter II the functions are derived for various cross-sectional shapes of
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iron. Chapter III presents some experimental resulfs*frqmna‘cylindri—
cal core teét'magnet and from the analyzing nagnet. in_Qhapter v
the possible effects bf‘éddy'currénts-oﬁ fhe régﬁlafiné‘éjstem are
cqpsideredf \ A

Most of the symbols employed in the analysis,a?e more.or less
standard in the field of electrical éngipeering,, Whére necessary,
symbols -are defiﬁed in the te#ﬁ.” :

The rationalizgd,MKS'sxstem_df Unitswis»used'thrqqghout_thé

paper.



CHAPTER II
-DEVELOPMENT OF MAGNET ADMITTANCE AND TRANSFER FUNCTIONS

It has been common practice to assume that the admittance of a

‘magnet winding was

1

Yy =21 L .
Ry 1 + Juil

m

’However, as will be shown, this is a very poor gpproximation for sblid
core magnets having low leakage inductance.

In deriving the admittance and transfer functions in this chapter,
the following conditions have been assumed:

1. The incremental permeability of the magnet‘?ore is constant

for small variations in flux density (B).

2. The hysteresis loop for the-iron core is elliptical in shape

for small variations in B(l).

3. Flux in the magnet air gap is uniformly distributed,and there

is no fringing flux.

In order to determine the effects of eddy current coupling and
hysteresis, consider the equivalent circuit shown in Figure 1 in which
the subscript m refers to ﬁhe magnet winding, and subséript s refers to

the short circuit winding or "shorted-turn.” L, &nd L, are the leakage

i mALLY b, T
Vi = P l=
| R, e b

Figure 1. Equivalent Circuit of a Magnet
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" inductances of the magnet winding and shorted tufh,_fespeciively,‘aﬂd

§; is the flux lihk

Cong bR Ay aid Ny -

The equations describing this circuit may be written as

o

: A

(where R 1is the

P15

<
I}

(@]
Il

vhere G\ is the

(/R )L, - NeIg) ;

12

0

reluctance of the magnetic circuit) or by eliminating

Lp[Ry + JilIy + I 4R )] ~JT NN /R
-JwlpN m-s/G{A;+ I, [R + Juile + N /G{ )]
‘:Let R %. O/Q | ’
L z.Né/GQ~O | ’ (2)
Lg = NY/R o 1.
afil/Lm :‘Lé]£;;¢7'~

Zero frequency reluctance and Q 1s a functlon which,

Il

. and.k

as will be shown, involves the effect of internal eddy currents and

hysteresis.

Rg + Ja}Lb(k + Q)

Then
Y oI
m - 7

1 -

m [R v Jaln( + Q[ Rs + dutslx + Q)] -(aé)z I Lg %

1+ Juls(k + Q) . (3)

Ro [1+ dafip(x + Q[+ dutg(x + Q)] -(30)2 T,T &

If Q is set equal to one,‘Equation'3Awill be recognized as the input



6-

admittance of a transformer with a shorted sécoﬁdary, i.éc,

y -1 : 1 + Jjalg(l + X)
T Bp 1+ jofTy + Tl + k) + (Jw)? TT k(2 + k)

and if ¥k « < 0.5

o~ A : (1)
' - 2kT T
[1 + Ja(Ty + Ts)] [1 + Jm ﬁ}

It will bé shown that setting Q = 1 is equivalent to neglectihg internal
eddy currents; therefore; Equation 4 is the input admittance of a magnet
considering only external eddy currents in the coil support and cooling
plates. The normalized admittance of the 63-inch éyclotron analyzing
magnet (shown.in Figure 18) was found to be in very good agreement with
Equation 4.

The transfer function of a magnet may also be obtained from
Equation 1 with the following result: -

Py " . 1+ JokT_
AL A, R, 1T+ Jid (k+Q)

B

£
In
where Bg’ ¢g’ and A ‘afe, respectively, the air gap flux density, total

g
flux and cross-sectional area. Under the assumed conditions ¢g‘ g; -
1),

G =

If internal eddy currents and hysteresis are again neglected (Q‘

N, 1+ ngrs 6
TR R, Il k) (6)

G

Thus, the external eddy currents in a shorted turn attenuate the effect
of variations in I, for ofy = = 1/(1 + k).
In order to determine the effect of internal eddy currents and

hysteresis on the dynamics of a magnet consider the magnetic circuit



T~

in Figure 2. It is assumed that the pole tips are covered with a very

‘thin sheet of the hypoﬁheﬁical.ggterial-hqving infinite Qermeabilipj

- and zero conductivity(z).‘ This assﬁmption_permits'the noﬁhuniform flux
in the core to have‘a,ﬁniform distributidn in the air gap. If 'a rigor-
ous solution_is.attempted»without the:aboVe-assumption, the solution
involves a series of Bessel functioﬁs, aﬁd even if the resulting
bounda?y‘vélue problem cguld be solyed, it would be of doubtful practical

value due to its complexity. )

CD' 8

Figure 2. A Cylindrical Core Magnet.

