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P R E F A C E 

I n t r o d u c t o r y F a s t R e a c t o r P h y s i c s A n a l y s i s i s e s s e n 
t i a l l y the l e c t u r e n o t e s of a s e m i n a r c o u r s e . The l e c t u r e s 
•were p r e s e n t e d a s a p a r t of the p r o g r a m s of the Scuola di 
S p e c i a l l i z z a z i o n e in I n g e g n e r i a N u c l e a r e of the U n i v e r s i t y of 
Bo logna and of the C e n t r o di C a l c o l o (Bologna) of the C o m i t a t e 
N a z i o n a l e E n e r g i a N u c l e a r e of I t a ly du r ing the a c a d e m i c y e a r 
I 9 6 Z - I 9 6 3 by the a u t h o r d u r i n g a y e a r ' s v i s i t a s a c o n s u l t a n t 
and l e c t u r e r . T h e l e c t u r e s Vv^erealso p r e s e n t e d at the C o m -
i t a t o ' s C a s s a c i a C e n t e r , n e a r R o m e , in the s u m m e r of 1963. 

The l e c t u r e s had the p r i m a r y p u r p o s e of t e a c h i n g 
the r u d i m e n t s of fas t r e a c t o r p h y s i c s wi th e m p h a s i s on c a l -
c u l a t i o n a l a n a l y s e s . The s u b j e c t m a t t e r w a s c h o s e n a s an 
i n t r o d u c t i o n to f a s t r e a c t o r a n a l y s e s for p e r s o n s r e a s o n a b l y 
f a m i l i a r w i th t h e r m a l r e a c t o r p h y s i c s . The in ten t w a s to 
p r e s e n t a d i r e c t l y p r a c t i c a l c o u r s e wh ich a t the s a m e t i m e 
wou ld i n t r o d u c e suf f ic ien t sub j ec t m a t t e r to enab le the s t u 
den t to s e n s e the p o s s i b l e p i t f a l l s in bl ind a d h e r e n c e to r e c i p e 
c a l c u l a t i o n s w h i c h a r e so t e m p t i n g b e c a u s e of the r e a d y a v a i l 
a b i l i t y of m u l t i g r o u p c r o s s - s e c t i o n s e t s and r e a c t o r m a c h i n e 
c o d e s . 

The s e c t i o n a l d i v i s i o n s of th i s r e p o r t do not n e c e s 
s a r i l y c o r r e s p o n d e x a c t l y to the d i v i s i o n s of the l e c t u r e s . 

The a u t h o r w i s h e s to a c k n o w l e d g e the kind inv i t a t i on 
of the C e n t r o di Ca l co lo of C .N.E .N. wh ich r e s u l t e d in the 
p r e p a r a t i o n and p r e s e n t a t i o n of the l e c t u r e s e r i e s . 

The a u t h o r ' s t h a n k s a r e a l s o due to a n u m b e r of A r 
gonne c o l l e a g u e s who c r i t i c a l l y r e a d the p r e l i m i n a r y d ra f t 
of t h i s r e p o r t . 

i i 



TABLE OF CONTENTS 

Page 

ABSTRACT 1 

I. INTRODUCTION. 1 

II. BREEDING 7 

III. MULTIGROUP METHOD . 13 

IV. DIFFERENCE EQUATIONS . . . . . . . . . . . . . . . . . . . . . 18 

V. GROUP PARAMETERS AND CROSS-SECTION 

DEFINITIONS 22 

VI. TRANSPORT CROSS SECTION . . . . . . . . . . . . . . . . . . . 28 

VII. TRANSPORT SOLUTIONS BY DISCRETE ORDINATE 

METHODS. 34 

VIII. DISCRETE Sj.j ( D S N ) METHOD 39 

IX. B-^ METHOD AND ASYMPTOTIC DIFFUSION THEORY. . . 43 

X. EQUILIBRIUM SPECTRUM AND FAST DIFFUSION 
LENGTH. 49 

XI. RESONANCE SCATTERING E F F E C T S ON GROUP 
PARAMETERS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 

XII. MULTIGROUP ADJOINT FLUX AND PERTURBATION 
ANALYSIS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 

XIII. PROMPT-NEUTRON LIFETIME AND EFFECTIVE 
DELAYED-NEUTRON FRACTION. . . . . . . . . . . . . . . . . 61 

XIV. PERIOD-RE ACTIVITY RELATIONS. 67 

XV. SHAPE FACTOR . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 

XVI. FAST-THERMAL COUPLED SYSTEMS . . . . . . . . . . . . . 72 

XVII. TEMPERATURE E F F E C T S ON REACTIVITY-SODIUM 

VOID E F F E C T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 

XVIII. DOPPLER E F F E C T 79 

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 

111 



LIST OF FIGURES 

No. Title Page 

1. Energy Spect rum of F i s s ion Neutrons 2 

2. Genera l F e a t u r e s of Thermal System Flux (Not to Scale). . . . 3 

3. Calculated Inelast ic Levels in U"® (Ref. 4) 4 

4. Genera l F e a t u r e s of the Shifted P a r t i a l Sources (Not to 
Scale). 5 

5. Compar ison of Neutron Spectra for Various Sizes of F a s t 
Reac tors (Ref. 5) . . . . . . . . . . . . . . 5 

6. Nuclear React ions under Neutron I r rad ia t ion of U"* 
(Ref. 8). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 

7. Nuclear Reactions under Neutron I r rad ia t ion of Th^^^ 
(Ref. 8). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 

8. Genera l F e a t u r e s of F i s s ion Cros s Section of U"^ (Not to 
Scale). 10 

9. Ratio of Cr i t ica l Radii (Diffusion Theory to S4 Method) as a 
Function of Cr i t ica l Radius by S4 Method (Ref. 5) . . . . . . . . . 38 

10. Relative P e r c e n t E r r o r in Cr i t ica l Radius as a Function of 
SNG Option (Ref. 38) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 

11. Curves of Reactivity Versus Pe r iod for a Ser ies of U 
fueled F a s t Assembl ies (Ref. 48). 68 

12. Curves of Inhour Versus Pe r iod for a Ser ies of U^̂  -fueled 
F a s t Assembl i e s (Ref. 48) . . . . . . . . . . . . . . . . . . . . . . . . 68 

13. Sketch of the Genera l Shapes of Shape Fac to r Curves 71 

14. Reactivity Change Effected by Removal of 40% of Sodium 
from Plutonium Metal , Plutonium Oxide, and Plutonium 
Carbide-fueled Cores w^ith Steel St ructure (Composite 
Curves from Ref. 9) . . . . . . . . . . . . . . . . . 78 

iv 



LIST OF T A B L E S 

No. T i t l e P a g e 

I. E n e r g y R a n g e of the P r e d o m i n a n t R e a c t o r C l a s s i f i c a t i o n s . . 1 

II . A p p r o x i m a t e C r o s s S e c t i o n s of U^^^ in T h e r m a l and F a s t 
S y s t e m s 6 

III. V a l u e s of r ] - l for F i s s i l e M a t e r i a l s in T h e r m a l and F a s t 
S y s t e m s 9 

IV. T w o - g r o u p F a s t C r o s s S e c t i o n s (in b a r n s ) for U and U . 16 

V. H o m o g e n i z e d Tvi^o-group F a s t C r o s s S e c t i o n s 16 

VI. E l a s t i c - s c a t t e r i n g A n i s o t r o p i e s in the L a b o r a t o r y S y s t e m 
C o m p a r e d wi th V a l u e s of 2 / 3 A 33 

VII, R a t i o of Modif ied to Unmod i f i ed C r o s s S e c t i o n s for 
A l u m i n u m and for S t a i n l e s s S t ee l 53 

VIII. E x p e r i m e n t a l and C a l c u l a t e d C e n t r a l R e a c t i v i t y 
Coe f f i c i en t s 60 

IX. C o m p a r i s o n of C a l c u l a t e d and E x p e r i m e n t a l V a l u e s of 

(^eff/^p) • • • 65 

V 



I N T R O D U C T O R Y F A S T R E A C T O R PHYSICS ANALYSIS 

by 

Dav id M e n e g h e t t i 

A B S T R A C T 

T h i s r e p o r t c o n s i s t s e s s e n t i a l l y of the l e c t u r e n o t e s 
of a c o u r s e in f a s t r e a c t o r p h y s i c s a n a l y s i s p r e s e n t e d by the 
a u t h o r . The s u b j e c t m a t t e r i s t ha t of an i n t r o d u c t i o n to c a l -
c u l a t i o n a l a n a l y s e s of fas t r e a c t o r p h y s i c s for p e r s o n s r e a 
s o n a b l y f a m i l i a r wi th t h e r m a l r e a c t o r p h y s i c s . Inc luded a r e 
d i s c u s s i o n s of f a s t r e a c t o r c h a r a c t e r i s t i c s , b r e e d i n g , m u l t i -
g r o u p m e t h o d s , c r o s s - s e c t i o n def in i t ions and e v a l u a t i o n s , 
d i s c r e t e o r d i n a t e t r a n s p o r t m e t h o d s , t r a n s p o r t a p p r o x i m a 
t ion , B]\f m e t h o d , a s y m p t o t i c diffusion t h e o r y , e q u i l i b r i u m 
s p e c t r a , r e s o n a n c e e f fec t s , p e r t u r b a t i o n a n a l y s i s , shape f a c 
t o r , l i f e t i m e , d e l a y e d - n e u t r o n f r a c t i o n , r e a c t i v i t y - p e r i o d r e 
l a t i o n s , coup led s y s t e m s , s o d i u m void effect, and D o p p l e r 
effect . 

I. INTRODUCTION 

N u c l e a r r e a c t o r s m a y be c l a s s i f i e d by the d i s t r i b u t i o n in e n e r g y of 
the n e u t r o n flux, i . e . , t he e n e r g y d i s t r i b u t i o n of the n e u t r o n s p r o d u c i n g 
f i s s i o n in the fuel. T a b l e I l i s t s the a p p r o x i m a t e e n e r g y r a n g e s . 

T a b l e I 

ENERGY RANGE OF THE PREDOMINANT REACTOR CLASSIFICATIONS 

R e a c t o r C l a s s i f i c a t i o n 

D e g r e e of M o d e r a t i o n 

P r e d o m i n a n t E n e r g y 
R a n g e 

T h e r m a l 

T h e r m a l i z e d 

<1 eV 

I n t e r m e d i a t e 

P a r t i a l l y 
T h e r m a l i z e d 

~1 eV ->~10 keV 

F a s t 

U n t h e r m a l i z e d 

>10 keV 

T h e e n e r g y d i s t r i b u t i o n of p r o m p t f i s s i o n n e u t r o n s have b e e n a p p r o x 
i m a t e d by t h e s e m i - e m p i r i c a l relation:'••'•'' 

s (E) = c e - ^ ^ s inh^ybE", 

w h e r e if a S: i^ and b = 2, c = 0 .484, wi th E e x p r e s s e d in MeV. The 
s p e c t r u m is shown in F i g . 1. The c o n s t a n t s a r e not , h o w e v e r , i d e n t i c a l for 
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h i !S 
1 X 

•< 
AV

ER
AG

E 
^^ 1 

N ^ 

1 1 i " ^ 1 
.72 2.0 

E, Mev 

F i g . 1. E n e r g y S p e c t r u m of 
F i s s i o n N e u t r o n s 

the v a r i o u s f i s s i o n a b l e m a t e r i a l s . 
F o r e x a m p l e , m e a s u r e m e n t s ' ^ ) gave 
a = 1.036, b = 2 .29 , and c = 0.4527 for 
U , and r e c e n t m e a s u r e m e n t s ( 3 ) 
gave a = 1.05 ± 0 .03 , b = 2.3 ± 0,10, 
and c = 0.465 for \j"^. 

T h e e n e r g y d i s t r i b u t i o n of 
flux in a t h e r m a l r e a c t o r i s p r i m a r 
i ly due to the s lowing down of the 
n a s c e n t f i s s i o n - s o u r c e d i s t r i b u t i o n 
by e l a s t i c c o l l i s i o n p r o c e s s e s wi th 
the l ight nuc l e i of the m o d e r a t i n g 
m a t e r i a l s . T h i s r e s u l t s in a p r o 
g r e s s i v e e n e r g y l o s s of the n e u t r o n s 
in the l a b o r a t o r y s y s t e m of c o o r d i 

n a t e s . A n o n t h e r m a l i z e d n e u t r o n of any e n e r g y E' f u r t h e r n a o r e h a s equa l 
p r o b a b i l i t y of r e d u c t i o n of i t s e n e r g y to any e n e r g y E which i s b e t w e e n 
a E ' and E ' , w h e r e a = ( A - 1/A + l)^ upon any s ingle e l a s t i c c o l l i s i o n event 
wi th nuc l e i of m a s s n u m b e r A. T h i s r e s u l t s in an i n c r e a s i n g flux va lue 
wi th d e c r e a s i n g e n e r g y . T h i s flux " p i l e - u p " r e a c h e s i t s c o n c l u s i o n in 
the M a x w e l l - B o l t z m a n n t h e r m a l d i s t r i b u t i o n . The i n t e g r a t e d m a g n i t u d e 
of t h i s t h e r m a l d i s t r i b u t i o n in a n o n l e a k a g e c a s e d e p e n d s upon the b a l a n c e 
b e t w e e n the " p i l i n g - u p " due to m o d e r a t i o n and the i n t e g r a t e d t h e r m a l a b 
s o r p t i o n of the n e u t r o n s a r r i v i n g a t t h e r m a l e n e r g i e s . The a b s o r p t i o n 
du r ing s lowing down i s e i t h e r n e g l e c t e d o r c a n be c o n s i d e r e d to o c c u r in 

def ini te e n e r g y r e g i o n s , such a s , for e x a m p l e , the e p i - c a d m i u m U 
t u r e r e s o n a n c e s . 

238 
cap-

T h i s t r a n s f o r m a t i o n of the f i s s i o n - s o u r c e d i s t r i b u t i o n , s (E) , into the 
flux d i s t r i b u t i o n can be r e a d i l y s e e n for the c a s e of a l a r g e (negl ig ib le 
l e akage ) h y d r o g e n - m o d e r a t e d s y s t e m . ^ ' R e c a l l i n g tha t for h y d r o g e n a 
n e u t r o n of e n e r g y E ' can be c h a n g e d in e n e r g y to E b e t w e e n E ' and z e r o 
with equa l l ike l ihood by an e l a s t i c co l l i s i on , one ob t a in s the u s u a l co l l i s i on 
dens i t y i n t e g r a l b a l a n c e equa t ion : 

C^ Es(E')0(E') 
23(E)0(E) = s(E) + / ' ; 

>/ IT 

d E ' 

The flux so lu t ion i s 

<̂ (E) = 4 ^ + 
Es(E) E 2 ̂

/Js(E')dE', 

as m a y be v e r i f i e d by subs t i t u t i on . 
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At v e r y l a r g e e n e r g i e s the i n t e g r a l i s s m a l l r e l a t i v e to s ( E ) / 2 g ( E ) , 
so tha t for 2g (E) = c o n s t the flux d i s t r i b u t i o n i s tha t of the f i s s ion s o u r c e 
As the m e d i a n e n e r g y of s(E) i s about 2 MeV, at E < 1 MeV the i n t e g r a l 

/"OO 

t e r m p r e d o m i n a t e s . F u r t h e r m o r e , when / s (E ' ) dE ' i s for p r a c t i c a l con-

s i d e r a t i o n s cons t an t , be low ~0 1 MeV the 0 ( E ) v a r i e s a s l / E if 2g (E) is 
c o n s t a n t . 

T A I L OF FI SSI ON-
DISTRIBUTION 

F i g . 2 G e n e r a l F e a t u r e s of T h e r m a l 
S y s t e m F l u x (Not to Sca le ) 

The g e n e r a l f e a t u r e s of the 
flux d i s t r i b u t i o n m a t h e r m a l s y s t e m 
a r e shown m F i g 2 

In c o n t r a s t , the e n e r g y d i s 
t r i bu t i on of the flux m a n o n m o d e r -
a t ed , (i e , fast) s y s t e m is l a r g e l y 
d e t e r m i n e d by mod i f i ca t ion of the 
f i s s ion s p e c t r u m by i n e l a s t i c s c a t 
t e r i n g p r o c e s s e s of the fas t n e u t r o n s 
wi th the a t o m s of fuel, f e r t i l e , coo l -

ant , and s t r u c t u r a l m a t e r i a l s ( such a s U , U , Na, and F e ) of fas t r e a c t o r s 

I n e l a s t i c s c a t t e r i n g is c h a r a c t e r i z e d by a t h r e s h o l d e n e r g y below 
which the i n t e r a c t i o n i s z e r o A n e u t r o n upon being m e l a s t i c a l l y s c a t t e r e d 
to be low the t h r e s h o l d by one o r m o r e i n e l a s t i c co l l i s i ons can subsequen t ly 
l o s e add i t i ona l e n e r g y only by the n e a r l y neg l ig ib le e n e r g y m o d e r a t i o n by 
e l a s t i c c o l l i s i o n s with the m o d e r a t e l y h e a v y and heavy e l e m e n t s p r e s e n t or 
by the p r e s e n c e of s o m e l i g h t e r a t o m s such a s oxygen or c a r b o n p r e s e n t a s 
ox ides o r c a r b i d e s of the fuel and f e r t i l e m a t e r i a l s In any c a s e , the 
s l o w m g - d o w n ef f ic iency by e l a s t i c c o l l i s i o n s i s not suff ic ient to o v e r c o m e 
a b s o r p t i o n s and l e a k a g e l o s s e s du r ing th i s m o d e r a t i o n An i n c r e a s i n g flux 
wi th d e c r e a s i n g e n e r g y i s t h e r e f o r e not p r o d u c e d , but r a t h e r a modi f ied 
and shif ted f i s s i o n - t y p e d i s t r i b u t i o n m a x i m u m is p r o d u c e d 

E x a m p l e s of i n e l a s t i c i n t e r a c t i o n s a r e the t h r e e lowes t l eve l s ( i . e . , 
45 , 150, and 700 keV) and n u m e r o u s h i g h e r l eve l s in U^^ . w h i c h is f r equen t ly 
a p r i n c i p a l d i luen t and f e r t i l e m a t e r i a l in both c o r e and b lanke t r e g i o n s of 
f a s t r e a c t o r s . The c a l c u l a t e d c u r v e s in F i g . 3 ind ica te the g e n e r a l f e a t u r e s 
of t h r e s h o l d and q u a s i - p l a t e a u s h a p e s of th f l e v e l s a s ca lcura ted(4) by the 
s t r o n g - c o u p l i n g s t a t i s t i c a l m o d e l . 

It is to be no ted tha t the t h r e s h o l d s of the lower - ly ing l eve l s for the 
h e a v y f i s s i l e and f e r t i l e i s o t o p e s a r e low in e n e r g y r e l a t i v e to the bulk of 
the f i s s i on s p e c t r u m d i s t r i b u t i o n . The low- ly ing l eve l s thus affect the en 
t i r e f i s s i on s p e c t r u m by shif ts in e n e r g y . A n e u t r o n having e n e r g y above 
a g iven t h r e s h o l d wi l l l o s e upon i n e l a s t i c co l l i s i on an i n c r e m e n t of e n e r g y 
a p p r o x i m a t e l y equa l to the v a l u e of the t h r e s h o l d e n e r g y if c e n t e r of m a s s 
to l a b o r a t o r y c o r r e c t i o n s a r e n e g l e c t e d . 
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As a l a r g e f r ac t ion of the 
n a s c e n t f i s s i o n s p e c t r u m l i e s above 
such t h r e s h o l d e n e r g i e s , the i n e l a s 
t ic i n t e r a c t i o n s r e s u l t in i n c r e m e n t a l 
shif ts of the e n t i r e o r i g i n a l s o u r c e 
d i s t r i b u t i o n . F u r t h e r m o r e , the c r o s s 
s e c t i o n s for a b s o r p t i o n s canno t n e c 
e s s a r i l y be n e g l e c t e d r e l a t i v e to the 
i n e l a s t i c c r o s s s e c t i o n s . B e c a u s e of 
the v a r i a t i o n s of m o s t c r o s s s e c t i o n s 
wi th e n e r g y , a bulk t r e a t m e n t for a b 
s o r p t i o n p r o c e s s e s , such as the r e s 
o n a n c e e s c a p e fac to r of t h e r m a l 
r e a c t o r a n a l y s e s , has not been p r a c 
t i c a l . The flux d i s t r i b u t i o n in e n e r g y 
i s a l s o qu i t e s e n s i t i v e to c o m p o s i t i o n 
and l e a k a g e p r o p e r t i e s of the fas t 
s y s t e m . 

F C a l c u l a t e d I n e l a s t i c L e v e l s 
in U " ^ (Ref. 4) 

The m o d e of mod i f i c a t i on of 
the f i s s i o n s p e c t r u m by i n e l a s t i c and 
a b s o r p t i o n m a y be s een by c o n s i d e r 
ing an i d e a l i z e d s impl i f i ed e x a m p l e . 
Suppose 2^^(E) a s tep function wi th 

t h r e s h o l d E t and 2ĝ  a c o n s t a n t a b s o r p t i o n c r o s s sec t ion . Then the u n c o l -
l ided , f i r s t co l l i s i on , s e c o n d co l l i s i on , e t c . , s o u r c e s ( see F ig . 4) a r e g iven 
by the e x p r e s s i o n s : 

Unco l l i ded s o u r c e = f i s s i on d i s t r i b u t i o n = So(E) 

i s t c o l l i s i o n s o u r c e = Si(E) = -5; , ^ ^ So(E + Et) 
^ini^ + -̂ t̂  + ^a 

2'^'^ c o l l i s i o n s o u r c e = S2(E) 
^ i n ( E + Et) 

2:i^(E + Et ) + 2 ; 
Si(E + Et) 

2 , , ( E + Et ) \ / ^ i n ( E + 2 E t ) \ , ^ ^ ^ ^ . . 

2 i^(E + Et) + 2 J V 2i^(E + 2Et) + 2 J^°^^ + ^^t^ 

2i,(E + E , ) + 2 j So(E + 2Et) 

f 2 i n ( E + E t ) ^ 
nth c o l l i s i o n s o u r c e = Sn(E) = l"^-; (E + E ) + 2 ' ^o(E + nEt) . 

I Sn(E) 
The flux 0 ( E ) n=o 

2 i n ( E ) + 2 ; 
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F i g . 4. G e n e r a l F e a t u r e s of the 
Shifted P a r t i a l S o u r c e s 
(Not to Scale) 

The n u m e r a t o r is e s s e n t i a l l y the s u m 
of shif ted f i s s ion s h a p e s with d e 
c r e a s i n g weight ing . The e x a m p l e a l s o 
i n d i c a t e s the i m p o r t a n t d i s t i nc t i on 
b e t w e e n s o u r c e s and f luxes . A s i m 
i l a r e x a m p l e of i n t e r e s t would be to 
a s s u m e that t h e r e e x i s t s a l s o a con 
s t an t e l a s t i c - s c a t t e r i n g c r o s s s e c 
t ion, Eg, in addi t ion to the p r e v i o u s 
i n t e r a c t i o n s , a s s u m i n g tha t the e l a s 
t ic m o d e r a t i o n however i s neg l ig ib l e . 

E l a s t i c m o d e r a t i o n m a y not, 
h o w e v e r , be g e n e r a l l y s m a l l r e l a t i v e 

to i n e l a s t i c m o d e r a t i o n in fas t r e a c t o r s . On the low side of the flux m a x i 
m u m it can be i m p o r t a n t in d e t e r m i n i n g the shape and l eve l of the l ow-ene rgy 
t a i l , w h e r e i n e l a s t i c - s c a t t e r i n g effects b e c o m e s m a l l or a r e n o n e x i s t e n t . 

T y p i c a l a v e r a g e c o r e f luxes 
a r e t h o s e c a l c u l a t e d i ^ ) for the EBR-I , 
E B R - I I and P B R . T h e s e a r e shown 
in F i g . 5. At v e r y high e n e r g i e s a l l 
the d i s t r i b u t i o n s c o r r e s p o n d to the 
h i g h - e n e r g y f i s s i on s p e c t r u m ta i l 
shape . 

EBR-I ( E x p e r i m e n t a l B r e e d e r 
R e a c t o r - l ) i s about a 1-MW, 6 - l i t e r , 
f a s t c o r e fueled by h igh ly e n r i c h e d 
u r a n i u m fuel wi th s t a i n l e s s s t ee l 
fuel c ladd ing and NaK coolan t . The 
b r e e d i n g b l anke t i s of n a t u r a l u r a n 
ium. E B R - I I h a s i n s t e a d a 5 0 - l i t e r 
c o r e v o l u m e and i s fueled by about 
50% e n r i c h e d u r a n i u m fuel. The P B R 
(Pow^er B r e e d e r R e a c t o r ) flux i s r e p 
r e s e n t a t i v e of a 800- l i t e r c o r e , fueled 
by 15 to 20% e n r i c h e d u r a n i u m , o r P u - U , fuel and having a powder of 
g r e a t e r than 600 MW of hea t . Coo l an t s occupy about 50% of the c o r e v o l 
u m e s . It h a s been n o t e d w ) tha t a l though the e n e r g y p o s i t i o n of the m a x i m a 
a r e not m u c h d i s p l a c e d r e l a t i v e to one a n o t h e r , the m e d i a n e n e r g i e s , how
e v e r , a r e m u c h di f ferent . 

.2 .4 .6 8 1.0 1.2 

NEUTRON ENERGY, Mev 

F i g . 5. C o m p a r i s o n of N e u t r o n 
S p e c t r a for V a r i o u s S i z e s 
of F a s t R e a c t o r s (Ref. 5) 

A n o t h e r c h a r a c t e r i s t i c of fas t s y s t e m s i s the l a r g e a m o u n t s of fuel 
r e q u i r e d , i . e . , c r i t i c a l m a s s , r e l a t i v e to a t h e r m a l s y s t e m of, for e x a m p l e , 
t he s a m e c o r e v o l u m e . T h i s r e s u l t s p r i m a r i l y b e c a u s e of the r e l a t i v e l y 
s m a l l v a l u e s of c r o s s s e c t i o n s in the h i g h - e n e r g y r e g i o n of fas t r e a c t o r s 
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in c o n t r a s t wi th the m a g n i t u d e s of t h e r m a l c r o s s s e c t i o n s . F o r e x a m p l e , 
the U f i s s i o n and c a p t u r e c r o s s s e c t i o n s a r e h u n d r e d s of t i m e s s m a l l e r 

t han in the t h e r m a l - e n e r g y 
T a b l e II r eg ion . A p p r o x i m a t e o r d e r -

o f - m a g n i t u d e v a l u e s for U 
a r e g iven in Tab le II. A P P R O X I M A T E CROSS SECTIONS 

OF U " ^ IN T H E R M A L AND F A S T 
SYSTEMS 

Of, b 

^c . b 

^tr, b 

T h e r m a l (2200 m / s e c ) 

582(6) 

10l(6) 

698 [og - 15 b(7)] 

F a s t ( 8 ) 

- 1.4 

- 0 . 2 5 

- 6 . 8 

S i m i l a r o r d e r s of m a g 
n i t u d e s ex i s t for the f i s s i o n -
ab le U and P u s p e c i e s a s 
we l l a s for the u s u a l f e r t i l e 
and d i luen t m a t e r i a l s . The 
v a l u e s for the fas t s y s t e m s 
a r e g r e a t l y dependen t upon 
the n e u t r o n flux s p e c t r u m 
d i s t r i b u t i o n . 

Th i s c o n s i d e r a t i o n e m p h a s i z e s the i m p o r t a n c e of r e d u c i n g c o r e v o l 
u m e by i n c r e a s i n g the fuel dens i ty . 

