i iNREL

NATIONAL RENEWABLE ENERGY LABORATORY

Nonlinear Legendre Spectral
Finite Elements for Wind
Turbine Blade Dynamics

Preprint

Q. Wang, M. A. Sprague, and J. Jonkman
National Renewable Energy Laboratory

N. Johnson
Colorado School of Mines

To be presented at the 32" ASME Wind Energy Symposium
National Harbor, Maryland
January 13-17, 2014

NREL is a national laboratory of the U.S. Department of Energy
Office of Energy Efficiency & Renewable Energy
Operated by the Alliance for Sustainable Energy, LLC.

This report is available at no cost from the National Renewable Energy
Laboratory (NREL) at www.nrel.gov/publications.

Conference Paper
NREL/CP-2C00-60759
January 2014

Contract No. DE-AC36-08G028308



NOTICE

The submitted manuscript has been offered by an employee of the Alliance for Sustainable Energy, LLC
(Alliance), a contractor of the US Government under Contract No. DE-AC36-08G028308. Accordingly, the US
Government and Alliance retain a nonexclusive royalty-free license to publish or reproduce the published form of
this contribution, or allow others to do so, for US Government purposes.

This report was prepared as an account of work sponsored by an agency of the United States government.
Neither the United States government nor any agency thereof, nor any of their employees, makes any warranty,
express or implied, or assumes any legal liability or responsibility for the accuracy, completeness, or usefulness of
any information, apparatus, product, or process disclosed, or represents that its use would not infringe privately
owned rights. Reference herein to any specific commercial product, process, or service by trade name,
trademark, manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recommendation,
or favoring by the United States government or any agency thereof. The views and opinions of authors
expressed herein do not necessarily state or reflect those of the United States government or any agency thereof.

This report is available at no cost from the National Renewable Energy Laboratory (NREL)
at www.nrel.gov/publications.

Available electronically at http://www.osti.gov/bridge

Available for a processing fee to U.S. Department of Energy
and its contractors, in paper, from:

U.S. Department of Energy

Office of Scientific and Technical Information
P.O. Box 62

Oak Ridge, TN 37831-0062

phone: 865.576.8401

fax: 865.576.5728

email: mailto:reports@adonis.osti.gov

Available for sale to the public, in paper, from:

U.S. Department of Commerce

National Technical Information Service

5285 Port Royal Road

Springfield, VA 22161

phone: 800.553.6847

fax: 703.605.6900

email: orders@ntis.fedworld.gov

online ordering: http://www.ntis.gov/help/ordermethods.aspx

Cover Photos: (left to right) photo by Pat Corkery, NREL 16416, photo from SunEdison, NREL 17423, photo by Pat Corkery, NREL
16560, photo by Dennis Schroeder, NREL 17613, photo by Dean Armstrong, NREL 17436, photo by Pat Corkery, NREL 17721.
14
{ )

®  Printed on paper containing at least 50% wastepaper, including 10% post consumer waste.


http://www.osti.gov/bridge
mailto:reports@adonis.osti.gov
mailto:orders@ntis.fedworld.gov
http://www.ntis.gov/help/ordermethods.aspx

Nonlinear Legendre Spectral Finite Elements for Wind Turbine
Blade Dynamics

Qi Wang!, Michael A. Spragué, Jason Jonkméhand Nick Johnsoff

INational Renewable Energy Laboratory, Golden, CO 80401
2Colorado School of Mines, Golden, CO 80401

This paper presents a numerical implementation and evaluation of a new nonlinear beam finite element
model appropriate for highly flexible wind turbine blades made of composite materials. The underlying model
uses the geometrically exact beam theory (GEBT) and spatial discretization is accomplished with Legendre
spectral finite elements (LSFEs). The displacement-based GEBT is presented, which includes the coupling
effects that exist in composite structures with geometric nonlinearity. LSFEs are high-order finite elements
with nodes located at the Gauss-Legendre-Lobatto points. LSFEs can be an order of magnitude more effi-
cient that low-order finite elements for a given accuracy level. The LSFE code is implemented in the software
module called BeamDyn in the new FAST modularization framework for dynamic simulation of highly flexible
composite-material wind turbine blades. The framework allows for simulations of wind turbines in operat-
ing conditions. In this paper, we verify BeamDyn for static and dynamic nonlinear deformation of composite
beams and compare BeamDyn LSFE performance against common low-order finite elements found in a com-
mercial code. Comparisons show that the BeamDyn LSFEs can provide dramatically more accurate results
for a given model size.

