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THE EFFECTIVENESS OF
4 CONTROL-ROD MATERIALS

by

H. P. Iskenderian

I. INTRODUCTION

Considerable work has been done on the evaluation of the worth of
control-rod materials.  Some of this is listed in Refs. 1-5.

./
References  1  and 2 describe a method of determining the " effective-

ness" of control-rod materials, with experimental checks from the ZPR-1
critical assembly. The method consisted of the evaluation of the absorp-
tion integral for neutrons incident on a slab obeying the Breit-Wigner,
single-level absorption characteristics. This report is an extension of
Refs. 1 and 2 with some modifications and more detailed analysis, and
greater verification of calculations with experimental data.

This report indicates that the  "effectiveness"  of an absorbing  slab
is  proportional to  its " reactivity worth, " under some simplifying assump-
tions (which have facilitated the evaluation of the " effectiveness"). These
assumptions are as follows:

1.     The neutron flux has an isotropic distribution at the surface  of
the slab.

2. This incident neutron flux has a Maxwellian distribution at
thermal energies and a 1/.E tail at epithermal energ.ies.

3.   The slab absorber obeys the single-level, Breit-Wigner law
for absorption, with negligible scattering, and allowance is
made for overlap of resonance levels.

The above assumptions have facilitated the evaluation of the absorp-
tion integral.  We deal with single-collision effects, resulting in a general
depletion of neutron flux incident at the slab. The justification of these
assumptions is as follows:

r

1.   For a heavy absorbing slab, such as encountered in control-rod
work, tha isotropic Po component and the cosine Pl component (or higher
terms in the Legendre expansion of the neutron flux) are nearly equally
attenuated by the absorber.
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2.   In our model of the neutron spectrum, we have neglected small
scattering effects by the absorber, and assumed the thermal flux incident
on the slab to be a depleted Max'wellian with a kTn equal to that of the re-
actor core.

3.   Neglect of scattering by the slab is expected to result in small
effect, except for materials such as cobalt with In/ry near unity at its
first resonance level of 132 eV. Ordinarily, this ratio is quite small at
low-energy resonance levels of control-rod materials.

II. THE REACTIVITY WORTH OF A CONTROL-ROD SLAB

The reactivity loss due to the insertion of a poison slab in a reactor
may be obtained from

fp+6#LaP* di-

-6P =
r 1                                                       (1)

j 0 '  *v E f N  d7-

where the adjoints are nonperturbed, the real fluxes are the perturbed
values of the fluxes, 6Er refers to the poison slab, X refers to fission
spectrum, and d'r = dE dV.

In Eq. 1, the V/'s have angular distributions of neutron velocity vec-
tors 4(r, v, 51) and satisfy Boltzmann's transport equation.

For. a Pl approximation outside the slab, the directional fluxes in-
cident to the slab surface will be (see Fig. 1)

-1-1                                                                  (2)--6.- V/(11) = *0+32111  for 0 < El 5 1,
F=cos 8

---- CONTROL ROD
SLAB

B--(0--* where '0 is the integrated over angle flux, and j is
the net current into the slab from the adjacent me-

Z- - dia. These two'terms of Eq. 2 represent also the
- dZ isotropic Po and cosine-dependent Pl components of

the neutron flux:
112-8164

Fig. 1. Neutron Flux Inci- For strongly absorbing slabs, such as en-
dent on Slab countered in control-rod work, the attenuation of                 „

the Po and Pl terms in the slab is nearly the same
(see Appendix A). There should, therefore, result only small errors in
assuming an ihotropic distribution of neutron flux incident·to the silrface
of the · slab. Equation 3  may be justified· also if we consider that the ad-
joints 9+ of Eq. 1 are nearly space-isotropic, and hence, because of the
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orthogonality properties of the Legendre' s polynomials, we need to consider
only the isotropic corbponent  of  flux, 0(lit). Equation   1   may be written,   then,

, , in  the  fo rm

50' 552Zt   d.
(3)-6p=  rl

J(b· X·1/Ef* dT

Using matrix notation, and three-group theory, we can put Eq. 3 in
the, fo rm

r  r     -          -- -I
1 6SP o 0   01

al

< [0I'-01-0t] .   0     6.Sp     0     02  .> d·r
a 2

 s lab  -                      _   0            0         62  3    03- - - -

-6 p = r r  - 1 .-'    (4)

        " X 11/2X f.2   X11'3Ef3 . 01

       4 [(1'i'*t ]  O             0             0        02   ,·df
0         0        0  '  03

.)core A       -                  ._ _,

We assume for the fast group 1,.Eai = 0, X 2 = X 3 = 0, and 1'2 = 1/3.
Equation 4 becomes, then,

0+   ( 6EP 02 dE + 0 .  . (  aE 303;dT2(slab) I .  az     (slab) 1Jslab •/ slab

-6p =                                                       (5)

 (core) .fore Xi.(vE f202+VEf303) dt

where 0  and 03  are defined as
(slab) (slab)

r         *i-OS 10i  dT
.+ A lab

*i(slab) =   OS P. 6·   d7-al,1
Jslab

A.  Integration of Numerator in Eq. 5

The integral expressions in the numerator of Eq. 5 may be deter-
mined from an evaluation of the absorption integral,
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r°°      rt       r 1

At  =N                     110(E, z, 11) a(E) e-Noz/11 di.t ·d z dE,                 (6)
."to        4 0      4 0

At E "effectiveness" of the rod,

where

110(E, 0) dE dO = B0(E, p) dE dll

denotes the number of neutrons contained in an element of solid angle dO
with energies between E and E + dE, which cross at right angles a unit
area of the slab, per second (see Fig. 1). The factor e-Naz/11 denotes the
number of these neutrons that penetrate the purely absorbing slab to a
depth z, and the factor Nadz/p gives the number of neutrons absorbed in
the layer dz.