To a l a r g e ex ten t th i s i s p o s s i b l e b e c a u s e no v o l u m e i s r e q u i r e d for 
m o d e r a t o r m a t e r i a l . F u r t h e r r e d u c t i o n of c o r e v o l u m e i s g e n e r a l l y l i m i t e d 
in p o w e r - p r o d u c i n g s y s t e m s by the l a r g e coo lan t v o l u m e s r e q u i r e d to i n s u r e 
r e m o v a l of the hea t c o n s i s t e n t wi th the to ta l p o w e r and the t e m p e r a t u r e l i m 
i t a t i o n s of the m a t e r i a l s . 

T h u s , the m i n i m u m p r a c t i c a l c o r e s i z e i s fixed by the a m o u n t of 
p o w e r p e r uni t of c o r e v o l u m e tha t can be hand led by the coolant v o l u m e 
and coo lan t flow. The o v e r a l l r e s u l t s a r e tha t a fas t r e a c t o r h a s a h i g h e r 
p o w e r d e n s i t y p e r un i t c o r e v o l u m e t h a n a l i q u i d - c o o l e d t h e r m a l s y s t e m 
of the s a m e to t a l p o w e r . 



II. BREEDING 

In vie'w of the larger critical masses and power densities per unit 
volume of a fast reactor relative to a thermal reactor, one might ask why 
consider a fast reactor except for special cases where smaller volume 
requirements are necessary. The answer, of course, is the possibility of 
existence of effective breeding ratios sufficiently larger than unity so that 
in practice the entire conversion of the natural supply of otherwise non-
fissionable fertile materials may be efficiently converted to fissionable 
materials and thereby become available for pow êr production. 

Fertile materials such as U ^^ or Tĥ ^̂  are placed in the reflector 
blankets of fast reactors for breeding purposes. Generally, fertile ma
terial is also present as a core diluent for core breeding. 

Consider the conversion of the nonthermally fissionable U isotope 
into the thermally fissionable plutonium isotopes of odd atomic mass 
number. The reaction chain for this case is reproduced in Fig. 6.(8) 

Irradiated Û ^̂  fertile ma
terial thus contains a mixture of 
higher plutonium isotopes. The 
isotopic composition of the con
tained plutonium will depend upon 
the particular reactor system, be
cause of the spectral dependence of 
the neutron cross sections in the 
build-up chain, and upon the previ
ous irradiation history of the fertile 
material. Recycle, of the plutonium 
isotopes in a reactor will change 
the isotopic concentrations. An 
equilibrium condition will ultimately 
be approached which is a function of 

,2U0 2 ^ 

( n , y ) 

239 2 3 m ^ 
U fi-

1 ( n , r ) 

.238 

2U0 
Np 

(n 

239 
Np 

7m; I h 

0-

,r) 

5 6 h ^ 
/3-

2^2 
Pu 

t(n 
P u ' " 

;, 
(n 

„ 210 
Pu 

t<" 
239 

Pu 

r) 

r) 

r) 

-

6 

2 

5x 1 0 % 

a 

12.9y 
• -

a 

6 X 10^ y 
a 

44 X lO^y 
a 

Fig. 6. Nuclear Reactions under 
Neutron Irradiation of 

238 i-o ( o\ fuel cycle, core design, and feed 
material. 

For example, the plutonium isotopic composition (in a/o): Pu , 
74.7%; Pu^^°, 10.2%; Pu2^\ 12.4%; and Pu^^^ 2.7%, is reported(9) to corre
spond to a recycle plutonium extracted from a thermal reactor fueled with 
enriched uranium oxide, such as the "Yankee" reactor. For comparison, 
a reported(9) case of extreme recycling is: 

Pu"^ 40%; Pu24°, 10%; Pu2^^ 25%; Pu^ ẑ, 25%. 

Plutonium feed material containing also the higher isotopes is 
referred to as "dirty." It is interesting to note that in a calculational 



s t u d y w ) the s o - c a l l e d " d i r t y " p l u t o n i u m u s e d as fuel in a fas t r e a c t o r r e 
su l t ed in l a r g e r v a l u e s of the b r e e d i n g r a t i o . 

The ana logous Th^^^ b u i l d - u p c h a i n is shown in F i g . 7.(8) 

2?H 2 4 . 1 d 23U 
Th ^ . >• Pa 

[ (n,y) (n 
233 23 .5 m 233 

Th ^ - Pa 

1 (n,y) 
T h " ' 

1.14 m 

»-
0-

r) 

21 A d 
0- ^ 

^235 

f(n 
^23U 

(n 

233 
U 

r) 

2 . 6 x 10^ y 

a 

r) 

1 . 6 2 X l o ' y ^ 
a 

F i g . 7 

N u c l e a r R e a c t i o n s u n d e r 
N e u t r o n I r r a d i a t i o n of 
T h " ^ (Ref. 8) 

F o r p r e s e n t d i s c u s s i o n , t he b r e e d i n g r a t i o wi l l be t a k e n as 

_ Quant i ty of f r e s h , t h e r m a l l y f i s s i l e fuel p r o d u c e d 
Quant i ty of p r i m a r y t h e r m a l l y f i s s i l e fuel d e s t r o y e d ' 

and the d i s t i n c t i o n b e t w e e n c o n v e r s i o n and b r e e d i n g wi l l not be a d h e r e d 
to . The v a r i o u s def in i t ions of b r e e d i n g r a t i o a r e d i s c u s s e d in Ref. 10. 

C o n s i d e r i n g tha t the a m o u n t of f e r t i l e m a t e r i a l is m u c h g r e a t e r 
than the a m o u n t of f i s s i l e m a t e r i a l s in the E a r t h ' s c r u s t , t hen in o r d e r 
to i n s u r e c o m p l e t e c o n v e r s i o n of a l l the f e r t i l e U and Th , a b r e e d i n g 
r a t i o of one o r g r e a t e r m u s t be ob ta ined . If (BR) < 1, then by con t inued 
bu rn ing up of p r e v i o u s l y b r e d fuel one would obta in but a l i m i t e d u t i l i z a 
t ion of the E a r t h ' s r e s o u r c e s . An a t o m of p r i m a r y f i s s i l e m a t e r i a l would 
r e s u l t in (BR) new f i s s i l e a t o m s . The l a t t e r when c o n s u m e d would r e s u l t 
in ( B R ) ^ new^ f i s s i l e a t o m s , and so fo r th . The to t a l a t o m s of f i s s i l e fuel 
u l t i m a t e l y u s e d •would be 

1 + ( B R ) + ( B R ) ^ + . . . . - p 7 ^ . 

F o r e a c h o r i g i n a l f i s s i l e a t o m c o n s u m e d , only 

1 BR 
1 - (BR) 1 - BR 

a t o m s of f e r t i l e would have been t r a n s f o r m e d to f i s s i l e a t o m s . 

F o r each a t o m of n a t u r a l u r a n i u m , only about 0.007 a t o m a r e the 
f i s s i l e U s p e c i e s . T h e o r e t i c a l l y for c o m p l e t e b u r n - u p , t hen . 
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1 
1 - ( B R ) 

f r o m w h i c h 

- 1 
1 - 0 . 0 0 7 

0 . 0 0 7 
1 

0 . 0 0 7 
- 1 

B R > 0 . 9 9 3 ~ 1. 

A m e a s u r e of t h e e f f e c t i v e n e s s of a g i v e n f i s s i l e m a t e r i a l t o c o n 
t r i b u t e i t s e x c e s s f i s s i o n n e u t r o n s f o r f e r t i l e c a p t u r e i s 'H - 1 of t h e f i s s i l e 
a t o m : 

T] - 1 
V - 1 
1 + a 

w h e r e 

a ^cAf-

A l a r g e r v a l u e oi V - 1 i s o b t a i n e d wi th l a r g e r V a n d / o r s m a l l e r a. Both 
V and a a r e d e p e n d e n t upon t h e e n e r g y of the inc iden t n e u t r o n . It t u r n s 
out tha t V i n c r e a s e s wi th e n e r g y . F o r e x a m p l e , for U ,'-^-^) 

a n d 

v{E) = 2.43 + 0,115 E n up to 1.5 MeV; 

v(E) = 2.406 + 0.138 En f r o m 1.5 MeV to 15 MeV. 

In add i t i on , a l though both O^ and Of d e c r e a s e with i n c r e a s i n g e n e r g y , the 
r a t i o of O^/Of o v e r the s p e c t r u m of a fas t r e a c t o r is s m a l l e r t h a n tha t 
o v e r a t h e r m a l r e a c t o r . 

S o m e a p p r o x i m a t e v a l u e s of "H - 1 a r e l i s t e d in T a b l e III. 

T a b l e III 

VALUES O F Tl - 1 F O R FISSILE MATERIALS IN 
T H E R M A L AND F A S T SYSTEMS 

U235 

P u 2 3 9 

U233 

Therma l (2200 m / s ) 

1,07(6) 

1.00(6) 

1,29(6) 

Fas t ( l2 ) 

~1 .18 

~1 .74 

~1 .42 

The v a l u e s for the fas t s p e c t r u m a r e e s p e c i a l l y s e n s i t i v e to the s p e c t r u m . 



p a r a s i t i c a b s o r p t i o n s , only the U 

F i g . 8 

If a l l o w a n c e is m a d e for p o s s i b l e p r o c e s s i n g l o s s e s , l e a k a g e s , and 
fueled t h e r m a l s y s t e m would a p p e a r 

a t t r a c t i v e . The v a l u e s of the fas t 
(T) - 1) shou ld in add i t ion be a u g 
m e n t e d by the e v e r - p r e s e n t f i s s i on 
n e u t r o n s due to fas t f i s s ion in U 
and to a s m a l l e r ex ten t in Th^^^. 
F r o m the c r o s s s e c t i o n v e r s u s 
e n e r g y m e a s u r e m e n t s ,(13) the shape 
for the fas t f i s s i on p r o c e s s is rough ly 
s k e t c h e d in F i g . 8. The fas t s p e c 
t r u m is suf f ic ien t ly h igh in e n e r g y 
tha t an a p p r e c i a b l e p o r t i o n of the 
flux is above the fas t f i s s ion t h r e s h 
old e n e r g i e s of the f e r t i l e m a t e r i 
a l s . Th i s h a s b e e n r e p o r t e d to 

s y s t e m . ^ 5 ) In p r a c t i c e a r a t i o 

1 Mev 

E -

G e n e r a l F e a t u r e s of 
F i s s i o n C r o s s S e c t i o n 
of U"^ (Not to Sca le ) 

i n c r e a s e the BR > 2 for a fas t Pu^'^^-U 
- 1 . 7 wi th Pu"'^ fuel and - 1 . 2 with U^^^ fuel m a y be expec ted . (12) 

T h e o r e t i c a l l y , neg l ec t i ng l o s s e s , if BR = 1, the n u m b e r of f i s s i o n 
ab le n u c l e i ex i s t i ng a t any t i m e equa l s the n u m b e r of o r i g i n a l f i s s i l e 
n u c l e i so tha t the to t a l a v a i l a b l e f i s s i l e m a t e r i a l at any t i m e does not i n 
c r e a s e . F o r a b r e e d i n g ga in G = (BR) - 1, the b r e e d i n g r a t i o m u s t be > 1. 
An i m p o r t a n t quan t i ty in th i s r e g a r d is the doubling t i m e , D . T . , which i s 
r e l a t e d to the ga in : 

D . T 
c r i t i c a l m a s s in g r a m s c r i t i c a l m a s s in g r a m s 

days g r a m s f i s s i l e ga ined p e r day (G) ( g r a m s f i s s i l e c o n s u m e d p e r day) ' 

The f i s s i l e b u r n - u p r a t e is r e l a t e d to the power and the c a p t u r e - t o - f i s s i o n 
r a t i o : 

( g r a m s f i s s i l e c o n s u m e d / d a y ) = 

f rom which 

wa t t s 

10' 
(1 + a), 

D . T . 
10 ' 

days - G p ^ ^ t t s ( ! + « ) ' 

w h e r e p is the spec i f i c p o w e r in wa t t s . (14 ) A l a r g e b r e e d i n g r a t i o and a 
l a r g e p o w e r d e n s i t y p e r uni t m a s s of f i s s i l e m a t e r i a l l e ad to s m a l l doubl ing 
t i m e s . F o r c o m p l e t e n e s s , the t i m e for p r o c e s s i n g and e x t r a c t i n g the new 
fuel, the a m o u n t of fuel he ld e x t e r n a l to the r e a c t o r in r e p r o c e s s i n g p l a n t s , 
shutdown t i m e , and the f r a c t i o n of the p o w e r due to fas t f i s s i o n s in f e r t i l e 
m a t e r i a l m u s t a l s o be c o n s i d e r e d . ( 1 4 , 1 5 ) The doubl ing t i m e m a y then be 
e x p r e s s e d a s 



1̂ ^ 
l-*-T-days - GI(1 -F)p(l+ a)L' 

where I is the ratio of reactor critical mass to total fuel in reactor and 
hold-up outside of reactor, L is the fraction of time the reactor is in 
operation, and F is the fraction of power due to fertile fast fissions. The 
large fertile fast fission of fast reactors is conducive to lowering of 
doubling time. 

Another quantity of interest is the burnup. It is usually a fraction 
equivalent to a couple of percent in fast systems. It may be defined as 

atoms fissioned in the "fuel" 
Burnup - :—: ; —-— rq ? -, r, 

original atoms of fissile, fertile, and 
diluent materials in the "fuel" 

The general or central problems of fast reactors arise from the 
need for high power density per unit mass of fissile material. This results 
in the need for high temperatures of operation, high heat-transfer rates 
from fuel to coolant, and high burnup in order to minimize the high fuel 
inventory holdup during reprocessing. High operating temperatures re
quire thin or finely divided fuel to obtain better heat transfer. The Fermi 
Fast Breeder Reactor, for example, has fuel pins 0.158 in. in diameter 
and about 30 in. long.(16) 

Coolants are required which cause negligible elastic moderation, 
have good high-temperature heat transfer, and do not attack the cladding 
materials of the fuels. The eutectic mixture NaK and the element sodium 
have been found particularly good. In addition, they have relatively low 
melting and high boiling temperatures. 

Technological problems in fast reactors are discussed, for example 
in the text of Palmer and Piatt.(15) 

To reduce the costs of inventory, reprocessing and refabrication of 
fuel,the problem of achieving high burnup is paramount. The high tempera
tures, however, produce, through the increased pressure arising from the 
internal accumulation of fission product gases, a swelling of fuel. The 
importance of high burnup in fast reactors can be appreciated if one con
siders that the density of fuel is greater by a factor of ten in a fast fuel 
than in a thermal fuel element. 

Because of radiation damage, removal of fuel elements may become 
necessary when a couple of percent of fissionable and nonfissionable atoms 
have burned up. At this time an amount of fuel about equal to the initial 
fissile mass of a thermal reactor vî ould be consumed, ^vhereas this repre
sents only of the order of 10% of the fuel in the fast reactor. Thus of the 



order of 10 r ep roces s ings w^ould be requi red for complete use of the 
fuel .^l ' ) Fuel burnup in a thernaal sys tem is more l imi ted by the ava i l 
able excess react iv i ty to overcome fission product poisons . In a fast 
sys tem, because of the smal l c r o s s sections of the poisons at high e n e r 
gies , the burnup is more l imited by radiat ion damage. 

Las t , but perhaps not the leas t , is the question of the re la t ive 
safety m e r i t s of fast and t he rma l s y s t e m s . This w^ill be d iscussed in 
more detail l a t e r . Suffice it to say that the potential g r e a t e r hazards in 
fast sys t ems a r e usually re la ted to the shor t e r p rompt -neu t ron l i fet ime, 
the possible loss of coolant (with possible attendant i n c r e a s e in react ivi ty 
due to spec t ra l shift effects), and /o r radiat ion heating of the fuel elements 
so as to possibly produce a s u p e r - c r i t i c a l meltdown configuration. There 
exists a lso the possibil i ty of resonance coupling of react iv i ty and pow^er 
in some cases . (18) 
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III. M U L T I G R O U P METHOD 

In the e n e r g y r a n g e of fas t r e a c t o r s p e c t r a the v a r i a t i o n s of c r o s s 
s e c t i o n s wi th e n e r g y a r e su f f i c ien t ly l a r g e tha t bulk t r e a t m e n t of l a r g e 
e n e r g y r e g i o n s in c o r r e s p o n d e n c e to , s a y , a f o u r - f a c t o r f o r m u l a h a s not 
as ye t b e e n s u c c e s s f u l in p r a c t i c e . M e t h o d s of m u l t i g r o u p so lu t ions of 
t r a n s p o r t o r diffusion e q u a t i o n s a r e u s e d i n s t e a d . As the d i m e n s i o n s of 
fas t r e a c t o r r e g i o n s a r e not l a r g e r e l a t i v e to the m e a n f r ee p a t h s , i . e . , 
a d i s t a n c e of a m e a n f r e e pa th is an a p p r e c i a b l e f r ac t i on of the r e g i o n a l 
d i m e n s i o n , t r a n s p o r t s o l u t i o n s a r e r e q u i r e d for the s m a l l e r fas t s y s t e m s 
and g e n e r a l l y a l s o for p r e c i s e c a l c u l a t i o n s on the l a r g e r fas t s y s t e m s . 

A l though not b a s i c a l l y a s a c c u r a t e , the diffusion t h e o r y a p p r o x i 
m a t i o n is m u c h u s e d . Indeed , b e c a u s e of l ack of c r o s s - s e c t i o n i n f o r m a t i o n 
the u s e of diffusion t h e o r y for a l l but v e r y p r e c i s e c o m p a r i s o n s is u s u a l l y 
a d e q u a t e excep t for the s m a l l s y s t e m s . 

S imp l i f i ed t w o - g r o u p diffusion equa t ions with t r a n s f e r coe f f i c i en t s 
coupl ing the g r o u p s a r e , for the c a s e of t h e r m a l s y s t e m s , ( 1 9 ) 

DiV^0i - ^ a '^i + Si = 0; 

DzV^^z - 2^2 02 + S2 = 0. 

The group sources are 

Si - v^i^ 02 

and 

Sz = âi'/'i-

The t h e r m a l flux (02) p r o d u c e s the f i s s i o n n e u t r o n s o u r c e s of g r o u p o n e . 
The fa s t flux g r o u p (0 i ) p r o d u c e s the n e u t r o n s o u r c e s in the t h e r m a l g r o u p 
by m o d e r a t i o n t r a n s f e r of n e u t r o n s , i . e . , 2^^ = 2j_^2. F u r t h e r m o r e , the 
r e l a t i o n s betvi^een t r a n s f e r coe f f i c i en t s and p a r a m e t e r s e n t e r i n g the f o u r -
f ac to r f o r m u l a t h r o u g h koo, L , and T a r e 

D, ^ D, D, 
3-1 T- a 2 ' I2 00 a 2 7 

^ L^ L^ 

In the c a s e , for e x a m p l e , of a t w o - g r o u p a n a l y s i s of fas t s y s t e m s , 
the l o w e r e n e r g y of the l o w e r g r o u p n e e d not be z e r o . Be low s o m e l o w e r 
e n e r g y l i m i t the c o n t r i b u t i o n to , for e x a m p l e , the r e a c t i v i t y is n e g l i g i b l e . 
C o n s i d e r a t i o n s of both c a p t u r e and f i s s i o n as wel l a s the f r a c t i o n a l d i s 
t r i b u t i o n of t h e f i s s i o n s p e c t r u m i s n e c e s s a r y . The two g r o u p s o u r c e s 
would t h e n be 
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Si = Xi ( ^2 f ) i 01 + Xi {v^f)z 02 

and 

S2 = 2i_.2 01 + X2(v2f)2 01 + X2(V2£)2 02, 

w h e r e Xi and X2 a r e the f r a c t i o n s of the f i s s i on s p e c t r u m , 

^ a i = ^ c i + ^f i + ^i-*2 . 

and 

2a2 = 2c2 + ^fz • 

The e x t e n s i o n to J g r o u p s t h e n fo l lows . F o r e a c h g r o u p j , t he 
equa t i on is of t h e f o r m 

DjV^0j - 2 ^ . 0 j + Sj = 0, 

w h e r e 

j - i 

Z 
i= l i= l 

Sj = Z 2i-*j * i+ ^j Z (^^f)i *i + Soj 

H e r e SQ is z e r o e x c e p t in t h e c a s e of a p p l i e d s o u r c e s . A l s o , 
J 

J 

^a. = ^c, + ^f. + Z ^j-*k-
J J J k=j + i 

A p a r t i c u l a r l y s i m p l e so lu t ion , a m e n a b l e a l s o for hand c o m p u t a t i o n , 
is p o s s i b l e even wi th m a n y g r o u p s in the c a s e of a b a r e , h o m o g e n e o u s s y s 
t e m if it be a s s u m e d tha t e x t r a p o l a t i o n d i s t a n c e s a r e equa l in a l l g r o u p s . ( 5 ) 
By a s s u m i n g t h a t a l l g r o u p s s a t i s fy the equa t ion 

V20. + B^0 . = 0, 
.̂  J 

one m a y , by an i t e r a t i v e so lu t ion m e t h o d , d e t e r m i n e the g r o u p flux v a l u e s 
0 - , and the v a l u e of B for -which n e u t r o n p r o d u c t i o n e q u a l s n e u t r o n a b 
s o r p t i o n p lus l e a k a g e , i . e . , kg££ = 1. 

Tak ing a g r o u p a t a t i m e and a s s u m i n g an i n i t i a l g u e s s for B^, we 
find 

- D I B 2 0 I - 2^^ 01 + S i = 0, 



so tha t 

<̂ i = S i / ( 2 ^ ^ + DiB^); 

s i m i l a r l y , 

02 - S2/ (2a2 + D2B^); 

* j - S j / ( 2 3 ^ j + D j B ^ ) . 

The g r o u p s o u r c e s a r e g iven by 

J J - i j - i 

Sj - >̂ j Z (^^f)k '^k+ Z ^k->j 0k = ^j + Z ^k->J ^k' 

f r o m which 

k=l k=i k=i 

J 

Z (^%)j ^j J 

keff - ^ ^ Z ( ^ ^ f ) j ^ J 

Z ^ '"' 

T h e d e n o m i n a t o r is t h e i n i t i a l l y a s s u m e d f i s s i o n s o u r c e d i s t r i b u t i o n 
w h o s e va lue is t a k e n as un i ty : 

J 

A n o t h e r B v a l u e is t hen c h o s e n and the p r o c e d u r e r e p e a t e d un t i l kg££ is 
suf f ic ien t ly c l o s e to un i ty . The m a t e r i a l buck l ing , B , m a y then be r e l a t e d 
to the g e o m e t r i c a l buck l ing of a b a r e h o m o g e n e o u s s y s t e m hav ing e x t r a p 
o l a t e d d i m e n s i o n s . The r e l a t i v e m a g n i t u d e s of the f luxes in e a c h e n e r g y 
g r o u p a r e a l s o ob t a ined . 

In the m i d d l e of the c e n t r a l r e g i o n of a m u l t i r e g i o n r e a c t o r s y s t e m 
the s p e c t r u m shou ld be c l o s e to t ha t of the b a r e c o r e . 

As a s i m p l e e x a m p l e of the p r o c e d u r e and a l s o to ob ta in a feel for 
g r o u p c r o s s s e c t i o n s , c o n s i d e r the fol lowing t w o - g r o u p p a r a m e t e r s to 
app ly to the s i m p l e c o m p o s i t i o n : 10% U^^^ and 70% U " ^ . 



Assume atomic densi t ies 0.048 in units of 10 and microscopic 
c ro s s sections given in Table IV. The homogenized macroscop ic c r o s s 
sections a r e l is ted in Table V. If B^ is guessed to be 0,005 cm"^, the 
fluxes a r e calculated to be 0x = 5.0 7 and 0xi = 39.8. The kg££ value is 
1.005. F o r a value c lose r to unity, a s sume a some-what l a r g e r B^ value 
and repeat the p rocedure . 

Table IV 

TWO-GROUP FAST CROSS SECTIONS 
(IN BARNS) FOR U"^ AND U"^ 

G r o u p I 

1.35 M e V -* 10 M e V 
Xi = 0 . 5 7 4 

G r o u p II 

9 . 1 2 k e V -* 1.35 M e V 
X2 = 0 . 4 2 6 

r 

va£^ 

3 ^ t r i 

^ a i 

^ I - I I 

VOf^ 

^ ^ t r 2 

a2 

U " 5 

3 . 4 4 

14 

2 . 8 

1.4 

3 . 5 0 

18 

1.7 

U238 

1.48 

14 

2 .7 

2 .1 

0 

2 1 

0 .18 

Table V 

HOMOGENIZED TWO-GROUP 
FAST CROSS SECTIONS 

VZr 

3 2 t r i 

^ a i 

^ l - * 2 

G r o u p I ( c m ) 

0 . 0 6 6 2 

0 . 5 3 8 

0 . 1 0 4 

0 . 0 7 7 

G r o u p II ( c m ^) 

0 , 0 1 6 8 

0 . 7 9 2 

0 . 0 1 4 2 

0 



For the flux solutions in the var ious regions of a mult igroup-
mult i region case , i te ra t ive energy and spatial methods of solution a re 
used. (20) Assume a fission source distribution, S£( r ); and X iS£( r ) as 
the distr ibution in energy group j . Then, 

D i ( T ) V ' 0 i ( r ) - 2 ^ ^ ( 7 ) 0 1 ( ? ) + XiS?(?) = 0 

is solved for 0 i ( r ) . The approximate group-2 source , calculated by 

S2( r ) = 2 i _ 2 ( r ) 0 i ( r ) + X.sU^), 

is employed analogously to obtain 02( r ). Similar ly , the group-3 source 
approximation is 

S3 ( r )= 2 i - . 3 ( r ) 0 i ( r ) + 22^3(T) 02 ("?) + X3S°£(r), 

etc. 

By means of the calculated 0- ( r ), the derived fission source 
distr ibution 

J 
Sj(T)= X ^2£(7) .0 . (7) 

may be compared with the initial , or previous , i terat ion, S £ ( r ) . If 
S £ ( r ) = S£(r) the sys tem is c r i t i ca l . If 

S\{7)/Sj{7) = constant / 1, 

the problem is solved and the sys tem has kg££ = Sr{~r)/Sf{'r). For furth 
adjustment to obtain cr i t ica l i ty , changes in regional dimensions and/or 
compositions a r e requi red and the procedure is repeated. 



IV. DIFFERENCE EQUATIONS 

Numer ica l solutions of the mul t i reg ion-mul t ig roup equations by 
digital computers necess i t a t e t ransformat ion of the spat ia l ly dependent, 
coupled mult igroup differential equations to a sys tem of coupled differ
ence equations 

roup 
.(21^ 

For any energy group j of a given homogeneous region, the differ
ential equation is 

DjV^0j (7) - 2 a . 0 j ( r ) + Sj ( 7 ) = 0. 

In spher ica l geometry one obtains 

6^f.{r) 2 a / j ( - ) rSj(r) 
J LJ. + —J = 0, 

dr^ Dj D. 

where ^(r ) = 0 ( r ) / r . The equation of each group is of the form 

l ^ i i l l - /c2^(r) +rJ{T) = 0. 
dr^ 

Consider a spher ica l sys tem of two concentr ic regions . Define 

^n - ^(^n) a n d / n =<Z^(rn). 

where r̂ ^ is the value of r at the n ' th mesh point position, TQ being the 
center of the sys tem. Assume constant mesh separa t ion Aj and A2 in the 
respec t ive regions . 

A difference express ion for the Laplacian at a position rn within 
a region is 

d V ^ _1. 
J 2 ~ A dr 

^n+i - ^ n \ / ^n " V'n-i 
A / V A 

^n+i - ^K+ ^ n - i 

The quantity in the b racke t is seen to be just the difference in der ivat ives 
of Ip between the pa i r s of mesh points, v-^.i to rn and rn to r ^ . The dif
ference equation of a given group and region is then of the form 

^n+i - ('<: A' + 2)f^ + f^_^ + r^ A ^ n = 0. 

