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Abstract 

 

This report describes the theoretical background on modeling electron transport in the presence 
of electric and magnetic fields by incorporating the effects of the Lorentz force on electron 
motion into the Boltzmann transport equation. Electromagnetic fields alter the electron energy 
and trajectory continuously, and these effects can be characterized mathematically by differential 
operators in terms of electron energy and direction. Numerical solution techniques, based on the 
discrete-ordinates and finite-element methods, are developed and implemented in an existing 
radiation transport code, SCEPTRE. 
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1. Introduction 

In many radiation-effect studies, one critical assumption is typically made by treating electron 
transport totally independent from the electric field created by the deposited charge, which 
become invalid if the field strength is large enough to affect electron motion. An example of this 
is spacecraft charging due to the accumulation of low-energy electrons on the outside surface of 
a satellite which can cause electrical arcing, breakdown of dielectrics, and eventually lead to the 
destruction of electronics and failure of mission capability. With frequent buildup of potentials 
on the order of 10 kV on spacecraft surfaces, the effect of the high-flux, trapped electrons in the 
1-100 keV range could be significant. Current modeling tools for charging predictions 
oversimplify the relevant physics, such as the dynamic interaction between incident electrons 
and electric fields generated by deposited charge, and lead to inaccurate predictions and large 
safety margins are often imposed due to the significant uncertainty. 

To model electron transport in materials in the presence of electromagnetic (EM) fields, 
additional terms can be incorporated into the Boltzmann transport equation to represent the 
effects of the Lorentz force on particle motion and to describe how the EM fields alter the 
particle energy and direction continuously between collisions. These terms are significantly 
different from the other physical processes typically handled by the radiation transport codes. In 
traditional radiation transport, particles travel freely between interaction events following a 
straight-line path, and then undergo collision to a different streaming path with different energy. 
In the presence of electric and/or magnetic fields this paradigm is no longer valid, as particles 
travel in curved paths between collision sites and their energy changes continuously, 
consequently impairing many traditional solution methods. 

There are production, radiation transport codes, such as ITS [1] and PENELOPE [2], which can 
model electron transport in the presence of electromagnetic fields. These are Monte-Carlo codes 
based on the condensed-history algorithms and are limited to electric field in vacuum or weak 
field strength in material region so that the interaction properties of electrons (stopping power) 
are not substantially altered within a predetermined step. Moreover, Monte-Carlo codes are 
restricted to problems where limited information is sought and are difficult to interface with 
other finite-element-based electromagnetic code used in radiation effect analysis. 

In the early 1980’s, Bruce Wienke [3] demonstrated the feasibility of applying the multigroup, 
discrete-ordinates method to solve the one-dimensional, electron transport problem with fields. 
The energy redistribution term due to the electric field resembles the slowing–down operator and 
was treated with a multigroup-based differencing scheme. The angular redistribution terms due 
to the electric and magnetic fields were treated by using the spherical-harmonics expansion of 
the angular flux and cast into forms similar to the traditional collision and scattering operators. 
Our approach is an extension of his work to multi-dimensional geometries but includes 
discontinuous finite-element methods to treat the streaming operator and the energy-
redistribution term from the electric field. 

In the following sections, we describe the Boltzmann transport equation including operators 
representing the effects on electron motion from the Lorentz force. Detailed derivations are given 
to transform these operators from the velocity space to the energy-angle space common to the 
traditional radiation transport. We then apply the discrete-ordinates method to discretize the 
angular redistribution terms and demonstrate how to convert them into a form similar to the 
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within-group scattering and suitable for implementation into an existing discrete-ordinates code. 
Finally, we discuss the finite-element methods to treat the entire phase space including spatial, 
energy and angular dependence. Discussions on coupling to the electromagnetic solver and 
numerical results are provided in a companion SAND report. 

  



9 

 

2. Bololtzmann Transport Equation with Lorentz Force 

In the presence of external forces, the Boltzmann transport equation can be written as: 

߲ܰ
ݐ߲

൅ સ ∙ Ԧܰݒ ൅ સ௩ ∙ Ԧܽܰ ൅ ܰݒߪ ൌ ܵ

߲ܰ
ݐ߲

൅ Ԧݒ ∙ સܰ ൅ Ԧܽ ∙ સ௩ܰ ൅ ሺસ௩ ∙ Ԧܽሻܰ ൅ ܰݒߪ ൌ ܵ
 (1)

where 

ܰ ൌ particle	angular	density ൌ ܰ൫ݎԦ, ,ܧ ΩሬሬԦ,  ൯ݐ

Ԧݎ ൌ position	vector ൌ ܑݔ ൅ ܒݕ ൅  ܓݖ

ΩሬሬԦ ൌ direction	of	particle	motion ൌ ܑߤ ൅ ܒߟ ൅  ܓߦ

Ԧݒ ൌ particle	velocity ൌ ΩሬሬԦݒ ൌ ௫ܑݒ	 ൅ ܒ௬ݒ ൅  ܓ௭ݒ

સ ൌ gradient	operator	in	space ൌ ܑ
߲
ݔ߲

൅ ܒ
߲
ݕ߲

൅ ܓ
߲
ݖ߲
	 

Ԧܽ ൌ acceleration ൌ ܽ௫ܑ ൅ ܽ௬ܒ ൅ ܽ௭ܓ 

સ௩ ൌ gradient	operator	in	velocity	space ൌ ܑ
߲
௫ݒ߲

൅ ܒ
߲
௬ݒ߲

൅ ܓ
߲
௭ݒ߲

	 

ܵ ൌ 	the	scattering	and	external	sources 

with the vector components expressed in the Cartesian-coordinate system. The components of 
the velocity vector and the direction vector are related such that 

  
Ԧݒ ൌ ௫ܑݒ	 ൅ ܒ௬ݒ ൅ ܓ௭ݒ ൌ ܑߤሺݒ ൅ ܒߟ ൅  ሻܓߦ

ΩሬሬԦ ൌ ܑߤ ൅ ܒߟ ൅ ܓߦ ൌ
௫ݒ
ݒ
ܑ ൅

௬ݒ
ݒ
ܒ ൅

௭ݒ
ݒ
 ܓ

with ݒ ൌ ൫ݒ௫ଶ ൅ ௬ଶݒ ൅ ௭ଶ൯ݒ
భ
మ and ߤଶ ൅ ଶߟ ൅ ଶߦ ൌ 1. 

The streaming operator in Eq. (1) is 
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Ԧݒ ∙ સܰ ൌ ΩሬሬԦݒ ∙ સܰ ൌ ݒ ൬ߤ
߲ܰ
ݔ߲

൅ ߟ
߲ܰ
ݕ߲

൅ ߦ
߲ܰ
ݖ߲
൰ (2)

The gradient operator in the velocity space is 

સ௩ܰ ൌ ܑ
߲ܰ
௫ݒ߲

൅ ܒ
߲ܰ
௬ݒ߲

൅ ܓ
߲ܰ
௭ݒ߲

 (3)

which can be expressed in terms of the polar angle (ߠ) and the azimuthal angle (߮) in the 
spherical coordinates: 

ߤ ൌ cos ߠ ߟ									 ൌ sin ߠ cos߮ ߦ ൌ sin ߠ sin߮ (4a)

௫ݒ ൌ ߤݒ ൌ cosݒ ߠ ௬ݒ									 ൌ ߟݒ ൌ sinݒ ߠ cos߮ ௭ݒ ൌ ߦݒ ൌ sinݒ ߠ sin߮ (4b)

Applying the chain rule of partial differentiation, we have 

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
߲ܰ
ݒ߲
߲ܰ
ߤ߲
߲ܰ
ے߲߮

ۑ
ۑ
ۑ
ۑ
ۑ
ې

ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
௫ݒ߲
ݒ߲

௬ݒ߲
ݒ߲

௭ݒ߲
ݒ߲

௫ݒ߲
ߤ߲

௬ݒ߲
ߤ߲

௭ݒ߲
ߤ߲

௫ݒ߲
߲߮

௬ݒ߲
߲߮

௭ݒ߲
߲߮ ے

ۑ
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
߲ܰ
௫ݒ߲
߲ܰ
௬ݒ߲
߲ܰ
ے௭ݒ߲

ۑ
ۑ
ۑ
ۑ
ۑ
ې

ൌ

ۏ
ێ
ێ
ێ
ߤۍ ඥ1 െ ଶߤ cos߮ ඥ1 െ ଶߤ sin߮

ݒ െ
ߤݒ cos߮

ඥ1 െ ଶߤ
െ
ߤݒ sin߮

ඥ1 െ ଶߤ

0 െݒඥ1 െ ଶߤ sin߮ ඥ1ݒ െ ଶߤ cos߮ے
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
߲ܰ
௫ݒ߲
߲ܰ
௬ݒ߲
߲ܰ
ے௭ݒ߲

ۑ
ۑ
ۑ
ۑ
ۑ
ې

 (5) 

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
߲ܰ
௫ݒ߲
߲ܰ
௬ݒ߲
߲ܰ
ے௭ݒ߲

ۑ
ۑ
ۑ
ۑ
ۑ
ې

ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ ߤ

1 െ ଶߤ

ݒ
0

ඥ1 െ ଶߤ cos߮ െ
ඥ1ߤ െ ଶߤ

ݒ
cos߮ െ

sin߮

ඥ1ݒ െ ଶߤ

ඥ1 െ ଶߤ sin߮ െ
ඥ1ߤ െ ଶߤ

ݒ
sin߮

cos߮

ඥ1ݒ െ ଶߤ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
߲ܰ
ݒ߲
߲ܰ
ߤ߲
߲ܰ
ے߲߮

ۑ
ۑ
ۑ
ۑ
ۑ
ې

											ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ߤۍ

1 െ ଶߤ

ݒ
0

η െ
ߟߤ
ݒ

െ
ߦ

ሺ1ݒ െ ଶሻߤ

ߦ െ
ߦߤ
ݒ

η
ሺ1ݒ െ ଶሻߤ ے

ۑ
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
߲ܰ
ݒ߲
߲ܰ
ߤ߲
߲ܰ
ے߲߮

ۑ
ۑ
ۑ
ۑ
ۑ
ې

 (6) 
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The gradient operator સ௩ becomes 

સ௩ܰ ൌ ܑ
߲ܰ
௫ݒ߲

൅ ܒ
߲ܰ
௬ݒ߲

൅ ܓ
߲ܰ
௭ݒ߲

ൌ ΩሬሬԦ
߲ܰ
ݒ߲

൅ ܑ ቈ	
1 െ ଶߤ

ݒ
߲ܰ
ߤ߲
቉ െ ܒ	 ൤	

ߟߤ
ݒ
߲ܰ
ߤ߲

൅
ߦ

ሺ1ݒ െ ଶሻߤ
߲ܰ
߲߮

൨ െ ܓ ൤
ߦߤ
ݒ
߲ܰ
ߤ߲

െ
ߟ

ሺ1ݒ െ ଶሻߤ
߲ܰ
߲߮

൨
 (7) 

Ԧܽ ∙ સ௩ܰ
																																	

ൌ ൫ Ԧܽ ∙ ΩሬሬԦ൯
߲ܰ
ݒ߲

൅
1
ݒ
ൣܽ௫ሺ1 െ ଶሻߤ െ ܽ௬ߟߤ െ ܽ௭ߦߤ൧

߲ܰ
ߤ߲

െ
1

ሺ1ݒ െ ଶሻߤ
ሾܽ௬ߦ െ ܽ௭ߟሿ

߲ܰ
߲߮

ൌ ൫ Ԧܽ ∙ ΩሬሬԦ൯
߲ܰ
ݒ߲

൅
1
ݒ
ൣܽ௫ െ ൫ߤ	 Ԧܽ ∙ ΩሬሬԦ൯൧

߲ܰ
ߤ߲

൅
1

ሺ1ݒ െ ଶሻߤ
൫ΩሬሬԦ ൈ Ԧܽ൯

௫

߲ܰ
߲߮

 (8)

Similarly, the term સ௩ ∙ Ԧܽ can be written as 

સ௩ ∙ Ԧܽ

ൌ
߲ܽ௫
௫ݒ߲

൅
߲ܽ௬
௬ݒ߲

൅
߲ܽ௭
௭ݒ߲

ൌ
߲
ݒ߲

൫ Ԧܽ ∙ ΩሬሬԦ൯ ൅
1
ݒ
ሺ1 െ ଶሻߤ

߲ܽ௫
ߤ߲

		െ
1
ݒ
൤ߟߤ

߲ܽ௬
ߤ߲

൅
ߦ

ሺ1 െ ଶሻߤ
߲ܽ௬
߲߮

൨ െ
1
ݒ
൤ߦߤ

߲ܽ௭
ߤ߲

െ
ߟ

ሺ1 െ ଶሻߤ
߲ܽ௭
߲߮

൨

 (9)

The particle angular flux is defined by 

߰൫ݎԦ, ,ܧ ΩሬሬԦ, ൯ݐ ≡ ,Ԧݎ൫ܰݒ ,ܧ ΩሬሬԦ, ൯ (10)ݐ

߲ܰ
ݐ߲

ൌ
߲
ݐ߲
൬
߰
ݒ
൰ ൌ

1
ݒ
߲߰
ݐ߲

 

Ԧݒ ∙ સܰ ൌ ΩሬሬԦݒ ∙ સܰ ൌ ΩሬሬԦ ∙ સ߰ 

ܰݒߪ ൌ  ߰ߪ

߲ܰ
ݒ߲

ൌ
߲
ݒ߲

൬
߰
ݒ
൰ ൌ

1
ݒ
߲߰
ݒ߲

െ
߰
ଶݒ
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The transport equation for the angular flux is then 

1
ݒ
߲߰
ݐ߲

൅ ΩሬሬԦ ∙ સ߰ ൅ ߰ߪ ൅
Ԧܽ ∙ ΩሬሬԦ

ݒ
൬
߲߰
ݒ߲

െ
1
ݒ
߰൰

൅
1
ଶݒ
ൣܽ௫ െ ൫ߤ	 Ԧܽ ∙ ΩሬሬԦ൯൧

߲߰
ߤ߲

൅
1

ଶሺ1ݒ െ ଶሻߤ
൫ΩሬሬԦ ൈ Ԧܽ൯

௫

߲߰
߲߮

൅ ሺસ௩ ∙ Ԧܽሻ
߰
ݒ
ൌ ܵ

 (11) 

Acceleration due to External Force 

The following derivations of the relationship between force and acceleration are taken from 
Reference [4]. In classic physics the Newton’s second law of mechanics is given as follows: 

Ԧܨ ൌ
Ԧ݌݀
ݐ݀

ൌ ݉௢
Ԧݒ݀
ݐ݀

ൌ ݉௢ Ԧܽ (12)

indicating that the acceleration Ԧܽ is parallel to the force ܨԦ, and the mass of the particle ݉௢ is 
constant. 

In relativistic physics the acceleration Ԧܽ is not parallel to the force ܨԦ at large velocities because 
the mass of the particle becomes a function of velocity so that the speed of the particle cannot 
exceed the speed of light in vacuum. 

Ԧܨ ൌ
Ԧ݌݀
ݐ݀

ൌ ݉
Ԧݒ݀
ݐ݀

൅
݀݉
ݐ݀

Ԧ (13)ݒ

where the mass of the particle m is given by the Einstein expression 

݉ ൌ mሺݒሻ ൌ ௢ (14)݉ߛ

݉௢ ൌ rest	mass	of	the	particle 

γ ൌ
1

ට1 െ ቀܿݒቁ
ଶ
ൌ

1

ඥ1 െ βଶ
 

β ൌ particle	speed	normalized	to	speed	of	light ൌ
ݒ
ܿ
	 

ܿ ൌ speed	of	light	in	vacuum 

Substituting Eq. (14) into Eq. (13) gives 
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Ԧܨ ൌ ௢݉ߛ
Ԧݒ݀
ݐ݀

൅ ݉௢
ߛ݀
ݐ݀
Ԧݒ ൌ ௢݉ߛ

Ԧݒ݀
ݐ݀

൅ ݉௢
ݒଷߛ
ܿଶ

ݒ݀
ݐ݀
Ԧ (15)ݒ

The acceleration, Ԧܽ ൌ ௗ௩ሬԦ

ௗ௧
, can be determined by taking the dot product between the force ܨԦ and 

the velocity ݒԦ 

Ԧܨ ∙ Ԧݒ

ൌ ௢݉ߛ ቆ
Ԧݒ݀
ݐ݀

∙ Ԧቇݒ ൅ ݉௢
ݒଷߛ
ܿଶ

ݒ݀
ݐ݀
ሺݒԦ ∙ Ԧሻݒ

ൌ ௢݉ߛ ቈቆݒ
݀ΩሬሬԦ

ݐ݀
൅
ݒ݀
ݐ݀
ΩሬሬԦቇ ∙ ΩሬሬԦ቉ݒ ൅ ݉௢

ଷݒଷߛ

ܿଶ
ݒ݀
ݐ݀

ൌ ݒ௢݉ߛ
ݒ݀
ݐ݀

൅ ݉௢
ଷݒଷߛ

ܿଶ
ݒ݀
ݐ݀

ൌ ௢ሺ1݉ߛ ൅ ݒଶሻߚଶߛ
ݒ݀
ݐ݀

ൌ ݒଷ݉௢ߛ
ݒ݀
ݐ݀

 (16)

Solving the last equation for ݒ ௗ௩

ௗ௧
 

ݒ
ݒ݀
ݐ݀

ൌ
Ԧܨ ∙ Ԧݒ
ଷ݉௢ߛ

 (17)

and substituting the result into Eq. (15), we have 

Ԧܨ ൌ ௢݉ߛ
Ԧݒ݀
ݐ݀

൅
݉௢ߛଷ

ܿଶ
Ԧܨ ∙ Ԧݒ
ଷ݉௢ߛ

Ԧݒ ൌ ௢݉ߛ
Ԧݒ݀
ݐ݀

൅ Ԧܨଶ൫ߚ ∙ ΩሬሬԦ൯ΩሬሬԦ (18)

Solving 
ௗ௩ሬԦ

ௗ௧
 from this equation we obtain the relativistic relation between the force ܨԦ and the 

acceleration Ԧܽ 

Ԧܽ ൌ
1

௢݉ߛ
Ԧܨൣ െ Ԧܨଶ൫ߚ ∙ ΩሬሬԦ൯ΩሬሬԦ൧ (19)