[. Introduction

Wind power is becoming one of the most important renewable-energy sources in the United States. In recent years,
the size of wind turbines has been increasing to lower the cost, which leads to highly flexible turbine blades. These
huge electro-mechanical systems pose a significant challenge for engineering design and analysis. Although possible
with modern super computers, direct three-dimensional (3D) structural analysis is so computationally expensive that
the wind industry is always seeking efficient high-fidelity engineering models.

Beam models are widely used to represent and analyze engineering structures that have one of its dimensions much
larger than the other two. Many engineering components can be idealized as beams: bridges in civil engineering, joists
and lever arms in heavy-machine industries, and helicopter rotor blades. The blades, tower, and shaft in a wind turbine
system are well suited to idealization as beams. In the weight-critical applications of beam structures, like high-
aspect-ratio wings in aerospace and wind energy, composite materials are attractive due to their superior strength-to-
weight and stiffness-to-weight ratios. However, analysis of composite-materials structures is more difficult than their
isotropic counterparts due to elastic-coupling effects. The geometrically exact beam theory (GEBT), first proposed
by Reissnet, is a method that has proven powerful for analysis of highlyilfle composite beams in the helicopter
engineering community. During the past several decades, much effort has been invested in this afean®Bimao
and W-Quoc extended Reissner’s work to deal with 3D dynamic problems. ifetertl Crisfield implemented this
theay using the finite-element (FE) method where a new approach for interpolating the rotation field was proposed that
preserves the geometric exactness. Betsch and Steirframonmvented the interpolation of rotation by introducing
a reparameterization of the weak form corresponding to the equations of motion. It is noted that Ibrahimbegovi¢
and his colleagues implemented this theory for sfagicd dynamié analysis. In contrast to the displacement-based
implementations, the geometrically exact beam theory has also been formulated by mixed finite elements where both
the primary and dual fields are independently interpolated. In the mixed formulation, all of the necessary ingredients,
including Hamilton’s principle and kinematic equations, are combined in a single variational-formulation statement;
Lagrange multipliers, motion variables, generalized strains, forces and moments, linear and angular momenta, and
displacement and rotation variables are considered as independent quantities. ¥aed &\/ang et af. presented
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the implementation of GEBT in a mixed formulation; various ratatparameters were investigated and the code
was validated against analytical and numerical solutions. Readers are referred to ¥odtyese comprehensive
derivations and discussions on nonlinear composite-beam theories can be found.

Legendre spectral finite elemehts? (LSFEs) arep-type elements whose shape functions are Lagrangian inter-
polants with node locations at the Gauss-Lobatto-Legendre (GLL) points. LSFEs combine the accuracy of global spec-
tral methods with the geometric-modeling flexibility lotype FEs. LSFEs have seen successful use in the simulation
of fluid dynamic$*13, two-dimensional elastic wave propagation in solid media in bgsigs'*, elastodynamics,
and aoustic wave propagatidfi. LSFEs have been applied to the linear-response analysis of be&had plate
elements?>24. Xiao and Zhong® reported a displacement-based implementation by LSFEs for imwergsional static
nonlinear beam deformation. Their LSFEs were compared against a mixed-formulation low-order-FE GEBT code by
Wang and Sprag#é; it was shown that the LSFEs provide exponential convergencs, natéle the low-order FEs
were limited to an algebraic convergence rate.

In this paper, we present a three-dimensional displacement-based implementation of the geometrically exact beam
theory using LSFEs. This work builds on previous efforts that showed the implementation of 3D rotation pafameters
and a demonstration example of two-dimensional nonlinear spdetam elements for static deformation. The code
implemented in this work is in accordance with the new FAST modularization frame&oskich allows coupled
aerohydro-servo-elastic simulation of both land-based and offshore wind turbine under realistic operating conditions.
The goal is to complete the coupled code by June 2014.

