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SOME DISCRETE TRANSFORMS AND THEm CONTINUOUS ANALOGS 

by 

D. E. Nagle 

ABSTRAC'l.' 

J:t is shown the,t th~ Cauchy 1 Taylor 1 and Laurent theorems, 

which refer to· analytic functions, have discrete analogs 

which hold for arbitrary functions of the complex variable z, 

w:!.th the single restriction that the values of z divide the 

unit circle. 

Introduction. Certain transforms for the discrete 

function f(z) are exhibited, and their analogies to 

the ~ntegral transforms of Fourier, Cauchy 1 Ta.;ylor 1 

a~d Laurent are pointed out. 

Analog of the cauchy and Taylor Integrals. 

Construct sums of the form 

N 

uk = 
1 ~ f(z )liz f<z )k+l 

2iN sin- P P p 
He consider f(z) to be defined for the points N p=l 

7..p = exp (2Tiip/N) 1 p = 1 ... N 
k = 1 • • • N 1 where 

If vre define 
liz = z ~ - z A • 

P P 2 P-2 

N 

(3) 

01 = N-1 L f( z ) exp ( -2TTipqfN) , 
q. p=l p 

(1) These sums are the analogs Of the r.auchy integrals 

for the quantities 

then 

Nl 
f(z ) = L I et exp (2TTipqfN) 

p q:;l q 
(2) 

k 
(k! )-1 ~kz I _ 1 /g(z)dz 

Z=O - 2Tii k+l 1 

. dz z 

where g(z) is analytic inside the contour of inte

p;ration. Noting that 

and comparing with Eq. (1), we have 

.1\rul.log ur ·t;hc .:t;·ourier !ntegrals. Although these 

equations are an&Logous to the Fourie~ integral· 

theorem; no restrictions are placed on the rUnctlon 

f; restrictions are placed only on its argument. 

Equations (1) and (2) were used by Fortescue1 to 

treat the problem of N-phe.se networks. (4) 
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If we allow the equation 

to formally define the function f at the origin 

together with its first N-1 derivatives, and use 

Eq. (2) in the form 

N-1. 
f( z ) = E · 01 z q < s) 

p q=O q p 

we have 

N-1 1 dq I 
f(z) = .L: 1 - f(z) _0(z)q 

q=O q. dZq Z-
(6) 

Equation (6) with z = z is the analog of Taylor's 
p 

series. For z I z , Eq. (6) may be regarded as a 
p 

polynomial fitting the points f(z ). 
p 

Analog of the Cauchy Integral About the Point 

z = a. Consider the expression 

W = (2iN sin ~)-l t f(z )llz kz -a) , 
p=l p P/\ p 

(7) 

If we form the expression 

1 Lf(z )£\z u = _ ____;~~ p p 
TT 2 

2iN sin -N (z - a) 
p p 

in analogy to the Cauchy integral 

dgl = __!_fg(z)dz 
dz z=a 2TTi ( · )2 ' 

z - a 

l·re can shcm by similar methods that 

N 

(9) 

~ 0/qaq-l [q + (N-q)aNJ . (10) 

q,;l 

In the limit ~m for lal< 1, Eq. (10) reduces to the 

function obtained by a term by term differentiation 

of the series, Eq. (8), ;rith respect to a, i.e., 

the result, Eq. (10), is the discrete analog of the 

Cauchy .result. 
I 

Analog of the Laurent Series. In the case lal> 1, 

Eq. (8) may be rewritten as 

vr(l - \) = f a a-(N-q) 
a ~1 q 

which is the analog of the Cauchy integral about. and 

z = a, namely, 

g(a) = ·2~. jg( z)dz J ~ /z-a 

Noting that 

and comparing with Eq • ( 1) , ;re h.a ve 

vl(l - a ) = a~ = f'(a) , N ~-
q=. q ·. , ... 

(8) 

lfhere f(a) is given by Eq. _(6) with z = a. For 

lal< 1, ~m, the right-hand side of Eq. (7) reduc~s 

to the Cauchy integral, and the right-hand side of 

Eq. (8) reduces to the usual Taylor development for 

f(a) if the series converges uniformly. The con

dition that the function f(z ), lfhich initially was p 
arbitrary for certain points on the unit circle, 

behaves in the limit ~m like an analytic function 

is that the functions 01 approach zero so rapidly 
q 

as to assure uniform convergence of the series, Eq. 

(8). 
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lfhere 

N-1 
"' ±'( z ) z k-l£\z 
LJ p p p 
p=O 

k = 2iN . TT 
s~n N 

(11) 

which is the analog of the Laurent's series for a 

function that is zero at infinity but may have 

singularitico within the ~ircle C surrounding the 

origin, namely, 

Applications •. Equations (3) through (11) \·rere 

developed while investigating the behavior of 

cavities for linear accelerators. 
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