In Eq. 6, scattering has been neglected, and depletion of incident
neutrons allowed for'by the use of depletion factors  i, where i refers to
energy group.

The integration of Eq. 6 is carried out for an isotropic spatial dis-
tribution of neutrons incident on a face of the slab, where the energy dis-
tribution of the neutrons  is as sumed to be Maxwellian with an appended
1/E tail.  That is,

1

E. -E/kT-
0the rrnal

(kTn)
=       ,2 e *'   ,  for O S E S 0.625 eV

'2                           Fia(kTnA /1\      *0epi =
CCEs(El)7CE/ E > 0.625 eV              (7)

= C/E           · ·     El = 0.625 eV
I. .

where kTn refers to the most probable value of effective neutron energy
for   a Maxwellian distribution of neutron  flux.

In Eq. 6, aa(E) is assumed to obey (as already stated) the single-
level Breit-Wigner law,6

al(E) = ·7Te(2g En ry                                                                                    (8)
(E - Eo)2 + (F/2):
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/

where

X
* = -EP

2.86 x 10-9
X = neutron wavelength =

J.E     '

and g,  Pri, ry, and Eo have their usual meanings.

At resonance energy Eo,

2.6 x 106   I' lry
07(Eo) =  4-n    r2 barns,                       (9)

where

r  = rn/VE·

For E << Eo, and r << Eo, Eq. 8 yields

0.6 5  x   1 0 6          r y r K                   ( . (1 6)07(E) =·   E8     El/2

For  E >> Eo, and  I << Eo, similarly we obtain

ry Eno
07(E) = 0.65 x 106 g (11)

E 5/2

Since c 7 varies rapidly with E, we use the modified form of the
Breit-Wigner law; i.e.,

CO

C Y =1+ x 2'

where  '

E - EO
X =

rli '

and

,         rn  ry  ( E 0'1  1/ 2
Go   =   4 *6g       r 2     (E/
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The integral of Eq. 6 may be evaluated as the absorption of

a.   Maxwellian flux by a 1/V ab.sorber.

b.   1/E flux by a 1/Vn absorber, where n > 0.

t.    1/E flux by a resonance absorber.

J. Ernest Wilkins, Jr., (in 1946) integrated Eq. 6 and his work is
assembled in Ref. 7.  A few minor corrections·are to be made in the latter
report.  Also, some of our results are different in form from those given
in Ref. 7. Appendix B gives details of our calculations for the absorption
of 1/E neutron flux by a 1/Vn absorber.

The evaluation of the integral of Eq: 6 for absorption of neutrons
from both surfaces of the poison slab per unit area of a large slab yields
(from Ref. 7 and Appendix B)

-                                        -

e-31/2  r

At * #1Fl(Y) + C Pzrl(X) + #3  F3(x) . JNI       J EJ  711. ,      (12)
Oij1 1

-                                           -

where

Bi' s are depletion factors of neutron flux incident on the slab,

y = Ntaa(kTn), x = Ntaa(Ei), arld El = 0.625 eV,

Cj = the isotopic concentration and j refers .to the number of
isotopes present,

and

Fl(y) = .fraction of thermal neutrons incident on surface of slab,
that is absorbed.

For large y
--

/ 11/3
/1\2/3 5     /vl

2/3 35 Cy)413Fi(y) -1- 2.05   exp -3 2,1
1   +  -1-L 1           -36\2/ 2592(2/

--

For small y
-

Fi(y) -  rry 1 +  (ln y)(1+yt/12) + 0.13077 -  - 0.006954y3
-                                                 -
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Figure 2 is a plot of Fl(Y) vs y.

CF2(X) absorption of epithermal 1/E flux by a 1/Vn absorber
n

(n > 0) (see Appendix B).

F2(X) 1.077+·lnx+El(x) - E3(X).
0.5

0.4.

FOR LARGE y:

=                 /vil/3 ,/Y12/3 . .4/3

x                                      F,ty)•  1-2.05 (i)   e:T,)      I'+AC.6)2/8.242(- )    -I)
2 03
Z

61--I.
FOR SMALL y:a-  0.2

.                                                                             r      y/      V      ,2 1                   y2
#                                                     FICY)../Fy  lit fny)\1+ 12-/+·1307 y-3-.0069542]

0.1 Y=Nt ga (kTn)

0                                2               3               4               5

[Nt vockTO)1

112-8166

Fig.  2.    Fl(Y),Absorption of Neutrons Having a Maxwellian
Distribution by a 1/v Absorber

Figure 3 is a plot of F2(X) VS X.

