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The accelerator collision luminosity is inversely proportional to the betatron amplitude function β∗ at
the collision point. To achieve higher luminosity, β∗ squeezing is the general solution if the physical and the
dynamic apertures are big enough. Therefore, β∗ measurement plays an important role in the colliders.

In this AP note, we present methods to measure the beam optics at the interaction point, in the coupled
situation. Emphasis is put to the measurements of the β?, β waist, coupling parameters. The linear coupling’s
action-angle parameterization is used here. And the basic assumption is that there are two dual-plane BPMs
on both sides of the interaction point, and between them there is no magnet.

1 Introduction

In the uncoupled situation, the conventional method to determine the β∗ is to measure the β at the first
quadrupole to the interaction point (IP). If there is a ∆k change in the first quadrupole strength, the tune
shifts are {

∆µx = 1
4πβx∆kdl

∆µy = − 1
4πβy∆kdl

, (1)

where βx and βy are the horizontal and vertical averages of the β functions in the quadrupole, dl is the
length of the quadrupole.

If there is no any magnet between the first quadrupole and the IP, the β function at the first quadrupole
can be analytically described in the β∗ and the distance s between them,

β(s)x,y = β∗x,y +
s2

β∗x,y
. (2)

Here we assume that the β waist, where α∗x,y = 0, is at the IP. Combining Eq. (2) and Eq. (1), the β∗x,y can
be derived. To increase the measurement resolution, the quadrupole strength modulation is used, where a
phase lock loop (PLL) system is used to track the fast tune modulations.

The above method assumes: 1) there is no magnet between the IP and the first quadrupole, 2) at IP,
α∗x,y = 0, 3) the distance between the first quadrupole and the IP is known, 4)no any betatron coupling in
the accelerator.

In each interaction region (IR) of the RHIC, there are two DXBPMs which are close to the last separation
magnet DX and facing the interaction point (IP). If one ignores detector magnets or just switches it, the
turn-by-turn angle informations x′ and y′ at the two BPMs can be obtained through x and y readings at
these two DXBPMs, together with their separation distance.

In this article, we demonstrate methods to extract Twiss and coupling parameters if the turn-by-turn
(x, x′, y, y′) data are known at the DXBPMs, based on the linear coupling’s action-angle parameterization.
The β waist and the β function there can derived from the Twiss parameters at the DXBPMs. The β∗ can
also be obtained from the turn-by-turn (x, x′, y, y′) data at the β waist. A fast method to check the β∗ from
the phase advance between the two DXBPMs is presented.

2 Linear coupling’s action-angle parameterization [1]

Here we quickly review the necessary ingredients of the linear coupling’s action-angle parameterization for
the following Twiss and coupling parameters’ measurements.
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2.1 Turn-by-turn coordinates

For general two-dimensional linearly coupled motion, single-particle motion is




x
x′

y
y′


 = P




√
2JI cos ΦI

−√2JI sin ΦI√
2JII cos ΦII

−√2JII sin ΦII


 , (3)

where JI,II are the constant actions of the two eigen modes and ΦI,II are the eigen mode phases. One-turn
phase advances for the two eigen modes are 2πµI,II . Therefore, the coordinates in the laboratory frame are





x = p11

√
2JI cos ΦI + p13

√
2JII cos ΦII − p14

√
2JII sin ΦII

x′ = p21

√
2JI cos ΦI − p22

√
2JI sin ΦI + p23

√
2JII cos ΦII − p24

√
2JII sin ΦII

y = p31

√
2JI cos ΦI − p32

√
2JI sin ΦI + p33

√
2JII cos ΦII

y′ = p41

√
2JI cos ΦI − p42

√
2JI sin ΦI + p43

√
2JII sin ΦII − p44

√
2JII sin ΦII

. (4)

If the turn-by-turn (x, x′, y, y′) data at one point are known experimentally, P can be constructed.

