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Electromagnetic Weibel instability in intense charged particle

beams with large energy anisotropy

Edward A. Startsev and Ronald C. Davidson

Plasma Physics Laboratory, Princeton University, Princeton, New Jersey, 08543

Abstract

In plasmas with strongly anisotropic distribution functions, collective instabilities may develop
if there is sufficient coupling between the transverse and longitudinal degrees of freedom. Owur
previous numerical and theoretical studies of intense charged particle beams with large tempera-
ture anisotropy [E. A. Startsev, R. C. Davidson and H. Qin, PRSTAB, 6, 084401 (2003); Phys.
Plasmas 9, 3138 (2002)] demonstrated that a fast, electrostatic, Harris-like instability develops,
and saturates nonlinearly, for sufficiently large temperature anisotropy (TJ_b/THb > 1). The total
distribution function after saturation, however, is still far from equipartitioned. In this paper the
linearized Vlasov-Maxwell equations are used to investigate detailed properties of the transverse
electromagnetic Weibel-type instability for a long charge bunch propagating through a cylindrical
pipe of radius r,,. The kinetic stability analysis is carried out for azimuthally symmetric pertur-
bations about a two-temperature thermal equilibrium distribution in the smooth-focusing approxi-
mation. The most unstable modes are identified, and their eigenfrequencies, radial mode structure
and instability thresholds are determined. The stability analysis shows that, although there is
free energy available to drive the electromagnetic Weibel instability, the finite transverse geometry
of the charged particle beam introduces a large threshold value for the temperature anisotropy
((le/THb)W‘zibEl > (TJ_b/THb)H“”is) below which the instability is absent. Hence, unlike the case
of an electrically neutral plasma, the Weibel instability is not expected to play as significant a
role in the process of energy isotropization of intense unneutralized charged particle beams as the

electrostatic Harris-type instability.



I. INTRODUCTION

Periodic focusing accelerators, transport systems and storage rings [1-6] have a wide range
of applications ranging from basic scientific research in high energy and nuclear physics, to
applications such as heavy ion fusion, spallation neutron sources, tritium production and
nuclear waste transmutation, to mention a few examples. Of particular importance at the
high beam currents and charge densities of practical interest, are the effects of the intense
self fields produced by the beam space charge and current on determining the detailed equi-
librium, stability and transport properties. While considerable progress has been made in
understanding the self-consistent evolution of the beam distribution function, f,(x,p,t), and
self-generated electric and magnetic fields, E°(x, t) and B®(x, t), in kinetic analysis based on
the nonlinear Vlasov-Maxwell equations [1, 7-12], in numerical simulation studies of intense
beam propagation [13-23], and in macroscopic warm-fluid models [24-27], the effects of fi-
nite geometry and space-charge effects often make predictions of detailed stability behavior
difficult. It is therefore important to develop an improved understanding of fundamen-
tal collective stability properties, including the case where a large temperature anisotropy
(T'.p > Tjp) can drive electrostatic Harris-like [28] and/or electromagnetic Weibel-like [29]
instabilities , familiar in the study of electrically neutral plasmas.

It is well known that in neutral plasmas with strongly anisotropic distributions (T, /75 <
1) collective instabilities may develop if there is sufficient coupling between the transverse
and longitudinal degrees of freedom [28, 29]. Such anisotropies develop naturally in accel-
erators. Indeed, due to conservation of energy for particles with charge e, and mass m,
accelerated by a voltage V', the energy spread of particles in the beam does not change,
and (nonrelativistically) AEy,; = myAvZ/2 = AEy; ~ myVyAuvyy, where V, = (e,V/my)/?
is the average beam velocity after acceleration. Therefore, the longitudinal velocity spread-
squared, or equivalently the temperature, changes according to Tj,; ~ Tﬁ,n./ze,,v ( for a
nonrelativistic beam). At the same time, the transverse temperature may increase due to

nonlinearities in the applied and self-field forces, nonstationary beam profiles, and beam mis-



match. These processes provide the free energy to drive collective instabilities and may lead
to a detoriation of beam quality [22, 30, 31]. Such instabilities may also lead to an increase
of longitudinal velocity spread, which will make the focusing of the beam difficult and may
impose a limit on the minimum spot size achievable in heavy ion fusion experiments.

