
Symmetrized omplex amplitudes for He double photoionization from thetime-dependent lose oupling and exterior omplex saling methodsD. A. Horner,1, 2, � J. Colgan,3, y F. Mart��n,4, z C. W. MCurdy,2, 5, x M. S. Pindzola,6, { and T. N. Resigno2, ��1Department of Chemistry, University of California, Berkeley, California 947202Lawrene Berkeley National Laboratory, Chemial Sienes, Berkeley, California 947203Theoretial Division, Los Alamos National Laboratory, Los Alamos, NM 87545, USA4Departamento de Qu��mia C-9, Universidad Aut�onoma de Madrid, 28049 Madrid, Spain.5Department of Applied Siene, University of California, Davis, California 956166Department of Physis, Auburn University, Auburn, Alabama 36849, USA(Dated: June 1, 2004)Symmetrized omplex amplitudes for the double photoionization of helium are omputed by thetime-dependent lose-oupling and exterior omplex saling methods, and it is demonstrated thatboth methods are apable of the diret alulation of these amplitudes. The results are found to bein exellent agreement with eah other and in very good agreement with results of other ab initiomethods and experiment.PACS numbers: 32.80.Fb,34.10.+xIn 1997 Malegat et al. [1, 2℄ derived a useful and om-pat representation of the triple di�erential ross setion(TDCS) for double photoionization. That representa-tion expresses the symmetry and kinemati aspets ofthe TDCS exatly, and expliitly displays the dynamialinformation in terms of a pair of omplex amplitudes,Ag(E1; E2; �12) and Au(E1; E2; �12),d3�dE1d
1d
2 = jAg(E1; E2; �12)(os �1 + os �2)+Au(E1; E2; �12)(os �1 � os �2)j2 ; (1)where E1 and E2 are the energies of the exiting eletrons,�1 and �2 are the angles they make with the polarizationvetor, and �12 is the angle between their diretions ofejetion. The two amplitudes, Ag and Au, are alled\symmetrized" beause they are oeÆients of the partsof the overall amplitude that are gerade and ungeradewith respet to interhange of the eletrons respetively.They depend on the energy sharing between the ejetedeletrons and the angle between them. For a given en-ergy sharing, the dependene of these oeÆients on theangle is generally simple and an be parameterized toa good approximation as a Gaussian funtion of �12 [3℄.The magnitudes of the two amplitudes and their relativephase an be extrated from �ts to experiment, and makea onvenient parameterization of the omplete TDCS ata given energy sharing [4℄.Beause of the intrinsi spherial symmetry of theatomi problem, theoretial treatments of the doublephotoionization proess for an atom are expressed |�dahorner�lbl.govyjolgan�lanl.govzfernando.martin�uam.esxwmurdy�lbl.gov{pindzola�physis.Auburn.edu��tnresigno�lbl.gov

both formally and in omputations | in terms of theoupled spherial harmonis, YL;Ml1;l2 (k̂1; k̂2), (as funtionsof the diretions of the �nal momenta, (k̂1; k̂2)), whihare de�ned in terms of the ordinary spherial harmonis,Yl;m(k̂), byYL;Ml1;l2 (k̂1; k̂2) =Xm1;m2 (l1m1l2m2jl1l2LM)Yl1;m1(k̂1)Yl2;m2(k̂2) (2)where (l1m1l2m2jl1l2LM) is a vetor oupling oeÆient[5℄. The key identity upon whih Eq.(1) is based was de-rived originally by Kono and Hattori [6℄ and generalizedby Malegat et al. [1, 2℄. For the ase at hand of doublephotoionization of the helium ground state, for whih the�nal state has L = 1 and M = 0, it isY1;0l;l+1(k̂1; k̂2) = (�1)l4� q 3l+1 �P 0l+1(os �12) os �2�P 0l (os �12) os �1) : (3)where P 0l denotes the derivative of the Legendre Polyno-mial.In reent alulations of helium double photoioniza-tion using the method of exterior omplex saling (ECS)with B-spline basis funtions [7℄, we de�ned the triplydi�erential ross setion for double photoionization interms of diret and exhange amplitudes. To relate thoseamplitudes to the symmetrized amplitudes in Eq.(1) isstraightforward. Using the notation of referene [7℄, wean write the ross setion in terms of oupled spherialharmonis asd3�dE1d
1d
2 = 4�2! �����Xl �QDl l+1 k1 k2Y1;0l;l+1(k̂1; k̂2)+QEl l+1 k1 k2Y1;0l;l+1(k̂2; k̂1)����2 (4)with the diret and exhange amplitudes written in turnin terms of the amplitudes de�ned in Eqs.(30) and (31)