2A

20

1.6

W -

F2(x)• 1.077 + £nx + EI (x)-E3(X)
   1.2

--*

En (x).iifw-ne-wxdw
N -
.

0.8                                                                                                                                                                           +      A     499#Wi

-4
x•N,(a (El)

.1/   L.f04
EI     E

0 0.4 0.8 1 2 1.6 2.0 2.4 2 8 3 2 3.6

INt q((EI )1

112-8165

Fig. 3. F2(x) Absorption of Neutrons Having a
1 /E Distribution by a 1/v Absorber
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Bi (y) is a function of y;  32(x)(< Bl) is usually af little importance
since AzF2(x) is ordinarily small. B3(x) depends on strength of resonance.
From practical considerations, the above depletion factors may be lumped
into one, given by

p-1/2   r       .

Blfl(y) + C BTF,2(x) + B3 1.084Nt-    i'- 6joo 7 lJ
EO..j i 1J

-            -   .        At

where #67) may be obtained empirically (see Fig. 4).

1.40

1.30

1.20
-
).
-

Ql
1.10

1.0

<---NOTE
CHANGE OF SCALE

0.2 0.4 0.6 0.8 1.0       1.4 1.8 2.2 2.6 3.0 34

y=Ia (kTn)t
112-8158 Rev. 1

Fig. 4. B(y) Neutron Depletion Factor

4 1 3 4F3(X)=-1--- = .for heavy resonance absorbers,
3 10X 224X2   3

where

.X    =   t  Naot.

The integral expression in the denominator of Eq. 5 may be put in
the  fo rm

 -3  3
02

1/ E f + - -
Tfz  Vc (core)'                                          (13)
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where

-      ore 0izf dv
S f i   =        r

0i dv.
Jcore

and

F     $ dv
-   Jcore
0i = . r

dV
Jcore

From Eqs. 6, 12, and 13, it follows that
..

6-di/2 r  ..-1
--    - B•F,(y) +.1*C Elf:9 + 1.18,/iii     _.1...2j.--71.J  Sslab0
0+,                --

n
.J I

eff 3,0

.3 Cs lab)  .  , 6 f t_ . j.       i     ........     -.--3-.-       --.-.--.--       (14)
-6P = -- r2-\

*t,                        .1' If3 +.Fi-Efll<core L core VVc S(cote)

where

slab                                                              'S      = effective surface area of slab, allowing for variation of
eff

neutron flux in directiohs parallel to the surface of the
slab,

slab
S     03,0 = total thermal flux incident to the surface of the slab,

. ·              e ff

and

V  = volume of core.
C

For a given reactor with different absorbing slabs of the aarrie
dimensionb, the quantity

-                ·slab
01-               S    W. O(s.lab) . eff, -'      172            -2               (15)
ET(care) v  f3 +-3 -2 fi  Vc

 I (cote)
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is a constant. It follows from Eqs. 14 and 15 that

e                          - -9
-1/2

/02+\ F2(X) O..    7iJ

B...Cy) .1=11      C   n  .1.18'1'  S    9'I'.Itt,   f
I. C03  '(slab) -

- (16)
6P

is· also nearly constant.
--

The ratio *il-/ch  has been evaluated for a number of thermal to in-
termediate reactors, at or near the axis of the reactor, and was -0.9 (see
Table I). Inthe present work, this ratio is taken to be 1.0. Equation 16
becomes, then,

-

(.31/2 r  ..- 

B ,(y) t c- t=) + 1.1816-t I X J oij 71J 1 
Eo. 1          At.j i 4   - J .E - 2 Const.  Z,

ap                         . ap

where

531/ 2 r      -
At = Fl(y) +C F   C) + 1'.18' ii        J E J..74  ,           (17)

j i  1J

At a "effectiveness" of the rod.
- -

TABLE I. 0 pi/ 0 h in Central Region of
Core for Various Critical Assembliesa

Critical Assembliesb
EBWR Loading with

Pu  +   1   o r   2   Shim Zones FPR- 13 FPR-11 FPR-12

0.863 0.915 0.894 0.875

aThe above values refer to central region of the core and are nonper-
turbed values.

bAdjoint flux data obtained usini the MACH code and thiee-group cross-
section data from KAPL-1961.

The value of the constant,  Z, is specific· to a given reactor and de-
pends on dimensions and location -of· the slab being tested  in the reactor,  as
defined in Eq. 15.
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It follows from the foregoing analysis that the worth of a control
slab is proportional to  At, or  .X effectiveness.  At may be evaluated
readily with the aid of curves Fl(Y) and F2(x) (Figs. 2 and 3) and cross-
section data (see Table II).

TABLE II. Nuclear Data on Control-rod Materials Studied

F-- 1/ 21-'     .

            c'ij Joij    y ij
EO.Element Nuclei/crn3 Ca(0.025 eV) J     1           1J

Hf 0.0439 x 1024 105 11.4(c)

Au 0.0590 x 1024 98.8 5.7

In 0.0382 x 1024 196 10.7

Ag              0.0586 x 1024                63                        4.4
Co 0.0909 x 1024             37                   0.1
Eu(a) 0.0152 x 1024 4300 17.8

B Nat                                                     (b )                                                             7 5 5                                                                        -
Cd 0.0438 x 1024 2450                  -

(a)NEu obtained for density of Eu203 of 4.44/grn/cm3; resonance data ex-
clude resonance lines at 0.327 and 0.461 eV.

