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ABSTRACT 

Numerical and theoretical studies have been made on the transport of 
particles and heat in collisionles s plasmas in magnetic fields for both quies­
cent and turbulent states. The following problems have been investigated: 
(1) A systematic kinetic theory of hydrodynamic fluctuations in a strong mag­
netic field has been deyeloped to study the particle diffusion due to thermal 
convective cells. (2) Effects of density and temperature gradients on thermal 
convective cells; they are found to destabilize both the ion flute and the con­
vective cells. (3) Effects of mirroring magnetic field on convective diffusion; 
they are found to increase the diffusion significantly even for open field lines 
of force. (4) :rurbulent electron heat tranfer due to short wavelength ion 
fluctuations near the lower ~ybrid frequency; this may be important in a 
collisionles s plasma. (5} Heat transfer due to emission and absorption of 
electrostatic plasma waves are studied theoretically and by simulation; agree­
ment has been found for a strong magnetic field case. (6) Partic~.e diffusion 
in a toroidal magnetic field due to collisions (neo-clas sical diffusion} and due 
to collective effects is studied by numerical simulations. Neoclassical theory 
agrees well with the numerical results when the long wavelength collective 
modes are suppressed. 

1. KINETIC THEORY OF HYDRODYNAMIC FLUCTUATIONS 

We have initiated a study of .the kinetic theory of hydrodynamic fluctu­
ations in a strong magnetic field. It is convenient to begin from the exact 
non-Markovian equation for the momentum ~~tribution function, as given by 0 
Baus [1] : - STRIBUTrON OF THIS DOCUMENT UN.LIMITED ~1ry 
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(we neglect the destruction term). Both D and A are defined in terms of the 

generalized diffusion tensor D ij ( q.-;-_ (t) q. ;-_ (t -T).t.-T, the ensembie average 
1 1 J J lJ . 

being taken with respect to the singular distribution II .. [p (p,, ~ t- T )/V] X 
A l. ;C lJ X. :· . 

o ( x. - x. ) o ( x. -x.) . The generalization to weak inhomogeneity is straight­
forw1arcT. Con{,.enfional plasma kinetic equations are obtained by first solving. 
for the effective field on the Vlasov t~me scale, then making the Markovian 
approximation. It is clear that this short time approximation neglects the 
hydrodynamic fluctuatio~~. We improve the treatment by introducing a 
cluster expansion for D 1J; approximately, we may express it in terms of the 
test particle propagator n and the density-density correlation function 
r:: (on (t) on (0)) • We ultimately solve for these quantities in the hydro­
dynamic limit. We expect the test particle propagator to diffuse, while 
Williams [2] has shown that in the hydrodynamic regime r obeys a fluid 
equation, depending on certain transport coefficients. We identify these with 
the actual transport coefficients of the plasma. Solving for r, the low­
frequency dielectric of Okuda and Dawson [3] appears naturally. Using these 
results, we compute H~e friction and drag terms and are led for strong B 
to an enhanced collisfon operator, expressed as a functional of the transport 
coeffidents .. This operator is in general still non:... Markovian~ A self­
cons.istent solution for the transport coefficients can now be obtained by 
performing the :Chapman-Enskog closure. The details of this calculation are 
in progress. 

2. . EFFECTS OF DENSITY:AND TEMPERATURE. GRADIENTS~:ON 
THERMAL CONVECTIVE CELLS 

It has been shown both by analytic theory and by extensive numerical 
simulations, that there is a large enhanced diffusion of particles due to 

·thermally excited convective cells (3] . The convective diffusion has been 
applied to anomalous diffusion observed in a multipole [ 4] , stellarator [5] , 
and a solid state plasma [-6] • 

In this section the effects of density and temperature gradients on 
convective cells are studied using a linear theory and numerical simulations. 

For a uniform plasma, the dielectric function and hence the dispersion - -relation for low-frequency (w<< n1) flute modes (k· B=O) are given by [3] 

and 
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where D 1 
"' µ. = (3/10) p ~ v. ; µ. and p. are the ion viscosity and the gy_ro 

1 1 11 1 1 .. 

radius. 

In a non-uniform plasma, the dielectric function takes the form [7] 
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is the ion diamagnetic drift frequency. The dispersion relation then takes 
the form of 

and 

2 i I 2 2 w = - i ( k D ) (1 + Q ./ w . ) 
1 1 1 pl 

w = 
w 

_,_ 
-.-

2 2 
l+ n./w. 