For non-relativistic motion, ߚ → 0	and ߛ → 1, we obtain the classic expression Ԧܽ ൌ ிԦ

௠೚
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Lorentz Force 

The Lorentz force [5] on a point charge due to electromagnetic fields is given by 

Ԧܨ ൌ ൫ݍ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ൯ (20)

where 

ݍ ൌ electric	charge	of	the	point	charge 

Ԧࣟ ൌ electric	field ൌ ԦࣟሺݎԦ,  ሻݐ

ሬࣜሬԦ ൌ magnetic	field ൌ ሬࣜሬԦሺݎԦ,  ሻݐ

Acceleration on the point charge including the relativistic effects is then 

Ԧܽ ൌ
1

௢݉ߛ
൛ݍ൫ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ൯ െ ൫ݍଶൣߚ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ൯ ∙ ΩሬሬԦ൧ΩሬሬԦൟ

			ൌ
ݍ

௢݉ߛ
ቊ൫ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ൯ െ ቈ൫ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ൯ ∙

Ԧݒ
c
቉
Ԧݒ
c
ቋ

			ൌ
ݍ

௢݉ߛ
ቈ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ

Ԧࣟ ∙ Ԧݒ
c

Ԧݒ
c
቉

			ൌ
ݍ

௢݉ߛ
ൣ Ԧࣟ ൅ ΩሬሬԦݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧

 (21)

Ԧܽ ∙ ΩሬሬԦ ൌ
ݍ

௢݉ߛ
ൣ Ԧࣟ ൅ ΩሬሬԦݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧ ∙ ΩሬሬԦ ൌ

ݍ
ଷ݉௢ߛ

൫ Ԧࣟ ∙ ΩሬሬԦ൯ (22)

ܽ௫ ൌ
ݍ

௢݉ߛ
ቂࣟ௫ ൅ ൫ΩሬሬԦݒ ൈ ሬࣜሬԦ൯

௫
െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ߤቃ (23a) 

ܽ௬ ൌ
ݍ

௢݉ߛ
ቂࣟ௬ ൅ ൫ΩሬሬԦݒ ൈ ሬࣜሬԦ൯

௬
െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ߟቃ (23b)

ܽ௭ ൌ
ݍ

௢݉ߛ
ቂࣟ௭ ൅ ൫ΩሬሬԦݒ ൈ ሬࣜሬԦ൯

௭
െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ߦቃ (23c)
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The components of ΩሬሬԦ ൈ ሬࣜሬԦ are 

ΩሬሬԦ ൈ ሬࣜሬԦ ൌ ተ

ܑ ܒ ܓ

ߤ ߟ ߦ

ࣜ௫ ࣜ௬ ࣜ௭

ተ ൌ ൫ࣜߟ௭ െ ௬൯ܑࣜߦ ൅ ሺࣜߦ௫ െ ܒ௭ሻࣜߤ ൅ ሺࣜߤ௬ െ (24) ܓ௫ሻࣜߟ

ܽ௫ ൌ
ݍ

௢݉ߛ
ൣࣟ௫ ൅ ௭ࣜߟ൫ݒ െ ௬൯ࣜߦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ߤ൧ (25a)

ܽ௬ ൌ
ݍ

௢݉ߛ
ൣࣟ௬ ൅ ௫ࣜߦሺݒ െ ௭ሻࣜߤ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ߟ൧ (25b)

ܽ௭ ൌ
ݍ

௢݉ߛ
ൣࣟ௭ ൅ ௬ࣜߤሺݒ െ ௫ሻࣜߟ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ߦ൧ (25c)

 

For non-relativistic particles, ߚ → 0	and	ߛ → 1, the acceleration due to the Lorentz force is 

Ԧܽ ൌ
ݍ
݉௢

൫ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ൯ (26)

Ԧܽ ∙ ΩሬሬԦ ൌ
ݍ
݉௢

൫ Ԧࣟ ∙ ΩሬሬԦ൯ (27) 

ܽ௫ ൌ
ݍ
݉௢

ൣࣟ௫ ൅ ௭ࣜߟ൫ݒ െ ௬൯൧ (28a)ࣜߦ

ܽ௬ ൌ
ݍ
݉௢

ൣࣟ௬ ൅ ௫ࣜߦሺݒ െ ௭ሻ൧ (28b)ࣜߤ

ܽ௭ ൌ
ݍ
݉௢

ൣࣟ௭ ൅ ௬ࣜߤሺݒ െ ௫ሻ൧ (28c)ࣜߟ
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ሬሬԦࢇ ∙ ષሬሬԦ

࢜
࣒ࣔ
࢜ࣔ

 

The term 
௔ሬԦ∙ஐሬሬԦ

௩

డట

డ௩
 in Eq. (11) involves the partial derivative of the angular flux with respect to the 

particle speed which can be converted to a more desirable form in terms of the kinetic energy 
(E). The total energy of a particle is the sum of the kinetic energy and the rest energy, or 

The term 
௔ሬԦ∙ஐሬሬԦ

௩

డట

డ௩
 in Eq. (11) involves the partial derivative of the angular flux with respect to the 

particle speed which can be converted to a more desirable form in terms of the kinetic energy 
(E). The total energy of a particle is the sum of the kinetic energy and the rest energy, or 

݉ܿଶ ൌ ܧ ൅݉௢ܿଶ 				⟹ ܧ ൌ ݉ܿଶ െ ݉௢ܿଶ ൌ ሺߛ െ 1ሻ݉௢ܿଶ (29)

Taking the derivative of the last expression with respect to v leads to 

ܧ݀
ݒ݀

ൌ ݉௢ܿଶ
ߛ݀
ݒ݀

ൌ
݉௢ݒ

൬1 െ
ଶݒ
ܿଶ൰

ଷ/ଶ ൌ ݉௢ߛଷݒ ⟹ ܧ݀ ൌ ݉௢ߛଷݒ	ݒ݀ 
(30)

Thus, 

Ԧܽ ∙ ΩሬሬԦ

ݒ
߲߰
ݒ߲

ൌ ݉௢ߛଷ൫ Ԧܽ ∙ ΩሬሬԦ൯
߲߰
ܧ߲

 (31)

Substituting Eq. (22) into Eq. (31), it can be shown that the electric field can alter the particle 
energy through an operator similar to the CSD operator, 

Ԧܽ ∙ ΩሬሬԦ

ݒ
߲߰
ݒ߲

ൌ ൫ݍ Ԧࣟ ∙ ΩሬሬԦ൯
߲߰
ܧ߲

 (32)

 

൫ࢇሬሬԦ ∙ ષሬሬԦ൯
࣒
૛࢜

 

It can be shown that 

ሺܿ݌ሻଶ ൌ ሺ݉ܿଶሻଶ െ ሺ݉௢ܿଶሻଶ (33)
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ଶݒ ൌ
ሺ݉ܿଶሻଶ െ ሺ݉௢ܿଶሻଶ

ሺ݉ܿሻଶ
ൌ
ሺܧ ൅ 2݉௢ܿଶሻܧ
݉ሺܧ ൅݉௢ܿଶሻ

ൌ
ܿଶܧሺܧ ൅ 2݉௢ܿଶሻ
ሺܧ ൅ ݉௢ܿଶሻଶ

ൌ ܿଶߚଶሺܧሻ (34)

ݒ ൌ
ܿඥܧሺܧ ൅ 2݉௢ܿଶሻ

ܧ ൅ ݉௢ܿଶ
ൌ ܿඥߚଶሺܧሻ ൌ ሻ (35)ܧሺߚܿ

where 

ሻܧሺߚ ≡
ݒ
ܿ
ൌ ඨ

ܧሺܧ ൅ 2݉௢ܿଶሻ
ሺܧ ൅ ݉௢ܿଶሻଶ

and ሻܧଶሺߚ ൌ
ܧሺܧ ൅ 2݉௢ܿଶሻ
ሺܧ ൅݉௢ܿଶሻଶ

 (36a)

and ߚଶሺܧሻ → ଶா

௠೚௖మ
	for		ܧ ≪ ݉௢ܿଶ. Hereafter, the symbol ߚଶሺܧሻ will be used to represent the 

term 
ா൫ாାଶ௠೚௖మ൯

ሺாା௠೚௖మሻమ
 explicitly and ߚଶ is still used for ቀ௩

௖
ቁ
ଶ
. Furthermore, 

γ ൌ
1

ට1 െ ቀܿݒቁ
ଶ
ൌ

1

ඥ1 െ ሻܧଶሺߚ
 

(36b)

1
ߛ
ൌ ඥ1 െ ሻܧଶሺߚ ൌ

݉௢ܿଶ

ܧ ൅݉௢ܿଶ
ൌ
݉௢ܿଶ

࣮ሺܧሻ
 (36c) 

࣮ሺܧሻ ൌ ܧ ൅݉௢ܿଶ (36d)

The term 
ట

௩మ
 in Eq. (11) can then be written as 

߰
ଶݒ

ൌ
߰

ܿଶߚଶሺܧሻ
 (37)

From Eq. (22), 

Ԧܽ ∙ ΩሬሬԦ ൌ
ݍ

ଷ݉௢ߛ
൫ Ԧࣟ ∙ ΩሬሬԦ൯  
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൫ Ԧܽ ∙ ΩሬሬԦ൯
߰
ଶݒ

ൌ
൫ݍ Ԧࣟ ∙ ΩሬሬԦ൯

ሻܧଶሺߚଷ݉௢ܿଶߛ
߰ ൌ

൫ݍ Ԧࣟ ∙ ΩሬሬԦ൯
࣮ሺܧሻ

1 െ ሻܧଶሺߚ

ሻܧଶሺߚ
߰ (38)

 

ሺસ࢜ ∙ ሬሬԦሻࢇ
࣒
࢜

 

For non-relativistic motion, 

Ԧܽ ൌ
ݍ
݉௢

൫ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ൯  

and 

સ௩ ∙ Ԧܽ ൌ
ݍ
݉௢

ൣસ௩ ∙ Ԧࣟ ൅ સ௩ ∙ ൫ݒԦ ൈ ሬࣜሬԦ൯൧ ൌ 0 (39)

For relativistic case, 

Ԧܽ ൌ
ݍ

௢݉ߛ
ൣ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧  

 

સ௩ ∙ Ԧܽ ൌ સ௩ ∙ ൜
ݍ

௢݉ߛ
ൣ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧ൠ

ൌ
ݍ

௢݉ߛ
સ௩ ∙ ൣ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧ ൅

ݍ
݉௢

൬સ௩
1
ߛ
൰ ∙ ൣ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧

ൌ െ
ݍ

௢݉ߛ
સ௩ ∙ ଶ൫ߚൣ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧ ൅

ݍ
݉௢

൬સ௩
1
ߛ
൰ ∙ ൣ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧

ൌ െ
ݍ

௢ܿଶ݉ߛ
સ௩ ∙ ൫ Ԧࣟ ∙ ԦݒԦ൯ݒ ൅

ݍ
݉௢

൬સ௩
1
ߛ
൰ ∙ ൣ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧

  

 

સ௩
1
ߛ
ൌ ൬

∂
ݒ∂

1
ߛ
൰ΩሬሬԦ ൌ െ

ߛݒ
ܿଶ
ΩሬሬԦ  
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સ௩ ∙ ൫ Ԧࣟ ∙ ԦݒԦ൯ݒ

ൌ
߲
௫ݒ߲

ቀݒ௫൫ Ԧࣟ ∙ Ԧ൯ቁݒ ൅
߲
௬ݒ߲

ቀݒ௬൫ Ԧࣟ ∙ Ԧ൯ቁݒ ൅
߲
௭ݒ߲

ቀݒ௭൫ Ԧࣟ ∙ Ԧ൯ቁݒ

ൌ 3൫ Ԧࣟ ∙ Ԧ൯ݒ ൅ ௫ݒ
∂൫ Ԧࣟ ∙ Ԧ൯ݒ
௫ݒ∂

൅ ௬ݒ
∂൫ Ԧࣟ ∙ Ԧ൯ݒ
௬ݒ∂

൅ ௭ݒ
∂൫ Ԧࣟ ∙ Ԧ൯ݒ
௭ݒ∂

ൌ 4൫ Ԧࣟ ∙ Ԧ൯ݒ

  

 

સ௩ ∙ Ԧܽ

ൌ െ
ݍ

௢ܿଶ݉ߛ
સ௩ ∙ ൫ Ԧࣟ ∙ ԦݒԦ൯ݒ ൅

ݍ
݉௢

൬સ௩
1
ߛ
൰ ∙ ൣ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧

ൌ െ
ݍ4

௢ܿଶ݉ߛ
൫ Ԧࣟ ∙ Ԧ൯ݒ െ

ݍ
݉௢

ቀ
ߛݒ
ܿଶ
ΩሬሬԦቁ ∙ ൣ Ԧࣟ ൅ Ԧݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧

ൌ െ
ݍ4

௢ܿଶ݉ߛ
൫ Ԧࣟ ∙ Ԧ൯ݒ െ

ݍ
݉௢

ቀ
ߛݒ
ܿଶ
ቁ ൣ൫ Ԧࣟ ∙ ΩሬሬԦ൯ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯൧

ൌ െ
ݍ4

௢ܿଶ݉ߛ
൫ Ԧࣟ ∙ Ԧ൯ݒ െ

ݍ
݉௢ܿଶ

ሺ1ߛݒ െ ଶሻ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯

ൌ െ
ݍ4

௢ܿଶ݉ߛ
൫ Ԧࣟ ∙ Ԧ൯ݒ െ

ݍ
݉௢ܿଶ

ሺ1ߛ െ ଶሻ൫ߚ Ԧࣟ ∙ Ԧ൯ݒ

ൌ െ
ݍ4

௢ܿଶ݉ߛ
൫ Ԧࣟ ∙ Ԧ൯ݒ െ

ݍ
௢ܿଶ݉ߛ

൫ Ԧࣟ ∙ Ԧ൯ݒ

ൌ െ
ݍ5

௢ܿଶ݉ߛ
൫ Ԧࣟ ∙ Ԧ൯ݒ

 (40)

ሺસ௩ ∙ Ԧܽሻ
߰
ݒ
ൌ െ

൫ݍ5 Ԧࣟ ∙ ΩሬሬԦ൯
௢ܿଶ݉ߛ

߰ ൌ െ
൫ݍ5 Ԧࣟ ∙ ΩሬሬԦ൯
ܧ ൅ ݉௢ܿଶ

߰ ൌ െ
൫ݍ5 Ԧࣟ ∙ ΩሬሬԦ൯
࣮ሺEሻ

	߰ (41)

 

क࣒ ൌ
૚
૛࢜
࢞ࢇൣ െ ሬሬԦࢇ൫ࣆ	 ∙ ષሬሬԦ൯൧

࣒ࣔ
ࣆࣔ

൅
૚

૛ሺ૚࢜ െ ૛ሻࣆ
൫ષሬሬԦ ൈ ሬሬԦ൯ࢇ

࢞

࣒ࣔ
࣐ࣔ

 

The acceleration due to the Lorentz force is given in Eq. (21): 

Ԧܽ ൌ
ݍ

௢݉ߛ
ൣ Ԧࣟ ൅ ΩሬሬԦݒ ൈ ሬࣜሬԦ െ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧  

Substituting the third term containing ߚଶ of Ԧܽ into ࣥ߰ leads to  
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ܽ௫ െ ൫ߤ	 Ԧܽ ∙ ΩሬሬԦ൯ 		⟹		
ݍ

௢݉ߛ
ൣെߚଶ൫ Ԧࣟ ∙ ΩሬሬԦ൯ߤ൅ߚଶ൫ Ԧࣟ ∙ ΩሬሬԦ൯ߤ൧ ൌ 0  

 

and 

ΩሬሬԦ ൈ Ԧܽ 		⟹		ΩሬሬԦ ൈ ଶ൫ߚൣ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ൧ ൌ ଶ൫ߚ Ԧࣟ ∙ ΩሬሬԦ൯ΩሬሬԦ ൈ ΩሬሬԦ ൌ 0  

The relativistic terms in particle acceleration have no contribution to ࣥ߰ since those terms 
represent acceleration along the particle direction. Next, using the expressions of ݒଶ and ݒ 

1
ଶݒ௢݉ߛ

ൌ
1

ሻܧଶሺߚ௢ܿଶ݉ߛ
ൌ

1
ሺܧ ൅݉௢ܿଶሻߚଶሺܧሻ

ൌ
1

࣮ሺEሻߚଶሺܧሻ
  

ݒ ൌܿߚሺܧሻ  

we can rewrite ࣥ߰ to the following 

1
ଶݒ
ൣܽ௫ െ ൫ߤ	 Ԧܽ ∙ ΩሬሬԦ൯൧

߲߰
ߤ߲

൅
1

ଶሺ1ݒ െ ଶሻߤ
൫ΩሬሬԦ ൈ Ԧܽ൯

௫

߲߰
߲߮

ൌ ൣ ෤ܽ௫ െ ෥ࢇ൫ߤ	 ∙ ΩሬሬԦ൯൧
߲߰
ߤ߲

൅
1

ሺ1 െ ଶሻߤ
൫ΩሬሬԦ ൈ ෥൯ࢇ

௫

߲߰
߲߮

 (42) 

with 

෥ࢇ ≡
ݍ

ࣞሺܧሻ
ൣ Ԧࣟ ൅ ሻ൫ΩሬሬԦܧሺߚܿ ൈ ሬࣜሬԦ൯൧ (43) 

ࣞሺܧሻ ≡ ࣮ሺܧሻߚଶሺܧሻ ൌ
ܧሺܧ ൅ 2݉௢ܿଶሻ
ܧ ൅ ݉௢ܿଶ

 (44) 

One can further simplify Eq. (42) by considering the following 

෥ࢇ ∙ ΩሬሬԦ ൌ
ݍ

ࣞሺܧሻ
ൣ Ԧࣟ ൅ ሻ൫ΩሬሬԦܧሺߚܿ ൈ ሬࣜሬԦ൯൧ ∙ ΩሬሬԦ ൌ

ݍ
ࣞሺܧሻ

ሺ Ԧࣟ ∙ ΩሬሬԦሻ  
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෤ܽ௫ െ ෥ࢇ൫ߤ	 ∙ ΩሬሬԦ൯ ൌ
ݍ