(b)grn/cmz data given in GEAP-32013 and KAPL-19614 for each slab
tested.

(C)Overlapping effect of resonance lines only -3% for slab thickness of
0.05 to 0.25 in.

It now remains to show that experimental data agree well with the
above results on the basis of measurements obtained in a number of
reactors.

B. Experimental Check of Method of Determining the Reactivity Worth
of Control-rod Slabs

The simplicity of the absorption integral method of determining the
rod worth makes it of practical value in determining the relative worth of
control-rod materials for specific reactors.

Tables III-VII give the measured reactivity worth, 6PM  as' and cal-
culated  At values and their ratio,  Z = BAt/OpA as' for a large number of
slabs tested in water-moderated ZPR-1 and critical assembly described in
GEAP-3201,3 and in three polyethylene-moderated critical assemblies de-
scribed in KAPL-1961.4 The latter assemblies, FPR-13, FPR-11, and
FPR-12, have values of

Ea(kTrl)
C=

Ess(00)
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of O.OB., 0.396 and 0.71, respectively. FPR-11 and FPR-12 have loadings
of intermediate reactors (with .NH/N25 values of 54.6 and 30, respectively)
and should offer more of an acid test to the method used.

TABLE 111. Ratios of Calculated Effectiveness over Measured Reactivity Worths
of Various Poison Slabs, Measured in ZPR-1

Worth, Opmeas,                    (bl                                                                  z . -BAt

Slab.Thickness, in. dollars dollars x Beff °Pmeas        Y        At       BCC)       BAt          6Pmeastal         . adj adj

.!1[

0.05 Hf
-

1.55 0.011625 0.011857 0.471 0.6676 1.21 0.8078 68.1
0.10 Hf + 0.095 ·SS 1.98 0.01485 0.01485 . 0.941 0.8906 1.125 1.0019 67.5
0.15 Hf. 2.19 0.01642 0.01609 1.412 1.0150 1.08 1.0962 68.1

0.15 Hf + 0.095 SS 2.22 0.01665 0.01632 1.412· 1.0126 1.08 1.0936 67.0
0.20 Hf 2.38 0.01785 0.01714 1.888 1.110 1.05 1.165 68.0   ,
0.25 Hf 2.47 0.01852 0.01759 2.353 1.1788 1.03 1.2141 69.0

Au
0.05 1.57 0.01177 0.0120 0.5925 0.6862 1.174 0.8056 6Z.1
0.10 2.00 0.0150 0.0150 1.185 0.8886 1:098 0.9756 65.0
0.15 2.13 0.01597 0.01565 1.7776 1.0061 1.055 1.0614 67.7
0.20

'

2.34 0.01755 0.01685 2.370 1.0853 1.030 1.1178 66.3
0.25 2.40 0.01800 0.0171 2.9627 1.1360

'

1.016 1.1541 67.4

Cd-Ag
0.IF-               ' 2.04 0.0153 0.0153 >10 1.0748         1.0 1.0748 70.2
0.19 2.29 0.01717 0.01648 >10 1.1054 · 1.0 1.1054 6Z.0
0.25 2.37 0.01777 0.01688 >10 1.1255 .. 1.0 1.1255 66.6
0.29 2.48 0.018637 0.01752 >10 1.1368         1.0 1.1368 64.8
0.10 Hf + 0.02 Cd +
0.10 Hf 2.52 0.01890 0.01814 >5 1.2284 1.0 1.2284 67.7
0.10 Hf + 0.02 Al  + ·
0.10 (Cd-Ag) 2.50 0.01875 0.01800   - >10 1.2325         1.0 1.2325 68.4

CO

0.075 1.25 0.009375 0.00946 .0.5124 0.5762 1.19 0.6856 72.3
0.125 1.51 0.011325 0.01121 0.8540 0.7192 1.135 0.8163 72.7
0.175 1.69 0.012675 0.01229 1.1957 0.7994 1.097 0.8769 71.3
0.225 1.84 . 0.013800; 0.01327 .1.5373 0.8622 1.07 0.9225 69.4

Average Z = 68.1
Average Deviation = AZ =  1.5 (2.216)

Ca)Beff " 0.0075.

Ablopamd as " 6Pmeas x edge correction factor.

(C)B refers to neutron-flux nondepletion factor at surface of poison slab.