2of referene [7℄.QDl1l2k1k2 =pk1k2i�(l1+l2)eiÆl1 (k1)+iÆl2 (k2)Fdirl1l2k1k2QEl1l2k1k2 =pk1k2i�(l1+l2)eiÆl1 (k2)+iÆl2 (k1)Fexhl1l2k1k2 : (5)where Æl(k) is the Coulomb phase shift. By using Eq. (3)we an rearrange Eq.(4) to be of the form of Eq. (1). Inthis form, the symmetrized amplitudes areAg=u(E1; E2; �12) = 12r 3!Xl (�1)lpl + 1 �P 0l+1(os �12)� P 0l (os �12)℄Q�l l+1 k1 k2 : (6)where the amplitudes Q� are de�ned as simple ombina-tions of the diret and exhange ampludes,Q�l1l2k1k2 = 12 �QEl1l2k1k2 �QDl1l2k1k2� : (7)

Thus, with Eq.(6) we have expressed the symmetrizedamplitudes, Ag=u(E1; E2; �12) in terms of the original di-ret and exhange amplitudes Fdir=exhl1l2k1k2 of the ECS studyin referene [7℄.We now turn to the time-dependent lose-oupling(TDCC) theory desribing double photoionization pro-esses, whih has been desribed in detail in previouswork [8{10℄. Following the method to alulate theTDCS desribed in referene [9℄, we an easily show howthe TDCC approah is modi�ed to alulate the geradeand ungerade amplitudes of Eq.(1).We begin from Eq.(19) of referene [9℄ whih expressesthe TDCS in terms of the transformed two-dimensionalmomentum-spae wavefuntions P 1Pl1;l2(k1; k2; t) for 1Psymmetry:d3�d�d
1d
2 = !I ��t 2� Z 10 dk1 2� Z 10 dk2 Æ��� tan�1�k2k1��� ������Xl1;l2(�i)l1+l2ei(Æl1 (k1)+Æl2 (k2))P 1Pl1;l2(k1; k2; t)Y1;0l1l2(k̂1; k̂2)������2 : (8)
In this expression, � = tan�1(pE2=E1) is the hyper-spherial angle speifying the energy sharing, Æl(k) isagain the Coulomb phase shift, and integration over allsolid angles and ejeted energy gives, as required, thetotal integral ross setion. We note that we integrateover all ejeted energies (0 < E1 < E) to give the totalintegrated ross setion.Sine the onstraint on the sum over l1; l2 is that theymust ouple to give L = 1 (for �nal 1P symmetry) wean replae the sum in eq. (8) with a single sum over lwhere we now write l1; l2 as l; l + 1. We also see thatsymmetry arguments allow us to write

Y1;0l;l+1(k̂1; k̂2) = Y1;0l+1;l(k̂2; k̂1)P 1Pl;l+1(k1; k2; t) = P 1Pl+1;l(k2; k1; t); (9)
so that the expression inside the square of Eq. (8) may