Under the above conditions it can be shownAthat the axial flux
density in the cylindrical iron poleé‘is.giVEniby(3)=

- g 2o0r) M

Jb(7a5'

Bj
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where Bi = flux density at radius r, B, = flux density at the surface

a
of the cylindrical pole, y =J -jwqipi , and ,Jo(yr) is the zero-th order
Bessel function of the first kind. In the air gap -

a

1 f 2nrB.dr
g 2 : i
wa® o

or
"

B & :
2 a
P RAC) f r J (yr)ir’
a ‘Jo 78'. e} °

2B, 3,(ra)

At r = a,

fg/z , _(&#331
of (Bg/“o)dz-?g/z f - Aqdz "

where F = mmf. acting on the magnetic circuit,

or
8, s
nora  Jolra) My
| B - uiyan(ya) . F
and a = Znn (ng(ya) +7 . 3 m) ’
"
where poo= = .
rooug
_ i g
Therefore ¢g = ¢i = ﬂ?' Bg
2
_ 2na lJ.iJl( 78') F
i~ - ’
2, 1,9,(ra) + £i7aJo(7a)
and R = /Vg Ii 22 Jo(78§)

xa Mo
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The -2ero—fre<iuency reluctance of the magnetic c¢ircuit is
L,

@{o= 1+

taz‘ Ko Hy Z 8
Therefore, from Equation 2 ){
1+ —2
Q= R_p .. Hrhg o (8)
- R 14 L ZE_Jb(7a)' :
T SR A €2

for a cylindrical core.
As stated previously, a.s_'suming"Q = 1.is equivalent to neglect_ihg

internal ‘eddy ‘currents since y = 0 for @ = O and

g J'(v a)
, B 422 o 4

If hysteresis is neglected the Bessel functions involved in
Equation 8 will be recognized as the ber and bei functions; however, for

the purposes of this paper it will be advantageous to employ the polar

fom( 3)

%, [plazse) v (Yo

w /21

. J'l (B ,1350)
vhere B = a Jaﬂ-ui

1

J (ra) M R
a [¢] _ B O o - =
Then ‘Zé_J;L &y - z_.lq/135 + \,30_&11 N, /So

A gi'aph of N‘o and 65 is shown in Figure 3 plotted as a function of

w/w, where

&

(9)

2 .
& oMy
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Figure 3. Graph of Ny and @a'
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2
or a)/aé = (B/Z) .
The general shape of 'the Nj and % curves implies that a good approx-

imation to the function Ny /€p would be

No /_92_::: N1+ ja)/ué

This approximation ﬁas been _checkedf in the range 0.0025 = a;/% = 1_06
and is indeed a very good appro:dzﬁation for 'enginéering purposes. The
mé.ximum errox‘"in magnitude is approximatelj three pgrcent and in phase
is about three .degrees, bdth' occuring at -w/% ~ 3.

With Ny /9 =~ N1 + jw/we » Equation 8 b_ecémes

1+ Zi/lllflg
T+ U g R VL 7 safen

Fof most large magnets /Ql/pr Qg < < 1 since fi'/pr lg' is the ratio

Q (10)

A

of core reluctance to air gap reluctance, and this ratio must be small

if the magnet is to be efficient. Under this condition then

P

L
1+ (Qi/“r'zg) N1+ jo/ay

For internal eddy currents to affect, appreciably, the magnet dynamics,
Q must be considerably less than one. A rough approximation of the
frequency at which internal eddy currents become important may then be

obtained by assuming

: (Qi/prgg)’\)l+jah7%’=l '
where ‘wp is the approximate frequency. If Ii/‘“r(g < < 1 then

(_[)E/% must be much greater than one for the above to be true. Then
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(L L) Naglag = 1
or _,%5:- (i A g/ziﬁ%. @y

It is of 'some importa.nce to note that mE is directly proportlonal to
My provided, of course, that ﬁi/prﬁé < < l whlle ""e is 1nversely
proportional to Hpe

It is- not possible, in genera.l, to simplify Equations 3 and 5
if both internal and’ externe.l eddy currents are considered However, -
for the cylindrical core magnet with no. external eddy currents (T = 0)

and »&i / Ky Q g < < 1 the following asymptotic expressi’ons can be derived.

m < 5 - . .
. for W <
a Nm' ' mE
n ~ IR
g o
v o 1 1 , |
n ~ R o ‘
. Rm 1l + Ja{[‘m(k + l/\/ J‘a;?ab; for @ = @
6, ~ —m_ 1 and [Q | = x,

and

forlQ|< k.