ࣞሺܧሻ
ቂࣟ௫ െ ൫ Ԧࣟ ∙ ΩሬሬԦ൯ߤ ൅ ሻ൫ΩሬሬԦܧሺߚܿ ൈ ሬࣜሬԦ൯

௫
ቃ

ൌ
ݍ

ࣞሺܧሻ
ൣࣟ௫ሺ1 െ ଶሻߤ െ ࣟ௬ߟߤ െ ࣟ௭ߦߤ ൅ ߟሻ൫ࣜ௭ܧሺߚܿ െ ࣜ௬ߦ൯൧

 (45) 

൫ΩሬሬԦ ൈ ෥൯ࢇ
௫

ൌ
ݍ

ࣞሺܧሻ
൫ΩሬሬԦ ൈ ൣ Ԧࣟ ൅ ΩሬሬԦ	ሻܧሺߚܿ ൈ ሬࣜሬԦ൧൯

௫

ൌ
ݍ

ࣞሺܧሻ
ൣΩሬሬԦ ൈ Ԧࣟ ൅ ΩሬሬԦ	ሻܧሺߚܿ ൈ ΩሬሬԦ ൈ ሬࣜሬԦ൧

௫

ൌ
ݍ

ࣞሺܧሻ
ቂΩሬሬԦ ൈ Ԧࣟ ൅ ሻൣΩሬሬԦ൫ΩሬሬԦܧሺߚܿ ∙ ሬࣜሬԦ൯ െ ሬࣜሬԦ൫ΩሬሬԦ ∙ ΩሬሬԦ൯൧ቃ

௫

ൌ
ݍ

ࣞሺܧሻ
൤൫ΩሬሬԦ ൈ Ԧࣟ൯

௫
൅ ሻൣ൫ΩሬሬԦܧሺߚܿ ∙ ሬࣜሬԦ൯ߤ െ ࣜ௫൧൨

ൌ
ݍ

ࣞሺܧሻ
ቂࣟ௭ߟ െ ࣟ௬ߦ ൅ ߟߤሻൣࣜ௬ܧሺߚܿ ൅ ࣜ௭ߦߤ െ ࣜ௫ሺ1 െ ଶሻ൧ቃߤ

 (46) 

Substituting Eqs. (32), (38), (41), (45) and (46) into Eq. (11) 

1
ሻܧሺߚܿ

߲߰
ݐ߲

൅ ΩሬሬԦ ∙ સ߰ ൅ ߰ߪ

൅ݍ൫ Ԧࣟ ∙ ΩሬሬԦ൯ ቈ
߲߰
ܧ߲

െ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
߰቉

൅	
ݍ

ࣞሺܧሻ
ൣࣟ௫ሺ1 െ ଶሻߤ െ ࣟ௬ߟߤ െ ࣟ௭ߦߤ ൅ ߟሻ൫ࣜ௭ܧሺߚܿ െ ࣜ௬ߦ൯൧

߲߰
ߤ߲

൅
ݍ

ࣞሺܧሻሺ1 െ ଶሻߤ
ቂࣟ௭ߟ െ ࣟ௬ߦ ൅ ߟߤሻൣࣜ௬ܧሺߚܿ ൅ ࣜ௭ߦߤ െ ࣜ௫ሺ1 െ ଶሻ൧ቃߤ

߲߰
߲߮

ൌ ܵ

 (47)

 

ߤ ൌ cos ߠ ߟ									 ൌ ඥ1 െ ଶcos߮ߤ ߦ ൌ ඥ1 െ ଶߤ sin߮  

࣮ሺܧሻ ൌ ܧ ൅݉௢ܿଶ 

ሻܧଶሺߚ ൌ
ܧሺܧ ൅ 2݉௢ܿଶሻ
ሺܧ ൅݉௢ܿଶሻଶ

 

ࣞሺܧሻ ൌ ࣮ሺܧሻߚଶሺܧሻ ൌ
ܧሺܧ ൅ 2݉௢ܿଶሻ
ܧ ൅ ݉௢ܿଶ
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ܧ  ≪ ݉௢ܿଶ ܧ ≫ ݉௢ܿଶ 

࣮ሺܧሻ ݉௢ܿଶ ܧ 

 ሻܧଶሺߚ
ܧ2
݉௢ܿଶ

 1 

ࣞሺܧሻ 2ܧ ܧ 

1
ࣞሺܧሻ

 
1
ܧ2

 
1
ܧ

 

1 ൅ ሻܧଶሺߚ4
ࣞሺܧሻ

 
1
ܧ2

 
5
ܧ

 

ሻܧሺߚ
ࣞሺܧሻ

 
1

ඥ2݉ܧ௢ܿଶ
 1

ܧ
 

 

From Eq. (47), 

1
ሻܧሺߚܿ

߲߰
ݐ߲

൅ ΩሬሬԦ ∙ સ߰ ൅ ߰ߪ

൅ݍ൫ Ԧࣟ ∙ ΩሬሬԦ൯ ቈ
߲߰
ܧ߲

െ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
߰቉

൅
ݍ

ࣞሺܧሻ
൜	ࣟ௫ሺ1 െ ଶሻߤ

߲߰
ߤ߲

െ ࣟ௬ ൤ߟߤ
߲߰
ߤ߲

൅
ߦ

ሺ1 െ ଶሻߤ
߲߰
߲߮

൨ െ ࣟ௭ ൤ߦߤ
߲߰
ߤ߲

െ
ߟ

ሺ1 െ ଶሻߤ
߲߰
߲߮

൨ൠ

൅
ሻܧሺߚܿݍ
ࣞሺܧሻ

൜െࣜ௫
߲߰
߲߮

െ ࣜ௬ ൤ߦ
߲߰
ߤ߲

െ
ߟߤ

ሺ1 െ ଶሻߤ
߲߰
߲߮

൨ ൅ ࣜ௭ ൤ߟ
߲߰
ߤ߲

൅
ߦߤ

ሺ1 െ ଶሻߤ
߲߰
߲߮

൨ൠ ൌ S

 (47a)

 

ߤ ൌ cos ߠ ߟ									 ൌ ඥ1 െ ଶcos߮ߤ ߦ ൌ ඥ1 െ ଶߤ sin߮  

ሻܧଶሺߚ ൌ
ܧሺܧ ൅ 2݉௢ܿଶሻ
ሺܧ ൅݉௢ܿଶሻଶ

 

ࣞሺܧሻ ൌ ࣮ሺܧሻߚଶሺܧሻ ൌ
ܧሺܧ ൅ 2݉௢ܿଶሻ

ܧ ൅ ݉௢ܿଶ
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For non-relativistic electrons, 

1
ݒ
߲߰
ݐ߲

൅ ΩሬሬԦ ∙ સ߰ ൅ ߰ߪ

൅ݍ൫ Ԧࣟ ∙ ΩሬሬԦ൯ ൤
߲߰
ܧ߲

െ
1
ܧ2

߰൨

൅
ݍ
ܧ2

൜	ࣟ௫ሺ1 െ ଶሻߤ
߲߰
ߤ߲

െ ࣟ௬ ൤ߟߤ
߲߰
ߤ߲

൅
ߦ

ሺ1 െ ଶሻߤ
߲߰
߲߮

൨ െ ࣟ௭ ൤ߦߤ
߲߰
ߤ߲

െ
ߟ

ሺ1 െ ଶሻߤ
߲߰
߲߮

൨ൠ

൅
ݒݍ
ܧ2

൜െࣜ௫
߲߰
߲߮

െ ࣜ௬ ൤ߦ
߲߰
ߤ߲

െ
ߟߤ

ሺ1 െ ଶሻߤ
߲߰
߲߮

൨ ൅ ࣜ௭ ൤ߟ
߲߰
ߤ߲

൅
ߦߤ

ሺ1 െ ଶሻߤ
߲߰
߲߮

൨ൠ ൌ S

 (47b)

 

ݒ ൌ ඨ
ܧ2
݉௢

	 ߚ ൌ 0 ሻܧሺܦ ൌ   ܧ2

 

It is noted that Eq. (47) is the consequence from including two additional terms describing the 
change in velocity due to the Lorentz force, Ԧܽ ∙ સ௩ܰ ൅ ሺસ௩ ∙ Ԧܽሻܰ, to the Boltzmann transport 
equation. One can obtain a similar result by considering the effects in the momentum space. The 
only difference is in the energy redistribution term such that the coefficient 1 ൅  ሻ shouldܧଶሺߚ4
be replaced by 1 െ  .ሻܧଶሺߚ
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3. Discrete-Ordinates Method 

In the discrete-ordinates approximation [6], the angular flux is determined at a set of discrete 
directions such that ߰ሺΩሻ → ߰ሺΩ୬ሻ	for	ሼΩ୬ሽ. To evaluate the scattering source, the angular flux 
is often represented by a finite expansion in terms of spherical harmonics as 

߰ሺΩሻ ൌ෍෍ሾ ௟ܻ௠
௖ ሺΩሻ߶௟௠

௖ ൅ ௟ܻ௠
௦ ሺΩሻ߶௟௠

௦ ሿ
௟

௠ୀ଴

௅

௟ୀ଴

 (48)

The real and imaginary parts of the spherical harmonics are defined by  

௟ܻ௠
௖ ሺΩሻ ൌ ௟ܻ௠

௖ ሺߤ, ߮ሻ ൌ ௟௠ܥ ௟ܲ
௠ሺߤሻ cos݉߮ (49a) 

௟ܻ௠
௦ ሺΩሻ ൌ ௟ܻ௠

௦ ሺߤ, ߮ሻ ൌ ௟௠ܥ ௟ܲ
௠ሺߤሻ sin݉߮ (49b)

where ௟ܲ
௠ሺߤሻ is the associated Legendre polynomial of order l and degree m,  

௟ܲ
௠ሺߤሻ ൌ ሺെ1ሻ୫ሺ1 െ ଶሻ௠/ଶߤ ݀௠

௠ߤ݀ ௟ܲሺߤሻ (49c)

௟௠ܥ ൌ ቈ
2݈ ൅ 1
ߨ4

ሺ2 െ ௠଴ሻߜ
ሺ݈ െ ݉ሻ!
ሺ݈ ൅ ݉ሻ!

቉
ଵ/ଶ

 (49d)

Using the expansion Eq. (48), one can represent the angular derivatives  
డట

డఓ
 and 	డట

డథ
 in terms of 

the angular moments (see Appendix A for details) 

	

߲߰
ߤ߲

ൌ
1

1 െ ଶߤ
෍෍൛ൣܥሚ௟௠ ௟ܻ௠

௖ ሺΩሻ െ ߤ݈ ௟ܻ௠
௖ ሺΩሻ൧߶௟௠

௖ ൅ ሚ௟௠ܥൣ ௟ܻ௠
௦ ሺΩሻ െ ߤ݈ ௟ܻ௠

௦ ሺΩሻ൧߶௟௠
௦ ൟ

௟

௠ୀ଴

௅

௟ୀଵ

							ൌ
1

ඥ1 െ ଶߤ
෍෍൛ൣܥሚ௟௠ ෨ܻ௟௠

௖ ሺΩሻ െ ߤ݈ ෨ܻ௟௠
௖ ሺΩሻ൧߶௟௠

௖ ൅ ሚ௟௠ܥൣ ෨ܻ௟௠
௦ ሺΩሻ െ ߤ݈ ෨ܻ௟௠

௦ ሺΩሻ൧߶௟௠
௦ ൟ

௟

௠ୀ଴

௅

௟ୀଵ

	 (50) 

߲߰
߲߮

ൌ െ෍෍ ݉ሾ ௟ܻ௠
௦ ሺΩሻ߶௟௠

௖ െ ௟ܻ௠
௖ ሺΩሻ߶௟௠

௦ ሿ
௟

௠ୀ଴

௅

௟ୀଵ

 (51) 

where the modified spherical harmonics are defined as 
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෨ܻ
௟௠
௖ ሺΩሻ ≡ ௟ܻ௠

௖ ሺΩሻ

ඥ1 െ ଶߤ
 (52a) 

Y෩୪୫
ୱ ሺΩሻ ≡

Y୪୫
ୱ ሺΩሻ

ඥ1 െ ଶߤ
(52b) 

෨ܻ
௟௠
௖ ሺΩሻ ൌ ෨ܻ

௟௠
௦ ሺΩሻ ൌ 0 for ݉ ൐ ݈ (52c) 

ሚ௟௠ܥ ൌ ൤
2݈ ൅ 1
2݈ െ 1

ሺ݈ െ ݉ሻሺ݈ ൅ ݉ሻ൨
ଵ/ଶ

(52d) 

The angular moments can be generated from the discrete angular flux through the following: 

ࣘ ൌ ሾࡰሿ࣒ (53) 

where 

ࣘ	is	a	column	vector containing the angular moments  

vector	column	a	is	࣒ containing the discrete angular flux  

ሾࡰሿ	is	the	discrete	to	moment matrix with a dimension of ܰெ ൈ ஽ܰ  

ܰெ	is	the	number of angular moments  

஽ܰ	is	the number of directions  

The angular-moment vector is arranged in an orderly fashion 

ࣘ ൌ ሾ߶଴଴
௖ ߶ଵ଴

௖ ߶ଵଵ
௖ ߶ଶ଴

௖ ߶ଶଵ
௖ ߶ଶଶ

௖ ⋯ሿ் (54) 

for 2D geometry, and 

ࣘ ൌ ሾ߶଴଴
௖ ߶ଵ଴

௖ ߶ଵଵ
௖ ߶ଵଵ

௦ ߶ଶ଴
௖ ߶ଶଵ

௖ ߶ଶଵ
௦ ߶ଶଶ

௖ ߶ଶଶ
௦ ߶ଷ଴

௖ ߶ଷଵ
௖ ߶ଷଵ

௦ ⋯ሿ் (55) 

for 3D geometry such that there is a unique, bi-directional  mapping between the indices (l, m), 
the cosine- and sine-component and an index n’ (the location of the angular moment in ࣘ), 
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ቀ݈,݉, ݁݊݅ݏ݋ܿ
݁݊݅ݏ

ቁ ⟺ ݊′  

With these, one can cast the angular redistribution terms into matrix form similar to that of the 
scattering term.  

1
ሻܧሺߚܿ

࣒߲
ݐ߲

൅ ΩሬሬԦ ∙ સ࣒ ൅ ൅࣒ߪ ൫ݍ Ԧࣟ ∙ ΩሬሬԦ൯ ቈ
࣒߲
ܧ߲

െ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
቉࣒

൅
ݍ

ࣞሺܧሻ
ቄ	ࣟ௫ൣगࣟೣ൧ ൅ ࣟ௬ ቂगࣟ೤ቃ ൅ ࣟ௭ൣगࣟ೥൧ቅ ሾࡰሿ࣒

൅
ሻܧሺߚܿݍ
ࣞሺܧሻ

ቄࣜ௫ൣगࣜೣ൧ ൅ ࣜ௬ ቂगࣜ೤ቃ ൅ ࣜ௭ൣगࣜ೥൧ቅ ሾࡰሿ࣒ ൌ ࡿ

 (56)

where ሾगሿ are the moment-to-discrete matrices due to the EM fields and have dimension of 
஽ܰ ൈ ܰெ. The components of these moment-to-discrete matrices ग௡௡ᇲ are given in the table 

below. The row index ݊ corresponds to the discrete direction Ω௡. The column index ݊′ is 
determined by the indices ݈, ݉ and the phase (cosine or sine). 

 

 ग௡௡ᇲ ܚܗ܎ ࢒ ൐ 0 ܽ݊݀ ࢓ ൐ 0 

 Cosine Components Sine Components 

एܥ ࢞ሚ௟௠ ௟ܻିଵ,௠
௖ ሺΩ௡ሻ െ ௡ߤ݈ ௟ܻ௠

௖ ሺΩ௡ሻ ܥሚ௟௠ ௟ܻିଵ,௠
௦ ሺΩ௡ሻ െ ௡ߤ݈ ௟ܻ௠

௦ ሺΩ௡ሻ 

ए࢟ 
െߤ௡ cos߮௡ ሚ௟௠ܥൣ ෨ܻ௟ିଵ,௠

௖ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠
௖ ሺΩ௡ሻ൧

൅݉ sin߮௡ ෨ܻ௟௠
௦ ሺΩ௡ሻ

 
െߤ௡ cos߮௡ ሚ௟௠ܥൣ ෨ܻ௟ିଵ,௠

௦ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠
௦ ሺΩ௡ሻ൧

െ݉ sin߮௡ ෨ܻ௟௠
௖ ሺΩ௡ሻ

 

एࢠ 
െߤ௡ sin߮௡ ሚ௟௠ܥൣ ෨ܻ௟ିଵ,௠

௖ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠
௖ ሺΩ௡ሻ൧

െ݉ cos߮௡ ෨ܻ௟௠
௦ ሺΩ௡ሻ

 
െߤ௡ sin߮௡ ሚ௟௠ܥൣ ෨ܻ௟ିଵ,௠

௦ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠
௦ ሺΩ௡ሻ൧

൅݉ cos߮௡ ෨ܻ௟௠
௖ ሺΩ௡ሻ

 

ऌ࢞ ݉ ௟ܻ௠
௦ ሺΩ௡ሻ െ݉ ௟ܻ௠

௖ ሺΩ௡ሻ 

ऌ࢟ 
െsin߮௡ ሚ௟௠ܥൣ ෨ܻ௟ିଵ,௠

௖ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠
௖ ሺΩ௡ሻ൧

െ݉ߤ௡cos߮௡ ෨ܻ௟௠
௦ ሺΩ௡ሻ

 
െsin߮௡ ሚ௟௠ܥൣ ෨ܻ௟ିଵ,௠

௦ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠
௦ ሺΩ௡ሻ൧

൅݉ߤ௡cos߮௡ ෨ܻ௟௠
௖ ሺΩ௡ሻ

 

ऌࢠ 
൅cos߮௡ ሚ௟௠ܥൣ ෨ܻ௟ିଵ,௠

௖ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠
௖ ሺΩ௡ሻ൧

െ݉ߤ௡sin߮௡ ෨ܻ௟௠
௦ ሺΩ௡ሻ

 
cos߮௡ ሚ௟௠ܥൣ ෨ܻ௟ିଵ,௠

௦ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠
௦ ሺΩ௡ሻ൧

൅݉ߤ௡sin߮௡ ෨ܻ௟௠
௖ ሺΩ௡ሻ

 

 ग௡௡ᇲ ܚܗ܎ ࢒ ൌ ૙  

All 0 0 



27 

 

For the case of ߤ௡ ൌ 	േ1, the elements ग࢔࢔ᇲ take on different forms (see Appendix B for 
details).  

