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ABSTRACT

A relationship is derived between the mean square fluctuating
current of a hot wire anemometer and the six turbulent Reynolds'
stresses in the stream-coordinate system without employing the
usual low turbulent intensity approximation. The relatively sim-
ple result is a consequence of assuming proportionality between
the wire current reading and the perpendicular velocity component
instead of the non-linear dependence required by King's law. The
assumption is valid for instruments equipped with the proper
linearizing circuitry. The stream-coordinate Reynolds' stresses
are then related to the cylindrical polar Reynolds' stresses.

An error analysis on the experimental determination of one
of these stresses is indicated, but cannot be evaluated without
further data. -
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NOMENCLATURE

Constants in equation (10)

Constants in equation (16)

HWA current, total

HWA current, fluctuating

Velocity, total

Velocity, fluctuating

Unit vector in the direction of the wire

Angles defined by figures 1 and 2

The three stream-coordinate directions
The three cylindrical polar coordinates
Indicates perpendicular

Indicates vector

Indicates unit vector

Indicates time average



INTRODUCTION

For the past fifteen years, the hot wire anemometer (HWA) has been the
principal tool for experimentally unraveling the structure of turbulent flows.
Prior to this it was used to measure time-average velocities by application of
King's rule, i.e., that the square of the current necessary to maintain the
wire at a predetermined temperature varies linearly with the square root of
the fluid velocity which cools the wire.

In order to use this principle to probe the rapidly time-varying velocities
existing in turbulent flow, at least two basic changes were required. First
the size of the sensing element had to be made as small as the smallest eddy
size, and secondly, some means developed of sensing an interpretable signal.
This latter was accomplished by applying a high speed electronic servo-mechanism
to the bridge circuit containing the wire. In the "constant current method,"
the one which is electronically simplest and still most common, changes in the
wire cooling rate are sensed as changes in resistance of the wire and fed to
the servo-mechanism which properly adjusts the power supply to maintain a
constant current in the wire. In the interpretation of the signal, which is
the varying voltage across the bridge, account must be made for the fact that
the ideal situation of truly constant current is only'approached because of
the finite response time required by the servo. The "constant current method"
has the great disadvantage that in operation the wire tempersture is fluctu-
ating, and hence its thermal inertia damps the electrical signal somewhat.

The chief advantage of the "constant resistance method," which has
recently come into widespread use, is that the effect of thermal inertia

is greatly reduced and, consequently, the sensitivity is increased. The




temperature variations of the wire are not entirely eliminated though, again
because of the finite response time required by the servo. In this method, as
the name implies, the servo-mechanism continuvally and rapidly readjusts the
power supply to maintain the resistance (temperature) of the wire constant.

A second bonus of the constant resistance system is that the fragile
heated element may now be more intimately mechanically supported (e.g., by
plating the "wire" on an electrically non-conductory material) supposedly
without altering the signal. Such intimate mechanical support is essential
for use in high gas velocities and much lower liquid velocities, though it
has not been determined if it is essential in the moderate liquid velocities
encountered in fluid fueled reactors.

This memo discusses Jjust one of the many statistical quantities used to
describe turbulent flows which may be obtained by the HWA; these are the "one

1

point double velocity correlations,” or more commonly called the Reynolds'
stresses. Though no comblete survey of the extensive HWA literature was made,
examination of some recent texts and papers shows that it is standard proce-
dure to employ a "low turbulent intensity" approximation in the development of
the equation relating the reading (i.e., the r.m.s. fluctuating current or
voltage) to the Reynolds' stress. This restrictive approximation is necessi-
tated by the extremely non-linear form of King's law. On the other hand, if
it is assumed that the current reading is proportional to the perpendicular
velocity, as is the case scme commercially available instruments which contain
linearizing circuits, the relationship between the r.m.s. fluctuating current
reading and the Reynolds' stresses can be developed with complete rigor.