A mode of difference solutionv20j £or the spatial dependence, amen
able to hand calculation, may be i l lus t ra ted by consider ing a one-energy 



group , o n e - r e g i o n e x a m p l e wi th a g iven s p a t i a l l y app l i ed s o u r c e d i s t r i b u 
t ion . The p r e v i o u s d i f f e r e n c e equa t ion m a y be r e w r i t t e n in the f o r m 

^n+ i - k ^ n + fn-i + Tn = 0. 

Given the s o u r c e - d e p e n d e n t v a l u e s of Tn, wi th n = 0 , . . . ,N, the p r o b l e m is 
to d e t e r m i n e ^ n ^or n = 0, ,N. F u r t h e r s i m p l i f i c a t i o n of f o r m for c a l 
c u l a t i o n a l e a s e is p o s s i b l e . Let An be the so lu t ion of the h o m o g e n e o u s 
equa t ion 

^ n + i - k ^ n + ^ n - i = O' 

Then 

^ n C V ' n + i - k V ' n + ^ n - i + Tn) = 0 

and 

^ n ( A n + i - k A n + A ^ _ ^ ) = 0. 

The d i f f e r e n c e of t h e s e two e x p r e s s i o n s , 

( ^ n A n + i - A n ^ n + i ) + (A^_ ^ ^n - A n ^ n - i ) " ^ n T n = 0, 

m a y then be e x p r e s s e d a s 

l^n " ^ n - i ~ AnTn) 

w h e r e 

P n = A^+iV^n - An ^ n + r 

A s s u m i n g , then , a h o m o g e n e o u s s l a b , wi th z e r o - f l u x b o u n d a r y con 
d i t ions and a p p l i e d s p a t i a l s o u r c e d i s t r i b u t i o n , the p r o b l e m is to find ^ n 
sub j ec t to the cond i t i ons ^g ~ ff^ - 0-

Us ing the h o m o g e n e o u s equa t i on 

^ n + i = kAn - A^_^ 

wi th AQ = 0 by the b o u n d a r y cond i t ion and wi th Aj = 1 for e a s e , a s the 
v a l u e of l a t t e r quan t i t y d i v i d e s out in f ina l a n s w e r for i\j^, c a l c u l a t e ou t 
w a r d l y the An v a l u e s f r o m A2,- . .An. 

Next , u s i n g the equa t i on P n - ^ n - i ~ AnTn wi th cond i t ions PQ = 0 
by the b o u n d a r y condi t ion , ob ta in P i , . . . , P n by w o r k i n g ou tward . 



Finally, by employing the definition of Pn in the form 

Pn + ̂ n ^n+i 
^n = A -

n+i 

and applying the outer boundary condition '̂ p̂  = 0, work inward to obtain 

^ N - i ' ^ N - 2 ' - - - ' ^ 1 -

For the case of a one-group multiregion problem the analysis pro
ceeds similarly with, however, application of interface boundary conditions 
of continuity of flux and current. For cases of source distributions which 
are flux induced by, for example, the fission reaction, iterations of the 
spatial flux and source distributions are carried out until shape conver
gence is obtained. 

The difference-expression formula for the current requires some 
consideration. The difference expressions for Laplacian and gradient to
gether with the formula used in the volume integrations over mesh points 
must satisfy the divergence theorem: 

/ V-V0dV = / n • V'0dS. 
'̂ V -̂ s 

In this manner there is assured that for any volume region and energy group 

the neutron balance 

Jout = J in- ^a. J^dV + JsdY 

is satisfied. Naturally this, of course, does not mean that there are then 
no errors in the difference formulations, but only that the neutron balance 
is internally consistent. Having thus decided upon an expression for the 
Laplacian (V^0)n, at a mesh point, it may be easily shown by use of the 
divergence theorem that if, for example, the trapezoidal integration formula 

B B - i 

- fAA . y . . , £BA 

A-l-i 

fn(rn) drn = ^ + 2 . n̂A + 

is employed, the difference expression for the gradient at a mesh point 
must be 

, , ( *n+i-^n-i 



2 1 

for the c a s e of s l ab g e o m e t r y , w h e r e A is the m e s h point s e p a r a t i o n . F o r 
the c a s e of s p h e r i c a l g e o m e t r y the g r a d i e n t d i f f e r ence e x p r e s s i o n b e c o m e s 

d0 \ _ / ^n+i - ^n-M ^n 
d r L \ r n 2A / -̂ .2 

The l a t t e r f o r m m a y be s e e n d i r e c t l y by n e g l e c t of (A) t e r m s in the deve l 
o p m e n t g iven in Ref. 20. 
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°J' 

( l ' 2 f ) j , 

s 
^ty 

"'Vk-
^ m. , ' J^k 

V. G R O U P P A R A M E T E R S AND C R O S S - S E C T I O N DEFINITIONS 

In the d i s c u s s i o n s of the m u l t i g r o u p m e t h o d , no th ing h a s yet b e e n 
sa id about p r o c e d u r e s for e v a l u a t i o n of the m u l t i g r o u p c r o s s - s e c t i o n 
p a r a m e t e r s , i . e . , g iven the e n e r g y d e p e n d e n c e of the v a r i o u s m i c r o s c o p i c 
c r o s s - s e c t i o n i n t e r a c t i o n s , wha t i s a p o s s i b l e p r o c e d u r e for ob ta in ing the 
h o m o g e n i z e d ( m a c r o s c o p i c ) g r o u p c r o s s s e c t i o n for a g iven e n e r g y i n t e r v a l . 

P o s s i b l e h o m o g e n i z e d p a r a m e t e r s for a diffusion t h e o r y c a l c u l a 
t ion a r e 

g r o u p diffusion p a r a m e t e r 

e f fec t ive g r o u p v a l u e of v and the f i s s i o n c r o s s s e c t i o n s 

g r o u p c a p t u r e c r o s s s e c t i o n 

g r o u p f i s s i on c r o s s s e c t i o n 

e l a s t i c t r a n s f e r c r o s s s e c t i o n f r o m g r o u p j to k 

i n e l a s t i c t r a n s f e r c r o s s s e c t i o n f r o m g r o u p j to k. 

The g r o u p t o t a l c r o s s s e c t i o n , wh ich is no t g e n e r a l l y u s e d d i r e c t l y in dif
fusion t h e o r y c a l c u l a t i o n s , is 

^ t o t a l j = ^Cj + ^fj + ^ e l - + ^ i n - ' 

w h e r e 2gX- and 2 i n - i nc lude a l l e l a s t i c and i n e l a s t i c s c a t t e r i n g e v e n t s o c 
c u r r i n g in g r o u p j . The g r o u p s c a t t e r i n g c r o s s s e c t i o n s a r e r e l a t e d to the 
t r a n s f e r c r o s s s e c t i o n s by the e x p r e s s i o n s 

^e-^. - 2 „ i . . -H 2„i -I- 2„ i -t- e t c . 

and 

w h e r e the j - • j t e r m s r e p r e s e n t s c a t t e r i n g wh ich r e m a i n wi th in the e n e r g y 
i n t e r v a l of the g r o u p . 

A s s u m i n g t h a t a p r i o r i knowledge of 0 ( E ) wi th in an e n e r g y g r o u p 
i s known, then , for e x a m p l e , 
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Jupper 
2 c ( E ) 0 ( E ) d E 

J lower 
2^ = 

cj n E 
Jupper 

J lower 

>(E)dE 

w h e r e 

^c (E) = ^ N"^ a ^ ( E ) . 

^ ^ m a t e r i a l s 

H e r e N-"^ i s the a t o m i c d e n s i t y (uni ts of 10^^ a t o m s p e r cm^) of m a t e r i a l m 
p r e s e n t in the m i x t u r e , and CJC(E) i s the m i c r o s c o p i c c r o s s s ec t i on in 
b a r n s . The s u m m a t i o n p r o c e s s i s r e f e r r e d to a s h o m o g e n i z a t i o n . With 
such an a v e r a g i n g f o r m u l a , the a v e r a g i n g can a l s o p r e c e d e the h o m o g e n i z a 
t ion s u m m a t i o n . 

It is s e e n tha t 

2 = ^^°^^^ ^ > N"^ o^, 
Ci - Z-y ^j ' E- m 

Jupper 
0 ( E ) d E 

E . 
•^lower 

w h e r e 

' E ; 
u p p e r 

0 ( E ) a ^ ( E ) d E 

Jupper 

Lower 

C l e a r l y the m i c r o s c o p i c g r o u p c r o s s s e c t i o n s have g r e a t e r u s e f u l n e s s in 
t h a t for r e a c t o r s y s t e m s for which d i f f e r e n c e s in c o r r e s p o n d i n g i n t r a -
g r o u p s p e c t r a l w e i g h t i n g s a r e not i m p o r t a n t , they m a y be d i r e c t l y u s e d by 
s i m p l e h o m o g e n i z a t i o n : 
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2c. = Z N 
J m 

m ^m 

Analogous averaging formulas may be used for the quantit ies 

(vOf)., af., ag i . , Oi^., <^el.^^, '^in-_^-^^' "^total-

and o thers . 

The detailed formula for Oi^y^ or 2- j ^ for ei ther e last ic or in
elast ic c r o s s sections is of the form 

a j - k 

upper 

lower 

"'Jupper 
^ e l o r i n e l ( E - E ' ) 0 ( E ) d E 

E Jlower 

d E ' 

'J upper 
0 ( E ) dE 

Jlower 

The group diffusion constant 

E : 
Jupper 

Jlower 
j "" rE: 

0(E)D(E)dE 

Jupper 0(E) dE 

E J low e r 

r igorous ly cannot be analogously obtained by averaging before homogeniza
tion because 

D(E) = l /32transpor t (E)> 

where 

2 t r an spo r t (E) = Z N"" o,^{E). 
m 

In p rac t ice , however, the r ec ip roca l s of the individxial e lements a r e 
neve r the le s s often flux weighted with some assumed suitable in t ragroup 
spec t rum: 
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' ^ ^ " P P " " 0 ( E ) d E 

1 X ^J l ""^^"^^ 
i \ J lower „ m / /^ E-
t r / j / Jupper 

/ 0(E) dE 

J lower 

O t h e r m i c r o s c o p i c g r o u p t r a n s p o r t c r o s s s e c t i o n s of the e l e m e n t s ob ta ined 
by f o r m u l a s s u c h a s 

m 
°tr-

1 

a r e s u b s e q u e n t l y h o m o g e n i z e d : 

^tr- = Z N ^ a^., 
J m J 

to ob ta in the m a c r o s c o p i c g r o u p t r a n s p o r t c r o s s s ec t ion . The g r o u p diffu
s ion p a r a m e t e r of the m i x t u r e is then t a k e n to be Dj = 1/32^^,. for diffusion-
t h e o r y c a l c u l a t i o n s . E s t i m a t e s of e r r o r s and d i s c u s s i o n of the d i f f icu l t ies 
e n c o u n t e r e d in e v a l u a t i o n of a v e r a g e d diffusion c o n s t a n t s for g r o u p s a r e 
g iven by Z w e i f e l and B a l l . \ 2 2 j F u r t h e r d i s c u s s i o n of fas t m u l t i g r o u p de f i 
n i t i ons m a y be found in R e a c t o r P h y s i c s C o n s t a n t s . ( ° / D e t a i l s of p r e p a 
r a t i o n of a m u l t i g r o u p se t of c r o s s s e c t i o n s a r e g iven by Yiftah, O k r e n t , 
and M o l d a u e r . 

i t i g ] 
(23^ 

As w i l l be l a t e r d i s c u s s e d , the r e c i p r o c a l a v e r a g i n g of m i c r o s c o p i c 
t r a n s p o r t c r o s s s e c t i o n s wi th s u b s e q u e n t h o m o g e n i z a t i o n can be e s p e c i a l l y 
in e r r o r for c a s e s of m i x t u r e s of r e s o n a n c e s t r u c t u r e m a t e r i a l s . 

The flux a v e r a g i n g of c r o s s s e c t i o n s (or r e c i p r o c a l c r o s s s e c t i o n s 
for t r a n s p o r t p r o c e s s e s ) is u s u a l l y the a v e r a g i n g p r o c e d u r e e m p l o y e d to 
ob ta in the g r o u p c o n s t a n t s for m u l t i r e g i o n m u l t i g r o u p a n a l y s e s . It i s , how
e v e r , n e i t h e r the only we igh t ing p r o c e d u r e s u g g e s t e d n o r e m p l o y e d , and 
indeed in s o m e c a s e s , depend ing upon the r e a c t o r quan t i ty c a l c u l a t e d , it 
m a y not be the c o r r e c t we igh t i ng p r o c e d u r e . In s o m e c a s e s w e i g h t i n g s 
which c o n s i d e r a l s o the ad jo in t m a y be p r e f e r a b l e ( s e e , for e x a m p l e , 
R e f s . 24 and 25). 

A n o t h e r s o u r c e of e r r o r in the flux a v e r a g i n g of the r e c i p r o c a l 
t r a n s p o r t c r o s s s e c t i o n m a y a r i s e if flux, 0, and c u r r e n t , J, a r e not s p a c e 
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and e n e r g y s e p a r a b l e ( s e e , for e x a m p l e , Ref. 22). In t h i s c a s e , even though 
2 ^ J , ( E ) i s i n d e p e n d e n t of p o s i t i o n in s o m e r e g i o n , 2^.^.. in the r e g i o n m a y be 
d e p e n d e n t upon pos i t i on . T h i s fo l lows f r o m 

/ j ( 7 , E ) 2 ^ ^ ( 7 , E ) d E 

2 , , {7) = i i^i^pj 
/ j ( r , E ) d E 

" 'group j 

I . e . , 

2^j.. i s i n d e p e n d e n t of r only if 2^^. = 2 ^ ^ ( E ) and if j ( r , E ) - J^{r ) J^{E), 

/ J E ( E ) 2 t ^ ( E ) d E 

y _ ' ' g roup J 

/ J E ( E ) d E 

'^group j 

F r o m 0 ( E , r ) = 0 ^ ( r ) 0 £ ; ( E ) and P i c k ' s law it fo l lows tha t 

/ 0 E ( E ) d E 

2 . t r ; 
^group J 

j r 0 E ( E ) 

J . ^tr(E) 
•^group J 

d E 

A p r o b l e m wh ich f r e q u e n t l y a r i s e s in m u l t i g r o u p c a l c u l a t i o n s is 
t ha t of the r e d u c t i o n of a m a n y - g r o u p s e t to an e q u i v a l e n t f e w e r - g r o u p s e t . 
T h i s m a y be n e c e s s i t a t e d in o r d e r to r e d u c e c o m p u t a t i o n a l t i m e or to a l low 
u s e of m a c h i n e code p r o g r a m s w h i c h can e m p l o y a t m o s t a few g r o u p s . 
The l a t t e r f r e q u e n t l y a r i s e s in m u l t i d i m e n s i o n a l a n a l y s e s . T h i s r e d u c t i o n 
of g r o u p s i s c l e a r l y r e l a t e d to the p r o b l e m s , j u s t d i s c u s s e d , of the e v a l u a 
t ion of g r o u p p a r a m e t e r s . 

F o r the a n a l y t i c a l l y s i m p l e c a s e of the c a l c u l a t i o n of the m u l t i g r o u p 
f luxes and the m a t e r i a l b u c k l i n g of a b a r e h o m o g e n e o u s s y s t e m by diffusion 
t h e o r y , the r e q u i r e m e n t s on the r e d u c t i o n p r o c e d u r e s a r e tha t the m a t e r i a l 
b u c k l i n g s be u n c h a n g e d (or ke££ if a g e o m e t r i c a l buck l ing is a s s u m e d ) , t ha t 
the i nd iv idua l g r o u p f luxes of the r e d u c e d c a s e e q u a l the s u m of the e q u i v 
a l e n t g r o u p f luxes of the u n r e d u c e d c a s e , and t h a t the r e a c t i o n r a t e s be 
unchanged . It m a y be shown tha t flux we igh t ing s a t i s f i e s t h e s e r e q u i r e 
m e n t s . The r e d u c t i o n f o r m u l a e a r e a n a l o g o u s to the f l u x - w e i g h t e d g r o u p 
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e v a l u a t i o n s p r e v i o u s l y d i s c u s s e d . Let J be the g r o u p d e s i g n a t i o n of the 
r e d u c e d se t . Then , for e x a m p l e , the h o m o g e n i z e d c a p t u r e c r o s s s e c t i o n 
is g iven by 

2c 

Z •̂ 
• T J 

J m J 

2 

' 1 
j m J 

J 

w h e r e 0- a r e the c a l c u l a t e d fine g r o u p f luxes and "j in J " m e a n s fine 
g r o u p s c o m p r i s i n g a c o a r s e g r o u p J . The g r o u p t r a n s f e r c r o s s s e c t i o n s 
f r o m c o a r s e g r o u p J to c o a r s e g r o u p K a r e ob ta ined f r o m the f o r m u l a 

I I ^ i ^ k J J 

°J 

y _ j in J k in K 

j m J 

The c o a r s e - g r o u p diffusion c o n s t a n t i s ob ta ined f r o m the equa t ion 

j m J 

Z *j 
j in J 

If the t r a n s p o r t c r o s s s e c t i o n r a t h e r t han diffusion c o n s t a n t is r e q u i r e d a s 
a m a c h i n e p r o g r a m input, then 

^tr j = V3Dj . 

In the even t t ha t it is d e s i r e d to c a r r y out an a n a l y s i s in f e w - g r o u p 
s y s t e m s o t h e r t han tha t u s e d in the spec i f i c r e d u c t i o n weigh t ing , the r e d u c 
t ion of the m i c r o s c o p i c f i n e - g r o u p c r o s s s e c t i o n s to c o a r s e g r o u p s h a s 
p r a c t i c a l a d v a n t a g e s , a l t h o u g h if t he i n t r a c o a r s e - g r o u p s p e c t r a is too dif
f e r e n t t hen e r r o r s in c o a r s e - g r o u p f luxes and m a t e r i a l buck l ings (or kg££ 
va lues ) w i l l no t be n e g l i g i b l e . C l e a r l y , in add i t ion , r e d u c t i o n of the r e c i p r o 
c a l s of the g r o u p m i c r o s c o p i c t r a n s p o r t c r o s s s e c t i o n s of the fine g r o u p s 
b e f o r e h o m o g e n i z a t i o n c a n lead to e r r o r s in D j in ana logy to the p r e v i o u s 
d i s c u s s i o n . 

An e x a m p l e of a flux s p e c t r a l a v e r a g i n g and g r o u p - r e d u c t i o n code 
i s GAM-I . (26) 
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VI, TRANSPORT CROSS SECTION 

Previous ly we have cons idered the question of the homogenization 
of a mix ture of m a t e r i a l s . In pa r t i cu la r we d iscussed the difficulties of the 
homogenization of group mic roscop ic t r anspo r t c ro s s sect ions of e lements 
to obtain the group macroscop ic t r an spo r t of mix tu res . 

The definition of t r an spo r t c r o s s section is c losely re la ted both to 
the degree of accuracy des i r ed in the flux solutions and to the mode of solu
tion employed. These cons idera t ions a r e especial ly impor tant in fast s y s 
t ems because anisotropy of e las t ic sca t ter ing occurs a lso in the center of 
m a s s sys tem. F u r t h e r m o r e , because the dimensions of the sys tems a r e 
often such that a mean free path r e p r e s e n t s a significant dis tance re la t ive 
to the d imensions , t r an spo r t nnethods of solution a r e frequently necessa ry . 
In addition, because of the necess i ty for considering many neutron energy 
groups , the question of the effect of reduction of group widths upon the def
inition of the t r a n s p o r t c r o s s section becomes a considerat ion. 

The one-dimensional , monoenerget ic , s t eady-s ta te Boltzmann equa
tion with the sca t te r ing c r o s s section and flux expanded in Legendre poly
nomial s e r i e s is 

00 

M l ^ ' ^ + 2'total'^^''"^^ " ^ ^ - | ^ 2 S ^ P ( M ) 0 ^ ( X ) + S(x), 
£=0 

where jj. is the cosine of the angle between the x-d i rec t ion and the neutron 
flux direct ion, and S(x) r e p r e s e n t s an i so t ropic source distr ibut ion. Recal l 
that 

^s£ = / 2:g(^o)P^(Mo)d/io, 
- ' -1 

where 2g(fio) is the sca t t e r ing c r o s s section in the l abora to ry sys tem for 
an incident and sca t t e r ed neutron having direct ion cosine JUQ, and that the 
0^ (x) a r e re la ted to the 0(x,/i) by the re la t ion 

oo 

0(^'iLi) = Z . - ^ ^ *?,(^)Pi(^i)• 
/.=0 

Information on angular d is t r ibut ions has in mos t cases confirmed the 
compound-nucleus na tu re of ine las t ic sca t te r ing , i .e. , in the c e n t e r - o f - m a s s 
sys tem the neut rons a r e i so t ropica l ly sca t te red . The effect of angular d i s 
tr ibution in the l abora tory sys t em of inelas t ical ly sca t t e r ed neutrons can be 
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n e g l e c t e d , e x c e p t for v e r y l i gh t n u c l e i . F o r the e n e r g y r a n g e of f a s t n e u 
t r o n s i t i s i m p o r t a n t to c o n s i d e r bo th the e l a s t i c - s c a t t e r i n g a n i s o t r o p y in 
the c e n t e r - o f - m a s s and the a n i s o t r o p y due to t r a n s f o r m a t i o n f r o m the 
c e n t e r - o f - m a s s to the l a b o r a t o r y s y s t e m . T h u s , a l though 2 s can be c o n 
s i d e r e d r e p l a c e a b l e by {vZf + 2 i n + 2 s ) in p r a c t i c e 2 s and 2 i n a r e g e n e r 
a l ly t a k e n a s i s o t r o p i c , and only the a n i s o t r o p i c - c o n t a i n i n g e l a s t i c s c a t t e r i n g , 
2 g , n e e d be c o n s i d e r e d in the a r g u m e n t to follow. 

By c o n s i d e r a t i o n of t e r m s .£ :̂  1 in the flux and flux g r a d i e n t . 

0 (x) 3 
l (x ,^ ) = — \— 0i(x)Pi(fi) 

a n d 

^ 0 1 d0o(x) 3 d0 i (x ) 

the t r a n s p o r t e q u a t i o n b e c o m e s 

2 

d0o 
dx 

-F 
3 
2 

2 s 

d0i 

dx PI(M) + - ^ 00 + 4 ^tot ^iPi(^) 

2 
2 

0 + Y 2 s j P i ( / i ) 0 i , 

w h e r e S (x) i s a s s u m e d to be z e r o and w h e r e 

/

.-Fl 
/^•o2s(AXo)d^o = Mo 2g. 

- 1 

M u l t i p l i c a t i o n by PQ and i n t e g r a t i o n o v e r /i, and s u b s e q u e n t l y by P i and 
i n t e g r a t i o n o v e r [i, g ive the two c o u p l e d d i f f e r e n t i a l e q u a t i o n s of the P i 
a p p r o x i m a t i o n : ^2 7 j 

d 0 i 
dx ^ ' t o t ^0 - - s ^0 = 2 

a n d 

1 d0o 
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The a s s u m e d l i n e a r flux d e p e n d e n c e thus r e q u i r e l i n e a r s c a t t e r i n g i n f o r m a 
t ion. F u r t h e r m o r e , t he coup led s e t r e d u c e s d i r e c t l y to the f o r m of a coup led 
s e t for t h e c a s e of only i s o t r o p i c s c a t t e r i n g if in the l a t t e r se t : 

d 0 i 
-1- Z^.^^. 0n = 2 , 

and 

dx " "^tot ^0 - -So 

1 d0o 
3 - ^ + ^ t o t ^ i = 0-

t h e r e i s s u b s t i t u t e d 

^ t o t "* ^ t o t ~ ^ t o t " ^ s i - ^ t o t " ^0 ^ s 

and 

^so "^^so - ^so - ^ s i - ^ s - /̂ o ^ s . 

U s u a l l y 2^Q^ i s the def in i t ion of t r a n s p o r t c r o s s s e c t i o n u s e d in c o n 
s t r u c t i o n of m u l t i g r o u p p a r a m e t e r s . The l a t t e r ' s u b s t i t u t i o n s a r e r e f e r r e d 
to a s the " t r a n s p o r t a p p r o x i m a t i o n , " C l e a r l y i t c o n t a i n s suff ic ient a n i s o 
t r o p i c c r o s s - s e c t i o n i n f o r m a t i o n if f lux s o l u t i o n s up to an a c c u r a c y of two 
t e r m s in the flux and c u r r e n t L e g e n d r e e x p a n s i o n s a r e d e s i r e d . In add i t ion , 
a s i s w e l l - k n o w n , for the c a s e of m o n o e n e r g e t i c n e u t r o n s ( o n e - g r o u p se t ) 
the i s o t r o p i c s c a t t e r i n g P i e q u a t i o n s r e d u c e to the o n e - g r o u p diffusion 
e q u a t i o n s : 

1 d^0o ^ * 
, y ^ - - T + 2 t o t ^ ° - 2 s ^ ° = ° -
3 2 t o t ^^ 

M o r e e x p l i c i t l y , 

d '0o 
+ i^tnt - 2 J 00 = 0. 

3 [ 2 t o t - MoSg] dx2 ' *°^ " ^ 

A s f a s t r e a c t o r a n a l y s e s of ten r e q u i r e f lux s o l u t i o n s of h i g h e r o r d e r 
than the P i c o m p o n e n t , the q u e s t i o n a r i s e s a s to w h e t h e r the t r a n s p o r t a p 
p r o x i m a t i o n ( i . e . , P i in s c a t t e r i n g ) i s o r i s not in p r a c t i c e suf f ic ient ly a c 
c u r a t e a l s o if s o l u t i o n s h a v i n g h i g h e r m o m e n t s of f lux a n d c u r r e n t a r e 
d e s i r e d . (28j 
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F u r t h e r m o r e , the genera l need for multigroups introduces the ques
tion of the validity of the previous one-group definition of t ranspor t c ros s 
section. 

The corresponding mult igroup Pi flux and cur ren t equations obtain
able from a mult igroup form of the t r anspor t equation a r e 

d0j(x) 

dx 
all j ' 

and 

X d0°(x) 

^2totj^;w= Z ^sj.-.j^].w-
^ d^ • • a l l j ' 

The summation in the second equation is seen to include the anisotropic 
scat ter ing components t r ans f e r r ed from other groups. Use of these multi-
group equations for this reason is r e f e r r ed to as the consistent Pi 
approximation. (27,i0j 

The corresponding multigroup equations for the case of isotropic 
scat ter ing a r e 

d 0i(x) 

a l l j ' 

and 

1 ''*?''* 

The previous consis tent Pi mult igroup equations can thus be brought into 
the form of the above PQ equations only if in the summation on the right side 
of the second Pi equation the anisotropic scat ter ing t ransfer of other groups 
is considered negligible, i .e. , 2 ^ . , . = 0 except for 2 ^ . .. Then the form of 

the isotropic equations a r e obtained by the t r anspor t approximation 
redefinitions: 

2t*otj = ^totj - Mo. 2s. 

and 
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2 * S j - j ' ^ ^ s j . - * j - ^ o . 2 s j &y,y 

In addition, the re is then direct ly obtainable the mult igroup diffusion equa
tions of the form 

a2 j,0 

J7J ^totj ^o.-sj-

The corresponding spher ica l geometry form of the naultigroup con
sistent Pi equations a r e given in Ref. 28. 