The paper is organized as follows. The theoretical foundation of the geometrically exact beam theory is introduced
first. Then the spatial discretization by LSFEs is discussed. Finally, verification examples are provided to show the
accuracy and efficiency of the present model for composite beams.

lI. Geometrically Exact Beam Theory

For completeness, this section reviews the geometrically exact beam theory and linearization process of the gov-
erning equations. The content of this section can be found in other papers and textbooks (see, e.g 2 B&igivad
shows a beam in its initial undeformed and deformed states. Aemterframeb;, for i = {1,2,3}, is introduced
along the beam axis for the undeformed state; a frBnis introduced along each point of the deformed beam axis.
Curvilinear-coordinate; defines the intrinsic parameterization of the reference line; similadgnotes the deformed
reference line. It is noted that the unit vecly is not necessarily tangent to the deformed referenceRineless one
adopts the Euler-Bernoulli hypothesis.

b,

Undeformed State

/ Deformed State

Figure 1. Schematic of a beam segment in its undeformed stataéference configuration) and its deformed state
(current configuration) with associated kinematic variables.

In this paper, we use matrix notation to denote vectorial or vectorial-like quantities. For example, we use an
underline to denote a vectar a bar to denote unit vecter, and duble underline to denote a tenshr Note that
someimes the underlines only denote the dimension of the corresponding matrix. The governing equations of
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for geometrically exact beam theory can be writteff as

h—F =f @
g+uh—M — (3 +@)E=m (2)

wher h andg are the linear and angular momenta resolved in the referencdicat® system, respectivell;and M

are the beam’s sectional forces and moments, respectivedythe displacement of the reference ling;is the initial
position vector of a point along the beam’s reference ljhandm are the distributed force and moment applied to the
beamstructure. A prime indicates a derivative with respect to the beamaxasd an overdot indicates a derivative
with respect to time. The tilde operator, i.€), denotes a second-order, skew-symmetric tensor corresponding to the
given vector. In the literature, it is also termed as a "cross-product matrix”. For example, for themector

0 —ns3 ng
n= ns 0 —ni
—MNg9 ny 0

The mnstitutive equations relate the velocities to the momenta and the one-dimensional strain measures to the sectional

resultants as
h U
o) -2 {C] g

) =<45) @

where M and( are the6 x 6 sectonal mass and stiffness matrices resolved in the inertial basis, respectively (note
that they are not tensorg)andx are the one-dimensional (1D) strains and curvatures, resphgtivis the angular
velocity vector that is defined by the rotation tengdasw = axial(R R). The 1D strain measures are defined as

- e

wherek = axiaI(@’ﬁT) is the sectional curvature vector resolved in the inertial basis the corresponding initial
curvature vector, angd is the unit vector along; direction in the inertial basis.

For a displacement-based finite element implementation, there are six degree-of-freedoms at each node: three
displacement components and three rotation components. Here weaidenote the elemental displacement array
asq = [QT p ] where u is the displacement anglis the rotation-parameter vector. The acceleration array can

thus be defined ag = [QT QT]. For nonlinear finite-element analysis, the discretized and incremental forms of
displacement, velocity, and acceleration are written as

q(z1) =N g Ag" = [Au” Ap'] 6)
v()=Nv Av" =[Ad" Aw”] )
a()=Na Ad" =[Ai" Ad"] (8)

where N is the shape function matrix ar(@) dendes a column matrix of nodal values. It is noted that given the
“untensorial” nature, we need to adopt a special algorithm to deal with the 3D rotations, which will be introduced
in the next section. The governing equations for beams are highly nonlinear; a linearization process is needed if a
Newton-Raphson nonlinear solver is to be used for static analysis and dynamic analysis, for which an implicit time
integration scheme is adopted. According to Bau@hathe linearized governing equations in Et) &nd @) are in

the form of

—E" -k ©)

MAd+

|l%

A + KA

(S8
(S8

where thel/, G, andK are the elemental mass, gyroscopic, and stiffness matriceecteely; ' and ™" arethe

elemental forces and externally applied loads, respectively. They are defined for an element df &ongty, as
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follows

N' M Nda, (10)