1 pl 

+ i 
k2 Di 

1 1 
2 2 

1 + n. /w . 
1 pl 

We find that the convective mode is unchanged while the ion flute rnode is 
destabilized by the ion viscosity. For a collisionless plasma where w>:< 

» k~ D~ for k 
1

pi < 1, the thermal fluctuation energy for the convective 

modes in an inhomogeneous plasma is much less than that for a uniform 
plasma, and therefore the diffusion due to convective modes will be smaller 
for an inhomogeneous plasma. However, since the ion flute mode is always 
unstable, the diffusion due to this mode may be large. 

.. 

The instability and the associated particle diffusion are investigated 
using a two-dimensional model with the density gradient in the x-direction [3] . 

Figure 1 shows the growth of the most unstable mode propagating in 
the y-direction. The instability grows until the initial density gradient is 
completely wiped out. The- associated particle diffusion is shown in Fig. 2 
together with the convective and coll~sional diffusion in a homogeneous 
plasma for comparison. The convective. diffusion in an inhomogeneous plasma 
is several times greater than that for homogeneous plasma, which in turn 
is much greater than the corresponding collisional diffusion. 

When a temperature gradient is introduced, it can be shown [7] that 
the ion flute mode is stable while the convective mode becomes unstable 
with w "'ik2 ni . Numerical simulation shows that the enhanced diffusion 
for this cas~ is

1 
smaller than the corresponding density gradient case. 

It is interesting to realize that the i.nstabilities discussed above are 
destabilized by the viscosity given by kI D~. It is possible that the turbu­
lent diffusion may increase the growth rates. 



3. EFFECTS OF MIRRORING ON CONVECTIVE TRANSPORT 

Earlier investigations on three-dimensional plasma models [8] 
showed that systems with closed magnetic field lines exhibited strong en­
hanced diffusion, whereas sy3tems with ergodic field lines showed diffusion 
which was close to that predicted from two-particle collis.ions. If a closed 
fiux tube acquires an excess charge .it per sits for a long time since the 
charge cannot move freely across the field lines. On the other hand if the 
lines are ergodic, regions of positive charge are connected to regions of 
negative charge by field lines and these charge fluctuations are quickly 
dissipated by charge flow along the B field. If this shorting is inhibited 
then the lifetime of the charge fluctuation is increased and the convective 
transport again becomes important. One such inhibiting effect is the trapping 
of charges in magnetic mirrors. Such mirrors occur in almost all fusion 
devices. 

We have constructed a 2i-dimensional particle model in which mag­
netic mirroring is included. The model is shown in Fig. 3. The magnetic 
field points in an arbitrary direction determined by the ~rig le e it makes 
~ith the z axis and the angle cf> its x, y projection makes with the x axis. T}.le ·· 
rods have three components of ve~.locity, but the electric field has only .x 
and y components. The system is taken tq be doubly periodic. A mirror 
region l.s placed along the line y equa~s y 0. When a particle enters .this 
region the ratio of v

11 
to v (parallel and perpendicular to B) is checked to 

see if it passes through mtrror or not. 

I < )1/2 (v v ) " . (R - 1 , 
II l "' 

R = B /B . . 
' max min 

If v 11 exceeds ( R - .1 )1/ 2 the particle is allowed to 
If it is less v

11 
is reversed. 

pass through the mirror, 

· .. .-: 

A number of computer simulations were carried out with this model. 
All runs were made with thermal equilibrium plasmas. Some results are 
shown in Figs. 4 and 5. Figure 4 shows the position of the guiding 
center of a particle at equally spaced time intervals for the case of no 
mirror and for a mirror ratio of 5 respectively. The points show that in the 
case of no mirror the particle visits every region of the square whereas 
for the case of the mirror the particle excursions are quite limited. This 
exh:lb:l.ts how the mirror inhibits communication between various regions of 
the plasma. Figure 5 shows the mean square displacement of the guiding 
centers of a set of test particles from their original lines of force as a 
function of time for the case of no mirror and a mirror ratio of 2. The 
slope of these curves at large tare the diffusion ::ates. The diffusion rate 
with the mirror is three times that for no mirror exhibiting the expected 
effect. 