 

 ग࢔࢔ᇲ for ࣆ ൌ േ૚ ࢓܌ܖ܉ ് ૚  

 Cosine Moments Sine Moments 

All 0 0 

 
ग࢔࢔ᇲ for ࣆ ൌ േ૚ ࢓܌ܖ܉ ൌ ૚   

Cosine Moments Sine Moments 

ए0 0 ࢞ 

ए࢟ െܥߤ௟
∗ሺߤሻ 0 

ए0 ࢠ െܥߤ௟
∗ሺߤሻ 

ऌ0 0 ࢞ 

ऌ0 ࢟ െܥ௟
∗ሺߤሻ 

ऌܥ ࢠ௟
∗ሺߤሻ 0 

௟ܥ
∗ሺ1ሻ ൌ

1
2
݈ሺ݈ ൅ 1ሻܥ௟ଵ ൌ ቈ

݈ሺ݈ ൅ 1ሻሺ2݈ ൅ 1ሻ
ߨ8

቉

ଵ
ଶ
 

௟ܥ
∗ሺെ1ሻ ൌ

1
2
ሺെ1ሻ௟݈ሺ݈ ൅ 1ሻܥ௟ଵ ൌ ሺെ1ሻ௟ ቈ

݈ሺ݈ ൅ 1ሻሺ2݈ ൅ 1ሻ

ߨ8
቉

ଵ
ଶ
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For the first-order transport (sweep) solver one can rewrite Eq. (56) for each direction ΩሬሬԦ௡ 

1
ሻܧሺߚܿ

߲߰௡
ݐ߲

൅ ΩሬሬԦ௡ ∙ સ߰௡ ൅ ௡߰ߪ ൅ ൫ݍ Ԧࣟ ∙ ΩሬሬԦ௡൯ ቈ
߲߰௡
ܧ߲

െ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
߰௡቉

ൌ ܵ௡ െ
ݍ

ࣞሺܧሻ
ቄ	ࣟ௫ൣगࣟೣ൧௡ ൅ ࣟ௬ ቂगࣟ೤ቃ௡

൅ ࣟ௭ൣगࣟ೥൧௡ቅࣘ

െ
ሻܧሺߚܿݍ
ࣞሺܧሻ

ቄࣜ௫ൣगࣜೣ൧௡ ൅ ࣜ௬ ቂगࣜ೤ቃ௡
൅ ࣜ௭ൣगࣜ೥൧௡ቅࣘ

 (57)

where ߰௡ ൌ ߰൫ݎԦ, ,ܧ ΩሬሬԦ௡,  moments, ሾगሿ௡ is	angular	the	containing	vector	column	a	is	൯, ࣘݐ
the nth row of the moment-to-discrete matrix ሾगሿ, and ܵ௡ contains the within-group scattering 
source, the between-group scattering source and the external source for the direction ΩሬሬԦ௡. 

For the second-order solvers Eq. (56) may be the preferable form with all the angular flux cast in 
a vector form: 

1
ሻܧሺߚܿ

࣒߲
ݐ߲

൅ ΩሬሬԦ ∙ સ࣒ ൅ ൅࣒ߪ ൫ݍ Ԧࣟ ∙ ΩሬሬԦ൯ ቈ
࣒߲
ܧ߲

െ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
቉࣒

൅
ݍ

ࣞሺܧሻ
ቄ	ࣟ௫ൣगࣟೣ൧ ൅ ࣟ௬ ቂगࣟ೤ቃ ൅ ࣟ௭ൣगࣟ೥൧ቅ ሾࡰሿ࣒

൅
ሻܧሺߚܿݍ
ࣞሺܧሻ

ቄࣜ௫ൣगࣜೣ൧ ൅ ࣜ௬ ቂगࣜ೤ቃ ൅ ࣜ௭ൣगࣜ೥൧ቅ ሾࡰሿ࣒ ൌ ࡿ

 (56)
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4. Discontinuous Finite-Element Methods in Energy and Space 

We have applied the discrete-ordinates method to treat the angular redistribution from the EM 
fields. The other discretization schemes employed are 

 Discontinuous finite-element method (DFEM) in space 
 Discontinuous finite-element method in energy 

More details of these discrization schemes can be found in References 7 and 8. We will first 
ignore the time dependence and concentrate on the angularly discretized equations for the first-
order solver.  

ΩሬሬԦ௡ ∙ સ߰௡ ൅ ௡߰ߪ ൅ ൫ݍ Ԧࣟ ∙ ΩሬሬԦ௡൯ ቈ
߲߰௡
ܧ߲

െ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
߰௡቉

ൌ ܵ௡ െ
ݍ

ࣞሺܧሻ
ቄ	ࣟ௫ൣगࣟೣ൧௡ ൅ ࣟ௬ ቂगࣟ೤ቃ௡

൅ ࣟ௭ൣगࣟ೥൧௡ቅࣘ

െ
ሻܧሺߚܿݍ
ࣞሺܧሻ

ቄࣜ௫ൣगࣜೣ൧௡ ൅ ࣜ௬ ቂगࣜ೤ቃ௡
൅ ࣜ௭ൣगࣜ೥൧௡ቅࣘ

 (57)

߰௡ ൌ ߰௡ሺݎԦ, ሻܧ

ࣘ ൌ ࣘሺݎԦ, ሻܧ

ܵ௡ ൌ ܵ௡ሺݎԦ, ሻܧ

  

Expand the angular flux as 

߰௡ሺݎԦ, ሻܧ ൌ෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ෍ܩ௝ሺ ሻ߰௜௝൫ΩሬሬԦ௡൯ܧ

௃

௝ୀଵ

 (58) 

where ܪ௜ሺݎԦ	ሻ is the ith basis function in space, ܩ௝ሺ	ܧሻ is the jth basis function in energy, and 

߰௜௝൫ΩሬሬԦ௡൯ are the expansion coefficients. To derive the DFEM equations, we start by substituting 
the expansion Eq. (58) into Eq. (57), multiplying the result by ܪ௜ሺݎԦ	ሻܩ௝ሺ	ܧሻ and integrating the 
result over an elemental volume ௘ܸ and an energy bin ሾܧ௚,  ௚ିଵ]. The integrals involving theܧ

gradient terms (ΩሬሬԦ௡ ∙ સ߰௡ and 
డట೙
డா

) are separated into a surface integral and a volume integral, 

which allow the angular flux at the surface to be different from the interior angular flux within an 
element. Details of DFEM formulation are given in Appendix D. 

For a given pair of element-group the angular fluxes (a total of IJ unknowns) can be arranged 
into a column vector: 



30 

 

શ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (59) 

શ௝ ൌ

ۏ
ێ
ێ
ێ
ێ
ଵ௝൫Ω߰ۍ

ሬሬԦ൯

߰ଶ௝൫ΩሬሬԦ൯

⋮

߰ூ௝൫ΩሬሬԦ൯ے
ۑ
ۑ
ۑ
ۑ
ې

 (60) 

For example, a piecewise linear differencing in energy with tetrahedral element will lead to 8 
angular unknowns. 

The DFEM formulation leads to the following system for શ: 

ሾखሿશ ൅ ሾऍሿશ ൅ ሾचሿશ െ ሾछሿશ ൌ झ െजए െजऌ (61) 

The vectors झ,जए	and	जऌ are arranged in the order as શ. 

Streaming Term 

ሾखሿશ ൌ෍ൣख࢑࡭൧શ

ேೖ

ୀ૚࢑

െ ሾखࢂሿશ (62) 

ൣख࢑࡭൧શ ൌ ΩሬሬԦ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ
࣡ଵଵऒ࢑࡭ ࣡ଵଶऒ࢑࡭ ⋯ ࣡ଵ௃ऒ࢑࡭

࣡ଶଵऒ࢑࡭ ࣡ଶଶऒ࢑࡭ ⋯ ࣡ଶ௃ऒ࢑࡭

⋮ ⋮ ⋱ ⋮

࣡௃ଵऒ࢑࡭ ࣡௃ଶऒ࢑࡭ ⋯ ࣡௃௃ऒے࢑࡭
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (62a) 

ሾखࢂሿશ ൌ ΩሬሬԦ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ
࣡ଵଵऒࢂ ࣡ଵଶऒࢂ ⋯ ࣡ଵ௃ऒࢂ

࣡ଶଵऒࢂ ࣡ଶଶऒࢂ ⋯ ࣡ଶ௃ऒࢂ

⋮ ⋮ ⋱ ⋮

࣡௃ଵऒࢂ ࣡௃ଶऒࢂ ⋯ ࣡௃௃ऒےࢂ
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (62b) 
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ऒ࢑࡭ ൌ an		ܫ	 ൈ ܫ matrix of vectors ൌ ൣ࣢ሬሬԦ஺ೖ௜௜ᇲ൧ (62c) 

࣢ሬሬԦ஺ೖ௜௜ᇲ ൌන Ԧݎ௜ሺܪሬ݊Ԧ௞ܣ݀ ሻ࢏ܪᇲሺݎԦ ሻ
஺ೖ

 (62d) 

ऒࢂ ൌ an		ܫ	 ൈ ܫ	 matrix of vectors ൌ ൣ࣢ሬሬԦ௏௜௜ᇲ൧ (62e) 

࣢ሬሬԦ௏௜௜ᇲ ൌන ܸ݀ሾસܪ௜ሺݎԦ ሻሿ࢏ܪᇲሺݎԦ ሻ
௏೐

 (62f) 

࣡௝௝ᇲ ൌන ܧ݀
ா೒షభ

ா೒

௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (62g)ܧ

where ௞ܰ is the number of faces and ܣ௞ is the kth face of an element. It is noted that the term 
ൣख࢑࡭൧શ consists of the angular fluxes on the surfaces and will be moved to RHS for ሬ݊Ԧ௞ ∙ ΩሬሬԦ ൏ 0. 

Collision Term 

ሾऍሿશ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
࣡ଵଵऒ ࣡ଵଶऒ ⋯ ࣡ଵ௃ऒ

࣡ଶଵऒ ࣡ଶଶऒ ⋯ ࣡ଶ௃ऒ

⋮ ⋮ ⋱ ⋮

࣡௃ଵऒ ࣡௃ଶऒ ⋯ ࣡௃௃ऒے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (63) 

ऒ ൌ an ܫ ൈ ܫ matrix ൌ ሾ࣢௜࢏ᇲሿ (63a) 

࣢௜௜ᇲ ൌන Ԧݎ௜ሺܪܸ݀ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (63b) 

Energy Redistribution from Electric Field ቂ
࣒ࣔ

ࡱࣔ
ቃ  

ሾचሿશ ൌ ൣचିࢍ૚൧શ െ ൣचࢍ൧શ െ ൣच෩൧શ (64) 
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ൣचࢍ൧શ ൌ ΩሬሬԦݍ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ ଵ࣪ଵऒए ଵ࣪ଶऒए ⋯ ଵ࣪௃ऒए

ଶ࣪ଵऒए ଶ࣪ଶऒए ⋯ ଶ࣪௃ऒए

⋮ ⋮ ⋱ ⋮

௃࣪ଵऒए ௃࣪ଶऒए ⋯ ௃࣪௃ऒएے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

				at		ܧ௚ (64a) 

௝࣪௝ᇲሺ ሻܧ ൌ ௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (64b)ܧ

ऒए ൌ an		ܫ	 ൈ ܫ matrix of vectors ൌ ൣ࣢ሬሬԦए௜௜ᇲ൧ (64c) 

࣢ሬሬԦए௜௜ᇲ ൌන ܸ݀ Ԧࣟܪ௜ሺݎԦ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (64d) 

ൣच෩൧શ ൌ ΩሬሬԦ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ
෨࣪ଵଵऒए ෨࣪ଵଶऒए ⋯ ෨࣪ଵ௃ऒए

෨࣪ଶଵऒए ෨࣪ଶଵऒए ⋯ ෨࣪ଶ௃ऒए

⋮ ⋮ ⋱ ⋮

෨࣪௃ଵऒए ෨࣪௃ଶऒए ⋯ ෨࣪௃௃ऒएے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (64e) 

෨࣪
௝௝ᇲ ൌන ܧ݀

ா೒షభ

ா೒

൤
∂
ܧ∂

௝ሺܩ ሻ൨ܧ ௝ᇲሺܩ  ሻ (64f)ܧ

It is noted that the terms ൣचିࢍ૚൧શ and ൣचࢍ൧શ consist of the angular fluxes on the 

energy-bin boundaries and may be moved to RHS depending on the sign of ΩሬሬԦ ∙ Ԧࣟ and the 
direction of sweep in energy. 

Energy Redistribution from Electric Field ቂ
૚ା૝ࢼ૛ሺࡱሻ

ऎሺࡱሻ
 ቃ࣒

 

ሾछሿશ ൌ ΩሬሬԦݍ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ
࣫ଵଵऒए ࣫ଵଶऒए ⋯ ࣫ଵ௃ऒए

࣫ଶଵऒए ࣫ଶଶऒए ⋯ ࣫ଶ௃ऒए

⋮ ⋮ ⋱ ⋮

࣫௃ଵऒए ࣫௃ଶऒए ⋯ ࣫௃௃ऒएے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (65) 
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࣫௝௝ᇲ ൌ	න ܧ݀
ா೒షభ

ா೒

1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (65a)ܧ

Angular Redistribution due to Electric Field 

For a specific direction ΩሬሬԦ௡, the angular redistribution term for the ith spatial basis function and 
the jth basis function in energy is 

जࣟ ൌ जࣟೣ ൅ जࣟ೤ ൅ जࣟ೥ (66) 

࣬ࣟ௡௜௝ ൌ ෍ݍ ቀ࣢ࣟೣ௜௜ᇲൣगࣟೣ൧௡ ൅࣢ࣟ೤௜௜ᇲ ቂगࣟ೤ቃ௡
൅࣢ࣟ೥௜௜ᇲൣगࣟ೥൧௡ቁ

ூ

௜ᇲୀଵ

቎෍ ሚ࣡
௝௝ᇲ

ࡶ

௝ᇲୀଵ

ࣘ௜ᇲ௝ᇲ቏ (66a) 

࣢ࣟ௜௜ᇲ ൌන Ԧݎ௜ሺܪܸࣟ݀ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (66b) 

ሚ࣡
௝௝ᇲ ൌන ܧ݀

ா೒షభ

ா೒

1
ࣞሺܧሻ

௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (66c)ܧ

where the symbol  ࣟ  is used to denote one of the three components of the electric field 
൫ࣟ௫, ࣟ௬, ࣟ௭൯, ሾगࣟሿ௡ is the nth row of the moment-to-discrete matrix ሾगࣟሿ defined previously 
and ࣘ௜௝ is a column vector containing the expansion coefficients of the angular moments 
corresponding to the ith basis function in space and the jth basis function in energy. 

Angular Redistribution due to Magnetic Field 

For a specific direction ΩሬሬԦ௡, the angular redistribution term for the ith spatial basis function and 
the jth basis function in energy is 

जࣜ ൌ जࣜೣ ൅ जࣜ೤ ൅ जࣜ೥ (67) 

࣬ࣜ௡௜௝ ൌ ෍ݍ ቀ࣢ࣜೣ௜௜ᇲൣगࣜೣ൧௡ ൅࣢ࣜ೤௜௜ᇲ ቂगࣜ೤ቃ௡
൅࣢ࣜ೥௜௜ᇲൣगࣜ೥൧௡ቁ

ூ

௜ᇲୀଵ

቎෍ ࣡௝௝ᇲ
∗

ࡶ

௝ᇲୀଵ

ࣘ௜ᇲ௝ᇲ቏ (67a) 
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࣬ࣜ௡௜௝ ൌ෍࣢ࣜ௜௜ᇲ

ூ

௜ୀଵ

෍࣡௝௝ᇲ
∗ ሾगࣜሿ௡ࣘ௜ᇲ௝ᇲ

௃

௝ୀଵ

 (67b) 

࣢ࣜ௜௜ᇲ ൌන Ԧݎ௜ሺܪܸࣜ݀ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (67c) 

࣡௝௝ᇲ
∗ ൌܿන ܧ݀

ா೒షభ

ா೒

ሻܧሺߚ
ࣞሺܧሻ

௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (67b)ܧ

where the symbol  ࣜ  is used to denote one of the three components of the magnetic field 
൫ࣜ௫, ࣜ௬, ࣜ௭൯ and ሾगࣜሿ௡ is the nth row of the moment-to-discrete matrix ሾगࣜሿ as given 
previously. 
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5. Finite-Element Methods in Angle 

Finite-element methods have also been applied to the angular variable, but to a less extent than to 
the spatial and energy variables. In this work, we have applied both continuous and 
discontinuous finite-element methods to treat the angular dependence of the EM terms. 

Expand the angular flux as 

߰൫ݎԦ, ,ܧ ΩሬሬԦ൯ ൌ෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ෍ܩ௝ሺ ሻ෍ܧ ௞ܹ

௄

௞ୀଵ

൫ΩሬሬԦ൯߰௜௝௞

௃

௝ୀଵ

 (68) 

where ܪ௜ሺݎԦ	ሻ is the ith basis function in space, ܩ௝ሺ	ܧሻ is the jth basis function in energy, ௞ܹ൫ΩሬሬԦ൯ 
is the kth basis function in angle, and ߰௜௝௞ are the expansion coefficients to be solved. 

Elemental equations for the expansion coefficients can be derived by applying the Galerkin 
method similar to that outlines in the previous section. Detailed descriptions of these can be 
found in References 9 and 10. 
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Conclusions 

We have developed a mathematical model, by including the effects of Lorentz force in the 
Boltzmann transport equation, for electron transport with electromagnetic fields.  Two 
deterministic, numerical techniques are developed to treat the energy- and angular-redistribution 
due to the electromagnetic fields. 

In the first approach, we apply the traditional discrete-ordinates method to discretize the 
differential, angular redistribution terms with the spatial- and energy-dependence are treated with 
discontinuous finite-element methods. The discrete system can be arranged into a form very 
similar to that encountered in standard radiation transport. More specifically, the energy- and 
angular-redistribution operators are transformed into a series of scattering matrices. However, 
convergence of this approach is highly problematic when applying the source iteration. In the 
second approach, we apply the discontinuous finite-element methods to the entire phase space in 
which the angular flux is represented by a triple-product of basis functions in space, energy and 
angle. Despite of its complexity, this approach offers two advantages: convergence of the source 
iteration is less problematic and improved accuracy in angular flux. 