TABLE IV. Ratios of Calculated Effectiveness over Measured Reactivity Worths,
Reported in GEAP-3201 for Various Poison Slabs

Surface                                                                      -
Thickness, Density, Y. I ocTn)t z.-BALSlab in. gm/cm2 (RW)corrla)           a             BIN         At          BAt            CRMcorr

Hf. :
0.025 0.856 0.572 0.234 1.42 0.437 0.6205 1.084
0.045 1.476 0.726 0.421 1.24 0.625 0.7744 1.067
0.103 3.422 0.920 0.9642 1.115

-

0.883 0.9845 1.070
0.206 6.833 1.051 1.9275 · 1.050.. 1.102 1.157 1.100
0.276 9.175 1.106 2.582 1.025 1.191 1.220 1.103

Au 0.027 1.318 0.504 0.319 1.325 0.464 0.6178 1.095
0.051 2.518 0.719 0.609 1.17 0.677 0.792 1.100
0.101 4.926 0.868 .1.192 1.10 0.871 0.959 1.103
0.196 .9.606 0.987 2.32 1.033 1.038 1.073 1.088
0.297 14.531 1.038 3.52 1.00 1.142 :1.142 1.101

B 0.152 0.0335 0.7503 ·

'

0.9706 1.115 0.778 0.8675 1.156
1 B-glass) 0.101 0.0478' 0.8144 1.3847 1.082 0.866 0.938 1.152

0.302 0.0664 0.8756 1.924 1.048 0.952 0.997 1.140

0.200 0.0880 0.9282 2.5495 1.025 1.018 1.044 1.126

0.275 0.1206 0.9728 3.494 1.00 1.079. 1.079 1.110
0.104 0.1575 1.0062 4.563 1.00 1.131 1.131 1.026

0.206 - 0.3026 1.0867 8.767 1.00 1.201 1.201 1.106
0.290

'
0:'4241 1.1326 12.287 1.00 1.235 1.235 1.090
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TABLE IV (Contd.1.

Surface
Thickness, Dens ity:

(RW)corr
' ' I (kTn)1 Z.  BAl_Slab            in.          gmkmo              Cal           a             0101         At          BAt            (RWIcorr

In 0.025 0.468 0.632 0.3783 1.27 0.560 0.711 1.125

0.050 0.928 0.785 0.7567 1.150 0.7646 0.880 1.121

0.100 1.858 0.908 ·

1.5137 1.072 0.9674 1.038 1.142

0.201 3.6W 0.998 3.042 1.015 1.1450 1.162 1.166

0.301 5.554 1.036 4.556 1.00 -1.2354 1.235 1.192

Ag 0.027 0.717 0.455 0.2007 1.50 0.342 0.5130 1.127

0.052 1.376 0.617 0.3851 1.270 0.5592 0.710 1.151

0.103 2.746 0.798 0.7686 1.146 0.768 0.880 1.102

0.196 5.226 0.944 1.4628 1.075 0.963 1.035 1.098

0.299 7.970 1.021 2.2308 1.035 1.090 1.129 1.103

Co 0.098 2.187 0.663 0.66 1.16 0.672 0.780 1.176

0.154 3.418 0.759 1.068 1.11 0.795 0.883 1.162

0.252 5.601 0.855 1.745 1.056 0.919 0.970 1.135

Eu203 0.05 0.561 1.032 2.979 1.015 1.087 1.188 1.151

0.174 1.972 1.197 10.47 1.00 1.224 1.3728 1.147

0.299 3.375 1.253 17.92 1.00 1.278 1.480 1.181

Cd 0.001 0.022 0.494' 0.295 1.36 0.42 0.571 1.148

0.002 0.050 0.648 0.670 1.163 0.642 0.746 1.151

0.005 0.101 0.728 1.352 1.085 0.804 0.872 1.198

0.010 0.226 0.789 3.021 1.012 0.948 0.958 1.213

Average Z = 1.126
Average Deviation = EZ " 0.032 (2.8%)

Ca) Relative worth RW ' (Po - Px)/(PO - Pstd'· with edge correction.
(b)B  refers to neutron-flux nondepletion factor at surface of poison slab.

TABLE V. Ratios of Calculated Effectiveness over Measured Reactivity Worths
of Various Poison Slabs,(a) Measured in FPR-13.

Thickness, Worth, .

6pmeas• (b)      6p as<C)    Y.  (kTn't
-  z .BAl'

Slab in. dollars dollars x Bell                                                   BW'          At          BA,               Op Jas

Hf 0.05 2.227 0.01703 0.01720 0.4935 1.20 0.6534 0.7841 45.6

0.10 2.677 0.020479 0.020479 0.987 1.12 0.8648 0.9685 47.3

0.15 2.968 0.022705 0.022470 1.480 1.075 0.9736 1.0467 46.6

0.20 3.164 0.024204 0.023700 1.974 1.045 1.0760 1.124 47.4

0.25 3.267 0.024992 0.02425 2.468 1.027 1.1382 1.1689 48.2

In 0.05 2.358 0.01804 0.01822 0.796 1.142 0.7584 0.8661 47.5

0.10 2.781 0.02127 0.02127 1.592 1.067 0.9482 1.0117 47.5

0.15 2.976 0.02276 0.02254 2.388 1.030 1.0534 1.0850 48.1

0.20 3.117 0.0240 0.0235 3.184 1.008 1.1080 1.1168 47.5

BNatie)
0.10 2.442 0.01868 0.01868 1.2754 1.09 0.824 0.8981 48.0

Ag 0.05 1.881 0.01439 0.01453 0.3927 1.25 0.5461 0.6826 46.9

0.10 2.423 0.018536 0.01853 0.7854 1.145 0.7435 0.8513 45.9

0.15 2.711 0.02074 0.02053 1.1781 1.10 0.8596 0.9447 46.0

0.20 2.922 0.02235 0.02191 1.5708 1.068 0.9374 1.0011 45.7

0.25 1066 0.02345 0.02283 1.9635 1.045 1.0002 1.0452 45.8

13.85 w/0 Eu203
in SS 0.10 2.789 0.02133 0.02133'           3.2 1.00 1.039 1.039 48.7

Average Z = 47.0

Average Deviation   "  A Z·    0.8  (1.8%)

la)Measurements data taken from KAPL-1961,4 for FPR-13 Critical Assembly.

lb)Beff " 0.00765.