The treatment is one suggested by Traugotte, who however goes on to

employ a low turbulent intensity approximetion.
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Determination of the Reynolds' Stresses in Stream-Coordinates

Before we can proceed with the development of the relation between the
electrical signal and fluctuating velocity, some assumption must be made as to
the manner in which the wire is cooled by the fluid. Almost universally it is
assumed that only that component of the velocity that is perpendicular to the
wire is effective in cooling it. Actually this cannot be strictly true for
even when the perpendicular component is zero (i.e., flow is along the axis of

1

the wire) some cooling takes place. Hinze™ gives the following expression:

ve + V2 (1a)

Ve f eul c
perpendicular 1 7 parallel

effective

The value of the constant, C;, is given as ranging between 0.09 and 0.01,
decreasing with increasing velocity. Hinze goes on to state that it appears
to be possible to ignore the parallel velocity component, though, when the
axis of the wire is more than 20° from the direction of the velocity. Equa-

tion (la) then reduces to:

\

effective V.

perpendicular (1b)

In extending this assumption to turbulent flow, we will place the wire
outside of a 20° cone about the mean velocity vector and state that only the

component of the instantaneous velocity that is perpendicular to the wire is

effective in cooling it. Since often the instantaneous velocity will be
closer than 20° to the wire axis, and hence out of the range of applicability
of equation (1b), this assumption is not entirely satisfactory, and the
results so cobtained will undoubtedly be somewhat warped. However, there seems

to be no practical alternative.




Now, in order to continue, a relationship between the instantaneous
current and instantaneous perpendicular velocity is required. The most common
starting point is King's law, which strictly applies to time-averaged turbulent

flow (and perhaps steady leminar flow)

? = Cp+C3 / oo (22)

and extend its applicability to each turbulent instant, i.e.,

1°(t) = R WAAD) (2v)

This, however, presents a difficult road to follow to the end without
making some limiting assumption to get rid of the square root term.

On the contrary, if we assume that our HWA contains the very convenient
linearizing circuit now commerically available, the mathematical continuation
becomes simple and can be carried out with rigor.

The linearizing circuit alters King's law to read:
T = ¥ (32)

Equation (3a) is an experimentally observed fact in & HWA system which contains
this circuit. As before, we must extend the range of applicability of equation

(3a) to each instant, i.e.,
kI(t) = jP(t) (3p)

and, equation (3b) must be recognized as one of the necessary assumptions on
which the following development is based.
Dividing I(t) and Vb(t) into mean and fluctuating components and squaring

yields:
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or X¥° [TQ + 2Ti(t) + ig(t)] = V ot 2V£ vb(t) + v2p(t)

Time-averaging eliminates the two terms linear in the fluctuating component.

Do -
kKTZ + k° i@ = VQP + v2p (3e)

Combining equations (32) and () yields the simple and useful result:

K2 1% = ¥ ()

The problem then becomes one of expressing the quantity v2P in terms of
velocity fluctuations in convenient directions, e.g., the coordinate axes
directions.

Referring to figure 1, ﬁ, Q, T are the unit vectors along the three stream-
coordinate axes; 2 is also the direction of the mean velocity, i;. (The top
bar signifies a time-average quantity; the bottom bar, a vector. See p3 for
nomenclature.) The direction of the unit vector Q along the axis of the wire
is specified by angles o and § .

The instantaneous velocity is given by:
Vit) = V +v () +v () +v (¢
() = T 4y (8) +y (8) ¥ (v) (5)

where the small v's are the three fluctuating components of the velocity which
when added to the mean velocity yield the actual velocity, !(t).

The velocity vector perpendicular to the wire is then:

Torv )+ (0) +y (0] -9 ||T + v ) v (8) + v (8)] - W (6)
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The second term on the RHS of equation (6) is the time-varying velocity vector
parallel to the wire, which when subtracted from the total velocity vector yields
the perpendicular component, yp(t). Now separate Yp(t) into a time average and

Equation (7) when combined with (6) yields:

v () = ¥, (8) + v, (0) + v ) - B[y, 0) +ye) vy @) - W] (®)

The square of the magnitude of this vector is simply the dot product,

v (t) + v (t). Utilizing the relation
=P -p

o X . A . A A

W = (sinK sinf )5 + (cos sinB ) n + (cosf ) r (9)
we obtain by carrying through the vector algebra (see Appendix A)

v (6) © 7, (8) = AvBg(6) + BuEn(t) + OvEL(E) + Dvg(t) wy(t)