-
QZ/QXJQ (11)
/

k= Q (K'+QN+N'PN +NTCN' +NTON|dn, (12)
E / ]_—extdx (14)

whereF¢*! is the applied load vector. The new matrix notations in Eqs) {@@14) are briefly introduced herer®
andF? are dastic forces obtained from EqlYand @) as

- {5} -<(4

D _ 0 0 _ c
20|y By 02 =12 (16)
where0 denotes & x 3 null matrix. TheG’ 0,P, g and.Z" in Eq. (11), Eq. 12), and Eq. 13) are defined as
0 (@mn)T + Gmif”
S .
k=2 . womif” + &imi! ~~] (18)
== Q umn—i—gw—gg—i—wé)w—wgg
0 Cc E, -F
— |= =11 _ -
= 0 & B—-M ()
[ 0 0
P=|z == 20
=" |F+ (C El) (ngl)T] (20)
Q=10 (21)
;fmi+ (0 + ow)my
a _{mnu—i—gw—i—wgw } (22)

wherem is the mass density per unit lengthis the location of the sectional center of masis the moment of inertia
tensor, and the following notations were introduced to simplify the above expressions

E, =a(+u (23)

Q: [%11 %12] (24)

- =01 =22

It is noted that the 3D rotations are represented as Wiener-Milenkovit parafiteesined in the following
equdion:

= 4tan (%) n (25)

whereg is the rotation angle andlis the unit vector of the rotation axis. It can be observed that the valid range for this
parameter i$p| < 27. The singularities existing at integer multiples627 can be removed by a rescaling operation
atr, as given in Bauchau et &f:

. 4(qop + pog + q) /(A1 + Ag),  if Ay >0 26)
| —4(gop + pog + Pg) /(A1 — Ag), if Ay <0

wherep, ¢, andr are the vectorial parameterization of three finite rotatiorm ghatR(r) = R(p)R(q), po =
p/8 G =2—¢q q/8 A1 = (4—po)4 —qo),andAs = pogo — . Itis noted that the rescaling operatic

codd cause a discontinuity of the interpolated rotation field; therefore a more robust interpolation algorithm

introduced in the next section where the rescaling-independent relative-rotation field is interpolated.
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[ll.  Numerical Implementation with Legendre Spectral Finite El ements

The displacement fields in an element are approximated as

p+1

u(€) = hH(©)a* (27)
.

u'(€) =) hM(e)at (28)
k=1

whereh*(¢), the component of shape function matpix is thep*-order polynomial Lagrangian-interpolant shape

function of nodet, k = {1,2,...,p + 1}, 4" is the kth nodal value, ang € [—1, 1] is the element natural coordinate.
However, as discussed in Bauchau et&lthe 3D rotation field cannot simply be interpolated as the digpent
field in the form of

p+1

(&) =Y O (29)
v

<€) =Y ne* (30)
k=1

wherec is the rotation field in an element a@ll is the nodal value at thé!" node, for three reasons: 1) rotations

do not form a linear space so that they must be “composed” rather than added; 2) a rescaling operation is needed to
eliminate the singularity existing in the vectorial rotation parameters; 3) the rotation field lacks objectivity, which, as
defined by Jeleni¢ and Crisfididrefers to the invariance of strain measures computed throdgtpaiation to the

addition of a rigid-body motion. Therefore, we adopt the more robust interpolation approach proposed by Jeleni¢ and
Crisfield* to deal with the finite rotations. Our approach is described sl

Step 1: Compute the nodal relative rotation&?, by removing the reference rotation®, from the finite rotation
at each node;* = (Ql_) @ ¢*. Itis noted that the minus sign @h dendes that the relative rotation is

calculated by removing the reference rotation from each node. The composition in that equation is an equivalent
of R(t*) = R" (¢') B(c").

Step2: Interpolate the relative-rotation field(¢) = h¥(¢)#* andr’(¢) = k¥ (¢)7*. Find the curvature field:(¢) =
g(gl)g(z)z’, where H is the tangent tensor that relates the curvature vécéond rotation vectop as

k=

s

P (31)

Step 3: Restore the rigid-body rotation removed in Steg(t) = &' @ r(¢).