Thus, t r anspor t - t heo ry codes which as sume only isotropic scat ter ing 
can be direct ly used, by use of the t r anspor t approximation, to solve the one-
group Pi equations which give sca la r fluxes identical to diffusion theory if the 
t r anspor t approximation is also used in the diffusion theory solution. If only 
up to l inear scat ter ing is important , then one-group t r anspor t - theory codes 
which assume isot ropic scat ter ing can also be used to obtain h ighe r -o rde r 
flux and cur ren t components than Pi . 

If mult igroup t r anspor t - theo ry codes a re used and isotropic s ca t t e r 
ing is assumed, the corresponding comments apply only if in addition the Pi 
scat ter ing anisotropy into other groups is neglected. 

If in an energy-dependent (multigroup) case the energy loss per col
lision is large and /o r if the group in tervals a r e small , then the anisotropic 
scat ter ing into other groups cannot necessa r i ly be a p r io r i neglected. It 
may be noted that in some recent mult igroup reac to r codes (Elmoe(30j ^nd 
Gamv26j) containing a very la rge number of very smal l energy intervals that 
the anisotropic scat ter ing into other groups is considered. These codes at 
the p resen t a r e , however, used p r imar i l y to obtain fine, detailed flux spect ra 
for cases of spatially independent spec t ra cases for subsequent use in calcu
lation of fewer-group c ross section sets for spatially dependent cases . 

Pendlebury and UnderhillV^o.) have empir ical ly looked into the ques
tion of the adequacy of using ei ther lower -o rde r sca t te r ing-aniso t ropy infor
mation or the t r anspor t approximation in t r anspor t calculations for h igher-
order flux solutions. For a s e r i e s of fast reac tor calculations with scat ter ing 
anisotropy to lower groups neglected, they find that it is not necessa ry to 
use i > 5 in scat ter ing information, and that ei ther -̂  = 1 or the t r anspor t 
approximation often give resu l t s of acceptable accuracy. For example, in 
calculation of Godiva (the Los Alamos ba re U^̂ ^ spher ica l cr i t ical) the p e r 
cent difference in use of the t r anspor t approximation re la t ive to Jl = 5 sca t 
ter ing information is of the o rder of •|-% in radius with ei ther an S4 or Sg flux 
solution by the SNG method. (S4 and Sg a r e different o r d e r s of flux approxi
mations as obtained by the SNG t ranspor t method of solution; this will be d i s 
cussed in a subsequent section.) 
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On the other hand, Joanou and Kazi,^ " ' have repor ted that, although 
e r r o r s in use of t r anspo r t approximations a r e smal l for the ba re sphere , 
such e r r o r s a r e m o r e appreciable for the reflected sys tems reported. In 
some cases the differences between t r anspor t approximations and more ex
act methods were quite significant. 

A definition of the group t r anspo r t c ros s section often used in t r a n s 
port approximation with diffusion theory and with higher flux component cal
culations by t r anspo r t codes is 

^ - j ^J ^J -f- a e l •J-k 
j / k 

+ a. ̂^j k 
j / k 

- e l j . j ( l - M e l j ) + -inj^j (1 - Minj). 

where the jJ a r e the average cosine of the scat ter ing distribution in the 
labora tory sys tem. As the fast r e a c t o r ma te r i a l s a r e general ly not ve ry 
light e lements , the inelast ic sca t ter ing is generally taken to be isotropic 
in the labora tory system. Because the elast ic scat tering can be anisotropic 
in the c e n t e r - o f - m a s s sys tem at fast r eac to r energies , the sca t te r ing-
anisotropy constant JIQI is retained. Then, 

^trj ^J -inj + -el j Melj ^el 
•J 

(23) 
which is equivalent to the definition used by Yiftah et al, ,^''"''' in their analysis 
of a fast r eac to r c r o s s - s e c t i o n set. The importance of e las t i c - sca t te r ing 
anisotropy in other than very light e lements can be seen in Table VI by com
par isons of the values of 2/3A, for the case of isotropic center of mass scatter
ing, with evaluated / lva lues at 0.5 MeV in the laboratory system. 

Table VI 

ELASTIC-SCATTERING ANISOTROPIES IN 
THE LABORATORY SYSTEM COMPARED 

WITH VALUES OF 2/3A 

(/I at 0. 5 MeV from Ref. 28) 

Mater ia l 

2 /3 A 

U 

0.0028 

0.315 

F e 

0.012 

0 201 

C 

0.056 

0.056 

The large dependence of jj. upon neutron energy is evident when one considers 
that in going from E = 0.5 MeV to 2.0 MeV to 4.0 MeV in the case of carbon 
that JI goes from 0.056 to 0.200 to 0.032 (p values from Ref. 28). 



34 

VII. T R A N S P O R T SOLUTIONS BY D I S C R E T E ORDINATE METHODS 

L a r g e d i g i t a l c o m p u t e r s h a v e i n c r e a s e d t h e a p p l i c a t i o n of d i s c r e t e 
o r d i n a t e nnethods of so lu t ion of the t r a n s p o r t equa t ion . F a m i l i a r i t y wi th the 
m e t h o d of s p h e r i c a l h a r m o n i c s ( 2 7 ) i s a s s u m e d so t h a t c o r r e s p o n d e n c e of 
the two t y p e s of s o l u t i o n s c a n be m a d e . 

T h e two a s p e c t s of p a r t i c u l a r i n t e r e s t and bo th b a s i c in so lu t ion by 
d i s c r e t e o r d i n a t e m e t h o d s a r e : 

(1) d e t e r m i n a t i o n of the a n g u l a r d i s t r i b u t i o n of the flux by so lu t ion 
of the t r a n s p o r t e q u a t i o n for v a r i o u s p a r t i c u l a r d i r e c t i o n s ; 

(2) i n t e g r a t i o n of the a n g u l a r flux, to ob ta in the s c a l a r f lux, by a 
m e t h o d of n u m e r i c a l q u a d r a t u r e w h e r e i n a w e i g h t e d s u m m a t i o n r e p l a c e s 
the i n t e g r a t i o n . 

T h e s l a b - g e o m e t r y , o n e - d i m e n s i o n a l , m o n o e n e r g e t i c , t r a n s p o r t 
e q u a t i o n wi th i s o t r o p i c s c a t t e r i n g and i s o t r o p i c s o u r c e s i s 

-fi 
[J. - ^ (x, /i) -I- 2 0 (x,/i ) = 2 g -r- / 0 (x, /i)dfi + S (x) 

The " d i s c r e t e d i r e c t i o n " m e t h o d s s t e m f r o m the W i c k - C h a n d r a s e k h a r 
(Z method^ 

the f o r m 

(27) method^ ' in w h i c h the s e t of k e q u a t i o n s for d i s c r e t e d i r e c t i o n s , /i]^, of 

I Mk"^(^ 'Mk) + ^*(^'Mk) = ^s ^ %'^(^'Mk^ 
a l l k 

r e p l a c e s the p r e v i o u s e q u a t i o n and w h e r e the o r i g i n a l a n g u l a r i n t e g r a l of 
the t r a n s p o r t e q u a t i o n 

/ 0 (x , / i ) d / i = y Rx^0(x,/ ik), 
J.I k 

w h e r e i n the q u a d r a t u r e p a r a m e t e r s Rk and jdy^ a r e t h o s e of the G a u s s i a n 
q u a d r a t u r e f o r m u l a . R e c a l l t h a t t he l a t t e r m e a n s t h a t the jUĵ  a r e (L-F 1) 
in n u m b e r and a r e t h e r o o t s of the P L - F I (/i) = 0 in the L ' t h a p p r o x i m a t i o n . 
The w e i g h t s R]^ a r e a l s o (L-f 1) in n u m b e r and m a y b e o b t a i n e d f r o m so lu t ion 
of the (L-f 1) l i n e a r e q u a t i o n s ( 3 1 ) 
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n = 0: 2 = Ri -f R2 + . . . . -f RL-fi; 

n = 1: 0 = Ri / i i + R2/i2 + . . .; 

n: 
( -1) 

n-f i l 

n + 1 n + 1 RiMi" + R2M? + 

For example, if the L = 1 p a r a m e t e r s a r e des i red , thenP2(ju) = 0 for 
/ii = -f0.577 and /i2 = -0.577, and the weights follow from simultaneous 
solution of the pair 

2 = Ri -f R2; 

0 = 0.577 Ri -0.577 R2, 

from which Ri = R2 = 1. 

For the case L = 7, the re a r e four positive and four negative di
rec t ions , and eight weights. The p a r a m e t e r s a r e approximately(31 j 

MX̂I = 0.960, 0.797, 0.526, and 0.183, 

with 

R]^ = 0.101, 0.222, 0.314 and 0.363, 

respect ive ly . 

The sca la r flux in the slab obtainable by the Wick-Chandrasekhar 
method with Gauss ian quadra ture weights and direct ions can be shown to be 
identical with that obtainable by use of the spher ica l harmonics solution of 
o rde r P-j_̂ . (32j Xn a s imi l a r manner , the use of double Gaussian quadra ture 
in the in te rva ls /i = 0 to 1 and 1-1= -1 to 0 is the analog of the double spher 
ical ha rmon ics method of Yvon. (27j xt is especial ly useful in cases of angu
lar flux discontinuity at /i= 0, as is frequently encountered in s lab-
geometry ce l l s . For compar i son the 8-angle double Gaussian quadratue 
p a r a m e t e r s a r e approximately^33j 

Mk 0.931, 0.670, 0.330, and 0.0694 

with 

Rj^ = 0.174, 0.326, 0.326 and 0.174, 

respect ive ly . This co r re sponds to a Yvon double P3. 
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Many quadra ture fornaulas exist . In the Westinghouse "RANCH" 
code, ' ' for example, one may ei ther use the internal ly available double 
Gauss p a r a m e t e r s up to 12 angles or supply any other quadra ture p a r a m 
e t e r s as input. RANCH is a one-energy group IBM-704 t r anspor t code in 
slab geometry using a d i sc re t e method. 

The one-dimensional mult igroup t r anspor t codes which have been 
much used a r e the Los Alamos S N G ( 3 5 ) and D S N ( 3 6 ) codes. They enable 
t r an spo r t solutions of var ious approximat ions for sphere , slab, and infinite-
cylinder geomet r i e s . The SNG code preceded the DSN (Discrete SN) code. 
Neither code i s , however, s t r ic t ly a d i sc re t e ordinate solution in the sense 
of the Wick equation. Both util ize the technique of dividing the /i space into 
finite d i rec t ions having definite weights. The manner of a r r iv ing at the 
quadra ture formulae differ, and the handling of the di rec t ions in the t r a n s 
port equation differ. In this r ega rd the DSN code is c loser to the d i sc re te 
ordinate method. 

The SNG method divides jd = -1 to -fl into equal A jU in te rva ls . The 
approximation S5 has 6 divisions and 7 d i rec t ions . The angular flux d i s t r i 
bution between these di rect ions is genera l ly assumed l inear in [i . Two of 
the d i rec t ions a r e always jd = +1 and -1 and, general ly , fi = 0 is a lso a 
direct ion. 

Consider the one-dimensional spher ica l case . The angular flux 
0 ( r , ju) between jJ. j-i and /ij is then 

'(r-iu) 
M-M J- i 

^J ^ J - i J 
0(r ,Mj) + ( r , M j . i ) 

n 
[(M - l^-i) 0 ( r , / i j ) + ( M J - M ) 0 ( I - , M J - I ) ] 

w h e r e n i s the n u m b e r of e q u a l A/i i n t e r v a l s in r e g i o n -1 — jd :̂  -f 1. The 
i n t e g r a l for the t o t a l flux i s then 

.-f 1 n /̂  Mj 

3 > ( r ) = Y ' 0 ( r . M ) d M = Y y / f y ) [ ( M - M j .1) 0 ( r , Mj) + ( M J - M )0(r> Mj.i)]dM 

1 v^' 1 1 
— 0 ( r , / i o ) + 2^ -(p{T,jij) + — (Pir,fd.^). 
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T h u s the a s s u m p t i o n of e q u a l i n t e r v a l s and l i n e a r i t y wi th in i n t e r v a l s l ead 
to a q u a d r a t u r e f o r m u l a hav ing e q u a l w e i g h t e d i n t e r v a l d i r e c t i o n s and 
h a l f - w e i g h t e d end p o i n t s . 

The g r o u p s p a t i a l d i f f e r e n t i a l equa t i on is w r i t t e n a s 

w h e r e it is u n d e r s t o o d tha t S-(r) i n c l u d e s a l s o the s c a t t e r i n g s o u r c e s wi th in 
g r o u p j and t r a n s f e r r e d into g r o u p j . I n s e r t i o n of the l i n e a r i t y flux func
t ion b e t w e e n iLt-_, and / i ; and i n t e g r a t i o n out of the jd d e p e n d e n c e by i n t e 
g r a t i o n f r o m jd-^ to jd\ g ive a s e t of n n o n p a r t i a l d i f f e r en t i a l equa t i ons 
for e a c h g r o u p . The l a t t e r e q u a t i o n s a r e coupled by the d i r e c t i o n s ^i^ ^ 
and jl-. T h u s , for one of the g r o u p s , 

w h e r e the c o n s t a n t s a r e func t ions only of the /Sjd i n t e r v a l e n d p o i n t s . 
r+i 

(The f ac to r 2 r e s u l t s f r o m I djd = 2). 

The n-f 1 d i r e c t i o n is t h a t c o r r e s p o n d i n g to jd = - 1 , and the so lu t ion 
i s o b t a i n e d d i r e c t l y f r o m the t r a n s p o r t equa t i on 

( . ^ + 2 ) 0 ( r , - l ) = S(r) 

for e a c h g r o u p . T h u s , in the n - a p p r o x i m a t i o n t h e r e a r e n -f 1 a n g u l a r flux 
d i r e c t i o n s ob t a ined . 

It i s ev iden t t ha t b e c a u s e of the a s s u m p t i o n of l i n e a r i t y b e t w e e n t h e s e 
d i r e c t i o n s , in the c a s e of p r o b l e m s hav ing so lu t ions wi th c o m p l e t e l i n e a r i t y 
in the i n t e r v a l - 1 to +1 then the s a m e s c a l a r flux as g iven by diffusion t h e o r y 
is o b t a i n e d . T h u s , for p r o b l e m s in wh ich diffusion t h e o r y g ives a c c u r a t e 
s c a l a r flux s o l u t i o n s , t he SNG m e t h o d g i v e s i d e n t i c a l r e s u l t s in S2 and a l l 
h i g h e r a p p r o x i m a t i o n s . 

Though not shown h e r e , in the SNG m e t h o d the equa t ions of n e u t r o n 
b a l a n c e a r e c o n s e r v e d . ^ '' 

C o m p a r i s o n s of c r i t i c a l c o r e r a d i u s c a l c u l a t i o n s by the t r a n s p o r t 
a p p r o x i m a t i o n wi th S4 and di f fus ion t h e o r y have b e e n repor ted^- ' / for a 
s e r i e s of fas t s y s t e m s . The m u l t i g r o u p a n a l y s e s a r e r e p r o d u c e d in F i g . 9-
It i s no t ed tha t diffusion t h e o r y , b e c a u s e of g r e a t e r c a l c u l a t e d l e a k a g e , l ead 
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to l a r g e r r a d i i for c r i t i c a l i t y r e l a t i v e to S4. It should be r e m e m b e r e d tha t 
e r r o r s in r a d i i m u s t be m u l t i p l i e d by f ac to r t h r e e to e s t i m a t e c r i t i c a l m a s s 
e r r o r s and t h a t v a r i a t i o n s f r o m the c u r v e can o c c u r depend ing upon the 
c o m p o s i t i o n and c o n f i g u r a t i o n of a c r i t i c a l s y s t e m . It m a y be p o s s i b l e in 
s o m e i n s t a n c e s tha t diffusion t h e o r y m a y lead to s m a l l e r c o r e s i z e s if, for 
e x a m p l e , a r e f l e c t o r s ign i f i can t ly m o d i f i e s the s p e c t r u m t o w a r d l a r g e r 
r e a c t i v i t i e s . 

^ 1.2 
F i g . 9 

Ra t io of C r i t i c a l R a d i i (Diffusion 
T h e o r y to S4 Method) as a F u n c 
t ion of C r i t i c a l R a d i u s by S4 
Method ( f rom Ref. 5) 

20 W 60 

CRITICAL RADIUS (S^ METHOD), cm 

A c o m p a r i s o n of v a r i o u s o r d e r s of SNG a p p r o x i m a t i o n s have been 
r e p o r t e d w o ; £QJ. ĝ  so l id p lu ton ium s p h e r e a s s e m b l y . The p e r c e n t e r r o r in 
c r i t i c a l r a d i u s i s shown in F i g . 10. It is no ted tha t wi th h i g h e r SNG a p 
p r o x i m a t i o n s the c a l c u l a t e d c r i t i c a l m a s s e s i n c r e a s e . Yiftah et a l . , have 
c a l c u l a t e d the Los A l a m o s P o p s y a s s e m b l y with bo th S4 and Sg. P o p s y i s 
e s s e n t i a l l y a 4 . 5 - c m - r a d i u s p lu ton ium c o r e wi th 9 .5 - in . n a t u r a l u r a n i u m 
r e f l e c t o r . The a p p r o x i m a t i o n S4 gave 5.03 kg for the c r i t i c a l m a s s w h e r e a s 
Sg gave 5.18 kg. In o the r w o r d s S4 gave a m a s s s m a l l e r by about 3%, which 
i n d i c a t e s a r a d i u s s m a l l e r by about 1%. F o r connpar i son , h o w e v e r , the e x 
p e r i m e n t a l m a s s is about 5.78 kg. 

F i g . 10 

R e l a t i v e P e r c e n t E r r o r in C r i t i c a l 
R a d i u s a s a F u n c t i o n of SNG Option 
( f rom Ref. 38) 

.^ 

- 3 — 

-2 

S^ OPTION 



VIII. D I S C R E T E Sj^ (DSN) METHOD 

The q u e s t i o n m i g h t be r a i s e d a s to why have the DSN m e t h o d when 
so m u c h of wha t i s d e s i r e d is a p p a r e n t l y fulf i l led by the SNG m e t h o d . 

T h e SNG m e t h o d w a s b e l i e v e d to be somew^hat s t r i c t in i t s i n i t i a l 
a s s u m p t i o n of l i n e a r i t y . A r e a s o n t h e n was to s e e if a m e t h o d b a s e d on 
m o r e g e n e r a l and l e s s s t r i n g e n t i n i t i a l a s s u m p t i o n s would l ead to a s i m p l e 
and m o r e f lexib le m e t h o d of s o l u t i o n . F u r t h e r m o r e , s o m e p r a c t i c a l dif
f i cu l t i e s h a v e a l s o b e e n o b s e r v e d -with the SNG; for e x a m p l e , the flux 
s o l u t i o n s for t h i n - s l a b c e l l s h a v e in s o m e i n s t a n c e s been u n s y m m e t r i c a l . 
In add i t i on , the p r e s e n c e of the d i r e c t i o n jd = 0 m a y give r i s e to c o n v e r 
g e n c e d i f f icu l t i es i n c a s e s of i m p o r t a n t t a n g e n t i a l f l u x - d i s c o n t i n u i t y e f f ec t s . 

It m igh t a l s o be a s k e d : why not j u s t u s e the Wick m e t h o d p r e v i o u s l y 
r e f e r r e d t o ? It -was qu i t e g e n e r a l and need not n e c e s s a r i l y be r e s t r i c t e d 
to G a u s s i a n q u a d r a t u r e . T h e r e a s o n is l a r g e l y the diff iculty in p r a c t i c e 
for the c a s e s of n o n - s l a b g e o m e t r i e s a s , for e x a m p l e , s p h e r i c a l , t o h a n d l e 
a c c u r a t e l y by d i f f e r e n c e m e t h o d s the t e r m 

1 - M^ ^ 0 / ,,N 
3 — ( r , / i ) 

r djd 

by m e a n s of the 0k(r ,Mk) °^ ^^^ Wick m e t h o d . The SNG m e t h o d c i r c u m 
v e n t s t h i s diff icul ty by t h e i n t e g r a t i o n o v e r the A/i ^ i n t e r v a l s a s s u m i n g 
l i n e a r i t y in jd and s u b s e q u e n t l y o p e r a t i n g wi th the a n g u l a r f luxes at the 
end po in t s of the AjU] .̂ 

T h e fol lowing d e v e l o p m e n t a r g u m e n t of the DSN m e t h o d follows 
e s s e n t i a l l y tha t g iven by C a r l s o n and Bel l . (37) 

In the DSN m e t h o d an a s s u m e d f o r m , 

( a k | ; + 7 ^ + 2 ) 0 ( r , f i i , ) + ( a k | ^ - ^ + 2 ) 0 ( r , M k . i ) = 2S(r ) , 

s i m i l a r to tha t ob ta ined in the SNG m e t h o d , is t a k e n . The p a r a m e t e r s 
^ k ' ^ k ' and aj^ a r e not de f ined . The equa t ion is t r a n s f o r m e d into a f o r m 
hav ing a s m a l l e r n u m b e r of p a r a m e t e r s . The fijc and Mk-i a g a i n signify 
a p r i o r i c h o s e n end po in t s of c h o s e n A/i]^ i n t e r v a l s . In add i t i on , v a l u e s 
of jd-y^ a r e a l s o a p r i o r i c h o s e n , s u c h tha t 

Mk_i ^ /^k ^ Mk-

T h e p r e v i o u s equa t ion m a y be r e - w r i t t e n as 
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d0 / , _ d0 , ^ 
a k - ^ ( i - ' / ^ k ) + ^ k 7 7 (i-.Mk-i) 

bk 
0(r,Mk) + '^(r.Mk-i) 

+ 2 0(r,Mk) + 0(r,Mk-i) - 2 — 0(r,/ik_i) = 2S(r) 

by addition and subtract ion of b k / r on the left s ide . The argument is that 
more genera l ly the equation may take the form 

d0 -^k _ -^k 
A k - ^ (r,Mk) + - 7 - * ( ^ . ^ k ) + 2*(r'^^k) - ~ < ^ ( ^ > ^ k - i ) = ^ (^) ' 

where Ak = Mk- Mk ^̂  ^^^ chosen d i sc re te direct ion between /-tk-i and 
jLik, and Bk is obtained by imposing the proper ty of neutron conservat ion. 
Neutron conservat ion requ i res that for each energy group the equation 

. ^ + - ^ ) j ( r ) -f 20(r) = S(r) 
dr r 

holds, -where the group cu r ren t is given by 

J( r ) - (A/i)kMk <^(r,Mk) 
k - i 

and the sca le r flux is given by 

n 

0(r) = Y Z (̂ )̂k *(r.^k)-k = i 

In this manner it -was determined that 

B i 
n 

^k -7= 
(f^k - Mk-i) 1^1 2 Z f( '̂')k^k 

The Mk a r e the chosen k' th d i sc re te d i rec t ions , and the (Aju)k is the quad
ra tu re weight chosen for the k'th ordinate . 

To s t a r t the angular i te ra t ive p rocess for a group 0(r , / ik- i ) for 
k = 1, i ,e . , 0(r,/io) = 0(r , - l ) , is obtained from the original group t r a n s 
port equation with ji = - 1 : 

— (r, -1) + 20 ( r , -1) = S(r), 



F r o m 0 ( r , - l ) i s t hen ob t a ined 0 ( r , jdi) by m e a n s of the DSN equa t ion . A 
l i n e a r e x t r a p o l a t i o n , 

( ^ k - ^k-i) + Hr,W^_,), 

is t h e n u s e d to ob t a in the s p a t i a l d i s t r i b u t i o n of the a n g u l a r flux a t the 
r i g h t end point of the (A/i)i a n g u l a r i n t e r v a l for s u b s e q u e n t u s e in the DSN 
f o r m u l a , e t c . 

A l though the m e t h o d m a y u s e any q u a d r a t u r e f o r m u l a , f r o m the 
poin t of v iew of n e u t r o n m i g r a t i o n it is sa t i s fy ing if the g r o u p s c a l a r 
f luxes ob ta ined by a l l o r d e r s of a p p r o x i m a t i o n of the DSN m e t h o d r e s u l t 
in the s a m e f luxes as g iven by diffusion t h e o r y for p r o b l e m s in which 
diffusion t h e o r y is a d e q u a t e . R e c a l l t h a t SNG s a t i s f i e d t h i s r e q u i r e m e n t 
a u t o m a t i c a l l y t h r o u g h c h o i c e of l i n e a r i t y of a n g u l a r flux b e t w e e n i n t e r v a l 
e n d p o i n t s . C o n s i d e r i n g tha t -with l i n e a r i t y of a n g u l a r flux, a s r e q u i r e d by 
diffusion t h e o r y , 0(i^) — fi, then the c u r r e n t is 

/i^ dfi = J, 

-which p l a c e s a r e q u i r e m e n t on i n i t i a l c h o i c e of q u a d r a t u r e s o r an a d 
j u s t m e n t of q u a d r a t u r e p a r a m e t e r s in DSN so tha t a n a l o g o u s l y 

T Z (A/i)k(Mk)' = 7 -
k=i 

In the DSN c o d e s as often u s e d the (A/i)k i n t e r v a l s (weights) a r e 
c h o s e n equa l and even in n u m b e r . The jd-^ ( d i s c r e t e d i r e c t i o n s ) a r e c h o s e n 
a p p r o x i m a t e l y to be a t t he m i d p o i n t s of the (A jLi)k. T h e y dev i a t e f r o m the exac t 
m i d p o i n t s by s o m e s m a l l c o m m o n f a c t o r which is a n a l y t i c a l l y d e t e r m i n e d 
so a s to i n s u r e the p r e v i o u s d e s i r a b l e c o r r e s p o n d e n c e with diffusion t h e o r y . 
F o r e x a m p l e , for the S4 s p h e r e c a s e , t h e P k va lues (39 ) a r e -0 .7745966 , 
- 0 . 2 5 8 1 9 8 9 , -fO.2581989, and -fO.7745966, which a r e s e e n to differ f r o m the 
e x a c t m i d p o i n t v a l u e s - 0 . 7 5 , - 0 . 2 5 , -fO.25, and -fO.75 by a f ac to r - 1 . 0 3 2 8 . 

A n o t h e r m o d i f i c a t i o n to i n s u r e the 1/3 c u r r e n t f ac to r h a s b e e n the 
u s e of a c o n s t a n t s m a l l i n c r e m e n t a l shift in the midpo in t p o s i t i o n s .w7 j 

' ( r , fik) 
0 ( r ,Mk) - 0 ( r , M k - i ) 

/^k - ^ k - i 

- i / 

It is i n f o r m a t i v e to b r i e f l y l i s t h e r e s o m e of the u s u a l p r o b l e m 
t y p e s so lved by the DSN m e t h o d . As n o r m a l l y coded , it is a p p l i c a b l e to 



n = 2 , 4 , 6 , 8 , or l 6 - o r d e r approximations in plane, infinite cylinder, and 
spher ica l geome t r i e s . Adjoint solutions a r e also obtainable. 

1. Obtain kg£f, given dimensions and composi t ions . 

2. Obtain concentrat ions of specified ma te r i a l s for cr i t ica l i ty , 
given dimensions and composi t ions . 

3. Obtain dimensions of par t i cu la r regions for cr i t ica l i ty , given 
dimensions and composi t ions . 

4. Obtain the exponential ra te (a,) on the assumpt ion that the flux 
is separable -with r e spec t to t ime , -with t ime variat ion exp {at). 

Among options, var ious boundary conditions may be imposed at the 
cen t ra l and outer boundar ies . Outer boundary condition options a r e zero 
inward flo-w, perfect reflection, and slab per iodici ty . Fo r slabs there a r e 
on the inner (left) boundary in addition to perfect reflection also the f ree -
boundary and per iodic-boundary condit ions. "Periodic boundary" denotes 
the condition -where the angular dis t r ibut ion at one slab boundary equals 
the angular distr ibution at the other slab boundary as requ i red in some 
s lab-ce l l calculat ions . 