It should be emphasized that the above results.gre: very "rough" .
approximations. However, since ‘the computations involved in more exact

expressions are quite ,“lengthy, they should prove useful.
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To illustrate, in a more accurate manner, the effect of internal

eddy currents, consider the following example for a cylindrical core

magnet.
Let T = 1.9 sec.
Tg =0
k = 0.05
a .= 0.5m.
R/Ry =50
M = 1000
0y = 107 mho/m.
Then = 1/785 |
and Y~ 1 ‘;
Ry

1

"1 + 0.0541 + j785w

A normalized Bode plot of the above function is shown in Figure 4 along -

1+ jl.9w |0.05 +

with a plot of the function l/(l + j2w) which is the normalized admittance -:
if eddy currents are neglected.

The transfer function for the above example is

G =~ Nm 1

AgRo 1 +0.054J1 + 3785w

A normalized plot of this function is shown in‘Figure 5. If eddy cufrents
are neglected, G is of course a constént. It is eviaent from Figures U4
and 5 that the internal eddy currents have é considerable effect on the
magnet dynamics for this assumed case. To illustrate the effect of a

- .
""shorted turn", assume Ty = 0.48 seconds in the previous example.
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Then
' Y, = 1 - ' 14 Jw(O l&8)(0 05 . Q) ol
" Raue Jm(o h8)(o 05 + Q)][i +"Ja(1.9) (;9.05;_+_.Q)] - (Ju)) (o 912)Q L
G T 14 jaKO ozk) 'Q'- )
TR ___,1 + 3a0-18)(0.05 + )
where

. :l . )
1-+o osJi +J78&n.‘ -

The normalized values of Ym and G are.plotted in Figures 6 and 7, _
respectively The external eddy currents in the shorted turn haven
a rather small effect on the magnet admittance in this particular case.
The.transfer>funct10nwis,affectedrtofangreater"extentg'butAthe.effect;~
-isistill;rather'minor;' Howeverj.it should not be infegred*that this-. i‘
is always true: .' ' S e

To cons1der the effect of hysteresis on the magnet admittance
and transfer functions, the hysteres1s loop must, in. some manner, be..
replaced by an; equivalent linear effect, sinee: hystere81s produces ‘non=.
.linearitiesveven on an incremental basis. Several authors have suggested
that the hysteres1s loop may be assumed elliptical in shape(l)(u)(5)
which case B-— uourexp( Ja)H Then the relative permeability as used in
the prev1ous development becomes _

 br = ureXP( Ja)

In the admi ttance -and transfer functions_which have beenﬂdeveloped,ﬁthe‘7
complex permeability would modify only the inductances and the'function;v

Q. For the cylindrical core nmgnet'with.compleX'permeability

Ly 'Ls

- - A ne jo . .,
TR TES SYRCED
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and ' o ' ‘= 1+ (Zi/p{- [g)exp(jd)
1+ (Ly/up £ g)exn Jo)Ney/ Sy

Also ) i)
Na/ea =78 Jol7a)
a2 27 1(y7a)
where 1 y' =~-3 exp( 'ja)‘mi“o“i" ‘

If it is again assumed that (¢1/“‘I" ﬂg) < < 1, then'it is obvious that
the effect of hy'steresis on  the indu’cta:nces‘ is very small and may be
neglected. In fact, if the assumption is invalidated by saturation of
the iron, the effect on Ly and Lg wiilf’ still be very small since the
angle a would also decrease with. saturat.ion. Therefore, in the remainder
of the development it w111 be assumed that L, and Lg are unaffected by

hysteresis. For ([i_/px'.fg) << 1.

Q =~ 1
=~ 7 ;
1 +‘( i‘/ur(g)Na /GO! +a
Graphs of 'N<z and Qa are shown in' Figure 3 for a = 0°, 10°, 20°, and 30°. f
It appears f‘rom.these curves that compléx permeability has little effect
on Ny except in the region 0.1 < m/we < 10. It can also be shown that

1im

N, 1
Wee 50 @

and

lim Ny = No/ag

% - 0o

The angle Oa is affected to a much greater extent however. In fact, it

can be shown that

li‘mm/%__)wgq —) (_1+5‘°‘ --Aa/z).

(6g + @)~ (b5° + a/2).