Notethat the relative-rotation field can be computed with respect to any of the nodes of the element; we choose
node 1 as the reference node for convenience. In the LSFE approach, shape functions (i.e., those cdfposing
are p*"-order Lagrangian interpolants, where nodes are located at thé GLL-quadrature points in the-1,1]
element natural-coordinate domain. Fig@rshows representative LSFE basis functions for fourth- and leigider
elements. Note that nodes are clustered near element endpoints. In the present implementation, weak-form integrals
are evaluated with-point reduced Gauss quadrature.

A 0 i
£

(@p=4

Figure 2: Representatiyet- 1 Lagrangian-interpolant shape functions in the element natural coordinates for (a) fc
and (b) eighth-order LSFEs, where nodes are located at the Gauss-Lobatto-Legendre points.
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The geometrically exact beam theory has been implemented wkit£$1 a code called BeamDyn, which is a
new module of FAST for wind turbine analysis. The system of nonlinear equations in Bgsd @) are solved
using the Newton-Raphson method with the linearized form in Bjy.lf the present implementation, an energy-like
stopping criterion has been chosen, which is calculated as

|au®T (t+AtR _ t+AtF(i—1)) I < lles (AU(I)T (t+AtR _ tF)) I (32)

where|| - | denotes the Euclidean norm\U is the incremental displacement vectBr,is the vector of externally

applied nodal point load¥ is the vector of nodal point forces corresponding to the internal element stresseg, and

is the preset energy tolerance. The superscript on the left side of a variable denotes the time-step number (in a dynamic
analysis), while the one on the right side denotes the Newton-Raphson iteration number. As pointed out by Bathe and
Cimentc®, this criterion provides a measure of when both the displacesaemnt the forces are near their equilibrium
values. Time integration is performed using the generalizedheme in BeamDyn, which is an unconditionally stable

(for linear systems), second-order accurate algorithm. The scheme allows for users to choose integration parameters
that introduce high-frequency numerical dissipation. More details regarding the generahzetihod can be found

in Refs 2730,

IV. Numerical Examples

A. Example 1: Static bending of a cantilever beam

The first example is a common benchmark problem for geometrically nonlinear analysis offBeawe calculate
the gatic deflection of a cantilever beam that is subjected at its free end to a constant moment abpakibg\/,; a
system schematic is shown in Figi8€eThe length of the bearh is 10 inches and the cross-sectional stiffness matrix
is

1770 0 O 0 0 0
0 1770 0 0 0 0

. s 0 0 1770 0 0 0

Cr=10"x 1 0 0 816 0 0 (33)
0 0 0 0 869 0
0 0 O 0 0 215

which has units of’; (Ib), C7 ;5 (Ib.in), andC 5 ;.5 (Ib.in?) for i, j = 1,2, 3; these units are adopted for consis-
tency with those used in Réf.in this paper and apply to all subsequent stiffness matrices.pibvinted out that the
term with an asterisk denotes that it is resolved in the material basis and the sectional stiffnes€ nestixed in
the inertial basis can be obtained By= (R R )C" (R ﬁO)T, whee E and R | dende the rotation matrix and the

corresponding initial rotation matrix, respectively.

X3 A

/] b ,
A

L= 10inch |
3 i

Figure 3: Schematic of a cantilever beam with tip moment, whickh wged in BeamDyn verification and performance
studies.

The load applied at the tip about the negatiyadirection is given by
My = \M, (34)

where M, = w%; andthe parameteh will vary between0 and2. In this case, the beam is discretized with two
5'"-order LSFEs. It is noted that the maximum relative rotation in a single element cannot be greaterathan
described in Ref8 in the current parameterization of 3D rotations, which is why élements are needed. The static
deformations of the beam obtained from BeamDyn are shown in Fgaresix different tip moments. The calculated

tip displacements are compared with the analytical solution in Thbignich can be found in Mayo et &t as

uy = psin (ﬂ) —x u3=p<1—cos (ﬂ)> (35
p p
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wherep = %2 At this discretization level, BeamDyn results are virtually identical to those of the analytical solution.

Figure 4: Static deflection of a cantilever beam under six cohbtamling moments as calculated with twé-Brder

A=0.0
A=04

A=08
A=12
A=1.6

A=20

X3 (inch)

—

Legendre spectral FEs in BeamDyn.