A 2-dimensional DSN p r o g r a m is TDC for R-Z geomet ry 
calcula t ions . (3 6,3 7) 



IX. B N M E T H O D AND A S Y M P T O T I C DIFFUSION THEORY 

D u r i n g d i s c u s s i o n of m u l t i g r o u p diffusion t h e o r y it -was noted tha t 
in the event t ha t t h e s y s t e m is b a r e and h o m o g e n e o u s , a n a l y s i s of m a 
t e r i a l buck l ing and flux cou ld be r a t h e r s i m p l y c a r r i e d out even by hand . 
F u r t h e r m o r e , a s d i s c u s s e d , t he t r a n s p o r t a p p r o x i m a t i o n c a n be u s e d in 
c a s e of l i n e a r s c a t t e r i n g , s u b j e c t , of c o u r s e , to the a s s u m p t i o n tha t 
a n i s o t r o p i c s c a t t e r i n g into o t h e r g r o u p s c a n be n e g l e c t e d . In both the 
P i a p p r o x i m a t i o n and in the c o r r e s p o n d i n g d i f f u s i o n - t h e o r y s o l u t i o n s , 
only a n g u l a r flux d i s t r i b u t i o n s up to l i n e a r a n i s o t r o p y a r e a c c o u n t e d fo r . 
S i t ua t i ons a r i s e , ho-wever, in wh ich flux a n i s o t r o p y h i g h e r t han l i n e a r 
m u s t be c o n s i d e r e d even though the a s s u m p t i o n of l i n e a r s c a t t e r i n g m a y 
be su f f i c ien t . T h e s e c o n s i d e r a t i o n s l e a d to the s o - c a l l e d c o n s i s t e n t Bi 
and Bi a p p r o x i m a t i o n s ( 4 0 ) in ana logy -with the c o n s i s t e n t P i and P i a p p r o x 
i m a t i o n s . C o r r e s p o n d i n g to the a n a l y s i s of fundamen ta l ( n o r m a l ) m o d e 
diffusion t h e o r y t h e r e is o b t a i n e d an a n a l y s i s by f u n d a m e n t a l m o d e a s 
y m p t o t i c diffusion t h e o r y . ( 5 , 3 0 ) The l a t t e r i s a so lu t ion which con t a in s a l l 
o r d e r s of flux a n i s o t r o p y in the so lu t i on of the s c a l a r flux. I m p o r t a n t for 
fas t r e a c t o r m u l t i g r o u p a n a l y s e s is t ha t t he g r o u p s c a l a r f luxes and m a 
t e r i a l buck l i ngs m a y be m o r e a c c u r a t e l y ob ta ined for the c e n t r a l r e g i o n s , 
a s s u m i n g of c o u r s e tha t the c r o s s - s e c t i o n p a r a m e t e r s a r e suf f ic ien t ly 
•well-known. 

The o n e - d i m e n s i o n a l , m o n o e n e r g e t i c , s l a b - g e o m e t r y , t r a n s p o r t 
equa t i on is 

(30 f S(x) 
iU — ( x , f i ) + 2 0 ( x , j u ) = / 2 s ( / i ' ^ ji) (t>{x,jd') d / i ' + - ^ , 

w h e r e 0 ( x , fi)d/i i s t h e f l u x b e t w e e n jd a n d d / i , a n d S(x) i s a s s u m e d to b e 
i s o t r o p i c i n t h e l a b o r a t o r y s y s t e m . 

R a t h e r t h a n e x p a n d i n g 0 a n d 2 g in L e g e n d r e s e r i e s , t h e F o u r i e r 
t r a n s f o r m s 

1 / .' ^ i B x ' (B ,M) = - ^ / 0 ( x , / i ) e ^ ^ ^ d x , 
V27r 

S ( B ) = - 4 r - / S ( x ) e i B ^ d x . 
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., + 00 

0(x, / i ) = 
V27r 

0 ( B . i L i ) e ^ ' ^ ' ' d B , 

and 

S(x) 
V27T 

S ( B ) e ' ' ^ ' ' d B 

a r e e m p l o y e d . 

M u l t i p l i c a t i o n of t h e t r a n s p o r t equa t i on by e^-"^ and i n t e g r a t i o n of 
a l l t e r m s bet-ween -oo and -foo -with r e s p e c t to x g ive 

M / e ^ ^ ^ - ^ (x, fi) dx + 2 / e^B^ 0(x ,M)dx 
"̂  - no v ' - tx) 

. + 00 

2s( / i ' -> fi) eiBx (/<x,f;')dxdfi' + 

M »'-00 

eiBxdx. 

By integrat ion by pa r t s of the f i r s t in tegral and express ing in t e r m s of 
t r a n s f o r m s , the equation may be cas t in the form 

20(B,fi) 1 -
ifiB 

2s(fi ' -* M) 0(B,fi ')dfi ' + 
S(B) 

M 

Assume isotropic sca t te r ing in the labora tory sys tem, i .e . , for BQ 
approximation, -which is the case presen t ly of i n t e re s t . Hence, substituting 

•-fl 

•̂  = j.. "= S.d / i ' = 22, 

and 

^„(B) = I 0(B,fi')dfi' 

into the previous equation and then dividing by the quantity in b racke ts gives 



Z0(B , r i = ! ^ ' ° ' ° ' - . ^<^ ' 
ifiB ifiB 

2 

I n s e r t i o n of the L e g e n d r e e x p a n s i o n . 

0(B,fi) = X 2^ + 1 r .g(B)P^(fi) , 
i=o 

into the left s i de of t h e equa t ion , m u l t i p l i c a t i o n of both s i d e s by P;( f i ) , and 
i n t e g r a t i o n -with r e s p e c t to ji g ive 

'-fl 

2 V )̂ z Z£ + 1 
B)P^( f i ) dfi 

2 s ^0 

«+i P (fi) 
-J djd 

' - 1 P̂  + S(B) 
1 r+' Pj(M) 

( ' - ^ 1 
dfi 

As only the j th i n t e g r a t e d t e r m is n o n - z e r o , the 04(B) of the BQ a p p r o x i -
naation is 

20.(B) := 2s0o(B) f S(B) ^ j .o -

w h e r e 

1 r+' Pj(f^) 
"^j.o " T / ^ / ifiBN '^^-

(The c o r r e s p o n d i n g coef f ic ien ts for the B a p p r o x i m a t i o n a r e 
g iven by 

A 
i,l 2 

J_ f' Pj(^^)Pi(f^) 
dfi. 

-where £ = n.) 

45 
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f r o m 

5)O(B), wh ich is t he t r a n s f o r m of the s c a l a r flux, is t hen ob ta ined 

20o(B) = 2 s 0o(B)Aoo + S ( B ) A O O , 

which m a y be w r i t t e n exp l i c i t l y a s 

S(B) 
0o(B) 

B 

t a n if) 
- 2< 

fo r 

A 00 —g" ta "if)-
In t e r i n s of a b s o r p t i o n c r o s s s e c t i o n 2^^ 
for 0O(B) t a k e s the f o r m 

2 - 2 s , the p r e v i o u s e x p r e s s i o n 

,(B) 

2 A + 

S(B) 

B 
- i ( B \ 

t a n „ 
\ 2 / 

- 2 

The above is the a s y m p t o t i c d i f f u s i o n - t h e o r y equa t ion , and the quan t i ty in 
b r a c k e t s is the a s y m p t o t i c t r a n s p o r t l e a k a g e t e r m c o r r e s p o n d i n g to B / 3 2 
of diffusion t h e o r y , w h e r e B is the buckl ing . (5 ,30) in c a s e s w h e r e B^ is 
n e g a t i v e ( i . e . , k^o < 1), t h e n v - B ^ = iB and the b r a c k e t e d e x p r e s s i o n con
t a in s t a n h " r a t h e r than t a n " . N e g a t i v e B a r e e n c o u n t e r e d , for e x a m p l e , 
in the c a l c u l a t i o n of the e q u i l i b r i u m s p e c t r u m in n a t u r a l u r a n i u m and in 
fas t r e a c t o r b l anke t s suf f ic ient ly d i s t a n t f r o m c o r e n e u t r o n s o u r c e s . 

F o r s m a l l v a l u e s of B / 2 , 

t a n - M f B 
2 

B^ B-

3 2^ 5 2^ 

so tha t 

l i m 
B 

0 

B 2 t a n '(f) 
t a n •'(f) 

B" 
3 2 ' 
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A p p l i c a t i o n of a s y m p t o t i c diffusion t h e o r y to the c a s e of l i n e a r 
s c a t t e r i n g m a y be m a d e by s u b s t i t u t i o n of t r a n s p o r t c r o s s s e c t i o n for the 
t o t a l c r o s s s e c t i o n . 

E x t e n s i o n of a s y m p t o t i c t h e o r y to m u l t i g r o u p fundamen ta l mode 
a n a l y s e s for s p e c t r a l and buckl ing a n a l y s e s is ev iden t by ana logy with the 
p r e v i o u s l y d e s c r i b e d d i f f u s i o n - t h e o r y n o r m a l - m o d e c a l c u l a t i o n s . 

As an e x a m p l e of t h e m e t h o d and to i nd i ca t e the o r d e r of m a g n i t u d e 
of the d e v i a t i o n s bet-ween diffusion t h e o r y and a s y m p t o t i c diffusion t h e o r y , 
the t -wo-group n u m e r a l e x a m p l e of S e c t i o n III -will be r e c a l c u l a t e d with u s e 
of the p r e v i o u s l y o b t a i n e d B - v a l u e f r o m diffusion t h e o r y in the a s y m p t o t i c 
e q u a t i o n s : 

^ b . T = 0-005 c m " ^ ^D.T. = 0.0733 cm"^ 

G r o u p I 

^ D . T . 

32£ = 0 .00929, 
^ D . T . 

3 2 j 

/ 
1 -

\ 

4 B^ 
" 15 2f 

0.00880 

H e n c e , for G r o u p I diffusion t h e o r y g i v e s about 4% m o r e l e a k a g e in t h i s 
c a s e . 

G r o u p II 

^ D . T . 

3 2 n 
= 0 .00631 , 

^ D T 

3 2ix 

/ 
1 

\ 

4 

lb 

B^ 

4l 
0.00619. 

H e n c e , for G r o u p II d i f fus ion t h e o r y g i v e s about 2% m o r e l e a k a g e in t h i s 
c a s e . 

The c a l c u l a t e d a s y m p t o t i c di f fusion g r o u p f luxes a r e 0i = 5.09 and 
"02 = 4 0 . 1 . A l s o , keff = 1.011 with the a s s u m e d Bx) ^_ = 0.0733 c m " \ 
C o m p a r i s o n wi th k.^/^ • - 1.005, ob t a ined with u s e of the s a m e buck l ing , 
sho-ws t h a t the r e s u l t of diffusion t h e o r y c o r r e s p o n d s to about 0.6% l e s s 
r e a c t i v i t y t h a n is o b t a i n e d by the a s y m p t o t i c m e t h o d . 

It m a y be no t ed tha t t he n o r m a l - m o d e , m a n y - g r o u p E L M O E l 3 0 ) and 
GAMv26j c o d e s , w h o s e g r o u p i n t e r v a l s a r e qui te n a r r o w , c o n t a i n c o n s i s t e n t 
Bi op t ions -which allo-w for l i n e a r s c a t t e r i n g , inc luding a n i s o t r o p i c s c a t t e r 
ing to o t h e r g r o u p s . 



Use of no rma l -mode calculat ions a r i s e s also in connection -with the 
calculation of ref lector savings. The difference of reflected core radius 
and extrapolated ba re core radius der ived from asymptot ic - theory m a t e r i a l -
buckling calculat ions , for consis tency, should be based upon, for example, 
a DSN reflected core calculation having a sufficiently h igh-order angular flux 
approximation. The scat ter ing anisotropy in both the normal -mode and 
the DSN calculation should be equivalent, i .e . , both isotropic or both l inear ly 
anisot ropic , employing the t r anspor t approximation. 



X. E Q U I L I B R I U M S P E C T R U M AND F A S T DIFFUSION L E N G T H 

C o m p a r i s o n of c a l c u l a t e d i n t e g r a l q u a n t i t i e s wi th c o r r e s p o n d i n g 
e x p e r i m e n t a l m e a s u r e m e n t s i s one m e a n s of check ing in a g r o s s m a n n e r 
the v a l i d i t y of a m u l t i g r o u p c r o s s - s e c t i o n s e t . Some i n t e g r a l m e a s u r e m e n t s 
a r e c r i t i c a l m a s s , d e t e c t o r foil a c t i v a t i o n s , f i s s i o n d e t e c t o r r a t e s , r e 
a c t i v i t y e f fec t s of m a t e r i a l r e p l a c e m e n t s both loca l and u n i f o r m , and 
p r o m p t - n e u t r o n l i f e t i m e . (8,41) 

A s an e x a m p l e of a c o m p a r i s o n of c a l c u l a t i o n wi th e x p e r i m e n t , a 
cho ice of p a r t i c u l a r i n t e r e s t , bo th f r o m the po in t of vie-w of a c h e c k on U^^^ 
c r o s s s e c t i o n s and b e c a u s e it r e p r e s e n t s i n t e g r a l m e a s u r e m e n t s on a s y s 
t e m hav ing kco < 1, i s the Snel l b l o c k e x p e r i m e n t . (42) A n a l y t i c a l l y , i t i l l u s 
t r a t e s a l s o the u s e of n o r m a l - m o d e c a l c u l a t i o n for n e g a t i v e B^. 

The Snel l e x p e r i m e n t c o n s i s t s of a v e r y l a r g e b lock of n a t u r a l u r a 
n i u m in to one face of wh ich n e u t r o n s diffuse f r o m a s o u r c e such a s a 
r e a c t o r t h e r m a l c o l u m n . Wi th in s o m e d i s t a n c e into the b lock the in i t i a l 
n e u t r o n s a r e e s s e n t i a l l y a b s o r b e d . The f i s s i o n a b s o r p t i o n s in the n a t u r a l 
u r a n i u m b l o c k p r o d u c e f i s s i o n s p e c t r u m s o u r c e s . The n e u t r o n s f r o m the 
l a t t e r s o u r c e s then u n d e r g o the v a r i o u s f i s s i o n , c a p t u r e , slo-wing-do-wn, 
and diffusion p r o c e s s e s a s d e t e r m i n e d by the v a r i o u s c r o s s s e c t i o n s of 
n a t u r a l u r a n i u m . 

At a suf f ic ien t ly l a r g e d i s t a n c e in to the b lock the flux s p e c t r u m b e 
c o m e s i n d e p e n d e n t of p o s i t i o n . The f i s s i o n s o u r c e d i s t r i b u t i o n and the flux 
d i s t r i b u t i o n in s p a c e a r e such then of the f o r m e^Bx^ w h e r e B i s i m a g 
i n a r y , I . e . , e - | B l x , a s s u m i n g t h a t b l o c k is of infini te e x t e n t in the r a d i a l 
d i r e c t i o n s . The s p e c t r u m i s t hen r e f e r r e d to a s an e q u i l i b r i u m s p e c t r u m , 
and L = 1 / | B | i s c a l l e d the f a s t diffusion or r e l a x a t i o n l eng th . 

M e a s u r e d r e l a t i v e r e s p o n s e s of v a r i o u s d e t e c t o r s a l low e s t i m a t e s 
of the e q u i l i b r i u m s p e c t r u m . T r a v e r s e s of d e t e c t o r s t h r o u g h r e g i o n s of 
the b l o c k hav ing the e q u i l i b r i u m s p e c t r u m enab le m e a s u r e m e n t of the 
f a s t diffusion l eng th . 

F r o m the po in t of vie-w of f a s t r e a c t o r p h y s i c s the c o m p a r i s o n of 
m e a s u r e d and c a l c u l a t e d v a l u e s of f a s t diffusion l e n g t h is i n s t r u c t i v e . It i s 
a q u a n t i t y e s p e c i a l l y s e n s i t i v e to the t r a n s p o r t and c a p t u r e c r o s s s e c t i o n s , 
a s -well a s to the i n e l a s t i c - s c a t t e r i n g m a t r i x . 

M e a s u r e m e n t s -with d e p l e t e d u r a n i u m have b e e n r e p o r t e d by R u s s i a n 
i n v e s t i g a t o r s .(43) 

In a n a t u r a l u r a n i u m b l a n k e t s u r r o u n d i n g a r e a c t o r c o r e the flux 
s p e c t r u m a p p r o a c h e s e q u i l i b r i u m a t l a r g e d i s t a n c e s f r o m the c o r e . E x p e r 
i m e n t s of th i s type have b e e n r e p o r t e d by the B r i t i s h for the b l a n k e t of the 
f a s t r e a c t o r Z e p h y r . ( 4 4 ) 
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With a s p a t i a l d i s t r i b u t i o n of the f o r m e" |B |x^ ĵ̂ g m u l t i g r o u p 
n o r m a l - m o d e a n a l y s i s m a y be u s e d . E i t h e r the g roup l e a k a g e t e r m 
- 1 B ^ | / 3 2 ^ J . . o r the m o r e a c c u r a t e l e a k a g e t e r m of the BQ m e t h o d wi th 
t r a n s p o r t a p p r o x i m a t i o n , 

-M 2 . 
tanh-i (lBl/2trj) " ^^J 

i s u s e d . The s u c c e s s i v e g r o u p f luxes a r e c a l c u l a t e d , fol lowed by i t e r a t i o n 
by v a r y i n g | B | un t i l c o n v e r g e n c e . C o n v e r g e n c e in t h i s c a s e is d e t e r m i n e d 
when the r e l a t i v e l e v e l s of the g r o u p f luxes a r e such tha t the n e u t r o n flow 
into a un i t v o l u m e p l u s the f i s s i on s o u r c e s p r o d u c e d in the un i t v o l u m e 
e q u a l s the to t a l a b s o r p t i o n s in the un i t v o l u m e . 

A r e c e n t l y r e p o r t e d m e a s u r e m e n t of r e l a x a t i o n length, 9.17 ± 0 . 1 8 c m , 
i s t h a t of C h e z e m . ( 4 2 ) An Oak Ridge va lue(45) i s 9.6 c m and an A r g o n n e 
m e a s u r e m e n t ( 4 6 ) h a s g iven 10.0 ± 0.2 c m . 

Yiftah e t a l . , \ 23 ) have c a l c u l a t e d a va lue of 8.86 c m , which i s low 
r e l a t i v e to the e x p e r i m e n t a l v a l u e s , a s is a l s o a p r e v i o u s l y c a l c u l a t e d 
va lue of 8.5 c m by M e n e g h e t t i et a l . (47) 

It i s i n s t r u c t i v e to note tha t the l a t t e r i n v e s t i g a t o r s ob ta ined 
p r e v i o u s l y the c a l c u l a t e d va lue of 9.9 c m . Ava i l ab i l i t y of n e w e r i n e l a s t i c 
s c a t t e r i n g da t a , h o w e v e r , r e s u l t e d in the s u b s e q u e n t l y c a l c u l a t e d l ower 
va lue of 8.5 c m . T h i s i l l u s t r a t e s an e x a m p l e of the s e n s i t i v i t y , in c e r t a i n 
c a s e s , of i n t e g r a l q u a n t i t i e s to c r o s s - s e c t i o n p a r a m e t e r s . In th i s c a s e , 
i t shows the s e n s i t i v i t y of L to the i n e l a s t i c - s c a t t e r i n g m a t r i x . 



XI. RESONANCE S C A T T E R I N G E F F E C T S ON GROUP P A R A M E T E R S 

In a v e r a g i n g c r o s s s e c t i o n s o v e r the e n e r g y i n t e r v a l of a g roup , 
s o m e a s s u m p t i o n i s m a d e a s to the 0 ( E ) wi th in the g roup . G e n e r a l l y , a t 
v e r y high e n e r g i e s th i s i s a s s u m e d to be a f i s s i o n s o u r c e d i s t r i b u t i o n . At 
e n e r g i e s on the h igh s ide of the flux m a x i m u m and on the lo-w s ide of the 
flux m a x i m u m , su i t ab le s m o o t h d e c r e a s i n g and i n c r e a s i n g funct ions of en 
e r g y a r e u s e d . In the e n e r g y r e g i o n of the m a x i m u m , a c o n s t a n t flux we igh t 
i s often a s s u m e d . After an i n i t i a l c a l c u l a t i o n a s m o o t h c u r v e m a y be dra-wn 
t h r o u g h the f l u x - d i s t r i b u t i o n h i s t o g r a m ob ta ined f rom the g roup f luxes to 
ob t a in an i m p r o v e d g r o s s s p e c t r a l s h a p e for i n t r a g r o u p w e i g h t i n g s . 

If a l a r g e n u m b e r of g r o u p s hav ing v e r y s m a l l g roup i n t e r v a l s a r e 
u s e d , the q u e s t i o n of the i n t r a g r o u p flux d i s t r i b u t i o n g e n e r a l l y b e c o m e s un 
i m p o r t a n t . The g roup w i d t h s (AE)::, h o w e v e r , a r e not g e n e r a l l y c h o s e n to 
be so s m a l l t ha t the e l a s t i c - s c a t t e r i n g m o d e r a t i o n into l o w e r g r o u p s t han 
in to the a d j a c e n t lo-west g r o u p n e e d be c o n s i d e r e d . Th i s r e s t r i c t i o n r e d u c e s 
c o n s i d e r a b l y the p a r a m e t e r s r e q u i r e d . If the h e a v y fuel and f e r t i l e m a t e 
r i a l s a r e the p r e d o m i n a n t m a t e r i a l s in the s y s t e m , t h i s r e s t r i c t i o n i n t r o 
d u c e s neg l i g ib l e e r r o r . 

If c o n s i d e r a b l e a m o u n t s of i n t e r m e d i a t e and l i g h t e r m a t e r i a l s a r e 
p r e s e n t , such a s the c o m m o n d i l u e n t s and s t r u c t u r a l m a t e r i a l s : i r o n , 
s o d i u m , and a l u m i n u m , t h i s r e s t r i c t i o n can i n t r o d u c e e r r o r s if a p r i o r i 
i m p r o v e d i n t r a g r o u p 0 j (E) a r e not u s e d in the we i gh t ed a v e r a g i n g of the 
g roup c r o s s sect ions.(30) T h i s d i f f icul ty does not a r i s e b e c a u s e of the 
g r e a t e r m o d e r a t i n g effect , but b e c a u s e of the p r o m i n e n t r e s o n a n c e s c a t t e r 
ing c h a r a c t e r i s t i c s of t h e s e m a t e r i a l s in the f a s t e n e r g y r a n g e f r o m a few 
k i l ovo l t s to the MeV r e g i o n , e s p e c i a l l y b e l o w - 0 . 5 MeV. The e v a l u a t i o n s of 
g r o u p - t r a n s p o r t and g roup e l a s t i c - t r a n s f e r c r o s s s e c t i o n s m u s t c o n s i d e r 
t h e s e d e t a i l e d r e s o n a n c e s . 

C o n s i d e r tha t the g r o u p e n e r g y i n t e r v a l AEj c o n t a i n s r e s o n a n c e s . 
As an i d e a l i z a t i o n , c o n s i d e r t h a t the e n e r g y r e g i o n of i n t e r e s t i s suf f ic ien t ly 
r e m o v e d f r o m the P l a c z e k funct ion effects due to f i s s i on and i n e l a s t i c s c a t 
t e r i n g s o u r c e s at h i g h e r e n e r g i e s . The c r o s s s e c t i o n in the g roup i s a s 
s u m e d to be t h a t of p u r e e l a s t i c s c a t t e r i n g . As 

(^] - f -^IdE/f 0(E) dE Wr/j JAE/tr(E) / J^^ 

-where 

a£r(E) = ag(E)( l - fl) 

and a s the c o l l i s i o n d e n s i t y i s c o n s t a n t p e r un i t l e t h a r g y , 



E0(E)ag (E) = cons t . , 

so tha t 

0(E) = cons t . 
Eas(E) ' 

then 

1 \ / dE / dE 

a. tr/4 ' J A F . E^S(E)[1-M(E)]/J^„. Eas(E) /AE. 

No-w, in a f a s t r e a c t o r the enve lope of the l o w - e n e r g y s ide of the 
s p e c t r a l d i s t r i b u t i o n does not v a r y a s l / E ; in fac t , neg l ec t ing the fine flux 
v a r i a t i o n s due to r e s o n a n c e s , the enve lope d e c r e a s e s wi th d e c r e a s i n g 
e n e r g y . If the g roup i n c r e m e n t AE- i s , ho-wever, not l a r g e r e l a t i v e to the 
s m o o t h e d - o u t enve lope , but l a r g e c o m p a r e d wi th the wid ths of r e s o n a n c e s 
-within AE4, then the enve lope v a r i a t i o n i s neg l i g ib l e and 

1 \ / dE / dE 

^trA " J A E - % ' ( ^ ) ^ ^ - ^ ^ ^ ) ^ / A E 4 ^S(E) J -^J / J 

The c o n t r i b u t i o n s of the r e s o n a n c e s to the g roup t r a n s p o r t c r o s s s e c t i o n 
a r e d i m i n i s h e d due to the d i m i n i s h e d flux m a g n i t u d e s at the r e s o n a n c e s . 

In p r a c t i c e , no t only m u s t o t h e r c r o s s s e c t i o n s be c o n s i d e r e d , but 
a l so c r o s s s e c t i o n s of the o t h e r m a t e r i a l s p r e s e n t , and in p a r t i c u l a r the 
r e s o n a n c e c r o s s s e c t i o n s of o t h e r s c a t t e r i n g m a t e r i a l s . S t r i c t l y , then, 
h o m o g e n i z a t i o n should p r e c e d e the a v e r a g i n g eva lua t ion . In g e n e r a l , if 
r e s o n a n c e effects a r e not c o n s i d e r e d in the de t a i l ed 0(E) weigh t ing funct ion 
wi th in the g r o u p , but a r e c o n s i d e r e d in the t r a n s p o r t c r o s s s ec t i on Cf^^(E) 
within the group, the group transport c r o s s sec t ion will tend to be e x c e s s i v e . 

H u m m e l and Rago a t A r g o n n e have deve loped the E L M O E code , (30) 
an I B M - 7 0 4 p r o g r a n n , in an a t t e m p t to c a r r y out p r o p e r a v e r a g e s of g roup 
c r o s s s e c t i o n s for t r a n s p o r t and e l a s t i c t r a n s f e r . ( C l e a r l y the p o s i t i o n s 
of r e s o n a n c e s r e l a t i v e to the end p o i n t s of the g roup i n t e r v a l a r e i m p o r t a n t 
in the evau l a t i ons of the t r a n s f e r of n e u t r o n s out of the i n t e r v a l . ) They e m 
ploy m a n y h u n d r e d s of v e r y n a r r o w s u b g r o u p s to c o v e r the -whole e n e r g y 
r ange of i n t e r e s t in the s y s t e m , inc lud ing a d e t a i l e d e l a s t i c - s c a t t e r i n g 
m a t r i x and d e t a i l s of r e s o n a n c e s . The n o r m a l - m o d e a n a l y s i s i s by the 
s i m p l e diffusion, c o n s i s t e n t P i , o r c o n s i s t e n t Bi me thod . 

An e x a m p l e of the effect of d e t a i l e d r e s o n a n c e c o n s i d e r a t i o n on 
v a l u e s of g roup c r o s s s e c t i o n s a r e sho-wn in Tab le VII. L i s t e d a r e the r a t i o s 



of E L M O E - m o d i f i e d to unmodi f i ed Yiftah et a l . , (23) c r o s s s e c t i o n s for 
a l u m i n u m in a p r e d o m i n a n t l y a l u m i n u m d i luen t c r i t i c a l a s s e m b l y and for 
s t a i n l e s s s t ee l in a s t a i n l e s s s t e e l d i luen t c r i t i c a l a s s e m b l y . (48) 

Tab le VII 

RATIO OF MODIFIED TO UNMODIFIED CROSS SECTIONS 
F O R ALUMINUM AND F O R STAINLESS S T E E L 

( F r o m Ref. 48) 

E n e r g y 
G r o u p 

1 
2 
3 
4 

5 
6 

7 
8 

9 
10 
11 
12 
13 
14 
15 
16 

T J O W P T 
J—i*—/ W C J. 