We have also demonstrated full coupling between the transport and electromagnetic solvers via a 
staggered time advancing scheme on a problem involving propagation of an electron beam over a 
diode. There are significant discrepancies between our results and EMPHASI-PIC calculation 
which require further investigations. 

The finite-element methods and the software components developed in this research project 
should be productized and incorporated into the existing radiation transport capability at Sandia. 
In particular, 

1. Finite-element in angle can improve accuracy and mitigate the notorious ray-effects 
associated with the discrete-ordinates method for problems involving localized source, 

2. Finite-element in energy can be extended to the continuous slowing-down (CSD) 
approximation in electron transport and eliminate the numerical straggling associated with 
the finite-differencing scheme commonly applied to the Boltzmann-CSD equation.  
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Appendix A. Modified Spherical Harmonics 

In SCEPTRE, the angular flux is represented by a finite expansion in terms of spherical 
harmonics as 

ሺΩሻߖ ൌ෍෍ሾ ௟ܻ௠
௖ ሺΩሻ߶௟௠

௖ ൅ ௟ܻ௠
௦ ሺΩሻ߶௟௠

௦ ሿ
௟

௠ୀ଴

௅

௟ୀ଴

 (A1)

The real and imaginary parts of the spherical harmonics are defined by  

௟ܻ௠
௖ ሺΩሻ ൌ ௟ܻ௠

௖ ሺߤ, ߮ሻ ൌ ௟௠ܥ ௟ܲ
௠ሺߤሻ cos݉߮ (A2)

௟ܻ௠
௦ ሺΩሻ ൌ ௟ܻ௠

௦ ሺߤ, ߮ሻ ൌ ௟௠ܥ ௟ܲ
௠ሺߤሻ sin݉߮ (A3)

where ௟ܲ
௠ሺߤሻ is the associated Legendre polynomial of order l and degree m,  

௟ܲ
௠ሺߤሻ ൌ ሺെ1ሻ୫ሺ1 െ ଶሻ௠/ଶߤ ݀௠

௠ߤ݀ ௟ܲሺߤሻ (A4) 

௟௠ܥ ൌ ቈ
2݈ ൅ 1
ߨ4

ሺ2 െ ௠଴ሻߜ
ሺ݈ െ ݉ሻ!
ሺ݈ ൅ ݉ሻ!

቉
ଵ/ଶ

 (A5) 

߲߰
ߤ߲

ൌ
߲
ߤ߲

෍෍ሾܥ௟௠ ௟ܲ
௠ሺߤሻ cos݉߮߶௟௠

௖ ൅ ௟௠ܥ ௟ܲ
௠ሺߤሻ sin݉߮߶௟௠

௦ ሿ
௟

௠ୀ଴

௅

௟ୀ଴

ൌ෍෍ሾܥ௟௠ cos݉߮߶௟௠
௖ ൅ ௟௠ܥ sin݉߮߶௟௠

௦ ሿ
௟

௠ୀ଴

௅

௟ୀଵ

߲
ߤ߲ ௟ܲ

௠ሺߤሻ

	  

From Wolfran’s Mathworld (http://mathworld.wolfram.com/LegendrePolynomial.html) 

ሺ1 െ ଶሻߤ
߲
ߤ߲ ௟ܲ

௠ሺߤሻ ൌ ሺ݈ ൅ ݉ሻ ௟ܲିଵ
௠ ሺߤሻ െ ߤ݈ ௟ܲ

௠ሺߤሻ for ݈ ൐ 0 and	݉ ൏ ݈	 (A6) 

ሺ1 െ ଶሻߤ
߲
ߤ߲ ௟ܲ

௟ሺߤሻ ൌ െ݈ߤ ௟ܲ
௟ሺߤሻ for ݈ ൐ 0 (A7) 

௟ܲ
௠ሺߤሻ ൌ 0 for ݉ ൐ ݈ (A8) 
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߲߰
ߤ߲

ൌ
1

1 െ ଶߤ
෍෍ሾܥ௟௠ cos݉߮߶௟௠

௖ ൅ ௟௠ܥ sin݉߮߶௟௠
௦ ሿ

௟

௠ୀ଴

௅

௟ୀଵ

ሾሺ݈ ൅ ݉ሻ ௟ܲିଵ
௠ ሺߤሻ െ ߤ݈ ௟ܲ

௠ሺߤሻሿ

							ൌ
1

1 െ ଶߤ
෍෍ሺ݈ ൅ ݉ሻሾܥ௟௠ ௟ܲିଵ

௠ ሺߤሻ cos݉߮߶௟௠
௖ ൅ ௟௠ܥ ௟ܲିଵ

௠ ሺߤሻsin݉߮߶௟௠
௦ ሿ

௟

௠ୀ଴

௅

௟ୀଵ

											െ
ߤ

1 െ ଶߤ
෍෍ ݈ሾܥ௟௠ ௟ܲ

௠ሺߤሻ cos݉߮߶௟௠
௖ ൅ ௟௠ܥ ௟ܲ

௠ሺߤሻsin݉߮߶௟௠
௦ ሿ

௟

௠ୀ଴

௅

௟ୀଵ

	 (A9) 

From Eq. (A5), it can be shown that 

௟௠ܥ
௟ିଵ,௠ܥ

ൌ
൤2݈ ൅ 1
ߨ4 ሺ2 െ ௠଴ሻߜ

ሺ݈ െ ݉ሻ!
ሺ݈ ൅ ݉ሻ!൨

ଵ/ଶ

൤2݈ െ 1
ߨ4 ሺ2 െ ௠଴ሻߜ

ሺ݈ െ ݉ െ 1ሻ!
ሺ݈ ൅ ݉ െ 1ሻ!൨

ଵ/ଶ ൌ ൤
2݈ ൅ 1
2݈ െ 1

݈ െ ݉
݈ ൅ ݉

൨
ଵ/ଶ

				

  

	
߲߰
ߤ߲

ൌ
1

1 െ ଶߤ
෍෍ ൤

2݈ ൅ 1
2݈ െ 1

ሺ݈ െ ݉ሻሺ݈ ൅ ݉ሻ൨
ଵ/ଶ

ሾ ௟ܻିଵ,௠
௖ ሺΩሻ߶௟௠

௖ ൅ ௟ܻିଵ,௠
௦ ሺΩሻ߶௟௠

௦ ሿ

௟

௠ୀ଴

௅

௟ୀଵ

	

											െ
ߤ

1 െ ଶߤ
෍෍ ݈ሾ ௟ܻ௠

௖ ሺΩሻ߶௟௠
௖ ൅ ௟ܻ௠

௦ ሺΩሻ߶௟௠
௦ ሿ

௟

௠ୀ଴

௅

௟ୀଵ

			ൌ
1

1 െ ଶߤ
෍෍ ቊ൤

2݈ ൅ 1
2݈ െ 1

ሺ݈ െ ݉ሻሺ݈ ൅ ݉ሻ൨
ଵ/ଶ

௟ܻିଵ,௠
௖ ሺΩሻ െ ߤ݈ ௟ܻ௠

௖ ሺΩሻቋ

௟

௠ୀ଴

௅

௟ୀଵ

߶௟௠
௖

							൅
1

1 െ ଶߤ
෍෍ ቊ൤

2݈ ൅ 1
2݈ െ 1

ሺ݈ െ ݉ሻሺ݈ ൅ ݉ሻ൨
ଵ/ଶ

௟ܻିଵ,௠
௦ ሺΩሻ െ ߤ݈ ௟ܻ௠

௦ ሺΩሻቋ

௟

௠ୀ଴

௅

௟ୀଵ

߶௟௠
௦

	 (A10)

Define the modified spherical harmonics as 

෨ܻ
௟௠
௖ ሺΩሻ ൌ ௟ܻ௠

௖

ඥ1 െ ଶߤ
 (A11)

෨ܻ
௟௠
௦ ሺΩሻ ൌ ௟ܻ௠

ௌ

ඥ1 െ ଶߤ
 (A12)

෨ܻ
௟௠
௖ ሺΩሻ ൌ ෨ܻ

௟௠
௦ ሺΩሻ ൌ 0 for ݉ ൐ ݈ (A13)
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ሚ௟௠ܥ ൌ ൤
2݈ ൅ 1
2݈ െ 1

ሺ݈ െ ݉ሻሺ݈ ൅ ݉ሻ൨
ଵ/ଶ

 (A14)

	

߲߰
ߤ߲

ൌ
1

1 െ ଶߤ
෍෍൛ൣܥሚ௟௠ ௟ܻ௠

௖ ሺΩሻ െ ߤ݈ ௟ܻ௠
௖ ሺΩሻ൧߶௟௠

௖ ൅ ሚ௟௠ܥൣ ௟ܻ௠
௦ ሺΩሻ െ ߤ݈ ௟ܻ௠

௦ ሺΩሻ൧߶௟௠
௦ ൟ

௟

௠ୀ଴

௅

௟ୀଵ

							ൌ
1

ඥ1 െ ଶߤ
෍෍൛ൣܥሚ௟௠ ෨ܻ௟௠

௖ ሺΩሻ െ ߤ݈ ෨ܻ௟௠
௖ ሺΩሻ൧߶௟௠

௖ ൅ ሚ௟௠ܥൣ ෨ܻ௟௠
௦ ሺΩሻ െ ߤ݈ ෨ܻ௟௠

௦ ሺΩሻ൧߶௟௠
௦ ൟ

௟

௠ୀ଴

௅

௟ୀଵ

	 (A15)

߲߰
߲߮

ൌ
߲
߲߮

෍෍ሾ߶௟௠
௖ ௟௠ܥ ௟ܲ

௠ሺߤሻ cos݉߮ ൅ ߶௟௠
௦ ௟௠ܥ ௟ܲ

௠ሺߤሻ sin݉߮ሿ
௟

௠ୀ଴

௅

௟ୀ଴

				

ൌ ෍෍ ݉ሾ߶௟௠
௦ ௟௠ܥ ௟ܲ

௠ሺߤሻ cos݉߮ െ ߶௟௠
௖ ௟௠ܥ ௟ܲ

௠ሺߤሻ sin݉߮ሿ
௟

௠ୀ଴

௅

௟ୀଵ

ൌ െ෍෍ ݉ሾ ௟ܻ௠
௦ ሺΩሻ߶௟௠

௖ െ ௟ܻ௠
௖ ሺΩሻ߶௟௠

௦ ሿ
௟

௠ୀ଴

௅

௟ୀଵ

 (A16)

More on Modified Spherical Harmonics 

The modified spherical harmonics are defined by 

෨ܻ
௟௠
௖ ሺΩሻ ൌ ௟ܻ௠

௖

ඥ1 െ ଶߤ
ൌ ௟௠ܥ

௟ܲ
௠ሺߤሻ

ඥ1 െ ଶߤ
cos݉߮ ൌܥ௟௠ ෨ܲ

௟
௠ሺߤሻ cos݉߮ (A17)

෨ܻ
௟௠
ௌ ሺΩሻ ൌ ௟ܻ௠

ୱ

ඥ1 െ ଶߤ
ൌ ௟௠ܥ

௟ܲ
௠ሺߤሻ

ඥ1 െ ଶߤ
sin݉߮ ൌܥ௟௠ ෨ܲ

௟
௠ሺߤሻ sin݉߮	 (A18)

where ෨ܲ௟
௠ሺߤሻ is the modified, associated Legendre polynomial, 

෨ܲ
௟
௠ሺߤሻ ൌ ሺെ1ሻ୫ሺ1 െ ଶሻሺ௠ିଵሻ/ଶߤ ݀௠

௠ߤ݀ ௟ܲሺߤሻ (A19)

It can be easily shown that for ݉ ൐ 1 

lim
ఓ→േଵ

෨ܲ
௟
௠ሺߤሻ ൌ 0 (A20)

For ݉ ൌ 1, ෨ܲ௟
ଵሺߤሻ ൌ െ ௗ

ௗఓ ௟ܲሺߤሻ  
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lim
ஜ→ଵ

P෩୪
ଵሺμሻ ൌ െ lim

ஜ→ଵ

݀
ߤ݀ ௟ܲሺߤሻ ൌ െ

1
2
݈ሺ݈ ൅ 1ሻ (A21) 

lim
ఓ→ିଵ

෨ܲ
௟
ଵሺߤሻ ൌ െ lim

ఓ→ିଵ

݀
ߤ݀ ௟ܲሺߤሻ ൌ

1
2
ሺെ1ሻ௟݈ሺ݈ ൅ 1ሻ (A22) 
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Appendix B. Moment-To-Discrete Matrices for ࣆ ൌ േ૚ 

Here we consider the limits of the elements in the moment-to-discrete matrices in the case of 
ߤ ൌ േ1. Since these elements consist of either the associated Legendre ௟ܲ

௠ሺߤሻ 

௟ܲ
௠ሺߤሻ ൌ ሺെ1ሻ୫ሺ1 െ ଶሻ௠/ଶߤ ݀௠

௠ߤ݀ ௟ܲሺߤሻ (B1) 

or the modified, associated Legendre ෨ܲ௟
௠ሺߤሻ  

෨ܲ
௟
௠ሺߤሻ ൌ ሺെ1ሻ୫ሺ1 െ ଶሻሺ௠ିଵሻ/ଶߤ ݀௠

௠ߤ݀ ௟ܲሺߤሻ (B2) 

and these polynomials vanish for the case ߤ ൌ േ1	for ݉ ൒ 2 , 

ग࢔࢔ᇲ ൌ 0 for ݉ ൒ 2 (B3)

For ݈ ൐ 0	and	݉ ൌ 0, we only need to examine terms consists of ܥሚ௟௠ ෨ܻ௟ିଵ,௠
௖ ሺΩ௡ሻ െ ௡ߤ݈ ෨ܻ௟௠

௖ ሺΩ௡ሻ 
since all other terms vanish for ߤ ൌ േ1 

ग࢔࢔ᇲ ∝ ൬
2݈ ൅ 1
2݈ െ 1

൰

ଵ
ଶ
݈ ෨ܻ௟ିଵ,଴

௖ ሺΩሻ െ ߤ݈ ෨ܻ௟଴
௖ ሺΩሻ

													∝ 	 ݈ ൬
2݈ ൅ 1
2݈ െ 1

൰

ଵ
ଶ
√2݈ െ 1 ෨ܲ௟ିଵሺߤሻ െ 2݈√ߤ݈ ൅ 1 ෨ܲ௟ሺߤሻ

													∝ ݈√2݈ ൅ 1 ௟ܲିଵሺߤሻ െ ߤ ௟ܲሺߤሻ

ඥ1 െ ଶߤ

  

lim
ఓ→ଵ

ग࢔࢔ᇲ ∝ lim
ఓ→ଵ

௟ܲିଵሺߤሻ െ ߤ ௟ܲሺߤሻ

ඥ1 െ ଶߤ
ൌ lim

ఓ→ଵ

1 െ ߤ

ඥ1 െ ଶߤ
ൌ lim

ఓ→ଵ
ඨ
1 െ ߤ
1 ൅ ߤ

ൌ 0				 (B4)

lim
ఓ→ିଵ

ग࢔࢔ᇲ ∝ lim
ఓ→ିଵ

௟ܲିଵሺߤሻ െ ߤ ௟ܲሺߤሻ

ඥ1 െ ଶߤ

																						ൌ 	 ሺെ1ሻ௟ିଵ lim
ఓ→ିଵ

1 ൅ ߤ

ඥ1 െ ଶߤ
ൌ ሺെ1ሻ௟ିଵ lim

ఓ→ିଵ
ඨ
1 ൅ ߤ
1 െ ߤ

ൌ 0

					 (B5)
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For ݉ ൌ 1, 
డట

డఓ
 becomes (from Eq. (63)) 

߲߰
ߤ߲

ൌ
1

1 െ ଶߤ
෍ܥ௟ଵሾሺ݈ ൅ 1ሻ ௟ܲିଵ

ଵ ሺߤሻ െ ߤ݈ ௟ܲ
ଵሺߤሻሿሺcos ߮߶௟ଵ

௖ ൅ sin߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

	  

Since 

௟ܲ
ଵሺߤሻ ൌ െሺ1 െ ଶሻଵ/ଶߤ

݀
ߤ݀ ௟ܲሺߤሻ  

the last expression of 
డట

డఓ
 can be written as 

߲߰
ߤ߲

ൌ
1

ඥ1 െ ଶߤ
෍ܥ௟ଵ ൤݈ߤ

݀
ߤ݀ ௟ܲሺߤሻ െ ሺ݈ ൅ 1ሻ

݀
ߤ݀ ௟ܲିଵሺߤሻ൨ ሺcos ߮߶௟ଵ

௖ ൅ sin߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

	  

Using the recurrence relation 

݀
ߤ݀ ௟ܲିଵሺߤሻ ൌ ߤ

݀
ߤ݀ ௟ܲሺߤሻ െ ݈ ௟ܲሺߤሻ  

߲߰
ߤ߲

ൌ
1

ඥ1 െ ଶߤ
෍ܥ௟ଵ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ

݀
ߤ݀ ௟ܲሺߤሻ൨ ሺܿݏ݋ ߮߶௟ଵ

௖ ൅ ݊݅ݏ ߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

	 (B7) 

For ݉ ൌ 1, 
డట

డఝ
 becomes (from Eq. (64)) 

߲߰
߲߮

ൌ െ෍ሾ ௟ܻଵ
௦ ሺΩሻ߶௟௠

௖ െ ௟ܻଵ
௖ ሺΩሻ߶௟௠

௦ ሿ
௅

௟ୀଵ

ൌ ඥ1 െ ௟ଵܥଶ෍ߤ
݀
ߤ݀ ௟ܲሺߤሻሺsin߮߶௟ଵ

௖ െ cos߮ ߶௟ଵ
௦ ሻ

௅

௟ୀଵ

(B8)

We will examine ग࢔࢔ᇲ for each EM field component individually using (B7) and (B8). 