4. TURBULENT ELECTRON HEAT TRANSPORT DUE TO ION 
FLUCTUATIONS 

It is :well known [9] that the electron heat conduction is almost al­
ways anomalous in many tokamak devices. 
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Since the electron mobility is much larger than that of the ions, 
electrons are very easily subject to low-frequency fluctuations ( W « n e ) 

which may cause enhanced electron transport, if an appropriate irrever­
sibility (collisions, Landau damping, turbulent damping) is accompanied 
with the collective motion. 

Consider the motion of test electrons in the presence of low frequency, 
long wavelength (k p ~ 1) fluctuations. The cross field diffusion coef -
ficient may be calc1u1:ted following the o'rbits in the presence of such 
fluctuations [10, ll] . The diffusion coefficient is 

. 2 
2 2 k 

D = lin ( ( 6 x) ) = ~ \ ( E 2 ) ~ 
l t- 00 t B2 ~ k k2 

Im 
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1 
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where (E2
)k is the fluctuation spectrum ~s~ociated with the wave of fre­

quency w, and 'Y is its damping rate. For k 1 >> k 11 which is important for 
the cross-field transport, the low-frequency waves are lower hybrid 
oscillations given by 1 

u.1 = ( w . ) /("" { + w
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for w . » Q. , and kl p. » 1; v. is the ion thermal speed. The first term 

pl 1 1 1 
in Y is ion Landan damping, wh_ile the second term i's viscous dam.ping 
associated with turbulent electron transport [3, 12] . 

Assuming that turbulent damping dominates over the Landau 
damping for kXD < l, we find 
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where only k 11 = 0 modes are kept, and L is the length of the system along 
B field [3]. ( E2)k is assumed at thermal level [3] 
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Several three-dimensional simulations were carried out to check 
the he.at transfer for both a uniform field [13] and a sheared fielq [14) . The 
magnetic field is in z-direction and the electron temperature varied with x 
as T (x) ,..., .sin TT x/L while the ion temperature was assumed uniform. The 
heat e conductivity, K 

1
, was measured from the decay of Te (x). 
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Figure 6 shows the results with a uniform field for both closed and 
open field lines of force (13] • For closed lines, heat conductivity is appre~. 
ciably enhanced above the classical value for stronger fields. When the 
field lines are open, then the diffusion is reduced, however, the enhance­
ment above the classical level is appreciable. 

Figure 7 shows the heat conductivity for a sheared magnetic field 
of the form ,., I ,., B = B z + B sin ( 21T x L ) y . 

0 . s 

It is clear that the electron heat conduction is rath~r insensitive to shear. 

Finally, it should be emphasized that for the simulation plasma, the 
fluctuation field energy relativ~ to the thermal energy is much higher than 
for the real plasma, and therefore, the effects of fluctuations on transport 
is also enhanced. Therefore, it is always necessary to derive a theoretical 
e~timate in agreement with the simulation results, which then may be 
applied to a real plasma. 

5. CROSS FIELD ENERGY TRANSPORT BY PLASMA WAVES 

It has been shown recently (15] that the energy transport across a 
magnetic field by the emission and absorption of plasma waves can be 
apBreciable for a strong magnetic field in a large system. While the par­
ticles are not able to diffuse easily across a strong magnetic field, plasma 
waves can carry energy across field due to the long mean free path for 
absorption. 

Consid~r a plasma slab extending from ?C = -L to L, with the mag­
netic field in the z-direct.ion. Assuming that the electron temperature is 
given by . 2/ 2 . 

T (x) = T ( 1 - x L ) , 
e o 

the ene~gy flux due to emission and absorption of plasma waves is obtained 
frorri the transport equation. The result is [ls, 16] . 

·. 2 -
A ( 0) = 3 • 3 4 x 10 - ( w T IL A ) ( 1 - w 

2 In 2 
) I ( ln 

2 
L /A ) 

- pe o D pe e D 

{1~2 •. 25 ln-
1

(L/AD) +.O(ln-
2

(L/AD)]} for Qe > w 
.Pe 

' 
The energy flux for weak magnetic field (w > Q ) is smaller than for 

pe e 
strong fields, because in a weak magnetic field the group velocity becomes 
smaller while the Landau damping increases appreciably. 

J 

A 2 i-dimensional model shown in Fig. 8 has been developed to 
study the enetgy transport by waves. The magnetic field is in the y~direction 
while the temperature gradient is in the x-direction. It is clelar that this 
model contains the plasma waves propagating in an arbitrary angle with 
respect to magnetic fiel.d • 
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Figure 9 shows the results of the temperature relaxation due to waves 
for a strong magnetic field, w / Q = 1/4. (Ions form a fixed background.) 

pe e 

In order to separate the relaxation due to longitudinal waves from 
collisional relaxation, parallel and perpendicular decays were obtained 
separately. It is clearly seen that the decay is due to wave transport be­
cause it occurs only in the parallel temperature; this results in an aniso­
tropic velocity distribution. 