+ Evs(t)vr(t) + Fvn(t) vr(t) (10a)
where:
A I 1- sinx sin2€>
B = 1- cos2¢x sinzg
cC = sinZQ
. .2 (10b)

D £ - sin 2A& sin“B
E = - sini sin 29
F = ~cosd® sin 20

Apply the time-average operator -,flf dt to equation (10) to yield:
0
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v2p = AvBs + B v3 + CvE, + D vgvy + B vgvy + F vy (11)

Equation (11) is the sought after relation between the magnitude of the
mean square fluctuating perpendicular component and the stream-coordinate
Reynolds' stresses.

Combining equations (4) and (11) yields

— me—— w———

ki2 = & vas +Bve, +Cve +D VgVp * B VgV, + F vy (12)

which despribes the relation between the HWA signal and the six stream-
coordinate Reynolds' stresses.

To determine these stresses experimentally, it is necessary to take a
set of six readings (523, j=1,2. .. 6) each one taken at a different wire

orientation {(o(,@ )j, J=1le e 6], and solve the resulting six simultaneous

linear equations.

k2 iQJ = Aj VZS + Bj v2n + c'j v2r + DJ VgVp + Ej VgVyp *+ Fj VVy
where j=1,2, « « . 6 (13)

In the next section, equation (13) will be specialized to the cylindrical
pdlar coordinate system and solved for the cylindrical polar Reynolds' stresses.
Consider now the case of & wire oriented perpendicular to the mean flow

and parallel to /1}; i.e., A= 0, ?’ = 90°. Equation (11) reduces to:

k 12 = vZg + ve, (11a)
Thus, when the linear response relation (equation 3b) is the starting
point, the HWA signal, i2, is equally sensitive to the cooling effects of the

velocity fluctuations in both perpendicular directions. When King's law is
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is the starting point, (as it would be in all HWA's not equipped with the above-
mentioned linearizing circuit) the equation equivalent to equation (13), which
is of necessity derived by assuming that the turbulent intensity is small, pre-
dicts that the HWA signal depends solely on the fluctuations in the direction

of the mean velocity. (See references 1, 2, 3)

Specialization to Cylindrical Polar Coordinates

For convenience and without loss of generality, a cylindrical polar
system is selected whose origin and radial axis (?) coincide with those of the
stream~-coordinate system used above. Therefore, only one number, the angle B,
(see figure 2) is required to fix the position of the polar axes relative to
the stream axes.

The following are the relationships between the velocities along the

polar axes to those along the stream-coordinate axes.

Vg = Vv, cos § + vy sin @ I
v, = -v, sin g + vy cos @ I (1)
v. = v

r r

By squaring, cross-multiplying and time averaging equations (1k4), the

following relationships are obtained.
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V—g—s = V2, cosg¢+;2—;sin2¢+2vzve sin @ cos @

-‘.’-2—;:?.Z-Sinzié"";‘g—;cosayﬁ-2vzvesin¢cos¢
v, = Ve,
(15)
L 2 e B
vsvn= -—é— 251n2¢+VZV90052¢+2 V2681n2¢
VgVp = V,V. COS g + vgvy sin @
V.V, = = V,v.sin § + vgv, cos §

Equation (15) when substituted into (13) yields the second set of desired

equations, those relating the six HWA readings (izj) to the cylindrical polar

Reynolds' stresses. The algebra is carried out in Appendix B.

k< 12J = aj V—2-z + by v2e tey V2r + c1j VgVe * €4 VpVp + T3 VoVr

where jJ = 1. . .6 (16)

and
a =1 - sin®B (cos® ¢ sin®k + sin® @ cosk - 1/2 sin 2 @ sin 2K) .
b =1 - 2in®@ (sin® @ sinA + cos® @ coset + 1/2 sin 2 @ sin 2K )
c = sin2@
(17)

a = sin2§(sin 2 @ cos 2X - sin 2K cos 2 @)
e = gin 20 (sin @ cos™ - sin X cos @)
f=-sin 20 (sin @§ sinxX + cos @ cosK)