Ic)6P as "
6Pmeas x edge correction factor.

Id)0 refers to neutron-flux nondepletion factor at surface of poison slab.

Ce)0.0368 gm/cm2 of BNat in Al.

.
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TABLE VI. Ratios of Calculated Effectiveness over Measured Reactivity Worths
· ·                    of Various Poison Slabs,(a) Measured in FPR-11.

BAt
Thickness, Worth, 6pmeas adj  (c)    y. *I (kTn)t                                -            Z.-adjSlab in. dollars dollars x Belf(b) 6pmeas'    a     BWI .  At   Mt    6Pmeas

Hf 0.05 .1.040 0.008080 Q.008161 0.4474 1.22. 0.9648 1.177 144.2

0.10 1.378 0.01071 0.01071 0.8948 1.13 1.3696 1.5476 144.5
0.15 .1.576 0.01224 0.01212 '1.342 1.085 1.623 1.761 145.2
0.20 1.700 0.01320 0.0130 1.789 1.055 1.8405 1.9417 149.3

0.25 1.815 0.01410 0.01373 2.3370 1.03 2.0227 2.085 152

In 0.05 1.005 0.00781 0.00789 0.725. 1.15 1.034 . 1.191           151

0.10 1.276 .0.00991
,..

0.00991 1.45 1.075 1.362 1.464 147.6

0.15 1.426 0.01108 0.01097 2.175 1.04 1.571 1.631 148.6
0.20 1.535 0.01193 0.01157 2.90, 1.015 1.719 1.745 150.8

BNat 0.10 0.950 0.00738 0.00738 1.306 1.09 0.990 ·1.0791 146.2

Ag 0.05 0.752 0.00584 0.00591 0.3583 1.25 0.7115 0.889 150

0.10 1.065 0.00827 0.00827 0.716 1.155 1.0325 1.1925 144

0.15 1.269 0.00986 . 0.00976 1.075 1.11 1.2408 1.3773          141

0.20 1.433 0.01113 0.01091 1.433 1.083 1.394 1.5083 138

0.25 1.557 0.01210 0.01178 1.7915 1.055 1.5334 1.6177          137

13.85 w/0 Eu203
in SS . 0.10 1.254 0.009743 0.00W43          3.2              1.0 1.391 . 1.391 145.2

Average Z = 146

Average Deviation = AZ =   3.5 (2.4%)

(a)Measurements data taken from KAPL-1961,4 for.FPR-11 Critical Assembly.

(b)Beff = 0.00777.

(C)6p eas =
6 meas x edge correction factor.

(d) B refers to neutron-flux nondepletion factor at surface of poison slab.
Ce)0.0368 gmkm2 of BNat in Al.

TABLE VII. Ratios of Calculated Effectiveness over Measured Reactivity Worths
of Various Poison Slabs,la) Measured in FPR-12.

Thickness, Worth, 6pmeas (c)    Y=I (1(Tn)t                                          Z=adj
BAt

Slab in. dollars dollars x Befflb) 4*as·     a. .   BW)    At 84 6Pmeas

Hf                 0.05       ' 0.812 0.00650 0.00650 0.4417 1.215 1.306 1.587
242                                 f

0.10 1.097 0.00878 0.00875 0.8834 1.13 1.890 2.136 243
0.15 1.273 0.010184 0.01013 1.3251 1.085 2.272 2.472 244

0.20 1.404 0.011232 0.0113 1.7668 1.660 2.614 2.770 252
0.25 1.504 0.012032 0.0123 2.208 1.040 2.895 3.010 256

In 0.05 0.745 0.00596 0.00635 0.712 1.155 1.3422 1.550 257

0.10 0.958 · 0.007664 0.00790 1.424 1.078 1.789 1.93 252
0.15 1.085. 0.00868 ; 0.00916 2.136 1.04 2.147 2.235 260

0.20 1.167 0.00934 0.00975 2.848 1.017 2.3390 2.38 259

BNat 0.10 0.668 0.00534 0.005053 1.1408 . 1.102 1.119 1.233 231

Ag. 0.05 0.553 0.00442 0.00461 0.3528 1.25 0.9006 1.125 251

0.10 0.807 0.00645 0.00638 0.7056 1.155 1.3323 1.5388 239
0.15 0.986 0.00788 0.007406 1.0583 1.11 1.628 1.8070 231

0.20 1.122 0.00897 0.008226 1.4112 1.08 1.8552 2.0072 228
0.25 1.232 0.00985 0.008972 1.7640 1.055. 2.0614 2.1892 228

13.85 w/0 Eu203
in SS 0.10 0.958 0.007664 0.007342         3.2             1.0 1.7916 1.7916 234

Average Z = 243

Average Deviation   =  A Z=      9.3 0.896)

|a)Measurements data taken from KAPL-1961,4 for FPR-12 Critical Assembly.