Table 1: Comparison of analytical and BeamDyn-calculated tip displacememtsdus (in inches) of a cantilever
beam subjected to a constant moment; the BeamDyn model was composed 8f-wdé LSFES.

x, (inch)

A Analytical (u1) | BeamDyn (1) | Analytical (u3) | BeamDyn {3)
0.4 | -2.4317 -2.4317 5.4987 5.4987
0.8 | -7.6613 -7.6613 7.1978 7.1979
1.2 -11.5591 -11.5591 4.7986 4.7986
1.6 | -11.8921 -11.8921 1.3747 1.3747
2.0 | -10.0000 -10.0000 0.0000 0.0000

The rotation parameter, and iotation anglep, at each node along beam axis obtained from BeamDyn are
plotted in Figurebafor A = 0.8 and A = 2.0, respectively. A rescaling can be observed from this figure for the case
A = 2.0. Itis noted that although the rotation parameters are not continuous between elements due to the rescaling
operation, the relative rotations are continuous in a single element as described in the previous section, which can be
observed in Figuréb.

Findly, we conduct a convergence study of the BeamDyn LSFEs. The convergence rate is compared with con-
ventional quadratic elements used in DymBravhich is a well-known FE based multibody dynamics code for the
comprehensive modeling of flexible multibody systems. For each test case, BeamDyn and Dymore have approxi-
mately the same number of Newton-Raphson iterations. Figsteows the normalized erre(u), whee v is the
calculated tip displacement (at= L), as a function of the number of model nodes for the calculation with Dymore
guadratic finite elements (QFE) and a single LSFE, where

(36)

and whereu® is the analytical solution. The parameters set to1.0 for this case. The LSFEs (withrrefinement)
exhibit highly desirable exponential convergence to machine-precision error, whereas the conventional quadr
ments are limited to algebraic convergence. Here, for a given model size, an LSFE model can be orders of m:
more accurate than its QFE counterpart.

B. Example 2: Static analysis of a composite beam

The second example is to show the capability of BeamDyn for composite beams with elastic coupling. The ca
beam used in this casel$ inches long with a boxed cross-section made of composite materials that can be foi
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Figure 5: (a) Wiener-Milenkovit rotation parameters and rotation angles along the beam, aagscalculated by
BeamDyn for two tip moments; (b) relative rotations in the two elements.

1e+00

1e+00
4

LSFE —e— LSFE —e—

QFE —4— QFE —4—

1eroz‘k\\ 1e02R

le-04 e 104 \
. 1e06 \\ . 1e:06 \ \\\
Ej \‘\‘ éﬁ
@ 08 @ 08

1e-10 1e-10

te12 @ te12 \./.—.,,.\.

tet 10 100 tet 10 100

NUMBER OF NODES NUMBER OF NODES
(@) uy (b) us

Figure 6: Normalized error of the (a), and (b)us tip displacements of a cantilever beam (FigByeinder constant

tip moment @ = 1.0) as a function of the total number of nodes. Results were calculated with BeamDyn (LSFE) and
Dymore (QFE). LSFE model refinement was accomplished by increasing polynomial order and QFE model refinement
was accomplished by increasing the number of elements.

Yu et al23. Readers are referred to Figi8éor a schematic of the cantilever beam. The stiffness matrixisrgas

[1368.17 0 0 0 0 0
0 88.56 0 0 0 0
0 0  38.78 0 0 0
* 3
C" =10"x 0 0 0 16.96  17.61 —0.351 (37)
0 0 0 17.61  59.12 —0.370
0 0 0 —0.351 —0.370 14147 |

A concentrated dead forde; = 150 Ibs along thers direction is applied at the free tip. In the BeamDyn analysis,

the beam is meshed with twid"-order elements. The displacements and rotation parameters at each node along the
beam axis are plotted in Figure It is noted that the coupling effects exist between twist andwioebending modes.

The applied in-plane force leads to a fairly large twist angle due to the bend-twist coupling, which can be observed in
Figure7h.

Thetip displacements and rotations are compared with those obtained by Dymore i Tablerification, where
the beam is meshed with 1®<-order elements. Good agreement can be observed between BeamDyn and D
results.
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Figure 7: Displacements and rotation parameters along beam axis for Example 2.