Previous studies have mostly focused on electrostatic Harris-like anisotropy-driven insta-
bility for long, coasting beams [9, 12-14, 25, 32-36]. It has been shown that moderately
intense beams with normalized beam intensity s, = ®2/272w? <~ 0.5 are linearly unsta-
ble to short-wavelength, perturbations with k%r? < 1, provided the ratio of longitudinal
to transverse temperatures (7},/75) is smaller than some small threshold value. Here,
@zb = dnnyel /[ymy is the relativistic plasma frequency-squared, 7, is the on-axis number
density of beam particles, v, = (1 — V;?/c?)~/? is the relativistic mass factor, V; = Byc is the
average beam velocity in the axial direction and w; = const. is the smooth-focusing frequency
associated with the applied focusing field. Our recent studies [12-14] have demonstrated that,
although the electrostatic, Harris-like instability develops in intense charged particle beams
with T'1y/T)p > 1, it saturates for relatively large values of temperature anisotropy, and the
total distribution function after saturation is still far from equipartitioned. It is well known
in large-size electrically neutral plasmas, that the transverse electromagnetic Weibel insta-
bility can occur even for small temperature anisotropy. The purpose of the present paper
is to study the Weibel instability mechanism for intense noneutral charged particle beams.
While the Weibel instability [29] has been extensively investigated for counterstreaming,
anisotropic, electrically neutral plasmas [37], intense electron beam propagation through a
large-volume neutralizing plasma background [38-40], for fast ignition schemes where an
intense charged particle beam interacts with a dense target plasma [41-45], and for inter-
penetrating electron-positron plasmas [46], to the best of our knowledge the present analysis
represents the first theoretical investigation of the Weibel instability for a one-component,
anisotropic (T, > Tj) charged particle beam, including the important effects of intense
space-charge fields.

In Sec. II, a simplified kinetic theory of the Weibel instability is presented for axially



symmetric (0/00 = 0) transverse electromagnetic perturbations about a bi-Maxwellian dis-
tribution of beam particles. The analysis leads to the matrix dispersion equation (20) derived
from the linearized Vlasov-Maxwell equations, which constitutes a relatively straightforward
generalization of the analysis of the Weibel instability for an electrically neutral plasma to
the case of a charged particle beam with intense self fields. The most unstable modes are
identified, and their eigenfrequencies, and radial mode structure are determined. The insta-
bility threshold is obtained, and the relative importance of the Weibel instability and the

Harris instability for anisotropic, intense charged particle beams is discussed.

II. LINEAR STABILITY THEORY

We briefly outline here a simple derivation of the dispersion relation for the Weibel in-
stability in an intense charged particle beam. The analysis assumes transverse electromag-
netic perturbations about a thermal equilibrium distribution with temperature anisotropy
(T'.p > Tjp) described in the beam frame (V, = 0 and 7, = 1) by the self-consistent axisym-

metric Vlasov equilibrium [1, 11]

~

Ty < HJ_) 1 pg (1)
——€eX —— | —————— €X — .
(27TmbTJ_b) p TJ_b (2ﬂmbﬂ|b)1/2 b 2mbT||b

f(r,p) =

Here, Hy = p7 /2my + (1/2)myw?(z* + y*) 4 ep¢°(r) is the single-particle Hamiltonian for

1/2 is the transverse particle momentum, r =

the transverse particle motion, p; = (p% + p?)
(22 +y?)/? is the radial distance from the beam axis, w; = const. is the transverse frequency
associated with the applied focusing field in the smooth-focusing approximation, and ¢°(r) is

the equilibrium space-charge potential determined self-consistently from Poisson’s equation,