Ch)Beff
= 0·0080.

adj(c)6pmeas = 6Pmeas x edge correction factor.
(d) B refers to neutron-flux nondepletion factor at surface of poison slab.
Ce)O.0368 gm/cm2 of BNat in Al.
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Our calculations of At do not allow for absorption' by the edges of
the slabs. Accordingly, measured reactivity data have been adjusted by
the absorption-area technique.

To detect any possible errors in measured or calculated data, plots
of 6Pmeas and 6 Pcalc vs slab thickness were obtained. Values of 6Pcalc
were obtained (normalized) by making use of Z values; i.e., 6Pcalc =
 At//2·, where cross-section data used were obtained from BNL-325,6

n

I Zi
-           1=1Z= number of slabs = n

C. ZPR-1 Data

These measurements have been reported previously. 1,2

The average Z of 20 measurements on six slab materials was Z =
68.1 with an average deviation of AZ = 1.5 (2.2%), and 8Zmax = 6.3% (see
Table III). Greater than average discrepancies occurred for cobalt slabs.
This may have been due to anomalous scattering by cobalt; its first reso-
nance at 132 eV has a En/I' - 0.92. Resonance absorption in cobalt is not
only small, but its scattering may actually result in reducing the worth of
the rod. Figure 5 shows the 6p-vs-thickness ch racteristics of measured
and calculated data.

0.018 --

-I             --------ir
--
--
--

0.016 .,
/    ,/''

i " '
1  /   2.;     1 /  ./.

MEASURED CALCULATED

 
0012 1 ' /- (-)

/                        Hf  0                0
I
                        AU 0               

0.0 i 0                                          4                                                                                                     c o      O                                                            0

0.008
0                                       2                   3                   4

Y'Ia(kTn)t
112-8156

Fig. 5.  6 Pcalc and 6Pmeas vs Slab Thickness in ZPR-1

D.   GEAP- 3201  Data

The measurements data were obtained from GEAP-3201. These
are relative values referred to 0.20-in. cadmium measurements, and
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there is no need to correct them to absolute worth values, although this
could be done readily if required.

The average Z of 38 slabs for eight different slab materials was
(see Table IV)

Z= 1,126,

and

SZ - 0.032 (2.8%),

with

Az =    8.7%  fo r Eu203·inax

Figure 6 shows the 6p-vs-thickness characteristics of calculated
and measured data for Hf, In, Au, Ag, and B.

1.2  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1'l l l'l l' / \ /1 1
1.1                                             MA
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Ok    ,//                    # 0     •
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0.4                                                                                                                   -

l i l i lili 1 Illillill
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Y  X o (kTn) t

112-8157

Fig. 6.  6 Pcalc and 6Pmeas vs Slab Thickness in GEAP-3201 Critical Assembly

E.  FPR-13 Data

FPR-13 is a thermal reactor, hydrogen-moderated, with a neutron
spectrum similar to the previous two reactors. The average Z of 16 mea-
surements on six slab materials was (see Table V)

Z = 47.0
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and

KE    =    0.8   (1.8% )

with

Az = 1.6 (3.4%).max

Figure 7 shows the 6p-vs-thickness characteristics of calculated

and measured data for Hf, In, and Ag.

0.026

A
-----

0024 ---
- ---.-- -- --Ill---I---- -----

0022 --, -

----
----./

0.020 0
-

i                      =

/

1 0.018 MEASURED CALCULATED

m   /.1,      1-, (-------1*
0016 / Hf  O             :l ina            A

*                                  Ag 0
0.014

0.012

0.2 0.4 0 6 0.8 1 0 1.2 14 1.6 18 2.0 2 2 2 4 26 2 8 3.0

Y"Ia(kTnlt

112-8154

Fig. 7.  6Pcalc and 6pmeas vs Slab Thickness in FPR-13

F.  FPR-11 and FPR-12 Data

These critical assemblies are in the intermediate range with
NH/N25 ratios of -55 and 30, respectively. The absorption of epithermal
neutrons may exceed those of thermals in the FPR-11 and FPR-12 by
factors of 1.2 and 2, respectively.

With such heavy absorption of epithermal neutrohs, our results
should offer a good test of the simple method used.

--

The average.Z,  AZ, and 8Zmax of these critical assemblies are
as follows (see also Tables VI and VII):

FPR- 11 FPR-12

2 146 243

Ez 3.5 (2.4%) 9.3 (3.8%)
2.L 8.2 (5.6%)        16  (6.5%)Inax
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Figures 8 and 9 show the measured and calculated slab worth-vs-
thickness characteristics in FPR-11 and FPR-12.
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Fig. 8.  6P calc and 6pmeas vs·Slab Thickness in FPR-11
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Fig. 9.  6pcalc and 6Pmeas vs Slab Thickness in FPR-12

G. Conclusions

We have shown that the reactivity worth of a control-rod slab in a
reactor is proportional to the "effectiveness," At, multiplied by  (y) under
some simplifying assumptions. The factor B(y) accounts for depletion of
incident neutrons.
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The effectiveness of a heavy absorber is defined as the absorption
integral, At, of the poison slabs.