Th fore 1i
erefor lmm/% oo
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It is rather difficult to state, in general, the effect of
hysteresis on magnet admittance and transfer functions. However, for
the case in which Tg = O and-ng' = 1/T,, hysteresis causes the rate
of attenuation and the phase of Y, to be less than that of a magnet
without hysteresis. .The transfer function, for the same conditions,
will attenuate more rapidly and the phase angle will be greater than
that of a magnet without hysteresis. For both the admittance and the
transfer function, hysteresis affects primarily the phase angle; the
effect on attenuation is rather minor. - Since the angle, @, is small
for "soft" magnetic materials, it appears that hysteresis effects are
negligible, in most cases, as compared tp eddy"current{effects.

Thus far oniy'cylindrical core magnets have been considered. In
practice, of course, large magnets are seldom, if ‘ever, constructed with
this configuration throughoutﬂ Although the magnhet poiéS'may be eylin-
drical, the yoke, or return path, is normally rectangular in cross-section.
In many cases the pole also is non-cylindrical. Analyzing magnets in
particular have very'éeculiar'pole cross-sections such as triangular,
seml -circular, rectangular, or combinations of these."For'any Ccross-
section other than circular, an exact solution for the flux distribution
would be extrémeiy difficult. It should be possible to approximaﬁe the
effect of eddy currents‘in odd cross-section, however, by applying the
solutions for the infinite sheet and sémi-infinite solid. For an infinite

sheet of magnetic material it can be shown that(u)

Bs.= B COSh('J7Kl.‘, j |
1% e on iyt 2) (12)
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where t = thickness of the sheet,

x = distance from center of sheet perpendicular to the surface,

7 =W -Jaoip;

flux density at surface of sheet,

[we)
I

ol
Il

='flux density at X.

To apply Equation 12 to a rectanguiar'yéke it ishapparent that the'width,
d, of the yoke should be much greater than‘the fhickness, t, as shown in
Figure 8. 'Since this‘iS'nbt alwayé ﬁfué, aAnew width d4' may be defined

‘as follows(S):

far=as+t=-28 . for® < t/2

a''=4. - ., ford = /2
where & = %
_wa’iui

b o

Figure 8. "C-Type" Magnet Core.
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The above definition considers in an approximéte menner the flux which
flows along the edges of the rectangular sheet. With this definition

the average flux density in the rectangular yoke of Figure 8 is

' t/2
B, =~ g- f B, dx
-t/2
~ 4 Pa a 3 '
= & s tanh (-jyt/2). (13)

The reluctance of a length Xi of the rectangular yoke. 1s then

=Hs¢i___BaQi

R=¥/9 = it = 5
o 1Bty
= éé- (s/n) (14)
where HS = magnetic field intensity at the iron surface,
Ay = td, the cross-sectional area of the yoke,
and S/q = a/a' — -Jrt/2

tanh( -jyt/2)

The function S/n_ is plotted in Figure 9 for three t/d ratios. It can

Jay/ e .
for = 1
o t—%h o wep =

S/n = < d )
1 Vio/we
1+ (t/a)(1 - INw/w,) tanh.JjaJaé

be shown that

for m/a)e =1,
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From Equation 15 and Figure 9 it is apparent that for Juw/w, = > 1-

sawf:—r [
As :defined dbove,.ab.for'the rectapgular‘yoke wiil, in most cases; be
‘somewhat larger than ak‘for'a cylindrical yoke of the same cross-sectional
area.

By employlng Equation 14 it is possible to determlne, approximately,
the effect of internal eddy currents onr ‘cyclotron magnets, which usually
have a rectangular'yoke and cylindrical poles. Two types of COnstruction
are common for these magnets - the "C-type" core and the "H-type' core.
COﬁsidervfirsﬁsthé¢”0?€ype?’configurétioﬁishownciﬁ%FigureT8ffOr?whichiit*
"ié assumed that-the irbn”in.the'yoke‘and“poléé is*of'the&Samg;type; the -
-flux in the gap is uniformly distributed, and thaf the length of the
'recﬁangular.ydkefis,zfgh"The effect of ‘the corners.and.’of the-circulars=
tdvrectangular:transitiOn:will-be'negléctedif Théatotalﬂrelueténcefofffﬁe‘:

magnetier.circuit. - is then -

- Ag Ki' [z'.
o i R [ iy

“o g

and the zero-frequency reluctance is

ﬁg -)gl__+ ﬁz

é{o + =
ohg  HiApT T mghy
giving g.a
' "o K p i A :
pod, - 4 :
g 'p'rig " | .
Q = , ey T 1)
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Under the assumption that the flux is uniformly distributed in the air
gap, the air gap area, Ag

is advantageous to include the ratio, A /A 5 iﬁ Equation 16 since this

» 1s equal to the pole area, Api However, it

permits the frlnging flux, which is always. present in an actual case,
to be considered in an approximate manner.
For the "H-type" yoke, Q may be obtained directly from Equation

