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A T E M P E R A T U R E DISTRIBUTION ANALYSIS 
ALONG A T H E R M A L RADIATING FIN OF 

NONUNIFORM THICKNESS 

by 

M a r i o n J . J a n i c k e and Lou i s C. J u s t 

I. A B S T R A C T 

The g e n e r a l d i f f e r e n t i a l equa t ion of a t h e r m a l l y r a 
d ia t ing fin i s p r e s e n t e d for the s i t ua t ion of a u n i f o r m h e a t 
s o u r c e along the b a s e of the fin. 

An e l e c t r o n i c ana log so lu t ion of a fin of n o n u n i f o r m 
t h i c k n e s s wi th o n e - d i m e n s i o n a l s t e a d y - s t a t e r a d i a n t h e a t 
t r a n s f e r i s p r e s e n t e d . The spec i f i c exanaple i s c o n c e r n e d 
wi th a c o n s t a n t r a t e of v a r i a t i o n of t h i c k n e s s ; h o w e v e r , any 
g e n e r a l con f igu ra t ion could have b e e n s u b s t i t u t e d . 

II. N O M E N C L A T U R E 

a s c a l e f a c t o r for t i m e 

b s c a l e f ac to r for t e m p e r a t u r e 

dq e l e m e n t of h e a t 

ds e l e m e n t of s u r f a c e 

e fin ef f ic iency 

h fin end h a l f - t h i c k n e s s 

H fin b a s e h a l f - t h i c k n e s s 

k t h e r n a a l conduc t iv i ty 

L l eng th 

q r a t e of h e a t d i s s i p a t i o n 

q° i d e a l r a t e of h e a t d i s s i p a t i o n 

t t i m e 

t ' s c a l e d t i m e 

T a b s o l u t e t e m p e r a t u r e 
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To a b s o l u t e t e m p e r a t u r e a t the fin b a s e 

Tg a b s o l u t e t e m p e r a t u r e of the s ink 

T ' s c a l e d a b s o l u t e t e m p e r a t u r e 

W uni t wid th 

X v a r i a b l e d i s t a n c e p a r a l l e l to a b s c i s s a 

yj^ory(x) v a r i a b l e d i s t a n c e p a r a l l e l to o r d i n a t e 

a S t e f a n - B o l t z m a n C o n s t a n t 

e e m i s s i v i t y 

III. INTRODUCTION 

D e s i g n e r s of p o w e r p l a n t s for s p a c e v e h i c l e s a r e c o n f r o n t e d wi th 
the p r o b l e m of r e j e c t i n g w a s t e h e a t f r o m t h e i r t h e r m o d y n a m i c cyc l e by 
r a d i a t i o n . A r a d i a t o r of m i n i m u m weight i s the ob j ec t ive in p o w e r p lan t 
d e s i g n s , and i t is a m e a s u r e of the o p t i m i z a t i o n a c h i e v e d in d e s i g n i n g a 
spec i f ic r a d i a t o r . 

Space r a d i a t o r s a r e g e n e r a l l y c o m p o s e d of c o o l a n t - c a r r y i n g tubes 
or c h a n n e l s wh ich have affixed to t h e m ex t ended s u r f a c e s to convey the 
h e a t away f r o m the coo lan t m o r e e f f i c ien t ly . F i n n i n g l o w e r s the n u m b e r 
of coo lan t tubes, r e q u i r e d for h e a t r e j e c t i o n , and a r e d u c t i o n in the n u m b e r 
of work ing fluid p a s s a g e s r e d u c e s the p r o b a b i l i t y of a coo lan t l o s s a s a 
r e s u l t of m e t e o r p u n c t u r e . F i n s p e n e t r a t e d by m e t e o r s have v e r y l i t t l e of 
t h e i r h e a t t r a n s f e r a r e a r e m o v e d . The p r i n c i p a l ob jec t ive of f inning, then, 
is to ob ta in a m a x i m u m h e a t flux p e r uni t we igh t for a m i n i m u m p r o b a b l e 
o p e r a t i n g t i m e b e t w e e n m e t e o r p u n c t u r e s . Be fo re the fin l eng th t h i c k n e s s 
and e f f ec t i venes s m a y be e v a l u a t e d for a g iven h e a t load and p r o b a b l e m e 
t e o r dens i ty , h o w e v e r , the t e m p e r a t u r e d i s t r i b u t i o n a long the s u r f a c e of the 
fin m u s t be d e t e r m i n e d . The g e n e r a l con f igu ra t i on of the fin rnay not n e c 
e s s a r i l y be of u n i f o r m t h i c k n e s s for ob ta in ing a r a d i a t o r of o v e r a l l m i n i m u m 
weigh t . T h e r e f o r e , a g e n e r a l i z e d d i f f e r en t i a l equa t i on was r e q u i r e d . 

IV. EQUATION D E V E L O P M E N T 

In the g e n e r a l i z e d d i f f e ren t i a l equa t ion , the d i f f e r ence in h e a t c o n 
duc ted into a s l i c e dx th i ck i s 

; ^ (2kWy„4^)dx -2 W k y ^ - ^ d x + 2 W k 4 ^ — ^ d x . (l) 
d x ' -̂  ^ dx '^ dx2 dx dx ' 
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In o r d e r for the above equa t ion to be t r u e , the following a s s u m p t i o n s w e r e 
m a d e : 

(1) the t e m p e r a t u r e g r a d i e n t in the y and z d i r e c t i o n s was neg l i g ib l e ; 

(2) r a d i a t i o n exchange b e t w e e n s o u r c e and fin was of m i n o r i m p o r 
t ance ; and 

(3) the s u r f a c e e m i s s i v i t y and t h e r m a l conduc t iv i ty w e r e c o n s t a n t . 