E n e r g y 
of G r o u p 

(MeV) 

3.668 
2.225 
1.35 
0.825 
0 .5 
0 .3 
0.18 
0.11 
0.67 
0.0407 
0.025 
0.015 
0.0091 
0.0055 
0 .0021 
0.0005 

Ra t io 

A l u m i n u m 

T r a n s p o r t 

(1)^ 
0.83 
0.95 
0.85 
0.945 
0.94 
0.76 
0.61 
0.475 
0.67 
0.24 
1.07 
0.97 

(1) 
(1) 
(1) 

E l a s t i c 
T r a n s f e r 

(1) 
1.11 
1.25 
1.02 
l . l l 
1.02 
0.93 
0.84 
0.61 
0.68 
0.36 
1.00 
1.00 
(1) 
(1) 
(1) 

S t a i n l e s s S tee l 

T r a n s p o r t 

(1) 
0.86 
0.97 
0.91 
0.95 
0.86 
0.94 
0.84 
0.64 
0.95 
0.49 
0.67 
0.98 

(1) 
(1) 
(1) 

E l a s t i c 
T r a n s f e r 

(1) 1 
0.81 
1.14 
1.03 
1.11 
0.78 
1.03 
0.99 
0.80 
0.95 
0 . 7 5 
0.73 
0.98 

(1) 
(1) 
(1) 

^ I n d i c a t e s no E L M O E c a l c u l a t i o n for t h e s e g r o u p s . 

In a c a l c u l a t i o n a l s tudy l48 j of a s e r i e s of Z P R - I I I fas t c r i t i c a l a s 
s e m b l i e s , M e n e g h e t t i conc luded tha t u s e of the s i m p l e P - 1 E L M O E -
a v e r a g i n g c o r r e c t i o n s l e a d s to c r i t i c a l m a s s va lues —5 to 10% g r e a t e r than 
t h o s e c a l c u l a t e d f r o m the d i r e c t , Yiftah et a l . , se t of c r o s s s e c t i o n s . 

A s the E L M O E code is a f u n d a m e n t a l - m o d e a n a l y s i s , the q u e s t i o n 
of r e s o n a n c e effects in the o u t e r r e g i o n of a c o r e and in a b l anke t r eg ion i s 
not , h o w e v e r , d i r e c t l y r e s o l v e d . 

A s s u m i n g that the transport c r o s s sect ion i s properly resonance 
a v e r a g e d , the following trends g iven by Hummel and Rago(30) i l lustrate 
the effects of in terre la t ion of c r o s s s e c t i o n s : 



(a) The p r e s e n c e of i n c r e a s i n g a m o u n t s of U^^^ and U^^ t e n d s to 
i n c r e a s e effect ive t r a n s p o r t c r o s s s e c t i o n s , s i n c e t h e s e e l e m e n t s add a 
c o n s t a n t t r a n s p o r t c r o s s s e c t i o n to a m i x t u r e wh ich f i l l s in low p l a c e s in 
the r e s o n a n c e s c a t t e r i n g c r o s s s e c t i o n s . Such r e g i o n s have a h igh -weight 
in the 1/2 ^j. a v e r a g i n g p r o c e s s b e c a u s e of flux r i s e a t t h e s e p o i n t s . 

(b) I n c r e a s i n g a m o u n t s of a s ing le l igh t e l e m e n t tend to d e c r e a s e 
the t r a n s p o r t c r o s s s e c t i o n of t ha t e l e m e n t for the s a m e r e a s o n , 

(c) A m i x t u r e of l igh t e l e m e n t s t e n d s to l e a d to h i g h e r a p p a r e n t 
t r a n s p o r t c r o s s s e c t i o n s for the i nd iv idua l e l e m e n t s , b e c a u s e the m i n i m a 
in the c r o s s s e c t i o n of a g iven e l e m e n t a r e u s u a l l y f i l led in by o t h e r 
e l e m e n t s . 



XII. M U L T I G R O U P ADJOINT F L U X AND 
P E R T U R B A T I O N ANALYSIS 

Al though f a m i l i a r i t y wi th the ad jo in t concep t is a s s u m e d , a b r i e f 
r e v i e w wi th e m p h a s i s on the m u l t i g r o u p f o r m u l a t i o n wi l l be p r e s e n t e d . 
The adjoint f luxes can e n t e r into c a l c u l a t i o n of q u a n t i t i e s such a s ef fect ive 
d e l a y e d - n e u t r o n f r ac t ion , n e u t r o n l i f e t i m e , r e a c t o r pe r iod , and m a t e r i a l -
r e p l a c e m e n t e f f ec t s . C a l c u l a t i o n of t h e s e q u a n t i t i e s in fas t r e a c t o r a n a l 
y s e s is g e n e r a l l y by m u l t i g r o u p m e t h o d s . The c o m p a r i s o n s of r e s u l t s of 
c a l c u l a t i o n s of t h e s e i n t e g r a l q u a n t i t i e s wi th e x p e r i m e n t a l r e s u l t s judge 
the r e l i a b i l i t y of c r o s s - s e c t i o n p a r a m e t e r s , m e t h o d s of c a l c u l a t i o n s , and, 
a t t i m e s , even the r e l i a b i l i t y of e x p e r i m e n t a l da ta . 

The N - e n e r g y g r o u p diffusion equa t ion with downward t r a n s f e r c o 
ef f ic ien ts m a y be w r i t t e n (for e x a m p l e , s e e Ref 8) a s 

N k=j-i 

Dj V̂ 0j - a^. 0j - o-_^ 0j + Xj Y '̂̂ f̂̂ k '̂ k + X ""^-i '^^ ^ °' 
k=i k=i 

j = 1,...,N, 

w h e r e O^^. i s the s u m of g r o u p c a p t u r e and f i s s ion c r o s s s e c t i o n s , CT. 
is the t r a n s f e r c r o s s s e c t i o n out of the g r o u p , "^k-^i ^^ ^^^ t r a n s f e r 
c r o s s s e c t i o n f r o m g r o u p k to g r o u p j , and X; is the f r ac t i on of the f i s 
s ion s p e c t r u m in g r o u p j ( a s s u m e d i d e n t i c a l for a l l f i s s i o n a b l e i s o t o p e s ) . 
The a ' s a r e h e r e to be u n d e r s t o o d as h o m o g e n i z e d , m i c r o s c o p i c c r o s s 
s e c t i o n s . 

As i s known, the s e t of e q u a t i o n s m a y be e x p r e s s e d a s a m a t r i x 
e q u a t i o n ( M ) ( 0 ) = 0 w h e r e (0) is the c o l u m n v e c t o r c o n s i s t i n g of the c o m 
ponen t s 0-. The c o r r e s p o n d i n g adjo in t equa t ion for the adjoint flux, 
( M ) ( 0 ) = 0, is d i r e c t l y o b t a i n a b l e by i n t e r c h a n g e of r o w s and c o l u m n s 
of ( M ) to f o r m (M+).(49j 

T h u s , wi th two g r o u p s , 

DiV20j - a^^0i - o^^^ 01 + Xi {vOf)^(p^ + Xi {vof)^ 02 = 0 

and 

D2V'02 - aa^02 + Xi(va£)^ 0j + X2(vaf )^02 + o^_^ 0, = 0 

m a y be w r i t t e n in m a t r i x f o r m a s 



(DjVf - o^^ - o^_^^ + Xi va£^) (XiT^a£^) \ /0y 

! ! ! = 0. 
{^2^%+o,^^) i^z'^l- o^^+X,vOf^)j' ' 

The m a t r i x adjoint , ( M ), is then 

/ (Di V̂  - Oa^ - a^_^ + Xi VOr) (X2 vof^ + o^_^J 
(M+) ^ 

\ (Xiva£p (D2V2 - o^^ + X^vofJ 

and the ad jo in t e q u a t i o n s a r e 

Di V'0+ - aa^ 0+ - â _̂ 2 0+ + Xi vof^ 0+ + X2 vof̂  0+ + a^^^ 0+ = 0 

and 

D2V^0^ - o^^ 0+ + X2 va£^ 0^ + Xi va£2 0;̂  = 0. 

E x t e n s i o n to m o r e e n e r g y g r o u p s i s ev iden t . 

In g e n e r a l , then , for a c r i t i c a l s y s t e m 

(M)(0) = 0; (M+)(0+) = 0. 

The m a t r i x ( M ) m a y , h o w e v e r , be e x p r e s s e d a s the s u m of p r o d u c t i o n and 
l o s s m a t r i c e s : 

(M) - (P) + (L). 

In two g r o u p s , for e x a m p l e , 

/ (XiVOf^) ( X j v a f p 

(P) = 

\ (X2VOfP (X.VOf^) 

and 

^ ^ / ( D i V j - o,^ - o^_^^) (0) 

\ {o,_^,) (D2V2 - o,), 

F o r a c r i t i c a l s y s t e m , then , 

(P - fL) (0 ) = 0. 
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In general , for a c r i t i ca l or noncr i t ica l system, 

f . L ) ( « ) 0, 

and 

(P)(0) 
" (L)(0)-

The (0) a r e he re the solutions with m a t r i c e s (P) and ( L ) . Also, as k"*" 
the genera l adjoint equation is 

and 

( ^ + L^) (*"') = 0. 

By use of the flux and adjoint equations, and the adjoint proper t ies 

(0+)(P)(0)dVdE = / (0)(P+)(0+)dVdE 

j j (0+)(L)(0)dVdE - /T(0)(L+)(0+)dVdE, 

it may be shown that 

k = 
(0+)(P)(0)dVdE 

(0+)(L)(0)dVdE 

is s ta t ionary. By this equation k' may be est imated for sys tems having 
ma t r i x ope ra to r s (P ') and /o r (L') differing slightly for (P) and ( L ) by 
rep lacement of the pr imed m a t r i c e s for the unprimed in the in tegra ls , the 
flux and adjoints being known solutions of the unprimed ma t r ix diffusion 
equations. 

The per turbat ion express ion for fractional change in the eigenvalue 
is then d i rec t ly obtainable by differentiation (square bracke ts here r e p r e 
sent the integrat ions) where (6 0"*") and (60) a re neglected:\47J 

6 ^ [(0+)(5P)(0)] [(0+)(6L)(0)] 

k - [(0+)(P)(0)] " [(0+)(L)(0)] • 



This further reduces to 

6k [(0+)(6P-6L)(0)] 

k - [(0+)(P)(0)] ' 

if k is unity for the unperturbed sys tem. The denominator is the volume-
energy integral of importance-weighted fission neutrons in the entire s y s 
tem before the per turbat ion. 

The forms of the in tegra ls for mult igroup per turbat ion analyses 
may be i l lus t ra ted by the explicit express ions for two-energy groups. 
The denominator is then 

[(0+)(P)(0)] = J0+XiVia£^0^dV + j0+Xl^^2'^f2'^^dV 

+ j 2̂̂ X2 Vj a£̂  0j dV + j 02+X2V2 af̂  0^dV, 

where the c r o s s sections a re macroscop ic , the in tegra ls a r e over the en
t i r e volunae of the sys tem, and the fluxes and adjoints a re the group fluxes 
and adjoints of the unperturbed sys tem. The numera to r t e r m s a re 

[(0+)(6P)(0)] = r0+Xi6(Via£^)0idV + /0 + X^5(T.2a£p02dV 

+ J0+X2 6(v^a£^)0jdV + J 0 + X2 6(^2%)^2dV 

and 

-[(0+)(6L)(0)] = - r 0 + 6 a , 0 j d V - r0+6a^0^dV- U+do^_^^4>, dY 

+ I 0+6aj^20jdV - f 6DiV0+ • V0^dV - / 6D2V0+ • V02dV. 

In the la t te r express ion the f i rs t two in tegra ls r e p r e s e n t the group absorp 
tion (capture plus fission) effects. The third and fourth t e r m s taken to
gether r e p r e s e n t the effect of the net difference in importance of neutrons 
t r ans fe r r ed , i .e . , 

/ < 
(0+ - 0+) 6aj_2*jdV. 

This indicates the physical meaning of the adjoint function. Thus, 
'5cr,_̂ 2 01 cor responds to a neutron sink or negative source in group 1 and 
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simultaneously a neutron source in group 2. The importance of this ex
change in its effect upon react ivi ty, and hence upon the overal l neutron 
inventory, is determined by the re la t ive values of the adjoints. Physical ly 
then, for example, if a re la t ively smal l number of neutrons a re continu
ously external ly added or removed at a par t icular position and energy in a 
slightly subcr i t ica l sys tem, the overa l l relat ive flux is proport ional to the 
0"*" at that position and energy. The last two t e r m s give the importance of 
leakage effects in the per turbed region. These diffusion t e rms a r e obtained 
in the given gradient product form by application of the divergence theorem 
and the vector relat ion 

V- (AVB) = VA • VB + AVB. 

It is noted that the leakage effect t e rms are zero at the reac tor 
center where the gradients a re ze ro . Thus, for centra l danger coefficient 
calculations they do not enter the calculation. 

It is both useful and instruct ive to c a r r y out the fundamental-mode 
analysis for the group adjoint fluxes in analogy with the previous bare core 
flux analys is . By substituting -DjB^ 0^ and -D2B^0^ in the two-group ad
joint equations for the Di V̂  0]*" and D2 V^02 t e r m s , one obtains, in the r e 
v e r s e order , 

0+ 
(V2-0fJ(Xi0++X20t) 

2 n -f D2B2 
a2 ^ 

and 

(^ ia f i ) (Xi0 t+ X20t) + ai^2<^t + - ^ 
1 

l - x i / \ - ^ I - r i •'• i.-r £.1 • ~\-^2.^'' 

^ai + ^i^z + DiB^ 

The eigenvalue is then given by 

(Xi0t + X20t)' 
k = (Xi0t + X20t) ' 

where the denominator is the initially assumed value, which may be taken 
as unity, thus simplifying the group adjoint express ions . 

The equality k"*" = k may be direct ly shown by substitution of the 
explicit express ions for 0i and 02 into the above expression for k. 

It is of in te res t to compare some multigroup cen t ra l danger coeffi
cient calculat ions by per turbat ion analysis with exper iments , Longeta l . ,^ OJ 
has repor ted a few compar isons between measu remen t s of fast c r i t i ca l a s 
sembl ies constructed in the Argonne fast facility ZPR-III and calculated 



r e a c t i v i t i e s . T h e s e c a l c u l a t i o n s w e r e m a d e wi th the l 6 - g r o u p Yiftah et a l . , 
se t .v23 ; To avoid c a l c u l a t i o n of the i m p o r t a n c e v o l u m e i n t e g r a l of f i s s ion 
n e u t r o n s o u r c e s o v e r e a c h of the a s s e m b l i e s , the r e s u l t s w e r e n o r m a l i z e d 
by_ad hoc equa t i on of the c a l c u l a t e d and e x p e r i m e n t a l v a l u e s for P u . The 
v a l u e s l i s t e d in T a b l e VIII a r e g iven in m i l l i b a r n s and n o r m a l i z e d to the 
ef fec t ive Pu^^ c r o s s s e c t i o n p e r a t o m in the g iven fa s t a s s e m b l y s p e c t r u m 
c a l c u l a t e d by [{v - l ) a £ - a^jPu^^^ 

T a b l e VIII 

E X P E R I M E N T A L AND C A L C U L A T E D C E N T R A L 
REACTIVITY C O E F F I C I E N T S (in mb) 

( f rom Ref. 50) 

M a t e r i a l 

P u " 9 
U " 5 
U"« 
Al 
F e 

A s s e m b l y 22 

E x p Calc 

3238 
1772 

-84 
- 1 3 . 1 
-23.8(SS*) 

1939 
- 9 4 . 8 
- 1 0 . 4 
- 2 4 . 4 

A s s e m b l y 23 

Exp Calc 

3395 
1774 

40 
3.5 
0.9 

1964 
67.5 
12.2 

2.6 

A s s e m b l y 29 

Exp Calc 

3250 
1913 
-100 

2.2 
-6.7(SS) 

2066 
-97 .9 

2.6 
-8 .5 

*SS = S t a i n l e s s S tee l . 

The c o r e of A s s e m b l y 22 is about 9.4 v / o U"^, 70 v / o U"^, and 
9 v / o s t a i n l e s s s t e e l . A s s e m b l y 23 i s about 9-3 v / o U"^, 0.7 v / o U"^ , 
43 v / o a l u m i n u m , and 9 v / o s t a i n l e s s s t e e l . A s s e m b l y 29 r e p r e s e n t s an 
oxide (UO2) c o r e hav ing about 5 v / o U"^, 10 v / o U^^*, 24 v / o a l u m i n u m , 
25 v / o s t a i n l e s s s t e e l , and 14.5 v / o oxygen of dens i t y 2.55 g m / c c . 

It is s e e n tha t U^^^ i s p o s i t i v e in the h a r d e r s p e c t r u m A s s e m b l y 23 
w h e r e fas t f i s s i on i s m o r e i m p o r t a n t . F o r m a t e r i a l s wh ich a r e n e i t h e r 
s t r o n g l y c a p t u r i n g nor f i s s i on ing , the s ign and m a g n i t u d e s of d a n g e r coeff i 
c i e n t s a r e v e r y s e n s i t i v e to the adjoint funct ions t h r o u g h the g r o u p t r a n s f e r 
m a t r i c e s . 
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XIII. PROMPT-NEUTRON LIFETIME AND EFFECTIVE 
DELAYED-NEUTRON FRACTION 

Another in tegral quantity of in te res t is the prompt-neutron lifetime 
of a sys tem. For a fast sys tem this is many o rde r s of magnitude smal le r 
than for a t h e r m a l sys tem. As a consequence, if the reactivity of the sys 
tem is more than prompt cr i t ica l , the flux level of the fast system will r i s e 
ext remely rapidly. For example, for a fast r eac to r the prompt-neutron life
t ime i p = 10"'' sec, whereas for t h e r m a l r eac to r s i p - 10" to 10" sec . 

Recal l that the exponential inc rease in flux level for a system having 
excess prompt react iv i ty Akp va r i e s with time as e ^^, where a - Akp / ip . 
If, then, the exponential t ime variat ion, 0 = ^ (x) e ̂ ^, is substituted into the 
t ime-dependent diffusion equation, 

D V 2 0 . 2 ^ 0 + v 2 £ 0 = ^ | f . 

there is obtained a modified form of spatial equation: 

r)V^(p - (z^ +—\(p+ vZf (p = 0. 

The spat ial solution differs from the case of a non-t ime-dependent case by 
the effect of the t e r m {ct/'v)0. £p may be obtained by adding a l / v - a b s o r b e r 
throughout all regions of the sys tem and evaluating the change in keff due 
to the l / v - a b s o r b e r . If, then, the macroscopic c ros s section of the l / v -
absorber is c /v , then 

-̂ p = ^kcalcula tedA-

For mult igroup analyses the group velocity v:; may be est imated by 

r 0 (E )dE 
/ v(E) 

1 ^ group j ^ 

""j r 
/ 0(E) dE 
group j 

where 0 ( E ) is some suitable assumed spec t ra l distribution within the group. 

Calculation of i p can also proceed by use of fluxes and adjoint 
fluxes of the unperturbed system.(49) in this method. 



M0+L0dVdE = j j — - d V d E , £ 
P 

all all 
EdV EdV 

as the lifetime multiplied by the loss ra te of importance equals the total 
importance of all the neutrons , i .e. , //0''"NdEdV, where N = 0/v. As will 
be i l lus t ra ted for the case of two energy groups, ei ther 0"*" or N"̂  may be 
used in this importance weighting because both satisfy identical form of 
adjoint diffusion equations. 

For a c r i t i ca l sys tem the loss ra te of importance equals the p ro 
duction ra t e of importance, the la t ter being an eas ie r quantity to calculate. 
Thus, 

//4̂  dVdE 

i p -

/ / ' 
>+P0dVdE 

The mult igroup form of the express ion is i l lus t ra ted by the explicit two-
group form: 

^p " 7 ' 
j (Xi0^Vi2f j0 i -f Xi0f V22f202 -f X20tvi2£^0i + X20^V2 2f^02)dV 

where the volume integrals a r e over the ent i re reac tor system. 

The l /v inser t ion method resu l t s in the same i p value as obtained 
by the adjoint weighting method in the l imit as c -* 0 in a se r i e s of l /v cal 
culations. In a l /v inser t ion calculation, as the amount of absorber in
ser ted is decreased , round-off e r r o r s become increasingly important . 
Satisfactory agreement between the two methods may be obtained, however, 
by extrapolation of the l /v inser t ion resu l t s for var ious absorber s trengths 
to ze ro absorber . 

The previous comment upon the equivalence of form of the N"*" and 
0"*" equations may be i l lus t ra ted by use of the two-group normal -mode 
solutions previously descr ibed. In t e r m s of 

ViNi+ = 0+ a n d V2N+ ^2^, 
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the m a t r i x equa t ion for (N"^) i s 

(viDjVi - viOi - v i a i ^ 2 + viXiVia£j) (viX2Via£^ +^10^^^) N 

(v2XiV20fJ (v2D2V^ - V2a2 + ^zX^v^ou)] \ N+ 

If the L a p l a c i a n s a r e r e p l a c e d by the buck l ing B , the equa t ions 

!2l\T"f T+ -
- V J D J B ^ N ; ^ - viOiNi^ - viaj_^2Ni + viXiVia£jN;^ -f viX2Via£jNj -f '^x'^^^^l = 0 

a n d 

+V2X1 V2%N+ - V2D2B2N+ - v2a2N+ + v2X2V2af^Nj = 0 

then a l low the n o r m a l - m o d e so lu t ions for the N to be obta ined: 

N 
+ _ V2^2gf2[XlNf + X2NJ-]_ 

V2a2 + V2D2B' 

^ _ v i V i a f J X i N + + X2N^] + viai_2N2+ 

^ viOj -f v i a j ^ 2 + viDjB^ 

As the g r o u p v e l o c i t i e s c a n c e l out, it is seen tha t the f o r m of the equa t ions 
a r e i d e n t i c a l wi th the 02 and 0^ equa t ions ob ta ined in p r e v i o u s d i s c u s s i o n s . 

The quan t i ty /3eff, the ef fect ive d e l a y e d - n e u t r o n f rac t ion , m a y a l s o 
be c a l c u l a t e d by u s e of the g r o u p flux and adjoint so lu t ions of the diffusion 
equa t ions . (48 ,49 ) ^gff is g iven by /3eff = D / ( P - f D ) , w h e r e D is a quan t i ty 
p r o p o r t i o n a l to the w o r t h of a l l the de layed n e u t r o n s and P is a quant i ty 
p r o p o r t i o n a l to the w o r t h of a l l p r o m p t n e u t r o n s . 

In the m u l t i g r o u p no t a t i on and for the c a s e of, for e x a m p l e , the f i s 
s i onab l e s p e c i e s Û -̂  and U^^ , D and P have the exp l ic i t f o r m s : 

D = i3' 25 

V J 

Z(-rir*, ixf%| 25D 
dV 

dV 

a n d 



P = [ 1 - ^25] 

^ v J 

VO^). 
25 I x.*t dV 

" " J 

+[i-^^«] r [ i (^a£)j' 0 j i r z ^ j * ^ dV. 

The fission fractions of the delayed and prompt neutrons a r e normal ized 
separa te ly by 

Zx 25 D 
= 1; Zx: 28D 

J 
J 

= 1; 4" J 

The /3^^ and jŜ ^ of the individual fissionable species may be evalu
ated from exper imenta l values of (n /p) , the number of delayed neutrons 
per fission, and of V, the mean value of the number of total neutrons emitted 
per fission, by the equation 

=̂Mf) 
for each spec ies . For example, some l isted exper imenta l values for the 
case of fast neutron fission are:(51,52j 

(F) = 0 .0165; - 2 5 2.56; 

28 

(f) = = 0.0412; v28 = 2.62. 

r238 The delayed-neutron fraction for U is seen to be much l a rge r than that 
of U"^. Fo r compar ison, other (n /p ) values a r e 0.0063, 0.0070, and 
0.0496 for P u " ^ U " ^ and Th, respect ively.(52) 

The spec t r a of delayed neutrons have mean energ ies considerably 
lower than the -2 MeV of the p rompt -neu t ron spec t ra . The repor ted \53; 
mean energ ies of the delayed neutrons of U^^ ,̂ for example, a r e about 250 
to 900 keV, depending upon the par t icu la r delayed period. Attempts have 
been made to obtain the detailed delayed spec t ra for the par t icular de
layed groupsV54; as well as a detailed, averaged delayed spect rum. \53j 

As a fast sys tem often contains la rge quantit ies of, for example, 
ferti le U m a t e r i a l in both core and b r e e d e r blanket, the neutron spec t rum 
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of a fas t r e a c t o r is such tha t a c o n s i d e r a b l e f r ac t ion of the f i s s ions o c c u r 
in the U . The c a l c u l a t i o n of /3eff' and a s wi l l be seen l a t e r of the 
r e a c t i v i t y - p e r i o d r e l a t i o n s h i p s , a r e dependen t upon the r e l a t i v e s p a t i a l 
d i s t r i b u t i o n s of the f e r t i l e and fuel f i s s i o n s . 

I l l u s t r a t i v e of m u l t i g r o u p (lO g r o u p s ) c a l c u l a t i o n s of i p and |3gff 
by the adjoint m e t h o d s c o m p a r e d wi th e x p e r i m e n t a l v a l u e s of 

^r^ - (̂ eff/̂ p) e x p 

a r e t h o s e for a s e r i e s of z e r o - p o w e r fas t a s s e m b l i e s c o n s t r u c t e d with the 
A r g o n n e Z P R - I I I faci l i ty(48} a s g iven in Tab le IX. The m e a s u r e m e n t s ( 5 5 , 50) 
w e r e by the m e t h o d of R o s s i - a . The o b s e r v e d c o n s i s t e n t d i s c r e p a n c y b e -
t w e e n a-^ and O-ĵ  '^ po in ts to a s y e t - n o t - u n d e r s t o o d e r r o r s in c a l c u l a 
t ion, e x p e r i m e n t , or both . 

Table IX 

COMPARISON OF CALCULATED AND EXPERIMENTAL 
VALUES O F (/3eff/ip) 

(Based on Table in Ref. 48) 

A s s e m b l y 
Numb e r 

6F 
9A 
22 (or 11) 
24 
25 

? 8 
Calc-—r- F i s s i o n s 

In Core 

0.08 
0.17 
0.305 
0.35 
0.35 

Tota l 

0.27 
0.31 
0.38 
0.42 
0.40 

ocalc 
Peff 

0.00734 
0.00739 
0.00731 
0.00726 
0.00718 

^ca lc 
P 

X 10^ sec 

6.57 
6.39 
5.77 
6.64 
6.77 

calc 
^ca l c _ eff 
«R , c a l c ' 

P 
s e c - ' X 10-5 

1.12 
1.16 
1.27 
1.09 
1.06 

exp 
" R • 

s e c " ' X 10-5 

0.985 

1.04 
0.851 
0.91 

The v a l u e of |3eff m a y a l s o be c a l c u l a t e d without u s ing adjoint 
func t ions . In t h i s s e e m i n g l y m o r e d i r e c t m e t h o d , w ' / the d i f fe rence kgff 
b e t w e e n c r i t i c a l i t y c a l c u l a t i o n s wi th and without the de layed n e u t r o n s is 
ob ta ined . T h i s g ives d i r e c t l y /3g££ = Akg££. The p r o m p t s p e c t r u m for 
e a c h m a t e r i a l in e a c h g r o u p is modi f i ed in the second ca l cu l a t i on f rom 
X^ to (X; - a4 /3 ), w h e r e a.: is the r e l a t i v e abundance of de l ayed f i s s ion 
n e u t r o n s e m i t t e d into e n e r g y i n t e r v a l of g r o u p j by m a t e r i a l m and |3^^ 
is the t o t a l d e l a y e d - n e u t r o n f r a c t i o n of m a t e r i a l m . Use of th i s me thod 
r e q u i r e s m a c h i n e c r i t i c a l i t y codes in wh ich d i f ferent f i s s ion s p e c t r a can 

be u sed for e a c h i s o t o p e . If the code r e q u i r e s tha t the X^^^ = Z^ X • = 1, 
i J 

then the quan t i t y 2^ (XV^ - a"^/3"^) should be r e - n o r m a l i z e d for each 
j 

m a t e r i a l and, in addi t ion , a l l the vV^ for a l l g r o u p s of m a t e r i a l m should 
be m u l t i p l i e d by ( l - jS^). 