16 since there are, in effect, two "C-type" yokes in parallel. Then

Q- T'E® Triev. (17)

hpdg P Hy .Lg 2hy L
It is possible to determine an QE for the rectangular yoke also,

if it is again assumed that‘aE 1s the frequency -at which

CRoys_1

Re

where G{oy

yoke. If G{Oy/@\g < <1, then § = > 1 at @y

‘and S = ‘aE/ab
1+ t7d ‘

@\oy N “’E/w
GQ\ 1+ t7a

Then w, =~ _;Li}ilg— . (18)
= (@iby @i~g) e

For iron-cross-sections which are nelther circular nor rectangular

= zero-frequency reluctance of rectangular

it is necessary to resort to further'apprdximations to determine the effect
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of internal eddy”currents¢ .Since ﬁhé internal eddy éurrents ténd'#o force
the time:varying flux toward the'Sﬁrface'oflthg'iron for any pole or
yoke shape, it should be possible td‘émploy'tﬁé sélution~f§f flux
distribution in a Semieiﬁfinite magnet in approximatiﬁg the effect of

‘'eddy currents. For the semieinfiﬁite‘magnét'occupying the eﬁtiré lowef

half space
F O S
vhere Ba'_; flux density &t the iron .surfacé .
Bi.=:flux;degsit§ x metérs.from iron surface
. x'='ﬁistaﬁce into the'iron pérpehdicular to

iron surface. -
Then the total timé-varying flux.in‘é section of the SOlidiy meters

wide is
(s o]

il

(0]

(3/-37)8,

Y§BanP_( - J’I/)4 ) )

where & = RN

Ny

A And , the relucﬁance.of a section y meters wide and/(d_nﬁterS‘long is

(19)
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The use of Equation 19 in estimating the feff"ect of eddy currents in odd
shaped poles may best be. illusfrated by a 'eimpie example., Consider that
two poles such as the one sketched in Figure 10 are employed w1th a

rectangular ' C-ty‘pe yoke to form an analyzing magnet Then the

Figure 10.. Magnét Pole of. 0dd Cross-Section.

reluctance of the poles is

R Ql 1/k5e° ,
P Hi O [ZalG + (2 +0)a, - l‘5]
a.2 95'

for 8§ «= « and 21-.

The zero-frequency reluctance of the poles i‘s;

L 2 _ A
i Oaz(a + 2ay “1%

Rop =

and for the magnet



1+ /(lA_g._+ [Zig_
Q= brhgAp wrhghy
A_ /u5e
£ g (2 + Lzhy s

1l +

THY S[zalg +(2 + 6)ay - L5]

a ea
if8<<.é§and 1



CEAPTER III
- EXPERIMENTAL RESULTS-

To check the theory developed in the preceding chapter a small
magnet was consfructed having, approximately, the dimensions shown in

Figure 11. The core was formed from a one-inch round bar of 1018 steel

il

Figure 11. Test Magnet Core.

and annealed after forming. The exciting winding consisted of eighteen
©100-turn coils wound of #18 copper wire. -Thé coils were distributed
uniformly around the core to minimize the leakage inductance. A 600-
turn "pick-ﬁp" coil was’also.placed on the core in order to measure
the magnet transfer function.

The one-half inch air gap was a rather unfortunate choice since the:
large gap-to-pole diameter ratio resulted in a large amount of "fringing
fluk" vhich in turn complicated, and reduced the accuracy of, the calcula-

tions. The relatively‘large alr gap was chosen in order that the coils
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could be easily installed and to provide access for 'a rotating-coil
flux meter.

A magnetization curve for the tést magnet is shown in Figure 12.
This is a graph of the flux density in the center of the air gap and
pole as a function of magnet winding current. In this case it should
be termed an "air-gap flux-density curve" since the flux density in
the iron is conéiderably'greater than that shown on the curve. This
fact is illustrated by Figure.l3 which is a plot bf flux density versus
radius, or distance from the pole center. It is obvious from this curve
that the "fringing flux" was quite large for the test ﬁagnet. To com-
pensate for this fact an equivalent air gap area was calculated by
dEtermining, approximately, the total flux crossing a surface in the
center of the air gaé and dividing this flux by the fqu.density'at the
pole center. For a field having circular symmetry

oo
¢ = 2m. f rB(r)dr;
o ;

therefore, if B(r) in Figure 13 is multiplied by r and the resulting
curve is integrated graphically, the total flux in the iron is obtained
approximately. The curve rB(r) is also shown in Figure 13. Since
measurements out fo r =090 are somewhat impractical the area under the
curve, rB(r), out to r.= 2 was obtaiﬁed with a planimeter and the re-
maining area estimated by assuming that the slopé of the curvé was
constant for r = 2 and rB(r) Z 0. From this calculation the equivalent
cross-sectional area of the air gap was computed to be 3.38 square inches

and the flux density in the iron
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B, = &3, = 3.38 5

i K n/h o
4

= 4.25 BO
where A, = equivalent air gap ares,
By, = air gap flux.density at r = 0.