The simulation result agrees with the theory within 6% for this case. 
Good agreement was also found for weaker fields ( wpe/Q e = 1/2, 1, 2. 5). 
It is possible that the wave transport can dominate tlie classical transport 
in turbulent plasmas. 

6. NEG-CLASSICAL DIFFUSION AND CONVECTION IN TOROIDAL 
SYSTEM 

Neoclassical theory of plasma diffusion has been developed quite 
extensively in the past few years [17]. Some experimental evidence of neo­
classical diffusion has also been reported [18]. 

In this section, results of numerical simulation are given using a 
model magnetic field which simulates a tokamak geometry. Two different 
models have been constructed; the first model uses a model Fokker-Planck 
collis.ion operator [19] for the small angle Coulomb scattering. The second·. 
model, which includes the contributions from long wavelength fluctuation::> ' 
as well as short range interactions, is used to study the effects of collec­
tive modes on neoclassical diffusion. The model magnetic field used in the 
simulation is [20], 

B = B / (1 + x/ R ) z 0 

B =-E>B y/a 
x 0 

B = E>B x/a y 0 

where the x-y plane is the poloidal cross section, z is taken along the local 
toroidal direction, R is the distance from the magnetic axis to the major 
axis of the tokamak, e is a small parameter characterizing the poloidal 
field, and a is the size oCthe plasma column. This model neglects toroidal 
curvature, but keeps the gradient of the main magnetic field which is essential 
for the presence of trapped particles [21]. 

Figure 10 summarizes the results of a simulation using the first 
model. The diffusion coefficient measured from the test electrons due to 
electron-ion collisions are shown for both straight and toroidal magnetic 
fields. For a toroidal field, we choose a/R = 1/ 4, E> = 0.1. For v . / w 
less than l0- 3 , the observed diffusion is roughly D 

1
:::::: 45 v . whi~ is ~~ite 

close to the prediction for the banana regime [22]. ei 

D 1 ~1.6 v . p
2 

( rBT/RB )
2 

( R/r) 3/ 2 . 
e1 e p 

For V . greater than ·4 X 10-
2

, the b d d.ff . . D 1 8 h h ei o serve i us1on is 
1

:::::: . Z-'.ei w ic 



is also close to the theoretical pre.diction for the Pfirsch-Schlliter regime; 

2 
D "'V .p [l+(rBT/RB )] . 

l e1 e p 

Between the'Pfirsch-Schlliter and the banana regimes, there is a 
smooth transition in agreement with the theq_retical prediction [17] . The 
diffusion for uniform field shows the expected B- 2 dependence for all the 
collision frequencies. 

After confirming the neoclassical diffusion, a self- consistent 
electric field is turned on in the model to see the effects of collective 
modes using .the second model. Because of the presence of trapped par­
ticles, an enhancement over the neoclassical diffusion appears due to the 
convective cells similar to that studied in Sec. III. It is not clear at this 
stage, however, how important the convective cells are in a real tokamak 
where the fluctuation level associated with the convective motion may be 
smaller than that in simulation plasmas. 
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Fig. 1. Growth of the instability associated 
with the ion flute mode propagating in the 
y-direction. 
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Fig. 4. Particle orbits 
in a uniform (top) and·in a 
mirror magnetic (down) fields. 
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Fig. 3. Sketch of the 
model with a mirror magnetic 
field at y = y plane. 
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were used. 
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Fig. 10. Diffusion coefficients for uniform 

and toroidal magnetic fields. 
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r------L E G A L N 0 T I C E------, 
This report was prepared as an account of Government sponsored 

work. Neither the United States, nor the Co11111ission, nor lµly person 
acting on behalf of the Commission: 

A. Makes any warranty or representation, express or implied, 
with respect to the accuracy, completeness, or useful.ness of the 
information contained in this report, or that the use of any infor­
mation, apparatus, method, or process disclosed in this report may 
not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for 
damages resultin9 from the use of any information, appar~tus, method, 
or process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission to the extent 
that such employee or contractor prepares, handles or distributes, or 
provides access to, any information pursuant to his employment or 
contract with the Commission • 