It is to be noted that if delayed neutrons of energ ies near to or 
lower than the assumed lower l imit of the prompt spec t rum a re being con
s idered in the analys is , then the f irs t problem calculated should contain 
the fission spec t ra distr ibution of both the prompt and delayed neutrons for 
each isotope; o therwise (Xj - aj jS ) may be negative for the lower groups. 
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XIV. PERIOD-REACTIVITY RELATIONS 

M a t e r i a l - r e p l a c e m e n t d a t a a r e f r equen t ly r e p o r t e d in un i t s of 
c e n t s / m o l e o r I h / k g . A c e n t i s l / lOO of a d o l l a r , /^gff/lOO, w h e r e /3g££ 
is t he r e a c t i v i t y r e q u i r e d to b r i n g a s y s t e m f r o m de l ayed c r i t i c a l to 
p r o m p t c r i t i c a l . An inhou r is t he r e a c t i v i t y r e q u i r e d to a t t a i n a s t a b l e 
p e r i o d of one h o u r . 

F o r e x p r e s s i n g e x p e r i m e n t a l p e r i o d m e a s u r e m e n t s in such u n i t s , 
it is n e c e s s a r y to r e l a t e t h e s e un i t s to the m e a s u r e d r e a c t o r p e r i o d s . 
S i m i l a r l y , e x p e r i m e n t a l q u a n t i t i e s e x p r e s s e d in t h e s e un i t s m u s t often be 
c o m p a r e d with c o r r e s p o n d i n g c a l c u l a t e d q u a n t i t i e s by u s e of b a s i c c r o s s -
s e c t i o n and d e l a y e d - n e u t r o n i n f o r m a t i o n . The f o r m e r c a n be a c c o m p l i s h e d 
by c a l c u l a t i o n of t h e inhour v e r s u s p e r i o d c u r v e . The l a t t e r m a y be c o m 
p a r e d by c a l c u l a t i o n of a f a c t o r s u c h a s the n u m b e r of i n h o u r s p e r p e r c e n t 
A k / k . 

F o r s m a l l r e a c t i v i t i e s and two f i s s i o n a b l e s p e c i e s , for e x a m p l e 
U and U , t h e r e l a t i o n bet-ween r e a c t i v i t y and a s y m p t o t i c p e r i o d is 

^ o25 ^ o28 

Aeffi 'vp ^effi 
P " 1 + A.25T "̂  Z / r + Xf T 

i=l i= i 

-where X^ and X- a r e the d e c a y c o n s t a n t s of the i ' th d e c a y g r o u p s . T h e s e 
decay c o n s t a n t s a r e often t a k e n to be equal : X?^ " '^i • ^^ ^^ ^^ a s s u m e d tha t 
the d e l a y e d - n e u t r o n s p e c t r a of t h e d e l a y e d g r o u p s for a g iven f i s s i o n a b l e 
s p e c i e s a r e the s a m e , then(48 ,55) 

Peffi - P + D ^ i ' 

w h e r e P and D a r e a s p r e v i o u s l y def ined for the to t a l ^^ff c a l c u l a t i o n , 
D ^ is the p o r t i o n of D due to the d e l a y e d n e u t r o n s of U ^^, and a^^ is the 
f r a c t i o n of the d e l a y e d n e u t r o n s f r o m U f i s s ion which is e m i t t e d in to 
the i ' th d e l a y e d g r o u p hav ing d e c a y c o n s t a n t Xĵ  . A n a l o g o u s l y , 

T-)28 
;28 _ ^ „ 2 8 o 2 8 _ ^ _<:b 

Peffi - P T 3 ^1 

If s p e c t r a l d i f f e r e n c e s in d e c a y g r o u p s a r e to be a c c o u n t e d fo r , 
t hen P , D , e t c . , m u s t be r e d e f i n e d . I n f o r m a t i o n on de t a i l ed de lay s p e c t r a 
of the d e c a y g r o u p s i s qu i t e l i m i t e d at p r e s e n t . C o m p o s i t e c u r v e s o r 
m e a n e n e r g y v a l u e s a r e t h e r e f o r e often u s e d . 



The r a t i o P(T)/]3g££ g ives t h e r e a c t i v i t i e s in d o l l a r s v e r s u s p e r i o d 
in s e c o n d s , and p(T) /p(3600) g ives the r e a c t i v i t i e s in i nhour un i t s v e r s u s 
p e r i o d in s e c o n d s . 

E x a m p l e s of r e a c t i v i t y - p e r i o d c u r v e s for fas t s y s t e m s a r e t h o s e 
ca l cu l a t ed (48 ) for a s e r i e s of fas t c r i t i c a l a s s e m b l i e s fueled by U ^ and 
having U a s an i m p o r t a n t d i luent c o n t r i b u t o r ( s ee F i g . 11). The c u r v e s 
a r e for the r a n g e of the u s u a l p e r i o d m e a s u r e m e n t s in m a t e r i a l -
r e p l a c e m e n t e x p e r i m e n t s . The s e n s i t i v i t y of the c u r v e p o s i t i o n s to the 
c o m p o s i t i o n r a t i o i s e v i d e n t . T h i s s e n s i t i v i t y a l s o i m p l i e s a s e n s i t i v i t y 
to c h o i c e of c r o s s - s e c t i o n p a r a m e t e r s u s e d in s u c h c a l c u l a t i o n s . 

B e c a u s e the c u r v e s of inhour v e r s u s p e r i o d equa t e the above c u r v e s 
at T = 3600 s e c , the r e s u l t i n g i n h o u r - p e r i o d c u r v e s in the r e p o r t e d s tudy 
of the fas t a s s e m b l i e s -were found to c l o s e l y o v e r l a p in th i s r a n g e of p e r i o d , 
a s s e e n in F i g . 12. T h i s would i n d i c a t e t h a t the r e p o r t i n g of da ta in i n h o u r s 
should r e m o v e m u c h of the u n c e r t a i n t i e s t ha t affect the va lue of an e x p e r i 
m e n t a l l y r e p o r t e d r e a c t i v i t y t ha t r e s u l t f r o m u s e of c r o s s - s e c t i o n c a l 
cu l a t i ona l p a r a m e t e r s . 
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Fig. 11. Curves of Reactivity versus Period for a 
Series of U^^o.^^g^gj p^gj Assemblies 
(From Ref. 48) 

Fig. 12. Curves of Inhour versus Perioelfor a 
Series of U^"^^-fueled Fast Assemblies 
(From Ref. 48) 
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C o m p a r i s o n of e x p e r i m e n t a l r e a c t i v i t y da ta -with c a l c u l a t i o n s n e c e s 
s i t a t e the c o n v e r s i o n of i nhour to p e r c e n t A k / k . T h i s f ac to r is ob ta ined 
f r o m the c a l c u l a t e d v a l u e of p(T = 3600): 

P(3600) 

f r o m wh ich 

^Z 
1=1 

o25 , D28 

Peffi + Peffi 
1 + X. 3600 

Ak . , 
p e r i nhou r , 

k 

i n h o u r s / % A k / k = 
P(3600) ' 

A s e x a m p l e s a r e the i h /% A k / k f a c t o r s c a l c u l a t e d for the Z P R - I I I 
fas t a s s e m b l i e s 6 F , 22, and 2 5 . T h e s e have been r e p o r t e d ( 4 8 ) as 433 , 468, 
and 4 8 1 , r e s p e c t i v e l y , on the b a s i s of u s e of a p a r t i c u l a r m u l t i g r o u p c r o s s -
s e c t i o n s e t . F o r c o m p a r i s o n , c a l c u l a t i o n s -with a some-what d i f fe ren t m u l t i -
g r o u p s e t gave v a l u e s of 425 , 458 , and 468 , r e s p e c t i v e l y , ind ica t ing the 
s e n s i t i v i t y of t h i s f ac to r to c r o s s s e c t i o n s . It is i n t e r e s t i n g to note tha t 
the u s e of the s e p a r a t e Xi v a l u e s for U^^^ and U a r e r e p o r t e d to i n c r e a s e 
t h e s e f a c t o r s by 5 to 10 i h /% A k / k . T h i s a p p e a r s to be c a u s e d by the fact 
tha t for t h o s e d e l a y e d g r o u p s hav ing the Xi of the two s p e c i e s m o s t d i f fe ren t 
the a b u n d a n c e i s g r e a t e s t . 
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C r i t i c a l i t y c a l c u l a t i o n s by o n e - d i m e n s i o n a l a n a l y s e s for o t h e r t han 
inf in i te s l a b s , s p h e r e s , and inf ini te c y l i n d e r s canno t be c a r r i e d out b e c a u s e 
the d i m e n s i o n a l s e p a r a t i o n of the s p a t i a l v a r i a b l e s i s not p o s s i b l e . F u r 
t h e r m o r e , for the c a s e of, for e x a m p l e , a r a d i a l l y r e f l e c t e d finite c y l i n d e r , 
the a x i a l l e a k a g e effects upon r e a c t i v i t y can be a c c o u n t e d for by i n t r o 
ducing the equ iva l en t a b s o r p t i o n , 

D . B^ = D . ^ , 

in a l l r e g i o n s . H e r e Dj, ; is t he diffusion c o n s t a n t of r e g i o n r and g r o u p j , 
the e x t r a p o l a t e d b a r e he igh t of the c y l i n d e r is Hz, and B^, is the ax i a l b u c k 
l ing . In m o s t c y l i n d r i c a l s y s t e m s , h o w e v e r , the p r e s e n c e of ax i a l b l a n k e t s 
o r r e f l e c t o r s n e c e s s i t a t e s e i t h e r an a p r i o r i c a l c u l a t e d o r e s t i m a t e d r e 
f l ec to r s a v i n g o r m o r e d i r e c t l y a t -wo-d imens iona l R - Z c o o r d i n a t e a n a l y s i s . 

T -wo-d imens iona l m u l t i g r o u p a n a l y s e s , a l though d e s i r a b l e , a r e 
c o s t l y and t i m e - c o n s u m i n g , even -with fas t compu t ing m a c h i n e s , if suff ic ient 
n u m b e r of e n e r g y g r o u p s , a s a r e often n e c e s s a r y p r o p e r l y to c h a r a c t e r i z e 
the fas t c r o s s s e c t i o n s , a r e u s e d . 

B e c a u s e fully b l a n k e t e d c y l i n d r i c a l c o r e s of i n t e r e s t u s u a l l y have a 
c o r e h e i g h t - t o - d i a m e t e r ( L / D ) r a t i o n e i t h e r e x t r e m e l y l a r g e n o r s m a l l , 
the s y s t e m c o r r e s p o n d s m o r e c l o s e l y in r e f l e c t o r effects and in r e a c t i o n 
r a t e s to an a n a l o g o u s r e f l e c t e d s p h e r i c a l c o r e r a t h e r than to a o n e -
d i m e n s i o n a l c y l i n d e r wi th a x i a l r e f l e c t o r s a v i n g s . 

In o r d e r to e s t i m a t e a c y l i n d r i c a l c r i t i c a l s i z e f r o m c a l c u l a t i o n s 
of a s p h e r i c a l s y s t e m hav ing equa l r e f l e c t o r t h i c k n e s s and i d e n t i c a l c o r e 
and r e f l e c t o r c o m p o s i t i o n s , s h a p e f a c t o r c u r v e s o r a u x i l i a r y s h a p e f ac to r 
c a l c u l a t i o n s a r e n e c e s s a r y . The shape fac to r m a y be defined a s 

- V o l u m e of the s p h e r i c a l c r i t i c a l c o r e 
V o l u m e of the c y l i n d r i c a l c o r e of i n t e r e s t ' 

As t h i s is a g e o m e t r i c a l c o r r e c t i o n , it is not n e c e s s a r y , in g e n e r a l , to 
c a l c u l a t e the s h a p e f ac to r wi th the u s e of m a n y e n e r g y g r o u p s . F o r m o s t 
fas t s y s t e m s t-wo o r t h r e e e n e r g y g r o u p s should suffice if the f e w - g r o u p 
c r o s s s e c t i o n s a r e ob t a ined by g r o u p r e d u c t i o n b a s e d on -weighting of a 
m a n y - g r o u p flux so lu t ion . T h u s , r e s u l t s of f e w - g r o u p , o n e - d i m e n s i o n a l 
s p h e r e and a n a l o g o u s t w o - d i m e n s i o n a l c y l i n d e r c a l c u l a t i o n should enab le 
the s h a p e f ac to r to be o b t a i n e d . The f e w - g r o u p shape fac to r c a n s u b s e 
quen t ly be u s e d to ob ta in an e s t i m a t e of a m a n y - g r o u p t w o - d i m e n s i o n a l 
c o r e s i z e by u s e of the c a l c u l a t e d m a n y - g r o u p s p h e r e s y s t e m . 
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Shape f ac to r c u r v e s for v a r i o u s b a r e and r e f l e c t e d s y s t e m s b a s e d 
upon e x p e r i m e n t a l da ta , h a v e been pub l i shed . (8 ) Shape fac to r c u r v e s have 
s h a p e s a p p r o x i m a t e l y a s s k e t c h e d in F i g . 13. F o r a g iven c o r e c o m p o s i 
t i on the s h a p e fac to r of a r e f l e c t e d s y s t e m is in g e n e r a l l a r g e r than tha t 
for the c o r r e s p o n d i n g b a r e s y s t e m . As c o r e s i z e s d e c r e a s e , t he shape 
f a c t o r s g e n e r a l l y a l s o d e c r e a s e . 

The s t u d i e s of Loe-wenste in and Main(58,59) d i s c u s s in de t a i l the 
r e s u l t s of v a r i o u s c a l c u l a t i o n s and a p p r o x i m a t i o n s . 

F i g . 13 

Ske tch of the G e n e r a l Shapes 
of Shape F a c t o r C u r v e s 

~ 0.9 

i n l -
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B e f o r e d i s c u s s i n g r e a c t i v i t y - t e m p e r a t u r e ef fec ts in f a s t r e a c t o r s , 
the p h y s i c s c a l c u l a t i o n a s p e c t s of coup led f a s t - t h e r m a l s y s t e m s -will be 
b r i e f l y p r e s e n t e d . I n t e r e s t in coup led s y s t e m s i s d u e to the p o s s i b i l i t y of 
s tudying f a s t r e a c t o r p r o p e r t i e s w i thou t c o n s t r u c t i o n of a l a r g e - i n v e n t o r y , 
s h o r t - p r o m p t - l i f e t i m e , a l l - f a s t c r i t i c a l and to the p o s s i b i l i t y of u s i n g 
coup led f a s t po-wer b r e e d e r s to co inb ine t h e high b r e e d i n g r a t i o s of fas t 
r e a c t o r s -with the long n e u t r o n l i f e t i m e of t h e r m a l r e a c t o r s . 

T h e g e n e r a l coupl ing t h e o r y f o r m u l a t i o n h a s b e e n deve loped by 
A v e r y . (60) in the o v e r a l l r e a c t o r s y s t e m kg££ i s def ined a s the a v e r a g e 
n u m b e r of f i s s i o n n e u t r o n s in the n e x t g e n e r a t i o n r e s u l t i n g f r o m a s ing l e 
f i s s i o n n e u t r o n . If one c o n s i d e r s the c r i t i c a l s y s t e m to be c o m p o s e d of, 
for e x a m p l e , t-wo s u b c r i t i c a l p a r t s (in t e r m s of s p a t i a l r e g i o n s o r e n e r g y 
d i v i s i o n s ) , t h e n four i n t e g r a l p a r a m e t e r s m a y be def ined: k j , k2, ki2, and 
k2i. H e r e ki i s the a v e r a g e n u m b e r of n e x t - g e n e r a t i o n f i s s i o n n e u t r o n s in 
d iv i s i on 1 r e s u l t i n g f r o m a s ing l e f i s s i o n n e u t r o n in d i v i s i o n 1, and k2 i s 
the a v e r a g e n u m b e r of n e x t - g e n e r a t i o n f i s s i o n n e u t r o n s in d i v i s i o n 2 r e 
su l t ing f r o m a s ing l e f i s s i o n n e u t r o n in d i v i s i o n 2. We m a y then def ine 
Al = 1 - k i and A2 — 1 - k2 a s the s u b c r i t i c a l i t i e s of the r e s p e c t i v e d i v i s i o n s 
if for e a c h d i v i s i o n the o t h e r d i v i s i o n i s c o n s i d e r e d s o l e l y a s a f o r m of r e 
f l e c t o r -with the a b s o r p t i o n and s c a t t e r i n g p r o p e r t i e s but -with V = 0. The 
r e m a i n i n g two i n t e g r a l p a r a m e t e r s a r e a n a e a s u r e of the coupl ing : ki2 i s 
the a v e r a g e n u m b e r of n e x t - g e n e r a t i o n f i s s i o n n e u t r o n s in d iv i s i on 2 r e 
su l t ing f r o m a s ing le f i s s i o n n e u t r o n in d i v i s i o n 1, and a n a l o g o u s l y , k2i i s 
the a v e r a g e n u m b e r of nex t g e n e r a t i o n f i s s i o n n e u t r o n s in a s s e m b l y 1 r e 
su l t ing f r o m a s ing le f i s s i o n n e u t r o n in A s s e m b l y 2. 

T h e n , if Sj and S2 a r e the r e l a t i v e n u m b e r s of f i s s i o n n e u t r o n 
s o u r c e s in d i v i s i o n s 1 and 2, r e s p e c t i v e l y , the o v e r a l l c r i t i c a l i t y cond i t ions 
of the s y s t e m in t e r m s of the above i n t e g r a l p a r a m e t e r s follow f r o m the r e 
q u i r e m e n t tha t the folio-wing e q u a t i o n s m u s t be s i m u l t a n e o u s l y s a t i s f i e d : 

Sj = kiSi 4- k2iS2 

and 

S2 = k2S2 + ki2Si. 

H e n c e , a s 

( k n - 1) ki2 ^ Q 
kzi (k22 - 1) 

the c r i t i c a l cond i t ion i s 

k,2k2i = A1A2. 
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A t c r i t i c a l i t y t h e r a t i o of t h e f i s s i o n n e u t r o n s o u r c e s m t h e t w o 
d i v i s i o n s IS 

S i _ 1̂ 21 _ A2 
S2 Al ki2 • 

If, t h e n , t h e d i v i s i o n i s , f o r e x a n a p l e , b e t w e e n p r e d o m i n a n t l y f a s t f i s s i o n 
a n d t h e r m a l f i s s i o n s p a t i a l r e g i o n s , 

S p k s F ^ S 

Sg Ap k p s ' 

The r a t i o S p / S g thus m a y be i n c r e a s e d and A p kept suff ic ient ly l a r g e by 
i n c r e a s i n g the coupl ing f r o m slo-w to f a s t r e g i o n s 

A quan t i ty of i n t e r e s t i s the d iv i s i on ox r e a c t i v i t y C o n s i d e r the 
s y s t e m to be c r i t i c a l . Suppose then tha t Vi, the n u m b e r of n e u t r o n s p e r 
f i s s i o n e m i t t e d m 1, to be changed by the f r ac t i on 6 Vi/vi . Then the r a t i o 

6 k / 6 v i 

IS def ined a s the f r a c t i o n of the r e a c t i v i t y m d iv i s ion 1, and ana logous ly 
for the o t h e r d iv i s ion . C o r r e s p o n d i n g l y , tti m a y a l s o be defined th rough 
the u s e of f luxes and adjoint f luxes as 

a. 
Ci IE X*+^2f0dEdV 

X0+vZ^0dEdV 
V JE 

I n t e r m s of t h e c o u p l i n g p a r a m e t e r s i t h a s b e e n s h o w n t h a t 

A2 , Al 
0̂ 1 - -7 7 - ^^d (X2. -Al - A2 " Al + A2 

The p r o m p t - n e u t r o n l i f e t i m e has a l s o been shown to be e x p r e s s i b l e 

a s 

, = ^ i i ^ . . . ^ l i i ^ i , . ^ ( . , , . . i , ,3 ) , 
A 1 -r A2 Al -f A2 Al + A2 

-where -^1-^2 i s defined a s the a v e r a g e p r o m p t - n e u t r o n l i f e t ime for the p r o c e s s 
of a f i s s i on n e u t r o n m d i v i s i o n 1 giving r i s e to a n e x t - g e n e r a t i o n f i s s ion n e u 
t r o n m A s s e m b l y 2, e tc If, m p a r t i c u l a r , d iv i s ion 1 s igni f ies a fas t f i s s ion 
s p a t i a l r e g i o n and d iv i s ion 2 a t h e r m a l f i s s ion s p a t i a l r eg ion , then £y and 
^2-^1 a r e v e r y s m a l l r e l a t i v e to ^2 and £\-*z, b e c a u s e the f o r m e r two p a r a m 
e t e r s do not con ta in s l o w m g - d o w n t i m e s . Then 



which can be f u r t h e r s i m p l i f i e d by not ing tha t -^i_>2 =-^2> so tha t 

Al -i- A2 ^ = r - T - A - 4 = OLJ^. 

F r o m th i s i t i s no ted tha t t he p r o m p t - n e u t r o n l i f e t i m e i s t hen a p p r o x i m a t e l y 
equa l to the p r o m p t l i f e t i m e of the t h e r m a l p a r t m u l t i p l i e d by the f r a c t i o n of 
r e a c t i v i t y in the t h e r m a l p a r t . 

It is i n s t r u c t i v e to po in t out s o m e m e t h o d s of c a l c u l a t i o n s \"-I-/ of the 
v a r i o u s i n t e g r a l p a r a m e t e r s by m e a n s of m u l t i g r o u p c r i t i c a l i t y c o d e s . They 
i l l u s t r a t e e x a m p l e s of how c r i t i c a l i t y c o d e s m a y be u s e d to d e t e r m i n e q u a n 
t i t i e s o t h e r t h a n c r i t i c a l i t y c o n d i t i o n s . 

T h e tti for e a c h of the i ' t h d i v i s i o n , be i t e n e r g y - w i s e a n d / o r g e o 
m e t r i c a l , m a y be o b t a i n e d by c a l c u l a t i o n of 6kg££ f r o m c r i t i c a l i t y by v a r i a 
t ion of the Vi by a f r a c t i o n 6 v i / v i . 

T h e n 

tti 
6keff 

6 Vi/v i 

a n d 

/L ai 1 - 1 
i 

in the l i m i t tha t a l l &Vj/Vi a p p r o a c h z e r o . 

The ki-» j m a y be o b t a i n e d by u s e of the m u l t i g r o u p f luxes f r o m a 
coup led c r i t i c a l c a l c u l a t i o n . F r o m t h e s e f luxes the s o u r c e s due to f i s s i o n s 
in d i v i s i o n i a r e t hen kno-wn. T h e n u s e t h e s e i ' t h d i v i s i o n s o u r c e s a s a p p l i e d 
s o u r c e s in an i n h o m o g e n e o u s {v = O) c a l c u l a t i o n . F r o m the r e s u l t i n g c a l c u 
l a t e d flux i n t e g r a l s o v e r r e g i o n s and g r o u p s t o g e t h e r wi th the known v a l u e s 
of {vZf) of the j ' t h d iv i s ion , the r a t i o of the s o u r c e s i s 

S i - * j / S i = k i ^ j . 

A n a l o g o u s l y , 

S i - * i / S i = k i . 

E x a m p l e s for wh ich coupl ing a n a l y s e s a r e use fu l a r e s c h e m a t i c a l l y 
a f a s t fueled r e g i o n hav ing a f i l t e r (decoupl ing) r e g i o n s e p a r a t i n g i t f r o m 
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e i t h e r a s u r r o u n d i n g t h e r m a l fue led o r t h e r m a l m o d e r a t i n g r e g i o n . The 
A r g o n n e Z P R - V c r i t i c a l a s s e m b l y ( ° 2 / and the A t o m i c s I n t e r n a t i o n a l c r i t -
i c a l ( 6 3 j for the A d v a n c e E p i t h e r m a l T h o r i u m R e a c t o r P r o g r a m con ta ined 
t h e r m a l fue led r e g i o n s s u r r o u n d i n g the f i l t e r s . The A r g o n n e coup led f a s t 
b r e e d e r c r i t i c a l e x p e r i m e n t ( 6 1) i n s t e a d h a d t h e r m a l m o d e r a t i n g r e g i o n 
s u r r o u n d i n g the f i l t e r . 

A l though the coup led s y s t e m s a r e only a v e r y p a r t i c u l a r f o r m of a 
f a s t r e a c t o r , a b r i e f q u a l i t a t i v e d i s c u s s i o n of the n e u t r o n i c s wi l l be g iven 
b e c a u s e the c o m p l e x i t y of the i n t e r r e l a t i o n of the fas t , i n t e r m e d i a t e , and 
t h e r m a l n e u t r o n s i s i n s t r u c t i v e i n u n d e r s t a n d i n g v a r i o u s a s p e c t s of f a s t 
r e a c t o r n e u t r o n i c s in g e n e r a l . 

In the coup led po-wer b r e e d e r e x p e r i m e n t , ( o 1) the c e n t r a l fas t c o r e 
r e g i o n c o n t a i n e d about 14 v / o U^^ , 15 v / o U^ , and 41 v / o a l u m i n u m (to 
s i m u l a t e s o d i u m coo lan t ) . The s u r r o u n d i n g f i l t e r of n a t u r a l u ran iuna w a s 
about 5 c m th ick . The s u r r o u n d i n g o u t e r t h e r m a l m o d e r a t o r c o n s i s t e d of 
2 7 - c m - t h i c k b e r y l l i u m s u r r o u n d e d by a d e p l e t e d u r a n i u m b l anke t to c a p 
t u r e n e u t r o n s other-wise l o s t by l e a k a g e . Q u a l i t a t i v e l y , for th i s s y s t e m 
the n a t u r a l u r a n i u m func t ions a s a b a r r i e r for the t h e r m a l and e p i -
c a d m i u m r e s o n a n c e r e g i o n n e u t r o n s f r o m going f r o m the b e r y l l i u m m o d 
e r a t o r to the f a s t c o r e . S i m u l t a n e o u s l y , t he f i l t e r a l lows fas t c o r e n e u t r o n s 
to t r a v e r s e the f i l t e r and e n t e r the b e r y l l i u m r e g i o n to b e c o m e m o d e r a t e d . 
F u r t h e r m o r e , b e c a u s e the b e r y l l i u m r e g i o n i s unfueled, the fuel for the 
t h e r m a l i z e d n e u t r o n s i s t he U p r e s e n t i n the ad j acen t n a t u r a l u r a n i u m 
f i l t e r . In t h i s e x p e r i m e n t ctfg^g^ = 0 .96, o^thermal — 0.04, and £p = 13 x 
10" s e c . F o r the coup led Z P R - V e x p e r i m e n t , ("2) only ~ 2 5 % of the r e 
a c t i v i t y -was due to f a s t f i s s i o n s and i „ = 39 x 10" s ec . 
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In t h e r m a l r e a c t o r s i n c r e a s e in t e m p e r a t u r e , due to i n c r e a s e in 
f i s s i o n d e n s i t y , p r i m a r i l y af fec ts r e a c t i v i t y by two m e c h a n i s m s . One i s 
the d e c r e a s e d d e n s i t y of the fuel and m o d e r a t o r due to t h e r m a l e x p a n s i o n 
upon h e a t i n g ; the t e m p e r a t u r e i n c r e a s e in the fuel i s t r a n s m i t t e d to the 
m o d e r a t o r . The o t h e r i s the i n c r e a s e d m o d e r a t o r t e m p e r a t u r e , tha t c a u s e s 
a shift in the quas i -Max-we l l i an d i s t r i b u t i o n of t h e r m a l i z e d n e u t r o n s t o w a r d 
s l i gh t ly h i g h e r e n e r g i e s . The f i r s t effect r e s u l t s in r e a c t i v i t y change 
t h r o u g h change in l e a k a g e and m o d e r a t i n g p r o p e r t i e s . The second effect 
c a u s e s r e a c t i v i t y change b e c a u s e the a b s o r p t i o n c r o s s s e c t i o n in the 
t h e r m a l - e n e r g y r e g i o n g e n e r a l l y d e c r e a s e -with i n c r e a s e d e n e r g y of the 
i n c i d e n t n e t u r o n s . The i n c r e a s e in diffusion l eng th t hen r e s u l t s in i n 
c r e a s e d l e a k a g e . 