2.2 Matrix P and Twiss, coupling parameters

P can be described in Twiss and coupling parameters [2],

P =




r
√
βI 0 c11

√
βII − c12αII√

βII
− c12√

βII
− αIr√

βI
r√
βI

c21

√
βII − c22αII√

βII

c22√
βII

−c12αI√
βI
− c22

√
βI

c12√
βI

r
√
βII 0

c11αI√
βI

+ c21

√
βI − c11√

βI
− αIIr√

βII
r√
βII



. (5)

Inversely, Twiss and coupling parameters can be obtained from P, too.





βI =
p11
p22

αI = −p21
p22

γI =
1 + α2

I
βI

=
p2

21 + p2
22

p11p22

, (6)





βII =
p33
p44

αII = −p43
p44

γII =
1 + α2

II
βII

=
p2

43 + p2
44

p33p44

, (7)

r =
√
p11 p22 =

√
p33 p44 , (8)

C = P12U−1
2 = rP12P−1

22 . (9)

2.3 Propagation of P

Defining
G = T1→2P1, (10)

where P1,2 are matrix Ps at point 1 and point 2, respectively. T1→2 is the 4× 4 transfer matrix from point
1 to point 2. Twiss parameters at point s2 can be obtained from G.





β̃I =
G2

11 +G2
12

G11G22 −G12G21

α̃I = −G11G21 +G12G22
G11G22 −G12G21

, (11)
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β̃II =
G2

33 +G2
34

G33G44 −G34G43

α̃II = −G33G43 +G34G44
G33G44 −G34G43

. (12)

The coupling parameter r̃ at s2 is given by

r̃ =
√
p̃11p̃22 =

√
G11G22 −G12G21, (13)

or
r̃ =

√
p̃33p̃44 =

√
G33G44 −G34G43. (14)

The phase advances between the two points are

∆ΦI = arctan
G12

G11
, (15)

∆ΦII = arctan
G34

G33
. (16)

3 Experimental determinating of IP optics

Here we give one example of Twiss and coupling parameter measurements. And both eigen mode motions
are assumed. We will come back later to discuss only one eigen motion, which is a special case to the general
treatment.

3.1 Two BPMs in a drift

The two DXBPMs in IR8 in the Blue ring of RHIC are considered. The design distance from the two BPMs
to the design IP is 8.33 m. We designate the DXBPM in the upstream of IP8 as g7-bx, and the DXBPM
in the downstream of IP8 as g8-bx. We assume that there is no other magnet between the two DXBPMs.
Knowing the turn-by-turn position data (x, y) at the two DXBPMs, their turn-by-turn angles are

{
x′1,2 = x2 − x1

2L
y′1,2 =

y2 − y1
2L

, (17)

where z1 and z2, z = x or y, are the position readings at the g7-bx and g8-bx, respectively. 2L is the distance
between them. The angles x

′
and y

′
are same at the two DXBPMs.

3.2 Eigen tunes

In the following the simulation code SAD [3] is used to produce the turn-by-turn (x, y) data at these two
DXBPMs. In the simulation, only one free oscillation particle circulates in the Blue ring. The uncoupled
tunes are µx,0 = 28.22, µy,0 = 29.23.

The skew quadrupole family 1’s integrated strength is set to be 0.0005 m−1 to introduce coupling into
the uncoupled accelerator model. From the FFT of (x + y) turn-by-turn data at g7-bx, the two coupled
tunes are obtained 28.2126, 29.2375, respectively.

3.3 Initial phases

Using harmonic analysis, the initial phase φI,0 for eigen mode I at one point is





φI,0 = arctan (−SICI
)

CI =
∑N
i=1 xi cos[2πµI(n− 1)]

SI =
∑N
i=1 xi sin[2πµI(n− 1)]

. (18)

N is the maximum data-taking turn.
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Similarly, the initial phase φII,0 for eigen mode II is





φII,0 = arctan(−SIICII
)

CII =
∑N

i=1 yi cos[2πµII(n− 1)]

SII =
∑N

i=1 yi sin[2πµII(n− 1)]

. (19)

From turn-by-turn BPM tracking data at g7-bx, eigen mode I and II’s initial phases are 138.6449◦

and −152.1502◦ respectively. At g8-bx, eigen mode I and II’s initial phases are 305.0668◦ and 14.0882◦,
respectively, so the phase advances between the two BPMs are 166.4219◦ and 166.2384◦ for eigen mode I
and II, respectively. From an analytical calculation with the simulation code SAD, they are 166.4212◦ and
166.2399◦, respectively.