ए࢞ 

ሺ1 െ ଶሻߤ
߲߰
ߤ߲

ൌ ሺ1 െ ௟ଵܥଶሻଵ/ଶ෍ߤ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ ሺܿݏ݋ ߮߶௟ଵ

௖ ൅ ݊݅ݏ ߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ
⟶ 	ߤ		ݏܽ					0 ⟶	േ1

	 (B9) 
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ए࢟ 

െߟߤ
߲߰
ߤ߲

െ
ߦ

1 െ ଶߤ
߲߰
߲߮

ൌ െߤ cos߮෍ܥ௟ଵ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ ሺܿݏ݋ ߮߶௟ଵ

௖ ൅ ݊݅ݏ ߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

			െ sin߮෍ܥ௟ଵ
݀
ߤ݀ ௟ܲሺߤሻሺsin߮߶௟ଵ

௖ െ cos߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

ൌ െ෍ܥ௟ଵ ൜ߤ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ ଶݏ݋ܿ ߮ ൅

݀
ߤ݀ ௟ܲሺߤሻ sinଶ ߮ൠ

௅

௟ୀଵ

߶௟ଵ
௖

			െ෍ܥ௟ଵ ൜ߤ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ cos߮ sin߮െ

݀
ߤ݀ ௟ܲሺߤሻ cos߮ sin߮ൠ

௅

௟ୀଵ

߶௟ଵ
௦

	  

The Legendre polynomials satisfy the differential equation 

ሺ1 െ ଶሻݔ
݀ଶݕ
ଶݔ݀

െ2ݔ
ݕ݀
ݔ݀

൅ ݈ሺ݈ ൅ 1ሻݕ ൌ 0 (B10)

and satisfy the following: 

ߤ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨

ൌ ሺߤଶ െ 1ሻ
݀
ߤ݀ ௟ܲሺߤሻ െ ሺ1ߤ െ ଶሻߤ

݀ଶ

ଶߤ݀ ௟ܲሺߤሻ ൅
݀
ߤ݀ ௟ܲሺߤሻ

  

lim
ఓ→ଵ

ߤ
݀
ߤ݀ ௟ܲሺߤሻ ൌ lim

ఓ→ଵ

1
2
݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ ൌ

1
2
݈ሺ݈ ൅ 1ሻ (B11) 

lim
ఓ→ଵ

݀
ߤ݀ ௟ܲሺߤሻ ൌ

1
2
݈ሺ݈ ൅ 1ሻ (B11a) 

݈݅݉
ఓ→ିଵ

ߤ
݀
ߤ݀ ௟ܲሺߤሻ ൌ ݈݅݉

ఓ→ିଵ

1
2
݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ ൌ

1
2
ሺെ1ሻ௟݈ሺ݈ ൅ 1ሻ (B12) 

݈݅݉
ఓ→ିଵ

݀
ߤ݀ ௟ܲሺߤሻ ൌ

1
2
ሺെ1ሻ௟ାଵ݈ሺ݈ ൅ 1ሻ (B12a)
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݈݅݉
ఓ→ଵ

൬െߟߤ
߲߰
ߤ߲

െ
ߦ

1 െ ଶߤ
߲߰
߲߮

൰ ൌ െ
1
2
෍݈ሺ݈ ൅ 1ሻܥ௟ଵ

௅

௟ୀଵ

߶௟ଵ
௖ (B13) 

݈݅݉
ఓ→ିଵ

൬െߟߤ
߲߰
ߤ߲

െ
ߦ

1 െ ଶߤ
߲߰
߲߮

൰ ൌ െ
1
2
෍ሺെ1ሻ௟ାଵ݈ሺ݈ ൅ 1ሻܥ௟ଵ

௅

௟ୀଵ

߶௟ଵ
௖ 	 (B14) 

एࢠ 

െߦߤ
߲߰
ߤ߲

൅
ߟ

1 െ ଶߤ
߲߰
߲߮

ൌ െߤsin߮෍ܥ௟ଵ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ ሺܿݏ݋ ߮߶௟ଵ

௖ ൅ ݊݅ݏ ߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

		൅ cos߮෍ܥ௟ଵ
݀
ߤ݀ ௟ܲሺߤሻሺsin߮߶௟ଵ

௖ െ cos߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

ൌ െ෍ܥ௟ଵ ൜ߤ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ cos ߮ sin߮െ

݀
ߤ݀ ௟ܲሺߤሻ cos߮ sin߮ൠ

௅

௟ୀଵ

߶௟ଵ
௖

			െ෍ܥ௟ଵ ൜ߤ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ sinଶ ߮൅

݀
ߤ݀ ௟ܲሺߤሻ ଶݏ݋ܿ ߮ൠ

௅

௟ୀଵ

߶௟ଵ
௦

	  

݈݅݉
ఓ→ଵ

൬െߦߤ
߲߰
ߤ߲

൅
ߟ

1 െ ଶߤ
߲߰
߲߮

൰ ൌ െ
1
2
෍݈ሺ݈ ൅ 1ሻܥ௟ଵ

௅

௟ୀଵ

߶௟ଵ
௦ (B15)

݈݅݉
ఓ→ିଵ

൬െߦߤ
߲߰
ߤ߲

൅
ߟ

1 െ ଶߤ
߲߰
߲߮

൰ ൌ െ
1
2
෍ሺെ1ሻ௟ାଵ݈ሺ݈ ൅ 1ሻܥ௟ଵ

௅

௟ୀଵ

߶௟ଵ
௦ 	 (B16)

ऌࢠ 
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ߟ
߲߰
ߤ߲

൅
ߦߤ

1 െ ଶߤ
߲߰
߲߮

ൌ cos߮෍ܥ௟ଵ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ ሺܿݏ݋ ߮߶௟ଵ

௖ ൅ ݊݅ݏ ߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

				൅ߤ sin߮෍ܥ௟ଵ
݀
ߤ݀ ௟ܲሺߤሻሺsin߮߶௟ଵ

௖ െ cos߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

ൌ෍ܥ௟ଵ ൜൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ ଶݏ݋ܿ ߮ ൅ ߤ

݀
ߤ݀ ௟ܲሺߤሻ sinଶ ߮ൠ

௅

௟ୀଵ

߶௟ଵ
௖

				൅෍ܥ௟ଵ ൜൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ cos ߮ sin߮െߤ

݀
ߤ݀ ௟ܲሺߤሻ cos߮ sin߮ൠ

௅

௟ୀଵ

߶௟ଵ
௦

	  

݈݅݉
ఓ→ଵ

൬ߟ
߲߰
ߤ߲

൅
ߦߤ

1 െ ଶߤ
߲߰
߲߮

൰ ൌ
1
2
෍݈ሺ݈ ൅ 1ሻܥ௟ଵ

௅

௟ୀଵ

߶௟ଵ
௖ (B17)

݈݅݉
ఓ→ିଵ

൬ߟ
߲߰
ߤ߲

൅
ߦߤ

1 െ ଶߤ
߲߰
߲߮

൰ ൌ
1
2
෍ሺെ1ሻ௟݈ሺ݈ ൅ 1ሻܥ௟ଵ

௅

௟ୀଵ

߶௟ଵ
௖ (B18)

ऌ࢟ 

െߦ
߲߰
ߤ߲

൅
ߟߤ

1 െ ଶߤ
߲߰
߲߮

ൌ െsin߮෍ܥ௟ଵ ൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ ሺcos߮߶௟ଵ

௖ ൅ sin߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

		൅ߤ cos߮෍ܥ௟ଵ
݀
ߤ݀ ௟ܲሺߤሻሺsin߮ ߶௟ଵ

௖ െ cos߮߶௟ଵ
௦ ሻ

௅

௟ୀଵ

ൌ െ෍ܥ௟ଵ ൜൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ cos ߮ sin߮െߤ

݀
ߤ݀ ௟ܲሺߤሻ cos߮ sin߮ൠ

௅

௟ୀଵ

߶௟ଵ
௖

			െ෍ܥ௟ଵ ൜൤݈ሺ݈ ൅ 1ሻ ௟ܲሺߤሻ െ ߤ
݀
ߤ݀ ௟ܲሺߤሻ൨ sinଶ ߮൅ߤ

݀
ߤ݀ ௟ܲሺߤሻ cosଶ ߮ൠ

௅

௟ୀଵ

߶௟ଵ
௦

	  

݈݅݉
ఓ→ଵ

൬െߦ
߲߰
ߤ߲

൅
ߟߤ

1 െ ଶߤ
߲߰
߲߮

൰ ൌ െ
1
2
෍݈ሺ݈ ൅ 1ሻܥ௟ଵ

௅

௟ୀଵ

߶௟ଵ
௦ (77a)
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݈݅݉
ఓ→ିଵ

൬െߦ
߲߰
ߤ߲

൅
ߟߤ

1 െ ଶߤ
߲߰
߲߮

൰ ൌ െ
1
2
෍ሺെ1ሻ௟݈ሺ݈ ൅ 1ሻܥ௟ଵ

௅

௟ୀଵ

߶௟ଵ
௦ 	 (77b)

ऌ࢞ 

߲߰
߲߮

ൌ ඥ1 െ ௟ଵܥଶ෍ߤ
݀
ߤ݀ ௟ܲሺߤሻሺsin߮߶௟ଵ

௖ െ cos߮߶௟ଵ
௦ ሻ ⟶ 0 as 	ߤ ⟶	േ1

௅

௟ୀଵ

	 (78) 

  

 
ग࢔࢔ᇲ for ࣆ ൌ േ૚ 

Cosine Moments Sine Moments 

ए0 0 ࢞ 

ए࢟ െܥߤ௟
∗ሺߤሻ 0 

ए0 ࢠ െܥߤ௟
∗ሺߤሻ 

ऌ0 0 ࢞ 

ऌ0 ࢟ െܥ௟
∗ሺߤሻ 

ऌܥ ࢠ௟
∗ሺߤሻ 0 

௟ܥ
∗ሺ1ሻ ൌ

1
2
݈ሺ݈ ൅ 1ሻܥ௟ଵ ൌ ቈ

݈ሺ݈ ൅ 1ሻሺ2݈ ൅ 1ሻ
ߨ8

቉

ଵ
ଶ
 

 

௟ܥ
∗ሺെ1ሻ ൌ

1
2
ሺെ1ሻ௟݈ሺ݈ ൅ 1ሻܥ௟ଵ ൌ ሺെ1ሻ௟ ቈ

݈ሺ݈ ൅ 1ሻሺ2݈ ൅ 1ሻ

ߨ8
቉

ଵ
ଶ
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Appendix C. Summary of Energy Dependent Quantities 

The following quantities are needed to generate the moment-to-discrete matrices. For a given 
kinetic energy (E)   

߬ ൌ
ܧ

݉௢ܿଶ
 

 Relativistic Non-Relativistic 

࣮ሺܧሻ ܧ ൅݉௢ܿଶ ܧ ൅݉௢ܿଶ 

ሻ ඥ߬ሺ߬ܧሺߚ ൅ 2ሻ

߬ ൅ 1
 0 

1
ࣞሺܧሻ

 
߬ ൅ 1
߬ ൅ 2

1
ܧ

 
1
ܧ2

 

ሻܧሺߚܿ
ࣞሺܧሻ

 ට
߬

߬ ൅ 2
ܿ
ܧ

 
ሻܧሺݒ
ࣞሺܧሻ

ൌ
ܿ

ඥ2݉௢ܿଶܧ
 

1 ൅ ሻܧଶሺߚ4
ࣞሺܧሻ

 
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
 

1
ܧ2

 

ሻ ඨܧሺߚܿ ሻܧሺݒ
ܧ2
݉௢

ൌ ඨ
ܧ2
݉௢ܿଶ

ܿ 
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Appendix D 

Derivations of Discontinuous Finite-Element Equations in Space and Energy 

Expand the angular flux as 

߰൫ݎԦ, ,ܧ ΩሬሬԦ൯ ൌ෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ෍ܩ௝ሺ ሻ߰௜௝൫ΩሬሬԦ൯ܧ

௃

௝ୀଵ

 (D1) 

where ܪ௜ሺݎԦ	ሻ is the ith basis function in space, ܩ௝ሺ	ܧሻ is the jth basis function in energy, and 

߰௜௝൫ΩሬሬԦ൯ are the expansion coefficients. We will ignore the time dependence for simplicity but 
will treat the time-derivative term at the end. 

Substitute the expansion (D1) into the transport equation, multiply the result by ܪ௜ሺݎԦ	ሻܩ௝ሺ	ܧሻ and 
integrate the resultant equation over an elemental volume ௘ܸ and an energy bin ሾܧ௚,  … [௚ିଵܧ

Collision Term 

න ܸ݀න ܧ݀
ா೒షభ

ா೒௏೐

,Ԧݎሻσሺܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ ሻ෍ܧ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ	ሻ ෍ ᇲ௝ᇲ൫ΩሬሬԦ൯࢏ሻ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ൌ σ௚ሺݎԦୣ ሻන ܸ݀න ܧ݀
ா೒షభ

ா೒௏೐

ሻ෍ܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ	ሻ ෍ ᇲ௝ᇲ൫ΩሬሬԦ൯࢏ሻ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ൌ σ௚ሺݎԦୣ ሻ෍ ෍ න Ԧݎ௜ሺܪܸ݀ ሻܪ௜ᇲሺݎԦ ሻන ܧ݀
ா೒షభ

ா೒௏೐

௝ሺܩ ௝ᇲሺܩሻܧ ሻ߰௜ᇲ௝ᇲ൫ΩሬሬԦ൯ܧ

௃

௝ᇲୀଵ

ூ

௜ᇲୀଵ

  

for ݅ ൌ 1… ݆	and	ܫ ൌ 1…  Here we have assumed that the total cross section is constant within .ܬ
the element and the energy bin. Other functional forms are allowed if they are available from the 
cross-section library. The last expression can be arranged into a block matrix form with a total 
number of IJ unknowns: 

ሾऍሿશ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
࣡ଵଵऒ ࣡ଵଶऒ ⋯ ࣡ଵ௃ऒ

࣡ଶଵऒ ࣡ଶଶऒ ⋯ ࣡ଶ௃ऒ

⋮ ⋮ ⋱ ⋮

࣡௃ଵऒ ࣡௃ଶऒ ⋯ ࣡௃௃ऒے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (D2) 
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શ௝ ൌ

ۏ
ێ
ێ
ێ
ێ
ଵ௝൫Ω߰ۍ

ሬሬԦ൯

߰ଶ௝൫ΩሬሬԦ൯

⋮

߰ூ௝൫ΩሬሬԦ൯ے
ۑ
ۑ
ۑ
ۑ
ې

 (D3) 

ऒ ൌ an ܫ ൈ ܫ matrix ൌ ሾ࣢௜࢏ᇲሿ (D4) 

࣢௜௜ᇲ ൌන Ԧݎ௜ሺܪܸ݀ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (D5) 

࣡௝௝ᇲ ൌන ܧ݀
ா೒షభ

ா೒

௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (D6)ܧ
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Streaming Term 

න ܸ݀න ܧ݀
ா೒షభ

ா೒௏೐

ሻൣસܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ ∙ ΩሬሬԦ߰൫ݎԦ, ,ܧ ΩሬሬԦ൯൧

ൌ න ܸ݀න ܧ݀
ா೒షభ

ா೒௏೐

ሻ൛સܧ	௝ሺܩ ∙ ൣΩሬሬԦܪ௜ሺݎԦ	ሻ߰൫ݎԦ, ,ܧ ΩሬሬԦ൯൧ െ ൣસ ∙ ΩሬሬԦܪ௜ሺݎԦ	ሻ൧߰൫ݎԦ, ,ܧ ΩሬሬԦ൯ൟ

ൌ න ൫ሬ݊Ԧܣ݀ ∙ ΩሬሬԦ൯ܪ௜ሺݎԦ	ሻන ܧ݀
ா೒షభ

ா೒஺೐

,Ԧݎሻ߰൫ܧ	௝ሺܩ ,ܧ ΩሬሬԦ൯

				െ	ΩሬሬԦ ∙ න ܸ݀સܪ௜ሺݎԦ	ሻන ܧ݀
ா೒షభ

ா೒௏೐

,Ԧݎሻ߰൫ܧ	௝ሺܩ ,ܧ ΩሬሬԦ൯

ൌ න ൫ሬ݊Ԧܣ݀ ∙ ΩሬሬԦ൯ܪ௜ሺݎԦ	ሻන ܧ݀
ா೒షభ

ா೒஺೐

ሻ෍ܧ	௝ሺܩ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ	ሻ ෍ ᇲ௝ᇲ൫ΩሬሬԦ൯࢏ሻ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

					െ		ΩሬሬԦ ∙ න ܸ݀સܪ௜ሺݎԦ	ሻන ܧ݀
ா೒షభ

ா೒௏೐

ሻ෍ܧ	௝ሺܩ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ	ሻ ෍ ᇲ௝ᇲ൫ΩሬሬԦ൯࢏ሻ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ൌ ෍න ൫ሬ݊Ԧ௞ܣ݀ ∙ ΩሬሬԦ൯ܪ௜ሺݎԦ	ሻන ܧ݀
ா೒షభ

ா೒஺ೖ

ሻ෍ܧ	௝ሺܩ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ	ሻ ෍ ᇲ௝ᇲ൫ΩሬሬԦ൯࢏ሻ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ேೖ

௞ୀଵ

					െ		ΩሬሬԦ ∙ න ܸ݀સܪ௜ሺݎԦ	ሻන ܧ݀
ா೒షభ

ா೒௏೐

௝ሺܩ ሻ෍ܧ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ ሻ ෍ ௝ᇲሺܩ ᇲ௝ᇲ൫ΩሬሬԦ൯࢏ሻ߰ܧ

௃

௝ᇲୀଵ

  

where ௞ܰ is the number of faces and ܣ௞ is the kth face of an element. 