10 0¢° 0
;Erﬁ == —47T€bnb, (2)

where n)(r) = [d®pfY(r,p) is the equilibrium number density of beam particles. For sim-
plicity, the analysis is carried out in the beam frame (V, = 0 and 7, = 1). Furthermore,
setting ¢°(r = 0) = 0, the constant 7, occurring in Eq. (1) can be identified with the on-axis

density ny(r = 0), and the constants 7, and T}, can be identified with the transverse and
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longitudinal temperatures (energy units), respectively. Finally, e, and m, are the charge and
mass, respectively, of a beam particle.
For present purposes, we consider small-amplitude, axisymmetric (0/06 = 0) electromag-

netic perturbations of the form
SA(x,t) = 6 Ag(x, t)eg = egdAy(r) exp(ik,z — iwt), (3)

where dA(x,t) is the perturbed vector potential, &, is the axial wavenumber, and w is the
complex oscillation frequency, with Imw > 0 corresponding to instability (temporal growth).
Note that we have chosen the Coulomb gauge with V- dA = 0. The nonzero components of

the electromagnetic field perturbations can be expressed in terms of the vector potential as

SEy = 264,
C

5B, = —ik,6 A,
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Note that the fields in Eq. (4) are purely electromagnetic with transverse polarization. In-
deed, V - 0E = 4mwe,on, = 0, and there is no charge perturbation, although the current
perturbation, 6J, = e, [ d®pvdf, is generally non-zero. The linearized Maxwell’s equation

for 0 Ay can be expressed as

010 _+ PN w? -
E;Er&%(r) — k30Ap(r) + C—26A9(7") =—

4mey

| &b, p), (5)

c
where 6/171,(7", p) is the Fourier amplitude of the perturbed distribution function ¢ fy(r, z, p, t),
ie.,
Sfo(r,z,p,t) = 6/171,(7“, p) exp(ik,z — iwt). (6)
The perturbed distribution function 0 fy,(r, z, p, t) satisfies the linearized Vlasov equation
[1]

0 %) %) 1 %)
{a +v- e (esV 19" + mywix) - api}éfb = —¢,(0E + v oB) - %fl? (7)



Using Egs. (4), we can rewrite the right-hand side of Eq. (7) as

1 0 ey (zpy — yps) ofy 9B, ( 9 0
E .+ - B). — 0 2>\ I s E - )
ey (OE + VX éB) 8pfb My 0 Yom, T Y oH, op.) "

e, 0A ofd 0
:&—OPQ{(w—szz)a]{;l'f'kz zal{;"} (8)

Here, H)| = p2/2my, v, = p,/my, and Py = rpy = xp, — yp, = const. is the canonical angular
momentum of a beam particle moving in the axisymmetric equilibrium configuration. Finally,
using the method of characteristics [1], the solution to the linearized Vlasov equation (7) can

be expressed as

— e ofy afy
Sfy(r,p) = _c—mbpe [(w - kzvz)ﬁ + k‘zvza—HH
t A Tl (4!
x i / dt’% expli(k,v, — w)(t' — 1)} 9)

for perturbations about the choice of the anisotropic thermal equilibrium distribution func-
tion in Eq. (1). In the orbit integral in Eq. (9), Imw > 0 is assumed, and r'(t') =
[ (') + y'2(#')]*/? is the transverse orbit in the equilibrium field configuration such that
[x', ('), p' (t')] passes through the phase-space point (x,,p,) at time ¢ = ¢ [1]. The func-
tion r'(t') is a periodic function of ¢ with period T, = 27 /w,, where w,(H, Fy) is the

frequency of radial oscillations. We expand in the Fourier series representation

Z exp [inw, (' — 1/ . )] OTT %% exp{—inw, T}, (10)

n

A1 (¢)]
7! t')

where 7(7) is defined by the equation

dr

o /T,"“'” \/me[HJ_ — P2/2myr? — ()] -

and (7)) = myw3*/2 + epdo(7). Here, t,,,, is defined by +'(t H,,Py), where

mm (

mzn)

rl o (H,, Pp) is the minimum radial excursion of the particle trajectory undergoing periodic

motion. Substituting Eq. (10) into Eq. (9) and integrating over ¢, we obtain

ofy of) exp (inw,t)
I"(H,, P). (12
O0H | 2le 8H|| ; nw, + kv, —w ( L 0) ( )

7 €
0l p) = = Py |(w = kov)