3.4 Transition matrix F

Eq. (3) can be re-written as 


x
x′

y
y′


 = F




cos ΦI
sin ΦI
cos ΦII
sin ΦII


 , (20)

F =




p11

√
JI 0 p13

√
JII −p14

√
JII

p21

√
JI −p22

√
JI p23

√
JII −p24

√
JII

p31

√
JI −p32

√
JI p33

√
JII 0

p41

√
JI −p42

√
JI p43

√
JII −p44

√
JII


 . (21)

F can be obtained from turn-by-turn (x, x′, y, y′) data. For example,





F11 = 2
N

∑N
i=1 xi cos[2πµI(n− 1) + φI,0]

F12 = 2
N

∑N
i=1 xi sin[2πµI(n− 1) + φI,0]

F13 = 2
N
∑N

i=1 xi cos[2πµII(n− 1) + φII,0]

F14 = 2
N
∑N

i=1 xi sin[2πµII(n− 1) + φII,0]

. (22)

Similarly, from x′, y and y′ turn-by-turn data, F2j , F3j and F4j , j = 1, 2, 3, 4 can be obtained.
From the above tracking data at g7-bx, we obtain

F =




7.505× 10−4 −1.852× 10−16 −1.451× 10−4 5.040× 10−5

−8.898× 10−5 −1.061× 10−5 1.790× 10−5 −3.912× 10−6

4.579× 10−4 1.675× 10−4 2.390× 10−4 4.485× 10−17

−5.187× 10−5 −2.634× 10−5 −2.831× 10−5 −3.419× 10−6


 . (23)

3.5 Obtain matrix P

Matrix F includes action information. The ratio of the two actions is

k =

√
JI
JII

=

√
||F11||
||F22||

. (24)

According to the definition of matrix F, the signs of the elements in its second and fourth columns are
inverted, and the first two column elements are divided by k. Normalizing the new matrix’s determinant to
be 1, we get the matrix P at g7-bx,

P =




6.873 1.696× 10−12 −4.385 −1.523
−0.815 0.097 0.541 0.118
4.193 −1.534 7.225 −1.356× 10−12

−0.475 0.241 −0.856 0.103


 . (25)
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3.6 Twiss and coupling parameters

Knowing P at g7-bx, Twiss and coupling parameters there can be calculated, according to Eqs. (6) - (9),

r =

√
p11p22 +

√
p33p44

2
=

8.42 + 8.38

2
= 0.840, (26)

{
βI = 70.86
αI = 8.40

, (27)

{
βII = 70.15
αII = 8.31

, (28)

C =

(
−1.981 −12.421
0.177 0.962

)
. (29)

And one can prove that here r2 + ||C|| = 0.996.

3.7 β waist and β∗

The transfer matrix for the drift from the IP to the DXBPM is

T12 =




1 L 0 0
0 1 0 0
0 0 1 L
0 0 0 1


 , (30)

L is the distance from the β waist to the DXBPM. According to Eq. (10),

G = T12 ·P1 =




p11 + L · p21 L · p22 p13 + L · p23 p14 + L · p24

p21 p22 p23 p24

p31 + L · p41 p32 + L · p42 p33 + L · p43 L · p44

p41 p42 p43 p44


 , (31)

where pijs are elements of P at IP. At the β waist, α1,2 = 0, that is, p21 = 0, p43=0. Therefore, we get

G =




p11 L · p22 p13 + L · p23 p14 + L · p24

0 p22 p23 p24

p31 + L · p41 p32 + L · p42 p33 L · p44

p41 p42 0 p44


 . (32)

Twiss parameters at the DXBPMs are




β̃I =
p2

11 + (L · p22)2

p11p22
= β∗I + L2/β∗I

α̃I = −L · β∗I
, (33)





β̃II =
p2

33 + (L · p44)2

p33p44
= β∗II + L2/β∗II

α̃II = −L · β∗II
. (34)

According to Eq. (33) and the Twiss parameters at DXBPM, we can determine where the eigen mode
I’s β waist is and the β1 there. For simplicity, we designate the βs at the waist as β∗s.