Table 2: Numerically determined tip displacements and rotation parameters of a composite beam in Example 2 as
calculated by BeamDyn (LSFE) and Dymore (QFE)

uy (inch) | uo(inch) | ug(inch) | py D2 D3
BeamDyn| -0.09064 | -0.06484| 1.22998 | 0.18445| -0.17985| 0.00488
Dymore | -0.09064 | -0.06483| 1.22999 | 0.18443| -0.17985| 0.00488

C. Example 3: Dynamic analysis of a composite beam under sinusdaitiforce at the tip

The last example is a transient analysis of a composite beam with boxed cross-section; the beam has the same geometry
and boundary conditions as that of the previous example. The mass sectional properties are givenByA4sBS

8538 0 0 0 0 0
0 8538 0 0 0 0
R 0 0 8538 0 0 0
M7 =107"x1 0 0  1.4433 0 0 (38)
0 0 0 0 040972 0
0 0 0 0 0 1.0336

The units associated with the mass matrix valuesidje(lb s*/in*) and M, 5 ;5 (Ib &%) fori = 1,2,3. Similarly

to theC™ matrix in Example 1, the sectional mass mattik resolved in the inertial basis can be obtained\dy=
(R EO)M* (B EO)T. Thebeam is divided into twé*"-order elements in the current calculation and a sinusoidal point

dead force is applied at the free tip in thedirection given as
Py = Ap Sin(wF t) (39)

whereAr = 1.0 x 102 Ibs andwr = 10 rad/s (see Figur8). The spectral radius., is sé to 0.0 in the time integrator
so that high frequency numerical dissipation can be achieved. The tip displacement and rotation histories of the beam
are plotted in Figur®, where the time step was005 s. Note that all of the components, including three displacements
and three rotations, are non-zero due to the elastic-coupling effects. The time histories of the stress resultants at the
root of the beam are given in Figuté®.

Findly, we examine here the convergence rates of the LSFEs and conventional quadratic elements (in Dymore).
Figurel11 shows normalized root-mean-square (RMS) error of the numesadalions for the displacement at the
free tip over the time intervdl < ¢t < 4. Normalized RMS error fon,,., numerical response valueg, where
ul’ ~ uy ("), was calculated as

Nmax 2
g [uf — up(t9)]
R s (t9)]?
whereu,(t) is the benchmark solution; hewg(t) is a highly resolved numerical solution obtained by BeamDyn with

one20'"-order element and the time increment was, = 1.0 x 10~* s. Two time-increment sizes are examined in
the test calculationsA¢; = 5.0 x 1072 s andAt, = %. The following observations can be made from Figade

ERMS (ul) = (40)
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Figure 8: The applied sinusoidal vertical force at the tip in Egkn3 .

e For afixedAt, both Dymore (QFEs) and BeamDyn (LSFES) converge with spatial refinement to the samt
level. BeamDyn is converged with only five nodes, whereas Dymore requires at least nine nodes.

e The converged error levels are due exclusively to time-discretization error. We note that the converged €
Aty = Aty /2 is one-fourth that forA¢,, which is expected for our second-order-accurate time integrator.

V. Conclusion

This paper presents a displacement-based implementation of geometrically exact beam theory fo
dimensional nonlinear elastic deformation. Legendre spectral finite elements are adopted for spatial discre
of the beam. Numerical examples were presented that demonstrate the capability of BeamDyn, a LSFE bea
for wind turbine analysis developed at NREL. A benchmark static problem for nonlinear deformation of a bea
studied first. The agreement between the results calculated by BeamDyn and the analytical solution are e
Moreover, a convergence study was conducted, where the convergence rate of Legendre spectral elements \
pared with conventional quadratic finite elements. Exponential convergence rates were observed as expecte
type of element. A composite cantilever beam was studied both statically and dynamically. The static results ¢
fied against those obtained by Dymore. The elastic coupling effects were shown in these two cases. It conclt
BeamDyn is a powerful tool for composite beam analysis that can be used as a wind turbine blade module in tt
modularization framework. Future work will involve more verification and validation of BeamDyn and couplir
BeamDyn to FAST, with completion expected in June 2014.
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