In Eq. (12), the quantity £ can be expressed as

~ r dr
G Ho P = [ T (13)
Puin /2y [H 1 — P§ /2myi? — o (7))
Furthermore, I"(H, , Py) is defined by
Tr dr Ag[F
I"(H,, Py) = ™ Aol7(7)] exp{—inw,7}. (14)

o T, 7(r)

In Eq. (5), we express the perturbation amplitude as §Ay(r) = ananAn(r), where
{a,,} are constants, and the complete set of vacuum eigenfunctions {A,(r)} is defined
by A.(r) = CpJi(Anr/ry). Here, A, is the n’th zero of J;(\,) = 0, and C,, = 1/r,, is
a normalization constant such that [ drrA,(r)Ay(r) = [J3(M)/2]0ue. We substitute
§Ay(r) = %:anAn(r) into Maxwell’s equation (5) and operate with [ drrA,/(r)---. This

gives the matrix dispersion equation

> Dy (w) =0, (15)

where D, v (w) is defined by

JZ( 2
Dy, (w) = 2 (An) (Ai + kf?“i - T?y%) O+ Xnt (W), (16)
and the beam-induced susceptibility x;, . (w) is defined by

_4me T
(@) = ==t [T drran(r) [ @ puid i p). (1)

Here, 8 f}*(r, p) is defined by Eq. (12) with 64, — A,.

By changing the integration variables in Eq. (17) from {r,p,,ps} to {t, Hi, Py}, where
1?(7", H,, Py) is the time measured along the particle trajectory from the point where the radial
distance is equal to 7/ ,;, defined in Eq. (13) , the integration volume transforms according

to rdrdp,dpy = dPydH  dt. Using Eq. (12), it follows that Eq. (17) can be rewritten as

dPyP? dH { H, }
nn’ - ——d 2 7 z
X Z/ miw, 1%, Pz exp T, fua(p2)

—k,v, kKT
Xl w v + P J_b/mb

P17, 18
W — pWy — kzvz (w — pWyr — kzvz)zl ( ) " ( )
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where @gb = 4dmeiny/mp is the plasma frequency-squared, and fy(p,) =

(2rmeT) /% exp(—p?/2mpTjp). In Eq. (18), I2 is defined by

)\n?(T)
T dr J1 |72 ,
IP(H, , Py) :/0 Tiv[”’(;)u } exp{—ipw,T}. (19)

In Eq. (18), ( )* denotes complex conjugate. The condition for a nontrivial solution to Eq.
(15) is

det{ D, w(w)} =0, (20)

which plays the role of a matrix dispersion relation that determines the complex oscillation
frequency w.

In the following analysis, it is convenient to introduce the effective depressed betatron
frequency wgy. It can be shown [1] that for the equilibrium distribution in Eq. (1), the

mean-square beam radius r? defined by

) drr3n)(r)

ry = (r?) = Tarmd(r)’ (21)

is related exactly to the line density N, = 27 [ drrn)(r), where nd(r) = [d®pf2(r,p), and

the transverse beam temperature 7', by the equilibrium radial force balance equation [1]

2 2 _ Nbeg 2le

+ . 22
WeTy o o (22)
Equation (22) can be rewritten as
1 291,
2 2\ ,2 _
(wf o Ewpb> Ty = my ) (23)

where we have introduced the effective average beam plasma frequency @, defined by

262]\/},

rfwzbzfowdrrwgb(r) = (24)

Then, Eq. (23) can be used to introduce the effective depressed betatron frequency wgs

defined by

1 2T
2 _ [, 2 2\ _ 2l1s



If, for example, the beam density were uniform over the beam cross-section, then Eq. (25)
corresponds to the usual definition of the depressed betatron frequency for a Kapchinskij-
Vladimirskij (KV) beam equilibrium, and it is readily shown that the radial orbit 7(7)

occurring in Eqs. (11), (14) and (19) can be expressed as

(1) = ng 1 - \ll N <WHI;P0>ZCOS(2%N) : (26)