Let D be the determinant of the coefficients and iDj be D with the j'th

colum replaced by the six current readings, i.e.,
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Error Analysis

The above development is useful in itself since it relates, in a very
general geometric situastion, the HWA signal to the six Reynolds' stresses ‘
without employing the low turbulent intensity approximation. It remains to
be shown, however, that it is practical to obtain the Reynolds' stresses in
this manner since each answer is dependent on:

1. Six readings of the mean square current meter.

2. 8ix readings of the angular vernier for A.

3. A prior determination of the angle § by a directional impact probe.

4. Accurate knowledge of the angle ﬁo (In the planned experimental

routine, the angle ® will remain fixed as K is varied.)

5. Assurance that the radial position, r, does not vary during the six

readings.

6. Validity of assumption (1b).

7. Validity of assumption (3b).

There are, of course, other sources of error to which all HWA determina-
tions may be subject, such as instantaneous non-uniformity of velocity along
wire, conduction losses to wire supports, etc. These are discussed in
reference (4). We will investigate the effects of (1) (2) (3). Errors
introduced by (6) and (7) are unknown but may be significant.

The analytical expression for the error involved in the experimental
determination of 5;?; is given below. Unfortunately, as will be shown, it is

sensitive to the actual values of the six mean current readings, 121, . e .

126, 50 numerical evaluation must wait until some data are taken.

The total error in v Avyvg, is related to the errors in the deter- .

r'e?

mination of N 4, 123, and @ by:
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In equation (19), the sbsolute value of each term is taken to make the
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sum. It is assuned now that Aoy = . . Adlg and A% = . . . = AiZ, it can

be shown that (see Appendix C) the relative error'ZXvae/v;V; is given by:

6
1 5 j ——
Avrve (2_ (D) _ 1% 3D, D a2l e Ag (20
v dak, dd D ~ (7 24
ro i = 1 L J D J e "r'e
Jd =

7/

where °DJ is the fifth order determinent formed from ;D by eliminating the

th . d .. . .
row and sixth columm. Note that ,3223 (iD6) is simply iD6 with the Jth

row differentiated with respect to ckj.

J

In the apparatus that will be used in future experiments,X will be
determined by a machinist's angular vernier accurate to 10.1°, or 0.038% of
the full scale reading. The angle ¢ will be determined by a two-dimensional,
directional impact probe whose sensitivity varies with fluid velocity. At
reasonable velocites (approximately 8 ft/sec or greater) experience indicates
that N@ is in the order of *0.2° or ¥0.056% of the full scale.

The error introduced by the reading of the RMS current meter, probably
greatly exceeds this. The instrument that will be used has 0 to 5 milliampere
scale with a likely error of ¥0.025 ma associated with each reading. The
relative error is therefore 11/2%; a factor of 18 greater than the relative
error in the determination of &, and a factor of 9 greater than the relative

error of ¢f Equation (20) may therefore be approximated by:
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As stated ebove, the value of the relative error, stive/;

to the value of the readings, igl .o o 126‘ For example, if izl =1

————

relative error is infinite.

19

p—
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= i26, the determinant ;Dg is zero (since c

J

(202)

i i
Ves 18 sensitive

- * L

2

constant also) and the
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Appendix A

The Derivation of the Expression for vz-o. (Bquation 10)

Yp: [Xs+v_n+v_r]-/v}[(\_r_s+\_rn+y_r)¢r] (8)

The time-dependence indication is omitted for simplicity.