Of course thé flux.distribution around the éir éap is not truly
symmetrical for the test magnet due to the return yoke,'but the
approximation should be reasonably accurate.

To calculate Ly, My and @ it was necessary to obtain a minor
hysteresis loop for the magnet. Such a loop is shown in Figure 1k,
Since the maximum slope of the magnetization curve in Figure 12 océurs
in the viéinity of I = 0.4 amp, all measurements and calculations
vwere made for a quiescent magnet current of‘O;h ampere. The values
of the(increméntal_quantities calculated from the minor hysteresié

loop are as follows:

0.352 hy

Lm =
ur = 2'_()4.
a = 10°

The d-¢ resistance of the magnet winding was determined to be

3.92 ohms giving

T =

- ~ 0.09 sec.

Eala

The conductivity of 1018 steel is given as 0;7(107) ﬁhos'per'meter
resulting in
L

W, = = 10.3 rad/sec,
8 01My
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and the ratio of the zero<frequency reluctance of the iron to the air
gap reluctahce is

W
g

Ly .
: ~ 0. .
I‘lrzg . 97'3

|

Since the above ratio is not small éomfared to unity, Several.of'the

simplifying assﬁmptions employed in.Chaptef IT are not valid for this

particular-caée. - If the effect of hysﬁeresi§ is to be considefed, Lm

is no longer”a'real quantity and the value of'fm'compﬁfed aBoVe must

be multiplied by ‘the ratio, 1.973/(1 + 0.973/102), giving‘ »
Tm = 0.09[:2:

AlSo

_ 1 + 0.973/10° . 1.965/5°
-1 +0.973M /610 + 10° 1+ 0.973N14/010 + 10°

The leakage factor, k, for the test magnet was not calculable,
but it may be assumed to be &bout 0.05.
For the above parameters the normalized admittanée of the test

magﬁet is

1
D A : - —
1+ je(0.09)/-52 (0.05 + Q)

and the normalized transfer function is

Q' = Q = 1'965L5° ' .
1+ 0.973N10/810 + 10°

These fUnctions are plotted in Figu?es.lS and 16-along with the experi-

mental data.
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A block diagram of ‘the measuring equipment is shown . in Figure
17.. In measuring the admittance'énd transfgrlfunctionS’the‘voltage
‘applied to the magnét winding waS'maintained'very'néarly céqstant at
(1.6 + 0.8 sin wt). This 'volté.gg was -also applied ‘to the h_cfrizontal y
amplifier of the oséilldscope,'ahd:the a<¢ coméoneﬁt was moﬁitdred
‘with a Iowrfrequency;'péak?to—peak Vol£meter, In meaéuring‘the ad -~
‘mittance the voltage écross'a four-ohm resistor in. series with the
magnet ﬁinding'was'gppliéd‘to the Yertigal‘amplifier”of the oscillo-
scope. Both thé:amplitude ana phase of'the.magnetpcurrent relative

to magnet voltage could then be obtained.from,the'resulting Lissajous

e 5VOlﬁage | —> Im o
‘Power |—>— Regulator |- :
Supply | - & 40 - Vm
: Power AAAAAS | -
“Amplifier
- |- Frequeéncy ——o» _
Oscillator- : _ " Low
Oscilloscope | Frequency
<:::> " | Voltmeter
. ¢—0 K<
. 1 VA
~a g/ H =
;27__ 0

- Figure 17} Block Diagram of MEasuring:Equipment.
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pattern. The tran$fer function éannot be'measurEd”difectly; however
it may be computed if a flot of the induced voltage (&s a function of
freQuency) in a .secondary winding is obtained. If'Vs;%'induced voltage

in the secondary winding,

Vg = Ns.%%‘

or for sinusoids
Vg = Juligp = jai\I'SAng,.
If a plot,of'Vs/Vm is obtained from Lissajous patterns, then
Ve/Vy = JlAgBy/Vpy
and '
Bg Bg/vm 1 1 Vs/vm

G === =

I, I/Vi  Jo NSAg Im/V‘m

Since the admittance function (I /Vy) had been measured, it was

relatively easy to obtain G. However, considerable difficulty was
encountered in measuring Vs/Vm due to a large amount of noise piékéup
(primarily 60 cps) by the secondary coil. |