F o r the c a s e of a l a r g e g r a p h i t e - m o d e r a t e d r e a c t o r , a va lue of 
- 2 , 6 x 10"^ (Ak /k ) / °C h a s b e e n g iven ( l ) for the s p e c t r a l shift effect and of 
about - 2 , 8 X 10"^ A k / k / ° C for the v o l u m e - d e n s i t y effect. The l a t e r con
s i s t s of - 0 .29 X 10"^ A k / k / C due to d e n s i t y d e c r e a s e a s s u m i n g c o n s t a n t 
v o l u m e and of +0.095 x 10"^ Ak /k°C due to the a c c o m p a n y i n g i n c r e a s e in 
v o l u m e due to c o r e l e a k a g e . 

D e n s i t y - v o l u m e t e m p e r a t u r e ef fects a l s o e x i s t in fas t s y s t e m s , but 
t hey a r e often s m a l l e r than in t h e r m a l s y s t e m s . The n u m e r o u s p o s s i b l e 
e x p a n s i o n s and d e n s i t y c h a n g e s which c o m p r i s e the o v e r a l l effect a r e f r e 
quen t ly i nd iv idua l ly s m a l l and difficult to e s t i m a t e b e c a u s e of the s t r o n g 
d e p e n d e n c e upon the p a r t i c u l a r s t r u c t u r a l c h a r a c t e r i s t i c s . 

The s p e c t r a l shift effect i s neg l ig ib l e in f a s t r e a c t o r s b e c a u s e the 
n e u t r o n s p e c t r a a r e high in e n e r g y , so tha t the ef fects of l a t t i c e v i b r a t i o n s 
in a l t e r i n g the s p e c t r a a r e neg l ig ib l e . 

L a c k of the s p e c t r a l shift effect t o g e t h e r -with f r equen t ly s m a l l 
v o l u m e - d e n s i t y effects h a s n e c e s s i t a t e d d e t a i l e d c o n s i d e r a t i o n s of o t h e r -
-wise n u m e r o u s s m a l l t e m p e r a t u r e - r e a c t i v i t y ef fec ts . 

McCar thy(D4) g ives the following b r e a k d o w n of the i s o t h e r n a a l 
t e m p e r a t u r e coef f ic ien t s (in A k / k / ° C ) for v a r i o u s d e n s i t y - v o l u m e effects 
in the c o r e and b l a n k e t of the F e r m i F a s t B r e e d e r R e a c t o r : 

C o r e : 

(a) Axia l fuel e x p a n s i o n : - 2 . 5 x 10 
(b) Rad i a l fuel e x p a n s i o n ( sod ium expu l s ion ) : -0 .6 x 10" 
(c) D e n s i t y change of coolan t and of s u b a s s e m b l y 

m a t e r i a l : - 7 . 1 x 10" 
(d) S t r u c t u r a l expans ion : -6 .0 x 10" 



Blanke t : 

(e) D e n s i t y c h a n g e of coo lan t and of s u b a s s e m b l y 
m a t e r i a l : - 3 . 3 x 10" 

(f ) Growth of u r a n i u m : - 0 . 5 x 10" 
(g) S t r u c t u r a l e x p a n s i o n : - 0 . 6 x 10" 

An i m p o r t a n t c o n t r i b u t o r to the v o l u m e - d e n s i t y effect in fas t , s o d i u m -
coo led r e a c t o r s i s the r e a c t i v i t y change r e s u l t i n g f r o m d e c r e a s e in s o d i u m 
coo lan t b r o u g h t about by d e n s i t y d e c r e a s e with t e m p e r a t u r e or p o s s i b l y by 
a c c i d e n t a l s o d i u m expu l s ion . An o v e r a l l d e c r e a s e in m e a n sod ium d e n s i t y 
in the s y s t e m can a l s o o c c u r by e x p a n s i o n s of fuel r o d s , which c a u s e s a d i s 
p l a c e m e n t of the s o d i u m . T h i s effect i s r e f e r r e d to as the s o d i u m - v o i d r e 
a c t i v i t y effect. If r e a c t i v i t y i n c r e a s e a c c o m p a n i e s s o d i u m l o s s , the s o d i u m -
void coeff ic ient is c o n s i d e r e d p o s i t i v e ; o t h e r w i s e it i s nega t ive . Th i s quan t i ty 
i s r e c e i v i n g m u c h a t t e n t i o n b e c a u s e of the p o s s i b i l i t y in s o m e l a r g e fas t r e 
a c t o r s of having a p o t e n t i a l l y d a n g e r o u s p o s i t i v e s o d i u m - v o i d effect. (D5J 

The s o d i u m - v o i d effect e s s e n t i a l l y c o n s i s t s of t-wo effects . One i s 
the i n c r e a s e d l e a k a g e wh ich a c c o m p a n i e s the d e c r e a s e d f r ac t i on of sod ium 
v o l u m e . The m a g n i t u d e of th i s effect d i m i n i s h e s wi th i n c r e a s e d c o r e d i m e n 
s i o n s . The s e c o n d effect i s due to the shift in the f a s t n e u t r o n flux s p e c t r u m 
to-ward h i g h e r e n e r g i e s , r e s u l t i n g f r o m the d e c r e a s e d i n e l a s t i c and e l a s t i c 
m o d e r a t i o n due to l o s s of s o m e o r a l l of the sod ium. The r e s u l t i n g h a r d e r 
f a s t r e a c t o r s p e c t r u m t e n d s to i n c r e a s e f e r t i l e f i s s ion , t h e r e b y adding r e 
ac t iv i ty . The s p e c t r a l shift c a n a l s o i n c r e a s e r e a c t i v i t y b e c a u s e the r a t i o of 
f i s s i l e f i s s i on to c o r e a b s o r p t i o n s m a y be g r e a t e r . Such can be the c a s e , for 
e x a m p l e , in p l u t o n i u m - f u e l e d c o r e s for which the f i s s i on c r o s s s e c t i o n of 
p l u t o n i u m i s r e a s o n a b l y c o n s t a n t w h e r e a s the c o r e a b s o r p t i o n d e c r e a s e s wi th 
i n c r e a s i n g e n e r g i e s . F o r U - o r U - fue led s y s t e m s th i s i s l e s s l i ke ly b e 
c a u s e e n e r g y d e p e n d e n c i e s of f i s s i on and c a p t u r e p r o p e r t i e s a r e c l o s e r . 

Yiftah and Okren t , ( 9 ) u s i n g a l 6 - g r o u p c r o s s - s e c t i o n se t , c a l c u 
l a t e d tha t at a c o r e s i z e of abou t 3500 l i t e r s the s o d i u m - v o i d effect 
b e c o m e s p o s i t i v e for the p a r t i c u l a r P u oxide s y s t e m s tudied . E x a m p l e s 
of the s o d i u m - v o i d c u r v e s ob t a ined by t h e m a r e shown in F ig . 14, w h e r e 
the r e a c t i v i t y change is e x p r e s s e d in t e r m s of 6 M C / M C , the f r ac t i ona l 
i n c r e m e n t in c r i t i c a l m a s s wh ich would p r o d u c e the s a m e r e a c t i v i t y effect 
a s the r e m o v a l of the sod ium. 

C a l c u l a t i o n s of s o d i u m - v o i d effects by the s i m p l e exped iency of d e 
c r e a s i n g h o m o g e n e o u s l y the s o d i u m con ten t in a m u l t i g r o u p a n a l y s i s con 
s i s t i n g of, for e x a m p l e , 16 g r o u p s can , of c o u r s e , only be c o n s i d e r e d as 
i n d i c a t i v e . Spa t i a l d i s t r i b u t i o n s of the s o d i u m v o i d s , effects of s c a t t e r i n g 
r e s o n a n c e s of the c o r e m a t e r i a l s , and effects of a b s o r p t i o n r e s o n a n c e s need 
a l s o be c o n s i d e r e d . The c o m p o s i t e r e s o n a n c e s of the v a r i o u s c o r e m a t e r i a l s 
m a y affect t he s e l f - s h i e l d i n g s d i f fe ren t ly , depending upon a m o u n t of sod ium. 
Bh ide and H u m m e l , ( " o ) for e x a m p l e , h a v e r e - c a l c u l a t e d by m e a n s of the 
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xlO"^ E L M O E p r o g r a m t h e p r e v i o u s l y 
r e f e r r e d - t o p l u t o n i u m o x i d e - f u e l e d 
s y s t e m b y t a k i n g i n t o a c c o u n t t h e 
e f f e c t of t h e s c a t t e r i n g r e s o n a n c e s . 
T h e y n o t e d t h a t t h i s l o w e r e d t h e 
v a l u e of t h e c a l c u l a t e d c o r e s i z e a t 
w h i c h t h e s o d i u m - v o i d e f f e c t b e c a m e 
p o s i t i v e to 2 5 0 0 l i t e r s . 

S o d i u m - v o i d e f f e c t s m a y b e 
m a d e m o r e n e g a t i v e ( o r l e s s p o s i 
t i v e ) b y e n h a n c i n g t h e r e a c t i v i t y 
e f f e c t of n e u t r o n l e a k a g e d u e to s o 
d i u m l o s s a n d b y d i m i n i s h i n g t h e 
r e a c t i v i t y e f f e c t of s p e c t r a l h a r d e n 
i n g . l o 5 , 6 7 - 7 0 ) T h u s , c o m p o s i t i o n s 
h a v i n g s m a l l e r v o l u m e f r a c t i o n s of 
m a t e r i a l s o t h e r t h a n s o d i u m s h o u l d 
h a v e g r e a t e r o v e r a l l t r a n s p o r t 
c r o s s - s e c t i o n d e c r e a s e w i t h l o s s of 
s o d i u m . E n h a n c e m e n t of n e u t r o n 
l e a k a g e -with l o s s of s o d i u m b y c h o i c e 

of s u i t a b l e c o r e s h a p e s a l s o m i g h t b e h e l p f u l . R e d u c t i o n i n t h e a m o u n t of 
f e r t i l e m a t e r i a l i n t h e c o r e s h o u l d b e h e l p f u l b y r e d u c i n g t h e p o s i t i v e s p e c 
t r a l s h i f t e f f e c t t h r o u g h d e c r e a s e of t h e f a s t f i s s i o n c o n t r i b u t i o n of t h e 
f e r t i l e m a t e r i a l . D e c r e a s e of s t r u c t u r a l m a t e r i a l s o r u s e of s t r u c t u r a l 
m a t e r i a l s w i t h v e r y s m a l l f a s t a b s o r p t i o n c r o s s s e c t i o n s a n d / o r w i t h e n e r g y 
v a r i a t i o n s w h i c h do n o t r a p i d l y d e c r e a s e w i t h i n c r e a s i n g e n e r g y s h o u l d a l s o 
d i m i n i s h t h e s p e c t r a l s h i f t e f f e c t . 
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Fig. 14. Reactivity Change Effected by Removal 
of Wjo of Sodium from Plutonium Metal, 
Plutonium Oxide, and Plutonium Carbide-
fueled Cores with Steel Structure (Com
posite Curves from Ref. 9) 

C u r r e n t l y t h e s o d i u m - v o i d e f f e c t a n d i t s r e l a t i o n t o o t h e r r e a c t o r 
c o n s i d e r a t i o n s ( s u c h a s c o n t r o l , b r e e d i n g , s a f e t y , po -wer , a n d e c o n o m i c s ) 
a r e n o t s u f f i c i e n t l y w e l l u n d e r s t o o d . T h e p r e s e n t s t a t u s of t h e s o d i u m -
v o i d p r o b l e m a n d , in a d d i t i o n , t h e s u b s e q u e n t l y t o b e d i s c u s s e d D o p p l e r 
p r o b l e m a r e d o c u m e n t e d i n p a p e r s r e c e n t l y p r e s e n t e d ! ' ^ / b y n u m e r o u s 
i n v e s t i g a t o r s . 
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A n o t h e r r e a c t i v i t y - t e m p e r a t u r e effect which is r e c e i v i n g c o n s i d e r 
ab le a t t e n t i o n is t he D o p p l e r effect in fas t r e a c t o r s . The e n e r g y d e p e n d e n c e 
of the c r o s s s e c t i o n s of the f i s s i l e and f e r t i l e i s o t o p e s have a p r o f u s e 
r e s o n a n c e s t r u c t u r e beg inn ing at n e a r t h e r m a l e n e r g i e s and cont inu ing -well 
into the s p e c t r a l r e g i o n of fas t r e a c t o r s . T h e s e g ive r i s e to the D o p p l e r 
effect , -which r e s u l t s f r o m the t e m p e r a t u r e b r o a d e n i n g of the r e s o n a n c e s 
coup led with the fac t t ha t t he n e u t r o n flux at a r e s o n a n c e is h ighly self-
s h i e l d e d . R e s o n a n c e b r o a d e n i n g i n c r e a s e the o v e r a l l r e a c t i o n r a t e s by 
i n c r e a s i n g the c r o s s s e c t i o n s in the -wings of the r e s o n a n c e s . 

F o r s m a l l , h igh ly c o n c e n t r a t e d , fas t s y s t e m s the D o p p l e r effect is 
g e n e r a l l y v e r y s m a l l . The n e u t r o n s p e c t r a a r e at v e r y high e n e r g i e s . 
C a p t u r e and f i s s i o n r e s o n a n c e s in both fuel and f e r t i l e i s o t o p e s a r e h ighly 
o v e r l a p p i n g , so t h a t t e m p e r a t u r e b r o a d e n i n g does not naodify g r e a t l y the 
r e a c t i o n r a t e s . The n e u t r o n e n e r g i e s of m o s t i m p o r t a n c e to Dopp le r ef
f ec t s a r e ~ 0 . 1 MeV in t h e s e cases.("71) The effect a r i s e s p r i m a r i l y f r o m 
f luc tua t ions in r e s o n a n c e s t r e n g t h s and s p a c i n g s . 

A s s y s t e m s b e c o m e l a r g e r , d e n s i t y - v o l u m e effects d i m i n i s h and 
the i m p o r t a n c e of the D o p p l e r effect i n c r e a s e s . The l o w e r e d s p e c t r a l 
d i s t r i b u t i o n t h e n p l a c e s s o m e n e u t r o n s a l s o in the e n e r g y r e g i o n of s e p a 
r a t e d , but not n e c e s s a r i l y e x p e r i m e n t a l l y r e s o l v e d , r e s o n a n c e s . In th i s 
c o m p o s i t i o n r e g i o n t h e q u e s t i o n of w h e t h e r o r not the quant i ty of r e s o n a n c e 
c a p t u r i n g f e r t i l e m a t e r i a l r e l a t i v e to r e s o n a n c e c a p t u r e and r e s o n a n c e 
f i s s ion ing fuel m a t e r i a l i s suf f ic ien t to ob ta in a nonpos i t i ve Dopp le r effect 
is i m p o r t a n t . 

With s t i l l l a r g e r s y s t e m s , e s p e c i a l l y t h o s e con ta in ing m o d e r a t i n g 
e l e m e n t s such a s c a r b o n o r oxygen p r e s e n t in c a r b i d e and oxide fuel and 
f e r t i l e m a t e r i a l s , the s p e c t r a b e c o m e suf f ic ien t ly lo-w in e n e r g y tha t p a r t 
of the s p e c t r a l i e wi th in the e n e r g y r e g i o n s of r e s o l v e d r e s o n a n c e s . In 
s y s t e m s of th i s s i z e and c o m p o s i t i o n r a n g e , it a p p e a r s m o s t i m p o r t a n t t ha t 
a s y s t e m h a v e a r e a s o n a b l y l a r g e n e g a t i v e D o p p l e r effect to i n s u r e a 
p r o m p t - a c t i n g r e a c t i v i t y d e c r e a s e wi th t e m p e r a t u r e i n c r e a s e . F o r e x 
a m p l e , in the r e l a t i v e l y s m a l l , h a r d s p e c t r u m , E B R - I I , the m u c h l a r g e r 
and o v e r a l l n e g a t i v e e x p a n s i o n ef fec ts of fuel , coo l an t , and s t r u c t u r e o v e r 
r i d e the s m a l l but p o s i t i v e c a l c u l a t e d v a l u e of ~-F0.4 x 10"^ Ak/°C for the 
D o p p l e r coef f ic ien t . (72) In c o n t r a s t , a s o f t e r - s p e c t r u m , l o w - e n r i c h m e n t , 
l a r g e f a s t s y s t e m m i g h t h a v e a v a l u e of — 1 0 x 10"^ Ak/°C for the Dopp le r 
coeff ic ient .v ' 3) R e l a t i v e l y l a r g e n e g a t i v e D o p p l e r effects m a y in such 
l a r g e s y s t e m s be m o s t i m p o r t a n t to c o m p e n s a t e for v e r y s m a l l e x p a n s i o n 
and l e a k a g e e f f ec t s , and in s o m e c a s e s to c o u n t e r a c t p o s s i b l e p o s i t i v e 
s o d i u m - v o i d e f f ec t s . In add i t i on , the p o s s i b i l i t y of i n c o n s i s t e n t e x p a n s i o n 
in c e r a m i c s due to c r a c k i n g e x i s t s . It m a y be m e n t i o n e d tha t po-wer 
D o p p l e r effects a r e g r e a t e r -with c e r a m i c s b e c a u s e of the s m a l l e r hea t 
t r a n s f e r s and c a p a c i t i e s . 



In any ca se , insofar as a mult igroup Doppler-effect analysis is 
concerned, the problem is that of obtaining suitable effective group c r o s s 
sections as a function of t empe ra tu r e such that the react ion ra tes of the 
effective c r o s s section t imes the flux obtained -with these effective c r o s s 
sections resul t in the c o r r e c t react ion ra tes as obtainable from a very 
detailed fine group ana lys i s . A detailed repor t on the theore t ica l and ca l 
culational aspects of Doppler effect in fast r eac to r s is given by Nicholson.( "74) 
A genera l review, of both exper iment and ana lys is , is that of Graves.(^5) 

Recal l that the Doppler-broadened s ingle- level Bre i t -Wigner 
formula for p roces s x is:(27,71) 

a^(E,T) = o,{rjDfici, I ) , 

-where 

^(q, 0 
^ / 1 + y ' 

— dy 

is an obtainable tabulated function and where 

Oo = 471 X 2g rjr. 

The p a r a m e t e r s a r e 

^2 = ^ V -v/Z/iE, 

where jd is the reduced m a s s and E is the neutron energy in the l ab
ora tory sys t em, 

g = (2J+1) /2 (2I+ 1), 

where J is the spin of the compound nucleus and I is the spin of the t a rge t 
nucleus, 

and 

4 = r / A , 

-where 



i s t h e D o p p l e r -width. 

T h e i n t e g r a l o v e r a r e s o n a n c e f o r p r o c e s s x i s 

•foo p r 
r 2 „ ^ 2 n ^ X 

r • 
a x ( E , T ) d E = ZTT^gX' 

F o r an e n e r g y i n t e r v a l AE about E l a r g e c o m p a r e d to r e s o n a n c e 
-widths and con ta in ing m o r e than one r e s o n a n c e , the a v e r a g e c r o s s s e c t i o n 
for the r e s o n a n c e p r o c e s s is 

r„r 
1 \ (271^^-2 ^ ^ 

resonances r e s o n a 
in AE 

b e c a u s e each r e s o n a n c e c o n t r i b u t i o n i s e s s e n t i a l l y f r o m a s m a l l e n e r g y 
i n t e r v a l about E j ^ . If a v e r a g e r e s o n a n c e s p a c i n g s S and a v e r a g e r e s o n a n c e 
p a r a m e t e r s a r e u s e d , t he f o r m u l a b e c o m e s 

w h e r e the n u m b e r of r e s o n a n c e s , 

S 

and E l i e s wi th in AE, The ana logous e x p r e s s i o n for the compound 
n u c l e u s is 

Op = ( i / s ) Z-n^^^ ( g r j . 

In the d i s c u s s i o n of flux d e p l e t i o n a t r e s o n a n c e s , ho-wever, it was 
no ted t h a t 

0 ~ I / E a(E) 

at suff ic ient d i s t a n c e s f r o m s o u r c e s if -we m a y a s s u m e c o n s t a n t c o l l i s i o n 
dens i t y p e r un i t l e t h a r g y . A l s o , if only a s m a l l r e g i o n AE about E is con
s i d e r e d , 0 ~ l / a (E) in A E , i , e . , 0 a is a p p r o x i m a t e l y c o n s t a n t . Then the 
ef fect ive c r o s s s e c t i o n , in A E , for r e s o n a n c e p r o c e s s x is 
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eff ,. '^AE ^ _ ^ ^ ' A E 
^ X , E 

f - (-) 

and 

r ĉ (E)dE r ^ 
eff _ ^AE _ JAE 

'^E ~ AE " AE • 

The total c ro s s section is 

^ a + ^s . 

where O^ r e fe r s to absorpt ion p roces se s and Og to scat ter ing p r o c e s s e s . 
The total c ro s s section is often expressed as 

o = Oof + a 
nonres ' 

-where CJ^onres includes the scat ter ing and nonresonant absorption 
p r o c e s s e s . The rat io '^nonres/'-^Oj r e f e r r ed to as /3, is a frequently used 
p a r a m e t e r in Doppler effect analyses .(74,75) For example, (Oj^/o)^p may 
be expressed as 

The la t te r is of the form of the function 

used in calculations of effective resonance in tegra l s . The self-shielding 
factor is 

.eff ' ^ - ^ / M 
f 

^x,E V a / / \ o 

^x,E (a J 
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In this introductory presenta t ion only the t rea tment of the resonance 
t e r m s will be d iscussed . In any complete analyses interference t e r m s be 
tween resonance and potential scat ter ing must also be considered. 

F o r the case of resolved resonances these quantities a r e , of cour se , 
re la ted to the effective resonance in tegra l s . These integrals have been 
based upon the na r row resonance (NR) or nar row resonance infinite ab
so rbe r (NRIA) as sumptions; (7 6) that i s , the average energy loss by elast ic 
collision exceeds the prac t ica l width of the resonance, as is usually the 
case for the h igher -energy resolved resonances . At the still lower-lying 
resonances where the average energy loss may be smal ler than the p r a c 
t ical width, the NRIA method t r e a t s the absorber atoms as infinite in m a s s , 
Tables(77) and codes(78) for calculat ions of Doppler-broadened effective 
resonance in tegrals exist . 

F o r unresolved but separa ted resonances , the NR approximation is 
again used. The assumpt ion of constant total collision over a resonance is 
valid for either the narro-w wel l - separa ted cases or for the narro-w closely 
spaced cases having spacing smal l compared with the energy l o s s . The 
s ta t i s t ica l distr ibution of neutron widths given by P o r t e r and Thomas,(79) 

1 e " ^ / ' P(y)dy = —— — dy, 
^277 Â 

where 

y T n A n 

and r^^ is the average reduced neutron width. The radiation width and the 
average level spacing a r e taken to be constants . For the fission -widths 
the value of the p a r a m e t e r a in the ch i - squared distribution, 

(±) — - 1 -
^, . I 2^ / a \ 2 " ' "2 y 

is not cer ta in . Values of 2 and 3 a r e used (a = 1 for neutron widths).(75) 

The region of strong overlapping is also t rea ted by s ta t is t ical 
methods .(71,74, 75,80) Because of the large energy loss per inelastic 
collision, a p rocess which is important at these higher energ ies , com
pared with the sma l l e r spacing of the levels , the assumption of a constant 
total coll ision over any energy interval AE containing the resonances is 
again assumed. Then 0(E) a(E) is approximately constant and 
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eff 
^x.E 

f 
J/SE 

a. (E) 

a(E) dE 

dE 
a(E) 

as previously . Because of the strong overlapping of the many resonances , 
however, O ( E ) may be t r ea t ed as a fairly smooth function -with supe r im
posed fluctuations. (Doppler broadening, fu r the rmore , -will reduce further 
these smal l fluctuations.) Fo r example, widths a r e ~10 eV and mean 
spacings ~0.8 eV, Thus 

o - o << 1, 

so that 

and 

a(E) a + [a(E) - a ] 
1 -

a(E) 

1 
a" 

The effective c r o s s section in AE for p roces s x is then express ib le in 
the form 

eff 
^x,E 

gx(E) 
a(E) dE 

/AE 

dE 
a(E) 

= o^ 
o^o - 0^0 

-where only O-^O is a t empera tu re -dependen t t e r m ; other t e r m s a r e un
weighted and t empera tu re - independen t quant i t ies . 

Because of resonance over lap it is n e c e s s a r y to use a dis t r ibut ion 
for the level spacings in addition to the average resonance -widths and -width 
d is t r ibut ions . 

It may be noted(73) that the resolved region in, for example, the 
fert i le Û ®̂ isotope is about from 5 to 1,000 eV. The unresolved but wel l -
separa ted region is about from 1 to 9 keV. In con t ras t , for the fissionable 
Pu isotope the resolved region extends only to about 60 eV. 



In conc lud ing t h i s l i m i t e d p r e s e n t a t i o n , the p o s s i b l e i n t e r p l a y of 
the s o d i u m - v o i d effect and D o p p l e r effect should be m e n t i o n e d . F o r e x 
a m p l e , an e x c u r s i o n wi th l o s s of s o d i u m m a y r e s u l t in r e d u c t i o n of 
D o p p l e r effect t h r o u g h shift of flux d i s t r i b u t i o n t o w a r d h i g h e r e n e r g i e s a t 
-which the D o p p l e r effect is l e s s n e g a t i v e . 

In m a n y fas t z e r o - p o w e r f a c i l i t i e s the fuel and f e r t i l e m a t e r i a l s 
a r e not h o m o g e n i z e d , but a r e , i n s t e a d , s e p a r a t e p i e c e s . The p o s s i b i l i t y 
of fuel t e m p e r a t u r e s exceed ing f e r t i l e t e m p e r a t u r e s naight r e s u l t in a 
p o s i t i v e o r , a t l e a s t , l e s s n e g a t i v e D o p p l e r coef f ic ien t than in the h o m o g 
en i zed c a s e . 

L a s t , bu t not l e a s t , i s t he f a s t r e a c t o r melt-do-wn h a z a r d . ( 8 1 ) 
B e c a u s e of the l a r g e f i s s i o n a b l e m a t e r i a l i n v e n t o r y , an e x c u r s i o n -which 
would l e a d to fuel m e l t i n g c o n c e i v a b l y m i g h t p r o d u c e a h igh ly s u p e r 
c r i t i c a l c o n f i g u r a t i o n . 
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