β∗I =
β̃I

1 + α̃I
2

LI = αI ∗ β∗I

. (35)

Similarly, from Eq. (34), or eigen mode II,




β∗II =
β̃II

1 + α̃II
2

LII = αII ∗ β∗II

. (36)
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LI and LII are the distances from the eigen mode I and eigen mode II’s waists to DXBPMs, respectively.
Based on Twiss parameters obtained at g7-bx in the above, we easily get the β∗ and the β waist for each

eigen modes. For eigen mode I, {
β∗I = 0.99
LI = 8.317

. (37)

For eigen mode II, {
β∗II = 1.00
LII = 8.31

. (38)

Actually, knowing where the β waist is, the turn-by-turn (x, x′, y, y′) data there can be constructed from
these at the two DXBPMs. So the Twiss and coupling parameters can also be calculated from P there. Of
course, the Twiss and coupling parameters at the β waist also can be calculated through P’s propagation [1].

3.8 Fast check β∗ from the phase advance

With high performance digital beam position monitor (BPM) and modern analytical techniques [4, 5, 6, 7],
phases and phase advances for the two eigen modes can be measured very precisely. The merit of the phase
measurement is that it is insensitive to BPM offsets and gains. In the following, we propose a possible
method to fast check β∗. This method is decided by the resolution of the phase measurement.

According to Eq. (31) and Eq. (18), Eq. (19), the eigen mode phase advances between the β waist to one
DXBPM are {

∆φI = arctan(L · p22/p11) = arctan(L/β∗I )
∆φII = arctan(L · p44/p33) = arctan(L/β∗II)

. (39)

If we assume the IP locates at the center of the interaction regeion (IR), the total phase advances between
the two DXBPMs are {

∆φI (dxbpms) = 2 arctan(L/β∗I )
∆φII (dxbpms) = 2 arctan(L/β∗II)

, (40)

where ∆φI,II(dxbpms) are the total phase advances between the two DXBPMs.
Knowing the phase advance between the two DXBPMs, β∗s can be derived.





β∗I = L

tan
∆φI(dxbpms)

2

β∗II = L

tan
∆φII(dxbpms)

2

. (41)

Fig. 1 shows the phase advances between the two DXBPMs for different β∗, where the distance of the
DXBPMs are assumed to be 8.33× 2 m.

3.9 One eigen mode excitation

If only one eigen mode is activated, we still can obtain the F from the turn-by-turn (x, x′, y, y′) at the two
DXBPMs. The only difference compared to the above free oscillation is that there is only one eigen tune
motion in the horizontal or vertical plane. For only eigen mode I activating,

F =




p11

√
JI 0 0 0

p21

√
JI −p22

√
JI 0 0

p31

√
JI −p32

√
JI 0 0

p41

√
JI −p42

√
JI 0 0


 . (42)

For only eigen mode II excitation,

F =




0 0 p13

√
JII −p14

√
JII

0 0 p23

√
JII −p24

√
JII

0 0 p33

√
JII 0

0 0 p43

√
JII −p44

√
JII


 . (43)

Then we revert the signs of the elements Fijs in the second columns and the fourth columns of F, and
only normalize the matrix F11 or F22’s determinant to 1 for the eigen mode I or eigen mode II activating,
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Figure 1: The phase advances between the two DXBPMs for different β∗.

respectively. The Twiss functions for eigen mode I or eigen mode II are calculated from P11 or P22, according
to Eqs. (6) - (7). Knowing eigen mode I’s Twiss functions and P21 at one DXBPM, the coupling matrix
C can be determined. Knowing the eigen mode II’s Twiss functions and matrix P12 at one DXBPM, the
coupling matrix C can be determined, too.
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