The agreement between the measured and computed admittance
functions in Figure 15 is'fairly good; however it apﬁeérs_that the
value of k assumed (0.05) was toé large. If k had been assumed sﬁaller

the computed phase would not decrease so rapidlylat the high frequency

‘end of the curve. There is also a strong possibility of measurement
 errof at the high frequenéy‘end since the-éignal—tolnoise ratio decreases
with frequency. The magnet time constant, Tm, appears to be different
for the measured and computed case also. This d19crépancy may have been

due to the relatively large variations employed in.the measurements.
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The peak-to-peak variation in magnet current for the hysteresis 1ooﬁ in
Figure 14, from which I, vwas computed, was 0.108 ampere. In measuring
the admittance the variation was gbout O;h.amp, peak-to-peak, at low
frequencies. Since the incremental permeability increases as AB
increases (over a limited range)(6), the apparent inductance for the
measurements may'#éry well have been larger than that calculated from
the hysteresis loop. Ideally, the measurements should have been made
using a very smsll variatlon, but the problem then arises of measuring
a small_éignal in the presencé of noise.

The correlation between the coﬁputedland.observed transfer
functions in Figure 16 is rather poor; however,'as‘stated previously,
a large amount bf;ndise was ‘encountered in measuring Vs/Vm vhich
increased the probable error in the measurement . Two other factors
may also have contributed to the observed error. First, thé ratio of
iron reluctance to air-gap réluctancewpgy have been in error'dué to
an error in calculating the equivalent air-gap area. Second, éﬁ,errpr
may‘arise due to the non-uniform distribution of flux in the air gap
since the theory ﬁas'predicated on a uniform distribution; however
this error is undoubtedly small since the flux distribution in the
iron should follow Equation 7 very closely except for a small region
near the pole tips. The incremental permeability has very little
" effect on the transfer function for the test magnet. If Q is replotted
for p. = 548 rather than 27h there is little, if any, change in the
magnitude of Q.

Most of the discrepancies between computed and observed data
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for the test magnet are a result of the relatively large air gap. ;n
most practical_magnets the air gap-to-pole diameter ratio wi}l be much
less than that of the test magnet, and calculations should be considerably
more accurate. | |

Although eddy’cufrentS'egternal to-theliron have received little
attention thus far, their:effect on the magnet dynamics can be even
greater than that of internal eddy currents.. This is illustrated in
Figure 18 by 'a plot of the admittance of the 63-inch cyclotron analyzing
magnet. As shown in Chapter‘il, the effect of eddy current coufling in
"shorted turns" is -easily calculable and the results are guite accurate.
The computed'time constants for the analyzing'mégnet were T =~ 1.5 sec
and Tg =~ 0.5 second.

The W calculated for the analyzing magnep is lh(é ra@ian per
second. However, there appears to be no noticeable effect on the ad -
mittance, due to internal‘eddy'curregts. From a qualitative viewpoint‘
this is reasdnable since an&.alternatiné.mmf broduce@ by the magnet wind-
ing is opposedlby'the mmf ‘due to the external eddy currents, and the net
alternating,mmf'acting on the irop core is very small. Of course, if
wg vere less, than, or nearly equal‘toy l/?s (Ts = 0.5 sec) then the

internal éddy currents would undoubtedlyraffect the admittance.
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CHAPTER IV
CONCLUSIONS AND RECOMMENDATIONS

Although the transfer functions.and admitﬁances developed in
Chapter II are of ‘some interest ;cademiéally, their’prgcticai importance
‘is in their'éffeét-on the magnet control system. To illustrate this
effect, a control system will be éonsidered.for'the'magnet assumed in
Chapter II. | |

A block diagram.of’é.typical current regulator is sketchéd in
Figuré 19 in which only the primary feedback loop is shown (Gl may also

be*stabilized by feedback). It is assumed that the system was designed

D
Vi v,
—

—0— G —O

\/;ﬂ
()

Yim

Figure 19. Block Diagram of Current Regulator.

foria magnet in which eddy currents were neglected. From theé example in

Chapter II
=
m- 1+ j2w
if 'eddy currents are neglected.