be expressed asXl (�i)2l+1 (�1)l4� r 3l + 1�( os �2 hei(Æl(k1)+Æl+1(k2))P 1Pl;l+1(k1; k2; t)P 0l+1(os �12)�ei(Æl+1(k1)+Æl(k2))P 1Pl;l+1(k2; k1; t)P 0l (os �12)i+ os �1 hei(Æl+1(k1)+Æl(k2))P 1Pl;l+1(k2; k1; t)P 0l+1(os �12)�ei(Æl(k1)+Æl+1(k2))P 1Pl;l+1(k1; k2; t)P 0l (os �12)i) : (10)After some manipulation, and by writingP�l;l+1(k1; k2; t) = 12 hei(Æl(k1)+Æl+1(k2))P 1Pl;l+1(k1; k2; t)�ei(Æl+1(k1)+Æl(k2))P 1Pl;l+1(k2; k1; t)i (11)we an �nally redue the expression inside the square inEq.(8) to the formag(E1; E2; �12)(os �1 + os �2)+ au(E1; E2; �12)(os �1 � os �2) (12)
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FIG. 1: Amplitudes for photon energy 40 eV above thresholdwith E1 = 5 eV. Solid urve: present result, ECS. Dashedurve: Present result, TDCC. Dotted urve: CCC [4℄. Dash-dotted urve: HRM-SOW [4℄. Cirles: experiment of refer-ene [4℄whereag=u(E1; E2; �12) =�Xl (�i)2l+1 (�1)l4� r 3l + 1�P 0l+1(os �12)� P 0l (os �12)�P�l;l+1(k1; k2; t) : (13)Finally, we an relate the amplitudes Ag=u of Eq.(1) tothe amplitudes ag=u in Eq.(13)Ag=u = !I ��t 2� Z 10 dk1 2� Z 10 dk2Æ��� tan�1�k2k1�� ag=u(E1; E2; �12) : (14)These are the symmetrized amplitudes from the TDCCapproah that we an ompare with those alulated bythe ECS and other methods.In the alulations using the TDCC and ECS methodswe report here, we have used the veloity gauge through-out, although the results in length and veloity gaugesare in exellent agreement for both theories. In Fig. 1 weshow symmetrized amplitudes for double photoionizationof helium at 40 eV above threshold for the energy shar-ing arrangement, E1 = 5 eV and E1 = 35 eV. Alongwith the urrent TDCC and ECS results, we show theresults of previously reported alulations using the on-vergent lose oupling (CCC) method and hyperspheri-al R-matrix method with semi-lassial outgoing waves(HRM-SOW) [4℄. The agreement is very good overall,although one notes some di�erenes in both ratio of am-plitudes and their relative phases when either Ag or Au,or both, are very small. Note that the CCC and HRM-SOW results were only reported for angles larger than�12 = 45Æ. Experimental results from referene [4℄ arealso shown in Fig. 1, and it is lear that the experiment
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FIG. 2: TDCS for photon energy 40 eV above threshold withE1 = 5 eV for various ejetion angles, �1. Solid urve: presentresult, ECS. Dashed urve:Present result, TDCC.
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FIG. 3: Amplitude for photon energy 20 eV above thresholdwith E1 = E2 = 10 eV, equal energy sharing. Solid urve:present result, ECS. Dashed urve:Present result, TDCC.is not able to distinguish between the theories. Notethat not all the experimental points �t on the expandedsales used to show the di�erenes in the theoretial al-ulations in Fig. 1.With these omputed amplitudes, Eq. (1) gives us anexpression for the TDCS, so it is natural to ask what theonsequenes might be of the small di�erenes seen in thesymmetrized amplitudes in Fig. 1 when they are used toompute the TDCS. The TDCS is shown in Fig. 2 for theenergy sharing of Fig. 1 as a funtion of �2 for variousvalues of �1. In spite of the di�erenes that an be seenin the amplitudes, the ross setions omputed using theTDCC and ECS methods are in essentially perfet agree-ment. We also note that TDCS values alulated usingTDCC [10℄ and ECS [7℄ have been previously published,and that here the TDCC results have been multiplied by2 in order to ompare with the ECS alulations, due tothe di�erent onventions in the de�nition of the singledi�erential ross setion.The ase of equal energy sharing between the twoejeted eletrons is unique, in that the ungerade ampli-
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FIG. 4: Amplitudes for photon energy 20 eV above threshold,with E1 = 19 eV. Solid urve: present result, ECS. Dashedurve:Present result, TDCC.
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FIG. 5: TDCS for photon energy 20 eV above threshold,with E1 = 19 eV for various ejetion angles �1. Solid urve:present result, ECS. Dashed urve (essentially idential tosolid urve):Present result, TDCC.tude, Au, is identially zero for all relative angles �12. InFig. 3 we show the gerade amplitude, Ag for equal en-

ergy sharing with photon energy 20 eV above threshold.Again there is essentially perfet agreement between theECS and TDCC results.It is partiularly interesting to ask what the sym-metrized amplitudes look like for extremely unequal en-ergy sharing. We show the amplitudes for the ase ofE1 = 19eV and E2 = 1eV in Fig. 4 at a photon energy20 eV above the double ionization threshold. The rel-ative phase shows a sharp feature as a funtion of �12as does the ratio of the magnitudes of the amplitudes,and there are some small, but visible di�erenes betweenthe TDCC and ECS results. However, when one exam-ines the orresponding set of TDCS urves in Fig. 5 onesees that, one again, the ECS and TDCC methods agreewith one another essentially exatly.This study has shown that both the TDCC methodand the ECS method an be used to ompute the omplexsymmetrized amplitudes for the double photoionizationproess that provide a onvenient and ompat way toparameterize the TDCS. The results of alulations us-ing these two methods are generally in better agreementwith eah other than they are with the results of CCCor HRM-SOW alulations, although all four methodsdesribe the physis of this problem well.AknowledgmentsWork performed at the University of CaliforniaLawrene Berkeley National Laboratory was under theauspies of the US Department of Energy under Con-trat DE-AC03-76SF00098 and was supported by theU.S. DOE OÆe of Basi Energy Sienes, Division ofChemial Sienes. Work at LANL was performed underthe auspies of the U.S. Department of Energy throughthe Theoretial Division at the Los Alamos National Lab-oratory. DH is supported by a US DOE ComputationalSiene Graduate Fellowship. FM is supported by theDGI (Spain) projet No. BFM2003-00194.[1℄ L. Malegat, P. Selles, and A. Huetz, J. Phys. B: At. Mol.Opt. Phys. 30, 251 (1997).[2℄ L. Malegat, P. Selles, P. Lablanquie, J. Mazeau, andA. Huetz, J. Phys. B: At. Mol. Opt. Phys. 30, 263 (1997).[3℄ A. S. Kheifets and I. Bray, Phys. Rev. A 65, 022708(2002).[4℄ P. Bolognesi, A. S. Kheifets, I. Bray, L. Malegat, P. Selles,A. K. Kazansky, and L. Avaldi, J. Phys. B: At. Mol. Opt.Phys. 36, L241 (2003).[5℄ A. R. Edmonds, Angular Momentum in Quantum Me-hanis (Prineton University Press, Prineton, 1957),
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