 

ሾखሿશ ൌ෍ൣख࢑࡭൧શ

ேೖ

ୀ૚࢑

െ ሾखࢂሿશ (D7) 

ൣख࢑࡭൧શ ൌ ΩሬሬԦ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ
࣡ଵଵऒ࢑࡭ ࣡ଵଶऒ࢑࡭ ⋯ ࣡ଵ௃ऒ࢑࡭

࣡ଶଵऒ࢑࡭ ࣡ଶଶऒ࢑࡭ ⋯ ࣡ଶ௃ऒ࢑࡭

⋮ ⋮ ⋱ ⋮

࣡௃ଵऒ࢑࡭ ࣡௃ଶऒ࢑࡭ ⋯ ࣡௃௃ऒے࢑࡭
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (D8) 
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ሾखࢂሿશ ൌ ΩሬሬԦ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ
࣡ଵଵऒࢂ ࣡ଵଶऒࢂ ⋯ ࣡ଵ௃ऒࢂ

࣡ଶଵऒࢂ ࣡ଶଶऒࢂ ⋯ ࣡ଶ௃ऒࢂ

⋮ ⋮ ⋱ ⋮

࣡௃ଵऒࢂ ࣡௃ଶऒࢂ ⋯ ࣡௃௃ऒےࢂ
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (D9) 

ऒ࡭ ൌ an		ܫ	 ൈ ܫ	 matrix of vectors ൌ ൣ࣢ሬሬԦ஺ೖ௜௜ᇲ൧ (D10) 

࣢ሬሬԦ஺ೖ௜௜ᇲ ൌන Ԧݎ௜ሺܪሬ݊Ԧ௞ܣ݀ ሻ࢏ܪᇲሺݎԦ ሻ
஺೐

 (D11) 

ऒࢂ ൌ an		ܫ	 ൈ ܫ	 matrix of vectors ൌ ൣ࣢ሬሬԦ௏௜௜ᇲ൧ (D12) 

࣢ሬሬԦ௏௜௜ᇲ ൌන ܸ݀ሾસܪ௜ሺݎԦ ሻሿ࢏ܪᇲሺݎԦ ሻ
௏೐

 (D13) 
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Energy Redistribution from Electric Field ቂ
࣒ࣔ

ࡱࣔ
ቃ 

ΩሬሬԦݍ ∙ න ܸ݀ Ԧࣟන ܧ݀
ா೒షభ

ா೒௏೐

ሻܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ
∂
ܧ∂

߰൫ݎԦ, ,ܧ ΩሬሬԦ൯

ൌ ΩሬሬԦݍ ∙ න ܸ݀ Ԧࣟܪ௜ሺݎԦ	ሻ
௏೐

൝න ܧ݀
ா೒షభ

ா೒

∂
ܧ∂

,Ԧݎሻ߰൫ܧ	௝ሺܩൣ ,ܧ ΩሬሬԦ൯൧ െ න ܧ݀
ா೒షభ

ா೒

൤
∂
ܧ∂

,Ԧݎሻ൨߰൫ܧ	௝ሺܩ ,ܧ ΩሬሬԦ൯ൡ

ൌ ΩሬሬԦݍ ∙ න ܸ݀ Ԧࣟܪ௜ሺݎԦ	ሻ
௏೐

൝ܩ௝ሺ	ܧሻ߰൫ݎԦ, ,ܧ ΩሬሬԦ൯หா೒
ா೒షభ

െ න ܧ݀
ா೒షభ

ா೒

൤
∂
ܧ∂

,Ԧݎሻ൨߰൫ܧ	௝ሺܩ ,ܧ ΩሬሬԦ൯ൡ

ൌ ΩሬሬԦݍ ∙ ෍ න ܸ݀ Ԧࣟܪ௜ሺݎԦ	ሻܪ௜ᇲሺݎԦ	ሻ
௏೐

ூ

௜ᇲୀଵ

෍ൣܩ௝ሺ	ܧሻܩ௝ᇲሺ	ܧሻ߰௜ᇲ௝ᇲ൫ΩሬሬԦ൯൧ா೒
ா೒షభ

௃

௝ᇲୀଵ

				െ		ݍΩሬሬԦ ∙ ෍ න ܸ݀ Ԧࣟܪ௜ሺݎԦ	ሻܪ௜ᇲሺݎԦ	ሻ
௏೐

ூ

௜ᇲୀଵ

෍ න ܧ݀
ா೒షభ

ா೒

൤
∂
ܧ∂

௝ሺܩ ሻ൨ܧ ௝ᇲሺܩ ሻ߰௜ᇲ௝ᇲ൫ΩሬሬԦ൯ܧ

௃

௝ᇲୀଵ

 

ሾचሿશ ൌ ൣचିࢍ૚൧શ െ ൣचࢍ൧શ െ ൣच෩൧શ (D14) 

ൣचࢍ൧શ ൌ ΩሬሬԦݍ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ ଵ࣪ଵऒए ଵ࣪ଶऒए ⋯ ଵ࣪௃ऒए

ଶ࣪ଵऒए ଶ࣪ଶऒए ⋯ ଶ࣪௃ऒए

⋮ ⋮ ⋱ ⋮

௃࣪ଵऒए ௃࣪ଶऒए ⋯ ௃࣪௃ऒएے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

				at		ܧ௚ (D15) 

௝࣪௝ᇲሺ ሻܧ ൌ ௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (D16)ܧ

ऒए ൌ an		ܫ	 ൈ ܫ matrix of vectors ൌ ൣ࣢ሬሬԦए௜௜ᇲ൧ (D17) 

࣢ሬሬԦए௜௜ᇲ ൌන ܸ݀ Ԧࣟܪ௜ሺݎԦ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (D18) 
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ൣच෩൧શ ൌ ΩሬሬԦݍ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ
෨࣪ଵଵऒए ෨࣪ଵଶऒए ⋯ ෨࣪ଵ௃ऒए

෨࣪ଶଵऒए ෨࣪ଶଵऒए ⋯ ෨࣪ଶ௃ऒए

⋮ ⋮ ⋱ ⋮

෨࣪௃ଵऒए ෨࣪௃ଶऒए ⋯ ෨࣪௃௃ऒएے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (D19) 

෨࣪
௝௝ᇲ ൌන ܧ݀

ா೒షభ

ா೒

൤
∂
ܧ∂

௝ሺܩ ሻ൨ܧ ௝ᇲሺܩ  ሻ (D20)ܧ

Energy Redistribution from Electric Field ቂ
૚ା૝ࢼ૛ሺࡱሻ

ऎሺࡱሻ
 ቃ࣒

ΩሬሬԦݍ ∙ න ܸ݀ Ԧࣟන ܧ݀
ா೒షభ

ா೒௏
ሻܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ ቈ

1 ൅ ሻܧଶሺߚ4
ࣞሺܧሻ

߰൫ݎԦ, ,ܧ ΩሬሬԦ൯቉

ൌ ΩሬሬԦݍ ∙ න ܸ݀ Ԧࣟන ܧ݀
ா೒షభ

ா೒௏೐

ሻܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
෍ ᇲ࢏ܪ

ࡵ

ᇲୀ૚࢏

ሺݎԦ	ሻ ෍ ᇲ௝ᇲ൫ΩሬሬԦ൯࢏ሻ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ൌ ΩሬሬԦݍ ∙ ෍ ෍ න ܸ݀ Ԧࣟܪ௜ሺݎԦ	ሻܪ௜ᇲሺݎԦ ሻන ܧ݀
ா೒షభ

ா೒௏೐

1 ൅ ሻܧଶሺߚ4
ࣞሺܧሻ

௝ሺܩ ௝ᇲሺܩሻܧ ሻ߰௜ᇲ௝ᇲ൫ΩሬሬԦ൯ܧ

௃

௝ᇲୀଵ

ூ

௜ᇲୀଵ

 (D21)

ሾछሿશ ൌ ΩሬሬԦݍ ∙

ۏ
ێ
ێ
ێ
ێ
ۍ
࣫ଵଵऒए ࣫ଵଶऒए ⋯ ࣫ଵ௃ऒए

࣫ଶଵऒए ࣫ଶଶऒए ⋯ ࣫ଶ௃ऒए

⋮ ⋮ ⋱ ⋮

࣫௃ଵऒए ࣫௃ଶऒए ⋯ ࣫௃௃ऒएے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (D22)

࣫௝௝ᇲ ൌ	න ܧ݀
ா೒షభ

ா೒

1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
௝ሺܩ ௝ᇲሺܩሻܧ ሻ (D23)ܧ

Angular Redistribution due to Electric Field 

The discrete angular redistribution from the electric field is 
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जࣟሺݎԦ, ሻܧ ≡

ۏ
ێ
ێ
ێ
ێ
ۍ
࣬ࣟଵሺݎԦ, ሻܧ

࣬ࣟଶሺݎԦ, ሻܧ

⋮

࣬ࣟேሺݎԦ, ےሻܧ
ۑ
ۑ
ۑ
ۑ
ې

ൌ
ࣟݍ
ࣞሺܧሻ

ሾगࣟሿࣘሺݎԦ,  ሻ (D24)ܧ

where the symbol  ࣟ  is used to denote one of the three components of the electric field 
൫ࣟ௫, ࣟ௬, ࣟ௭൯, जࣟሺݎԦ,  ሻ is a column vector containing the contribution from the electric field to allܧ
directions, ሾगࣟሿ is the equivalent moment-to-discrete matrix for the electric field component ࣟ,  
and ࣘሺݎԦ,  ሻ is a column vector containing the angular moments. The angular moments can beܧ
represented by the same basis functions in space and energy: 

ࣘሺݎԦ, ሻܧ ൌ෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ෍ܩ௝ሺ ሻࣘ௜௝ܧ

௃

௝ୀଵ

 (D25)

ࣘ௜௝ is a column vector containing the expansion coefficients of the angular moments 
corresponding to the ith basis function in space and the jth basis function in energy. 

जࣟሺݎԦ, ሻܧ ൌ
ࣟݍ
ࣞሺܧሻ

෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ෍ܩ௝ሺ ሻሾगࣟሿࣘ௜௝ܧ

௃

௝ୀଵ

 (D26)

For a specific direction ΩሬሬԦ௡, 

࣬ࣟ௡ሺݎԦ, ሻܧ ൌ
ࣟݍ
ࣞሺܧሻ

෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ	ሻ෍ܩ௝ሺ	ܧሻሾगࣟሿ௡ࣘ௜௝

௃

௝ୀଵ

																				ൌ ሾगࣟሿ௡
ࣟݍ
ࣞሺܧሻ

෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ෍ܩ௝ሺ ሻࣘ௜௝ܧ

௃

௝ୀଵ

 (D27)

where ሾगࣟሿ௡ is the nth row of the matrix ሾगࣟሿ	 and is independent of space or energy. 
Multiplying Eq. (D27) by ܪ௜ሺݎԦ	ሻܩ௝ሺ	ܧሻ and integrating the result over an element ௘ܸ and an 
energy bin ሾܧ௚,  ௚ିଵ] yieldܧ
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࣬ࣟ௡௜௝ ൌ ሾगࣟሿ௡ න ܸ݀න ܧ݀
ா೒షభ

ா೒௏
ሻܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ

ࣟݍ
ࣞሺܧሻ

෍ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ	ሻ ෍ ሻࣘ௜ᇲ௝ᇲܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

												ൌ ሾगࣟሿ௡ݍ ෍࣢ࣟ௜௜ᇲ

ூ

௜ᇲୀଵ

෍ ሚ࣡
௝௝ᇲࣘ௜ᇲ௝ᇲ

௃

௝ᇲୀଵ

 (D28)

࣢ࣟ௜௜ᇲ ൌන Ԧݎ௜ሺܪܸࣟ݀ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (D29)

ሚ࣡
௝௝ᇲ ൌන ܧ݀

ா೒షభ

ா೒

1
ࣞሺܧሻ

௝ሺܩ ௝ᇲሺܩሻܧ ሻ (D30)ܧ

Angular Redistribution due to Magnetic Field 

The discrete angular redistribution from the Magnetic field is 

जࣜሺݎԦ, ሻܧ ≡

ۏ
ێ
ێ
ێ
ێ
ۍ
࣬ࣜଵሺݎԦ, ሻܧ

࣬ࣜଶሺݎԦ, ሻܧ

⋮

࣬ࣜேሺݎԦ, ےሻܧ
ۑ
ۑ
ۑ
ۑ
ې

ൌ
ሻࣜܧሺߚܿݍ
ࣞሺܧሻ

ሾगࣜሿࣘሺݎԦ,  ሻ (D31)ܧ

where the symbol  ࣜ  is used to denote one of the three components of the magnetic field 
൫ࣜ௫, ࣜ௬, ࣜ௭൯, जࣜሺݎԦ,  ሻ is a column vector containing the contribution from the magnetic field toܧ
all directions, ሾगࣜሿ is the moment-to-discrete matrix due to the magnetic field component ࣜ,  
and ࣘሺݎԦ,  ሻ is a column vector containing the angular moments. Using the spatial and energyܧ
expansion in Eq. (D25) we obtain 

जࣜሺݎԦ, ሻܧ ൌ
ሻࣜܧሺߚܿݍ
ࣞሺܧሻ

෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ෍ܩ௝ሺ ሻሾगࣜሿࣘ௜௝ܧ

௃

௝ୀଵ

 (D32)

For a specific direction ΩሬሬԦ௡, the last expression can be written as 
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࣬ࣜ௡ሺݎԦ, ሻܧ ൌ
ሻࣜܧሺߚܿݍ
ࣞሺܧሻ

෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ	ሻ෍ܩ௝ሺ	ܧሻሾगࣜሿ௡ࣘ௜௝

௃

௝ୀଵ

												 							ൌ
ሻࣜܧሺߚܿݍ
ࣞሺܧሻ

ሾगࣜሿ௡෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ෍ܩ௝ሺ ሻࣘ௜௝ܧ

௃

௝ୀଵ

 (D33)

where ሾगࣜሿ௡ is the nth row of the matrix ሾगࣜሿ. Multiplying Eq. (D33) by ܪ௜ሺݎԦ	ሻܩ௝ሺ	ܧሻ and 
integrating the result over an element ௘ܸ and an energy bin ሾܧ௚,  ௚ିଵ] yieldܧ

࣬ࣜ௡௜௝ ൌ ሾगࣜሿ௡ න ܸ݀න ܧ݀
ா೒షభ

ா೒௏
ሻܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ

ሻࣜܧሺߚܿݍ
ࣞሺܧሻ

෍ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ	ሻ ෍ ሻࣘ௜ᇲ௝ᇲܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

												ൌ ሾगࣜሿ௡ݍ ෍࣢ࣜ௜௜ᇲ

ூ

௜ᇲୀଵ

෍ ࣡௝௝ᇲ
∗ ࣘ௜ᇲ௝ᇲ

௃

௝ᇲୀଵ

 (D34)

࣢ࣜ௜௜ᇲ ൌන Ԧݎ௜ሺܪܸࣜ݀ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (D35)

࣡௝௝ᇲ
∗ ൌܿ න ܧ݀

ா೒షభ

ா೒

ሻܧሺߚ
ࣞሺܧሻ

௝ሺܩ ௝ᇲሺܩሻܧ ሻ (D36)ܧ

Time-Derivative Term 

න ܸ݀න ܧ݀
ா೒షభ

ா೒௏೐

ሻܧ	௝ሺܩሻ	Ԧݎ௜ሺܪ
1

ሻܧሺߚܿ
߲
ݐ߲
෍ ௜ᇲܪ

ூ

௜ᇲୀଵ

ሺݎԦ	ሻ ෍ ,ᇲ௝ᇲ൫ΩሬሬԦ࢏ሻ߰ܧ	௝ᇲሺܩ ൯ݐ

௃

௝ᇲୀଵ

ൌ ෍ ෍න Ԧݎ௜ᇲሺܪሻ	Ԧݎ௜ሺܪܸ݀ ሻන ܧ݀
ா೒షభ

ா೒௏೐

1
ሻܧሺߚܿ

௝ሺܩ ௝ᇲሺܩሻܧ ሻܧ
߲
ݐ߲
߰௜ᇲ௝ᇲ൫ΩሬሬԦ, ൯ݐ

௃

௝ᇲୀଵ

ூ

௜ᇲୀଵ

 (D37) 

ሾञሿશ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
መ࣡ଵଵऒ መ࣡ଵଶऒ ⋯ መ࣡ଵ௃ऒ

መ࣡ଶଵऒ መ࣡ଶଶऒ ⋯ መ࣡ଶ௃ऒ

⋮ ⋮ ⋱ ⋮

መ࣡௃ଵऒ መ࣡௃ଶऒ ⋯ መ࣡௃௃ऒے
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
શଵ

શଶ

⋮

શ௃ے
ۑ
ۑ
ۑ
ۑ
ې

 (D38)
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શ௝ ൌ શ௝൫ΩሬሬԦ, ൯ݐ ൌ

ۏ
ێ
ێ
ێ
ێ
ଵ௝൫Ω߰ۍ

ሬሬԦ, ൯ݐ

߰ଶ௝൫ΩሬሬԦ, ൯ݐ

⋮

߰ூ௝൫ΩሬሬԦ, ے൯ݐ
ۑ
ۑ
ۑ
ۑ
ې

 (D39)

ऒ ൌ an ܫ ൈ ܫ matrix ൌ ሾ࣢௜࢏ᇲሿ (D4) 

࣢௜௜ᇲ ൌන Ԧݎ௜ሺܪܸ݀ ሻ࢏ܪᇲሺݎԦ ሻ
௏೐

 (D5) 

መ࣡
௝௝ᇲ ൌන ܧ݀

ா೒షభ

ா೒

1
ሻܧሺߚܿ

௝ሺܩ ௝ᇲሺܩሻܧ ሻ (D40)ܧ
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Appendix E. Second-Order Discrete-Ordinates Equations with DFEM in 
Energy and CFEM in Space 

We will start with the time-independent, angularly discretized transport equation. 