A g e n e r a l hea t b a l a n c e r e q u i r e s the d i f f e r en t i a l equa t ion for hea t conduc ted 
down the fin to be equa l to the hea t dq r e j e c t e d by r a d i a t i o n : 

dq = 2 a e L d s (T^ - T^) (2) 

By a s s u m i n g tha t ds on the a r b i t r a r y s u r f a c e i s equ iva l en t to dx, the gen
e r a l i z e d d i f f e ren t i a l equa t ion for T is r e p r e s e n t e d by 

d^T dT '^yx 
dx2 dx dx 

(T^ - T t ) = 0 (3) 

F o r a spec i f ic e x a m p l e , c o n s i d e r the g e o m e t r y shown in F i g u r e 1, 
w h e r e 

. , = - ( 5 ^ x . H (4) 

F i g u r e 1. T h e r m a l Model of F i n 
wi th Cons tan t ly V a r y 
ing T h i c k n e s s . 



7 

Subs t i tu t ing equa t i on (4) into equa t i on (3), t h e r e i s ob t a ined 

1 d^T 
dx2 HL - (H - h)x 

/ .- , \dT LcJ£ /„4. _ 4 \ 
( ^ - ^^d^T + - k - ^^ - ^ s ) 

(5) 

If h = H, Yx - ^* E q u a t i o n (5) is t hen r e d u c e d to the equa t i on for a 
s t r a i g h t r e c t a n g u l a r fin, wh ich is g iven by 

d^T 
dx2 k H ^ s ^ (6) 

Once the t e m p e r a t u r e d i s t r i b u t i o n i s r e s o l v e d , the r a t e of h e a t d is 
s ipa t ion f r o m the s u r f a c e is c o m p u t e d a c c o r d i n g to the e q u a t i o n 

2 oew f^ (T^ - T^) dx (7) 

If the e n t i r e fin s u r f a c e , h o w e v e r , w e r e at the b a s e t e m p e r a t u r e TQ, t hen 
the i dea l r a t e of r a d i a t i o n h e a t d i s s i p a t i o n would be g iven by 

q° = 2ae(T^ - T t )LW (8) 

F r o m equa t ion (7) and e q u a t i o n (8), fin p e r f o r m a n c e m a y be c a l c u 
l a t ed a s the r a t i o of to ta l h e a t d i s s i p a t e d by the fin (with t e m p e r a t u r e 
g r ad i en t ) to t ha t wh ich would be d i s s i p a t e d if the e n t i r e fin s u r f a c e w e r e 
a t To . 

F i n ef f ic iency e i s def ined by 

= q/c° (9) 

V. ANALOG EQUATION DEVELOPMENT 

The t r a n s f o r m a t i o n of e q u a t i o n (5) in to a f o r m s u i t a b l e for ana log 
r e p r e s e n t a t i o n i s m a d e by the fo l lowing s u b s t i t u t i o n s : 
X = t, t ' = at , and T ' = b T . An a d d i t i o n a l a s s u m p t i o n which n e e d not have 
been m a d e was tha t Tg - 0 . The equa t ion , h o w e v e r , i s now r e p r e s e n t e d by 

d^T' 10^ 

d t 1.2 [ 1 0 \ H L - 1 0 ^ ( H - h) f ] 

1 0 ( H - h ) ^ I ^ , l O L a e i o ^ / T -
d t ' kab3 JO' 
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Potent iometers shown on the analog diagram, Figure 2, are set 
as l isted below. 

lOOV 

(4)—+100 

- ® — +100 

Figure 2. Analog Diagram 
of Solution 

Pot one was used to insure that 
d T / x = 0 at X = L, 

Pot two was used for represent ing 
Lg£ 10^ 

kab^ 

Pot three for 
1 0 ( H - h ) . 

Pot four for 
(10^ aHL) volts, 

and Pot five for 
10^ ( H - h) vol ts . 

The constants supplied below were those used for obtaining the curves 
given in Figures 3 and 4 : 

a 

b 

h 

H 

k 

k 

L 

To 

W 

o 

e 

= 10^ 

= 5 X 10~2 

= 0.25 X 10"^ ft 

= 1.25 X 10"^ ft 

= 25.0 BTU/hr- f t^- °R 

= 100.0 BTU/hr- f t^- °R 

= 0.25 ft 

= 2000°R 

= one ft 

= 0 .173x10"* BTU/hr-ft^ - "R"* 

= 0.90. 

and 

The boundary conditions 

T = To at X = 0 or T = TQ at t ' = 0 

- 5 i = 0 at X = L or = 0 at t' = t (final) 
dx dt ' 

a re imposed upon the differential equation in order that the physical situa
tion be correc t ly represen ted . It is also noted that when h = 0 both the 
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mathematical and the physical situation become impract ica l to achieve. 
Therefore, another requi rement that must be satisfied is that 

0 < h < H 

for prac t ica l sy s t ems . When h > H, the pract icabi l i ty of the designs be 
comes questionable. 

The solution of equation (5j for any general geometry has also dem
onstrated i ts ability to be accura te , quick, and economical . 

2 0 0 0 

1000 

h = 0 25 X 10-^ ft 

2000 

0 05 010 015 
DISTANCE (feet) 

0 20 0 05 010 015 
DISTANCE (feet) 

0 20 

Figure 3. Tempera ture Distributions Figure 4. Tempera ture Distributions 
of a Uniform and a Constant- of a Uniform and a Constant
ly Varying Thickness Fin ly Varying Thickness Fin 
(k = 25 BTU/hr - ft - °R) (k - 100 BTU/hr - ft - °R) 

\ 
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