G = Km



D

‘ _2(1 sz)
J‘_c‘n l + 50.12w + (Jm/5) ]

If G,

2 S
Jml + JO 12a> + (Jm/5) 2|

then -Glxﬁﬂ

This open loop transfer function is plotted in Flgure 20 along w1th the
resulting ‘closed loop function. 'The system.is5 of ‘course, stable; how=-

" ever if the magnet admittance were actually o

T 1 +j1.9a(0.05 + Q) .
wnéfe Q= L

1 + 0. OS»Jl + 378503

then the open-loop transfer function becomes that shown in Figure 21,
and'the clOsed Toop system would be.unstable.'<Thus it appears that, in
certain cases, neglect ofﬁeddy'Current.coupling may result in an unstable
systen. However,[if:tne-aoove'systemjuere constructed.and found tofbe
unstable, it could be stabilized rather easily by reducing the loop gain
by 'six decibels. The closed loop transfer function for this case. 1s also
shown.in.Figure'élt' The,reduced gain will, of COursei also reduce the
regulation attainedvbytthe systemu A'comparison_of'the-regulation
achieved in‘the design case (no'edd&>currents) and'the'actual case (eddy
currents and réduced gain)“may bevobtained by considering the effect of
the disturbance, D in Figure 19, on the magnetic field. It can Be shown
that . '
B_ 1 _G%Wf
’D. Gl +&GYH )

The normalized disturbance transfer functions for the design case and

actual case are plotted in Figure 22. The regulation for the design case
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is-considerably-better than that cf'the'actUel-case ercept in.the
~range 0.2 = @ = 6. The improved regulation cVer this range is due
to attenuation of the magret trahsfer.fuhction'since, for the actual

.case

'G Km

T 140.0541 + 3785w

The actuel reguiatdon'atteined would,:ofdcourse; depend on the character
of ‘the disturbance, D, but if D is a-rahdom variation (rﬁhite noise" ),
then the actual systemmwoulduhave considerably‘pcorer*reguletion thaﬁ
was intended'duringfthe design. 'if‘the”effect of eddy current coupling
in the magnet had been consideredﬂin:synthesicing.the»abovewassumed
system then a greatly improved regulator could have been designed.
External eddy currents in a magnet assembly may also produce in-
stabillty'and poor‘regglatlon~1f.neglected in designing the magnet control | | -,
system. B | | | | |
bnelof'the”most'useful'stabilizingyﬁetworks,in:the‘design of magnet
regulators is the "lead" network. ‘If'thetmagnetladmittance is assumed to
be 1/(1 + jul ), then the.lead'netwcrk-reqﬁired in the loop has the form
(1 + Joffy)/(1 + jamTp) where a < 1. In generai; such-a network allows
the loop_gain-to be increased,with'a reSulting imprcvement-in regulation.
For the system containing a magnet in which only"exterdalreddyncurrents
are of importance,rthe stabi;izing networklie again quite simple. If the
magnet admittance isAaSSuméd to be that in Equation h"then the network
should have a transfer functlon of [l + Ja(Tp + T ﬂ /(l # Jdlg). If the
1nternal eddy currents produce a: marked effect on the magnet admittance,

the stab111z1ng-network.requlred in the loop is no longer 'as simple as ;
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" the preceding one. In general'the reguired network will have a
transfer function of the form

(1 + 3o )(1 + Jofl3)(1 + Joffs) . - .
T+ 3T+ 3ol )T+ 3eflg) - -

where T; >-'Tz = T3 e e e The'numbér"of fgctors reguired in'the
numerator ‘and denominator will depend"ﬁpoﬁ'the-fréguency range over
which the network is to be effectivéland-the rate of attenuation ré-
quired.

This paper has been concerned exclusi?ely'with the freqﬁency
response of magnets and regulatoré; hovwever if the-traﬁSient response
is desired it ﬁay be approximated by Floyd's methdd(7),'or for a more.
exact treatment of the transiént‘responée_of'@agnets} the'reader is «
referred to Wagner's paper(z).

In conclusion the effects of Eddyvéurréﬁfs and hysteresis on -
the dynamics of 'a magnet may be summarized as fqilows:,

External eddy currents produce a zero and a secénd pole'in the
‘"magnet admittance and attenuéte the effect bf'répid'variafions.of magnet
current on the magnetic field. The effect of '‘external eddy currents may
be obscured by internél eddy currents, and vice versa dépending-on the
relative time constants. | |

Hysteresié has a father minor'effect on magnet d&namics."It
primarily affects the phase angle of the magnet admittance and transfgr
function. “ |

Internal eddy currents tend fd produce an attenuation rate of

10 db per decﬁde for‘the.magnet admittance and fransfer function. Their



<50~
effect may be obscured.by:either‘external'eddy currents or by_large ' .
leakage'inductance. | | : o
Although the admiftance and transféf fﬁnctiéﬁsidévéloped hére
are, at best,'aﬁproximations, they should enable the designer of'magnet
régulators to predict more accurately the charactefistics 6f the magnet

to be controlled prior to its construction and testing.
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