ΩሬሬԦ௡ ∙ સ߰௡ ൅ ௡߰ߪ ൅ ൫ݍ Ԧࣟ ∙ ΩሬሬԦ௡൯ ቈ
߲߰௡
ܧ߲

െ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
߰௡቉

൅
ݍ

ࣞሺܧሻ
ቄ	ࣟ௫ൣगࣟೣ൧௡ ൅ ࣟ௬ ቂगࣟ೤ቃ௡

൅ ࣟ௭ൣगࣟ೥൧௡ቅࣘ

൅
ሻܧሺߚܿݍ
ࣞሺܧሻ

ቄࣜ௫ൣगࣜೣ൧௡ ൅ ࣜ௬ ቂगࣜ೤ቃ௡
൅ ࣜ௭ൣगࣜ೥൧௡ቅࣘ ൌ ܵ௡

 (E1)

߰௡ ൌ ߰௡ሺݎԦ, ,ܧ ሻ

ܵ௡ ൌ ܵ௡ሺݎԦ, ሻܧ

Spatial	dependence in the components of EM fields

  

ࣘ ൌ ࣘሺݎԦ, ሻܧ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
ࣘଵሺݎԦ, ሻܧ

ࣘଶሺݎԦ, ሻܧ

⋮

ࣘேಾሺݎԦ, ےሻܧ
ۑ
ۑ
ۑ
ۑ
ې

 (E2)

Expand the angular flux as 

߰௡ሺݎԦ, ሻܧ ൌ෍ܩ௝ሺ Ԧሻݎሻ߰௡௝ሺܧ

௃

௝ୀଵ

 (E3) 

ࣘሺݎԦ, ሻܧ ൌ෍ܩ௝ሺ Ԧሻݎሻࣘ௝ሺܧ

௃

௝ୀଵ

 (E4) 

 

Substitute the expansions (E3) and (E4) into (E1), multiply the result by ܩ௝ሺ	ܧሻ and integrate the 
resultant equation over an energy bin ሾܧ௚,  … [௚ିଵܧ
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Streaming Term 

න ܧ݀
ா೒షభ

ா೒

ሻൣΩሬሬԦ௡ܧ	௝ሺܩ ∙ સ߰௡ሺݎԦ, ሻ൧ܧ

ൌ න ܧ݀
ா೒షభ

ா೒

ሻܧ	௝ሺܩ ෍ ሻΩሬሬԦ௡ܧ	௝ᇲሺܩ ∙ સ߰࢔௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

ൌ ෍ ࣡௝௝ᇲΩሬሬԦ௡ ∙ સ߰࢔௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

ൌ ΩሬሬԦ௡ ∙ સ ቎෍ ࣡௝௝ᇲ߰࢔௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

቏

 (E5)

࣡௝௝ᇲ ൌන ܧ݀
ா೒షభ

ா೒

௝ሺܩ ௝ᇲሺܩሻܧ ሻ (E6)ܧ

Collision Term 

න ,Ԧݎሻσሺܧ	௝ሺܩܧ݀ ሻܧ ෍ Ԧሻݎ௝ᇲሺ࢔ሻ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ா೒షభ

ா೒

ൌ σ௚ሺݎԦୣ ሻන ሻܧ	௝ሺܩܧ݀ ෍ Ԧሻݎ௝ᇲሺ࢔ሻ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ா೒షభ

ா೒

ൌ σ௚ሺݎԦୣ ሻ ෍ න ܧ݀
ா೒షభ

ா೒

Ԧሻݎ௝ᇲሺ࢔ሻ߰ܧ	௝ᇲሺܩሻܧ	௝ሺܩ

௃

௝ᇲୀଵ

ൌ σ௚ሺݎԦୣ ሻ ෍ ࣡௝௝ᇲ߰࢔௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

 (E7)
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Energy Redistribution from Electric Field ቂ
࣒ࣔ

ࡱࣔ
ቃ 

ݍ Ԧࣟ ∙ ΩሬሬԦ௡ න ܧ݀
ா೒షభ

ா೒

ሻܧ	௝ሺܩ
∂
ܧ∂

߰௡ሺݎԦ, ሻܧ

ൌ ݍ Ԧࣟ ∙ ΩሬሬԦ௡ ൝න ܧ݀
ா೒షభ

ா೒

∂
ܧ∂

,Ԧݎሻ߰௡ሺܧ	௝ሺܩൣ ሻ൧ܧ െ න ܧ݀
ா೒షభ

ா೒

൤
∂
ܧ∂

,Ԧݎሻ൨߰௡ሺܧ	௝ሺܩ ሻൡܧ

ൌ ݍ Ԧࣟ ∙ ΩሬሬԦ௡ ൝ܩ௝ሺ	ܧሻ߰௡ሺݎԦ, ሻหா೒ܧ
ா೒షభ െ න ܧ݀

ா೒షభ

ா೒

൤
∂
ܧ∂

,Ԧݎሻ൨߰௡ሺܧ	௝ሺܩ ሻൡܧ

ൌ ݍ Ԧࣟ ∙ ΩሬሬԦ௡ ෍ ൝ൣܩ௝ሺ	ܧሻܩ௝ᇲሺ	ܧሻ൧ா೒
ா೒షభ െ න ܧ݀

ா೒షభ

ா೒

൤
∂
ܧ∂

ሻ൨ܧ	௝ሺܩ Ԧሻݎ௝ᇲሺ࢔ሻൡ߰ܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ൌ ݍ Ԧࣟ ∙ ΩሬሬԦ௡ ෍൛ ௝࣪௝ᇲ൫ܧ௚ିଵ൯ െ ௝࣪௝ᇲ൫ܧ௚൯ െ ෨࣪
௝௝ᇲൟ߰࢔௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

 (E8) 

௝࣪௝ᇲሺEሻ ൌ ௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (E9)ܧ

෨࣪
௝௝ᇲ ൌන ܧ݀

ா೒షభ

ா೒

൤
∂
ܧ∂

௝ሺܩ ሻ൨ܧ ௝ᇲሺܩ  ሻ (E10)ܧ

Energy Redistribution from Electric Field ቂ
૚ା૝ࢼ૛ሺࡱሻ

ऎሺࡱሻ
 ቃ࣒

ݍ Ԧࣟ ∙ ΩሬሬԦ௡ න ܧ݀
ா೒షభ

ா೒

ሻܧ	௝ሺܩ ቈ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
߰௡ሺݎԦ, ሻ቉ܧ

ൌ ݍ Ԧࣟ ∙ ΩሬሬԦ௡ න ܧ݀
ா೒షభ

ா೒

ሻܧ	௝ሺܩ
1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
෍ Ԧሻݎሻ߰௡௝ᇲሺܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ൌ ݍ Ԧࣟ ∙ ΩሬሬԦ௡ ෍ න ܧ݀
ா೒షభ

ா೒

1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
Ԧሻݎሻ߰௡௝ᇲሺܧ	௝ᇲሺܩሻܧ	௝ሺܩ

௃

௝ᇲୀଵ

ൌ ݍ Ԧࣟ ∙ ΩሬሬԦ௡ ෍ ࣫௝௝ᇲ߰௡௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

 (E11) 
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࣫௝௝ᇲ ൌ	න ܧ݀
ா೒షభ

ா೒

1 ൅ ሻܧଶሺߚ4

ࣞሺܧሻ
௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (E12)ܧ

Angular Redistribution due to Electric Field 

For a specific direction ΩሬሬԦ௡, 

࣬ࣟ௡ሺݎԦ, ሻܧ ൌ
ࣟݍ
ࣞሺܧሻ

ሾगࣟሿ௡ࣘሺݎԦ, ሻܧ ൌ
ࣟݍ
ࣞሺܧሻ

ሾगࣟሿ௡෍ܩ௝ሺ Ԧሻݎሻࣘ௝ሺܧ

௃

௝ୀଵ

 (E13) 

where the symbol  ࣟ  is used to denote one of the three components of the electric field 
൫ࣟ௫, ࣟ௬, ࣟ௭൯ and ሾगࣟሿ௡ is the nth row of the matrix ሾगࣟሿ. Multiplying Eq. (E13) by ܩ௝ሺ	ܧሻ and 
integrating the result over an energy bin ሾܧ௚,  ௚ିଵ] yieldܧ

න ܧ݀
ா೒షభ

ா೒

ሻܧ	௝ሺܩ
ࣟݍ
ࣞሺܧሻ

ሾगࣟሿ௡ ෍ Ԧሻݎሻࣘ௝ᇲሺܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ൌ ሾगࣟሿ௡෍ࣟݍ ሚ࣡
௝௝ᇲࣘ௝ᇲሺݎԦሻ

௃

௝ୀଵ

 (E14) 

ሚ࣡
௝௝ᇲ ൌන ܧ݀

ா೒షభ

ா೒

1
ࣞሺܧሻ

௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (E15)ܧ

Angular Redistribution due to Magnetic Field 

For a specific direction ΩሬሬԦ௡, 

࣬ࣜ௡ሺݎԦ, ሻܧ ൌ
ሻࣜܧሺߚܿݍ
ࣞሺܧሻ

ሾगࣜሿ௡ࣘሺݎԦ, ሻܧ ൌ
ሻࣜܧሺߚܿݍ
ࣞሺܧሻ

෍ܩ௝ሺ Ԧሻݎሻሾगࣜሿ௡ࣘ௝ሺܧ

௃

௝ୀଵ

 (E16) 

where the symbol  ࣜ  is used to denote one of the three components of the magnetic field 
൫ࣜ௫, ࣜ௬, ࣜ௭൯ and ሾगࣜሿ௡ is the nth row of the matrix ሾगࣜሿ. Multiplying Eq. (E16) by ܩ௝ሺ	ܧሻ and 
integrating the result and an energy bin ሾܧ௚,  ௚ିଵ] yieldܧ
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න ܧ݀
ா೒షభ

ா೒

ሻܧ	௝ሺܩ
ሻࣜܧሺߚܿݍ
ࣞሺܧሻ

෍ Ԧሻݎሻሾगࣜሿ௡ࣘ௝ᇲሺܧ	௝ᇲሺܩ

௃

௝ᇲୀଵ

ൌ ෍ࣜݍ ሚ࣡
௝௝ᇲሾगࣜሿ௡ࣘ௜ᇲ௝ᇲ

௃

௝ୀଵ

 (E17) 

࣡௝௝ᇲ
∗ ൌܿන ܧ݀

ா೒షభ

ா೒

ሻܧሺߚ
ࣞሺܧሻ

௝ሺܩ ௝ᇲሺܩሻܧ  ሻ (E18)ܧ

Source Term 

ܵ௡௝ሺݎԦሻ ൌ න ܧ݀
ா೒షభ

ா೒

௝ሺܩ ,Ԧݎሻܵ௡ሺܧ  ሻ (E19)ܧ

 

Combining Eqs. (E5), (E7), (E8), (E11), (E14), (E17) and (E19), we obtain the equation for the 
jth expansion coefficient (in energy) of ߰࢔ሺݎԦ,  ሻܧ

ΩሬሬԦ௡ ∙ સ ቎෍ ࣡௝௝ᇲ߰࢔௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

቏ ൅ σ௚ሺݎԦୣ ሻ ෍ ࣡௝௝ᇲ߰࢔௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

൅

ݍ Ԧࣟ ∙ ΩሬሬԦ௡ ෍൛ ௝࣪௝ᇲ൫ܧ௚ିଵ൯ െ ௝࣪௝ᇲ൫ܧ௚൯ െ ෨࣪
௝௝ᇲ ൅ ࣫௝௝ᇲൟ߰࢔௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

൅

ݍ ቄࣟ௫ൣगࣟೣ൧௡ ൅ ࣟ௬ ቂगࣟ೤ቃ௡
൅ ࣟ௭ ቂगࣟ೤ቃ௡

ቅ ෍ ሚ࣡
௝௝ᇲࣘ௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

൅

ݍ ቄࣜ௫ൣगࣜೣ൧௡ ൅ ࣜ௬ ቂगࣜ೤ቃ௡
൅ ࣜ௭ ቂगࣜ೤ቃ௡

ቅ ෍ ࣡௝௝ᇲ
∗ ࣘ௝ᇲሺݎԦሻ

௃

௝ᇲୀଵ

ൌ ܵ௡௝ሺݎԦሻ

 (E20)

Define a column vector containing the expansion coefficients for all directions 
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࣒ ൌ a	vector	of	length	 ஽ܰ ൈ ܬ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
ଵ࣒

ଶ࣒

⋮

ے௃࣒
ۑ
ۑ
ۑ
ۑ
ې

 (E21) 

௝࣒ ൌ a	vector	of	length	 ஽ܰ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
߰ଵ௝ሺݎԦሻ

߰ଶ௝ሺݎԦሻ

⋮

߰ேವ௝ሺݎԦሻے
ۑ
ۑ
ۑ
ۑ
ې

 (E23) 

൧ࣆࡸൣ
߲
ݔ߲

࣒ ൅ ൧ࣁࡸൣ
߲
ݕ߲

࣒ ൅ ൧ࣈࡸൣ
߲
ݖ߲
࣒ ൅ ሾ࣌ሿ࣒ ൅ ሾࡼሿ࣒ ൅ ሾࣟܯሿ࣒ ൅ ሾࣜܯሿ࣒ ൌ  (E24) ࡿ

ሾࢫሿ࣒ ൅ ሾञሿ࣒ ൌ  (E24a) ࡿ

ሾࢫሿ ൌ ൧ࣆࡸൣ
߲
ݔ߲

൅ ൧ࣁࡸൣ
߲
ݕ߲

൅ ൧ࣈࡸൣ
߲
ݖ߲

 (E24b)

ሾञሿ ൌ ሾ࣌ሿ ൅ ሾࡼሿ ൅ ሾࣟܯሿ ൅ ሾࣜܯሿ (E24c) 

 

where 

ܬ൧ are block matrices ሺࣈࡸൣ ൧ andࣁࡸൣ ,൧ࣆࡸൣ ൈ   ሻܬ

൧ࣆࡸൣ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
࣡ଵଵऎࣆ ࣡ଵଶऎࣆ ⋯ ࣡ଵ௃ऎࣆ

࣡ଶଵऎࣆ ࣡ଶଶऎࣆ ⋯ ࣡ଶ௃ऎࣆ

⋮ ⋮ ⋱ ⋮

࣡௃ଵऎࣆ ࣡௃ଶऎࣆ ⋯ ࣡௃௃ऎےࣆ
ۑ
ۑ
ۑ
ۑ
ې

 (E25)

ऎࣆ ൌ ଵߤሾ݈ܽ݊݋݃ܽ݅݀ ଶߤ ⋯ ேವሿ (E26)ߤ
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ሾ࣌ሿ ൌ a	ܬ ൈ 		matrix	block	ܬ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
࣡ଵଵ࣌ ࣡ଵଶ࣌ ⋯ ࣡ଵ௃࣌

࣡ଶଵ࣌ ࣡૛૛࣌ ⋯ ࣡ଶ௃࣌

⋮ ⋮ ⋱ ⋮

࣡௃ଵ࣌ ࣡௃ଶ࣌ ⋯ ࣡௃௃ے࣌
ۑ
ۑ
ۑ
ۑ
ې

 (E27)

࣌ ൌ ଵߤሾ݈ܽ݊݋݃ܽ݅݀ ଶߤ ⋯ ேವሿ (E28)ߤ

ሾࡼሿ ൌ a	ܬ ൈ 		matrix	block	ܬ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ ଵܲଵࡲ ଵܲଶࡲ ⋯ ଵܲ௃ࡲ

ଶܲଵࡲ ଶܲଶࡲ ⋯ ଶܲ௃ࡲ

⋮ ⋮ ⋱ ⋮

௃ܲଵࡲ ௃ܲଶࡲ ⋯ ௃ܲ௃ےࡲ
ۑ
ۑ
ۑ
ۑ
ې

 (E29)

௝ܲ௝ᇲ ൌ ௝࣪௝ᇲ൫ܧ௚ିଵ൯ െ ௝࣪௝ᇲ൫ܧ௚൯ െ ෨࣪
௝௝ᇲ ൅ ࣫௝௝ᇲ (E30)

ࡲ ൌ ݍൣ݈ܽ݊݋݃ܽ݅݀ Ԧࣟ ∙ ΩሬሬԦଵ ݍ Ԧࣟ ∙ ΩሬሬԦଶ ⋯ ݍ Ԧࣟ ∙ ΩሬሬԦேವ൧ (E31)

ሾࣟܯሿ ൌ a	ܬ ൈ 		matrix	block	ܬ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
ሚ࣡ଵଵࡰए ሚ࣡ଵଶࡰए ⋯ ሚ࣡ଵ௃ࡰए

ሚ࣡ଶଵࡰए ሚ࣡ଶଶࡰए ⋯ ሚ࣡ଶ௃ࡰए

⋮ ⋮ ⋱ ⋮

ሚ࣡௃ଵࡰए ሚ࣡௃ଶࡰए ⋯ ሚ࣡௃௃ࡰएے
ۑ
ۑ
ۑ
ۑ
ې

 (E32)

एࡰ ൌ ݍ ቄࣟ௫ൣगࣟೣ൧ ൅ ࣟ௬ ቂगࣟ೤ቃ ൅ ࣟ௭ൣगࣟ೥൧ቅ ሾࡰሿ (E33)

ሾࣜܯሿ ൌ a	ܬ ൈ 		matrix	block	ܬ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
ሚ࣡ଵଵࣜࡰ ሚ࣡ଵଶࣜࡰ ⋯ ሚ࣡ଵ௃ࣜࡰ

ሚ࣡ଶଵࣜࡰ ሚ࣡ଶଶࣜࡰ ⋯ ሚ࣡ଶ௃ࣜࡰ

⋮ ⋮ ⋱ ⋮

ሚ࣡௃ଵࣜࡰ ሚ࣡௃ଶࣜࡰ ⋯ ሚ࣡௃௃ےࣜࡰ
ۑ
ۑ
ۑ
ۑ
ې

 (E34)

ࣜࡰ ൌ ݍ ቄࣜ௫ൣगࣜೣ൧ ൅ ࣜ௬ ቂगࣜ೤ቃ ൅ ࣜ௭ൣगࣜ೥൧ቅ ሾࡰሿ (E35)
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where ሾࡰሿ is the discrete-to-moment matrix. It is noted that part of the operator ሾࡼሿ࣒ will be 
moved to the RHS depending on the direction of energy sweep. 

Least-Squares Finite Element Method (LSFEM) in Space 

Expand the angular-flux vector ࣒ in Eq. (E21) in terms of the spatial basis function as 

Ԧሻݎሺ࣒ ൌ෍ܪ௜

ூ

௜ୀଵ

ሺݎԦ ሻ૏࢏ (E36)

with each ૏࢏ containing ஽ܰ ൈ  .unknowns ܬ

Applying LSFEM to Eq. (E24) leads to the following linear algebraic equations for each 
element: 

ሾࡷሿ૏ ൌࢌ (E37) 

૏ ൌ

ۏ
ێ
ێ
ێ
ۍ
૏ଵ

૏ଶ

⋮

૏ூ ے
ۑ
ۑ
ۑ
ې

 (E37a)

ࢌ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
ଵࢌ

ଶࢌ

⋮

ூࢌ ے
ۑ
ۑ
ۑ
ۑ
ې

 (E37b)

ሾࡷሿ is a ܫ ൈ block matrix where each block has a size of ሺ ܫ ஽ܰ ൈ ሻܬ ൈ ሺ ஽ܰ ൈ  ሻܬ

ሾ࢏࢏ࡷᇲሿ ൌන ሺሾࢫሿܪ௜ ൅ ሾञሿܪ௜ሻࢀሺሾࢫሿ࢏ܪᇲ ൅ ሾञሿ࢏ܪᇲሻܸ݀
ࢋࢂ

 (E37c)

୧ࢌ ൌන ሺሾࢫሿܪ௜ ൅ ሾञሿܪ௜ሻܸ݀ࡿࢀ
ࢋࢂ

 (E37d)
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