9 = (sinol sin Y8 + (cos ol sin @ )ﬁ +(cos © )? (9)
o Y‘p . 'Yp = {’s\(vs - X sind sin® ) +/ﬁ(vn - X cosXsin @)
+ ?(vr - X cosf )] . [ itself] (A1)

where X 2 (vg + V, +v.) * W= vg sindl sin® + v, cosX sinf + v cos®

2 2
= (v{s - X sindl sin ) o+ (v, = X cosoh sin® ) + (vr - X cosf )2

R S
® T
. . - w2 . . 2 2 2
. v__p LA 2vsXsinoksn.n€>+X281no(sm© + v
2
- 2vp X cos™ sin® + X~ cos®A sin2© + v2r (a2)
- 2v, X cos® +X2cosg(5 /
from (A1)

X° = v2g sin? o sin2Q> + v2, cos?a sinz@ + v2r cos? 3

+ 2vgv, sinel sinQ cosok + 2vgv, sino sin cosf L(A3)

+ 2v, v, cosk sin@ cos®




Collecting the factors of X° in (A3) simplifies:
2 i o iy 2 2 2 2
X (sin“K sin=p + cos" A sin“Q + cos<P) = X
So, equation (A2) mey be written:

= v2 - 2vg X sincA sin® + v2n - 2v X cosck sin §

% 5

v .

A
+v2r=2vacosQ> + X2

Using (Al), collecting terms in (A4), and time averaging yields:

Y‘P . v_p = v2s (1 - sinf ok sin2§v ) +v2, (1 - cos®ok sing(b)

+ ve, (sinQQ ) + VgV, (- 2 sinok cos K sin2,©)

*VYV (- 2 8in & sin ® cos® ) + vy (- 2 cosk sin® cos )

or
;2; = szs +'.Bv2n+Cv2r+Dvsvn+EVSVr+Fvnvr
where A = 1 - sin°AA sinz(@
B = 1-~ coseok sin2©
c = sin2@>
D = - 2 sin® cosk sin2(5 = - sin.2A sin2(5
E = -2sinX sin@ cos@ = - sinX sin 26

F = -2cos™ sinf cos@ = - cosk sin 20

(k)

(45)

(10)
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Aggendix B

Derivation of the Cylindricel Polar Reynolds' Stresses from the

Stream-Coordinate Reynolds' Stresses. (Bquation 16) .

Combining equations (15) and (13)

.Y_p'Y_p=A_-‘;?;°°SE¢+;E;Sin2¢+2vzvesin¢cos¢]+ '
B_;r—é-z-sin2¢+v29 cos2¢-2vzvesin¢cos¢]+
(2
CLvI‘]+

v2e sin 2 ¢] +

[ 1 5 P
- ZvR si
D 2vzs::.n2¢+va60052Q5+

VR B o

E | v,V cos § + Vgvy sin ¢] +

F [- VzVy sin § + v v, cos ¢]

then collecting terms:

. v =8 v +b vl +e v2
Vot Vp a.vz+bv9+c:vzr+dvrve+eevzvr+:£‘vevr (B1)
- 2 ;2 Lo e
where a = cos® @ + B sin ¢—-2-Dsn.n2¢
b = Asin2¢+Bcosg¢+}.Dsin2¢
2
c = C

d = 2Asinfcos§-2Bsinfcos@ +Dcos 29

e I Ecos ¢ - F sin @

f = Esing + Fcos ¢




And using (7a), yields for the value of the constants:

)

1

cos® @ - cos® § sin®ok sin® + sin® @ - sin® @ cos@ol sin2(>

+ sin® @ sin & cos of sin® @
1+ sinz@ [— cos? @ sin?al - sin® @ cosPx + % sin 2 ¢ sin 20(]
sin® ¢ - sin® @ sin® A sin® O + cos® P - cos? @ cos® ok sine@

- 8in 2 @ sin™ cos K sin® §

1
1+ sin2@> [ - sin® ¢ sin°o\ - cos2 i} cosao\ - '2' sin 2 @ sin 20&]
C = sinz‘é>

sin 2 ¢ [l - sin® o sineQ - 1+ cos®ol sinz@v]

- 2 sinol cosA sin®B® cos 2 ¢

sin2(3> [sin 2 @ cos 29 - sin 20\ cos 2 95]

- sinok sin 20 cos ¢ + sin @ cosoA sin 2Q

sin 20 (sin @ cosX - sin™ cos @)

- sin @ sin & sin 2§ - cos @ cosol sin 20

sin 2@ (- sin § sinX - cos § cos A )



Db

Equation (Bl) may be written:

2 = 2 2
Vep = a vy b veg + ¢ ver + 4 VyVe t e Vv + T VgV

which yields equation (16) when combined with equation (4)..
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Aggendix C

Derivation of the Relative Error in the Exgerimental

Determination of vyve. (Equation 20)

From equation (18f)

V.V 2 -
% re = k2 D _.{)) X { iD6} - iD6 ..P.—.Q—-—
o(l D de gt foYe § 1
' ) ) (1)
V..V 2
OVr¥e  k —) [ iD6] _D 2D )
foleN e dal - L,
J J J
also:
:l oo o8 é
Ve ¥ D D 2 | B .
== = T Tz (1D6) = 2.
9 4 D 952 D ' .
1 * 6
a6 e © ¢ @ e 66
a2 3 * ¥ » L3 62
~ 2 ) - 2
= k. I S (c2)
D . D
9.6 « @ ® & e6

——

substituting (C1) and (C2) into (19) yields for O, = constant and Aiej =

constant:
6
v = k2 "‘1
AvyY, /2 (D,Z%- %6 | D 9D (AKX + K P A2y
. f= P ’DOKJ D J
V.V
+ B re A¢ (C3)




26—

Dividing equation (C3) through by v, v, given by equation (18f) yields

Vr

equation (20).




26,
28.
29,
30.
31.
32.
33.
34,
35.
36.
37.
380
39.
Lo.
4.
42,

hll'.
L5,
L6,

L.
c.
F.

R.
R.
c.
T.
Ri
R.
H.
R.
T.
J.
F.

EO
W.
A.
WO
w‘
W.
Je
D.
R.
R.
H.
L.
W.
P"
R.
c.
M.
J.
G-
B.
W.

J.
C.
Jde
R.
M.
J.
F.
R.

G
F.
TO
P.
B.
DC
E'
GQ
A.
Dl
C.
S.
E.
W.
L.
M.
P.
K.
P.
R.
R.
.
C.
c.
Je
L.
W.
B.
H.
R.
Je
p.
T,
JO
Je.
WO

Alexander

Allen (K-25)

Bindord
Blizard
Briggs
Bundy
Center
Chapman
Charpie
Cheverton
Claiborne
Cockreham
Cole
Cooke
Culler
Eissenberg
Epler
Ergen
Fraas
Gall
Gambill
Gauster
Griess
Hamilton
Hefner

Higgins (K-25)

Hoffman
Holland
Jordan
Kasten
Kedl

Keim
Kelley
Keyes, Jr.
Kidd, Jr.
Kinyon

Kofink

I.
A.
G.
SO
S.
IQ
N.
E.
N.

Krakoviak
Lane
Lawson
Lewin
Livingston
Lundin
Luton
Lynch
Lyon

27
-07 -

INTERNAL DISTRIBUTION

L7,
48,
Lg,
50.
51.
52.
53.
5)4'-
55.
56.
57,
580
59.
60.
61.

6k,

100-11h.

H G
EO RO
H. A.
J‘ Rl
J. W
W. R.
C. S.
K. 2.
J. E.
M. L.

MacPherson

Mann

Mclain

McWherter

Michel

Mixon

Morgan

Morgan

Mott (Consultant)
Nelson

L. C. Oakes

P. F. Pasqua (Consultant)
F. N. Peebles (Consultant)
D. Phillips

C. A. Preskitt

P. M. Reyling

M. W. Rosenthal

H. C. Savage

H. E. Seagren

E. D. Shipley

M. J. Skinner

A. H. Snell

I. Spiewsak

W. J. Stelzman

J. A. Swartout

E. H. Taylor

D. G. Thomas

M. Tobias

J. N. Turpin (Y-12)

W. E. Unger

J. L. Wantland

A, M. Weinberg

H. L. Weissberg (K-25)

M. E. Whatley

R. P. Wichner

C. E. Winters

M. M, Yarosh

Central Research Library
Laboratory Records Department
Laboratory Records, ORNL-RC
ORNL Y-12 Technical Library
Document Reference Section
Reactor Division Library
Bldg., 9204-1, Y-12

TISE, AEC