The constandy of the ratio, BAt/Op, has been-verified for a variety
of slab materials tested in three thermal and two intermediate-range
reactors.

To determine the relative effectiveness of a simple (or composite)
slab material in a given reactor, we need to evaluate the following param-
eters (see Table II):

y = Ntaa(kTn)  t, then obtain Fl(Y) from Fig. 2;

x = Ntaa(El) (where El = 0.625 eV), then obtain Fz(X)

from Fig. 3.  We also obtain

8:Gl/2 r ..
'/E    E    E       Joij    y i,

J i oij

where i refers to different resonance lines of an isotope, and j refers to
different isotopes of the rod material.

We evaluate also the constant,

E a(kTn)
C=

='SCE,)

where El = 0.625 eV. We compute now At the "effectiveness".with the aid
of Eq. 12 and curves of Figs. 2 and 3., The reactivity worth of the rod is
proportional to  (y) At, where F(y) is obtained from Fig. 4.
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APPENDIX A

Proof That Isotropic and Cosine Distributions' of Incident Flux
Are Attenuated Nearly Equally by a Heavy Absorber

The fraction of neutrons absorbed by a slab with Eat = y, for an
isotropic distribution of incident neutrons, neglecting scattering by the
slab, is given by

1

Fo(y) =1-2  j   Be- /P dif -1- 2E3(Y).
Jo

The capture fraction for a cosine distribution of incident flux is
given (neglecting scattering by the slab, again) by

1

Fi(y)   =1-3         lize- Y/11  di.   =1-  3124(Y).
Jo

Values of Fo(y) and Fl(Y) as functions of y are as follows:

  =  at 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Fo(y) =1- ZE3(y) 0.557 0.7816 0.8865 0.9397 0.9674 0.9821 O.9901

Fi(y) =1- 3E4(Y) 0.5044 0.7418 0.8620 0.9250 0.9587 0.9770 0.9811          '
Fo y)

Fl y)
1.104 1.0536 1.0284 1.0158 1.0090 1.0052 1.0030

It follows from the above that for a heavy absorber, the capture
fraction of the isotropic component of neutrons is nearly the same (within
a few percent) as that for the cosine distribution of neutrons.
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APPENDIX B

Absorption of 1/E Neutron Flux by a 1/vn Absorber (n > 0)

The absorption integral becomes'

r 1             rt                  w

Aepi = CNco               v-n-1 e-Ncoz/ilvll dv dz dM, (18)
jo Jo Jvl

where co = covo, and vo and vi are the neutron speed at 0.0253 eV and the
top of thermal group, respectively.  If we set Ncoz//1 = a and v-n = CD,
Eq. 18 becomes

'1        .1   " fin
e - C:(. (D .SlfR  Aepi = CNco   dp -n

JO

Integrating over (D, the above integral becomes

Aepi = CNCO
f' f' aln 4- e-avin) dz d.,

Setting  8 = Ncovin, we obtain avin =  (z/p) and CNco/an = (C/n)(u/z).  Now
Aepi becomes

Aepi = nG  1 1 df  i.,t lf- l - e-B(z/B  dz.   '                       (19)
Jo      JO  Z C

Introduce now C as variable, C =  (z/ti). Equation 19 becomes

c                rxlx
Aepi  = -R-       dil   AC-1(1 - e- C) dc, (20)

Jo    jo

where x = At.

To evaluate Eq. 20, the order of integration is changed. The field
of integration consists of two parts, as shown below in shaded areas.

C  21 4
Ill

,„.a },
1 B
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We have

5 0    rxlp
Aepi  = -n-  j     df   PC-1(1 -e-C) dc

jo           Jo

c r                               e                                                                                                       r-                             r x   1  r

=  -  1         .d C      /       B ( -1(1  -e-C)   dp  +     l

njo  Jo       ./x dc  0 114-1(1 - e-<) dbi

c F fx r-00

2n ZJ-- 1  4-1(1 -e-C) dc + x2 i  4-3(1- e-C) d .    (21)0                   JX

From MT-1,9 we have

roo
'

roo

En(x) =      C-ne-Cx dc = xn-1      4-ne-C dc, (22)

  1                                                                 X

and

-1

       4-1(1  -  e- C)   dc    =    E l(1)   + y, (23)

JO

where y = Euler's constant = 0.5772.

From Eqs. 22 and 23, the first integral in Eq. 21 becomes

rx
4-1(1 - e-C) dc =

fi {   3 + f- {   3 -ix- {   }J. O

-           --           -

"00 I
00

= [El(1)+71 +  ln C   -El(1)  -  lnCI  LEi(x)
1 1                _     _          1.X

= y'+ 1n x + El(X). (24)

Similarly, the second integral of Eq. 21 yields

r 00

    '      4-3(1  -  e- C)   d C    =.-1      -   x- 2E3(x). (25)
Jx 2x2
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From Eqs. 21, 24, and 25,

A   .  = 1 1 + ln x + El(x) t- -- E3(x) ,epi  n L

· or

epi
A · = CF2(x)/n, (26)

where

F2(x) = 1.0772 + ln x + El(x) = E3(x). (27)

The absorption of 1/E neutron flux by a 1/vn absorber (where n > 0)
is (1/n)th of that for a 1/v absorber.
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