mbwﬁl 1

In general, for the choice of equilibrium distribution function in Eq. (1), there will be a
spread in transverse depressed betatron frequencies wg, (H, , Py), and the particle trajectories
will not be described by the simple trigonometric function in Eq. (26). For present purposes,
however, we consider a simple model in which the radial orbit 7(7) occurring in Eqgs. (11), (14)
and (19) is approximated by Eq. (26) with the constant frequency wg defined in Eq. (25), and
the approzimate equilibrium density profile is defined by ng(r) = 7y exp(—mywj, 1°/2T1).
For a nonuniform beam, wﬁ is the characteristic time for a particle with thermal speed
v = (2T15/mp)'/? to cross the rms radius r, of the beam. In this case, it is shown in
Appendices A and B that D, ,/(w) can be evaluated in closed analytical form provided the
conducting wall is sufficiently far removed from the beam (r,/r, < 3, say). In the limit of

an anisotropic beam distribution that is cold in the longitudinal direction, i.e.,
—= =0, (27)

the result is

J2( A\

o0

{13 ~ T o) (1 vy ) 1) = s )

y (2—u)2 R w? + 4¢°w3, >} (28)
e T R Tor

Here, z, v = (13/7w)* A /4. In this case, the matrix elements decrease exponentially away

ﬂ.QkQ T2
Dunik| o (— ! —) (20)

from the diagonal, with




where £ is an integer, and we have used the approximate relation A, ~ 7 (4n + 1)/4. Also,
because @gbrg /c¢? << 1in the parameter regime of practical interest for intense beam applica-
tions, the dispersion matrix in Eq. (28) describes modes with frequencies at even multiples of
the depressed betatron frequency, i.e., w =~ 2qwg,, where ¢ = 0,£1,£2... In the subsequent
analysis, we study only the lowest frequency modes with w = 0. Therefore, for r,/r, 2 3,

and for the lowest frequency modes, we approximate {D, ,/(w)} by the finite size square

matrix of rank N defined by

JZ(A @
Drzzvn’ (w) = 2(2 n) ()‘31 + kzr?u) 6n,n’ + Tl?—gbzn,n’ exp(_zn,n - Zn’,n’)
’ C

{1+ 52 L

where n =1,2,..., N.

The dispersion matrix (30) can be used to investigate detailed electromagnetic stability
properties for strong anisotropy (Zjjs/1" s — 0) for a wide range of normalized axial wavenum-
bers (k,r,) and normalized beam skin depth 8, = ¢/r,@,,. For sufficiently large values of
k.ry, the large temperature anisotropy (Zj,/1'1s — 0) in Eq. (30) provides the free energy to
drive the classical Weibel-type instability [29], generalized here to include finite transverse
geometry and beam space-charge effects. The influence of the finite longitudinal temperature
can be taken into account if one assumes 7jp, # 0 in Eq. (1). This results in the (collisionless)
growth rate reduction of the unstable mode due to resonant wave-particle interactions [1]
associated with the axial momentum spread of the beam particles. The dispersion relation
for the case of nonzero longitudinal temperature 1j;, # 0 is derived in Appendix B.

Typical numerical results obtained from the approximate dispersion relation utilizing Eqs.
(30) and (B13) are presented in Figs. 1 — 3 for the case where r,, = 3r;. Only the leading-
order terms at frequency w & 0 in Eq. (B13) have been retained in the analysis, and only the
results for the most unstable mode are plotted in Figs. 1 — 3. Also, for 1j;/1, = 0, it is found
that the growth rate for the instability is nearly independent of the normalized skin depth
for ¢/rywpp in the range ¢/ryp, > 1. Therefore, the results in Figs. 1 and 2 are shown for a

characteristic value of the normalized skin depth taken to be ¢/ry@p, = 100. The four curves
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in Figs. 1 and 2 represent the solution obtained using four different values of the dispersion
matrix rank N = 2,3,4,5. It is evident that the curves with N =4 and N =5 are almost
indistinguishable. Figure 1 shows the normalized growth rate (I'mw)/(©pv'/c) plotted
versus normalized wavenumber k,r, for normalized on-axis beam skin depth ¢/ry@,, = 100
and temperature ratio T),/T'1, = 0. Here, vy = (27°1,/my)"/? < ¢ is the transverse thermal
speed of a beam particle. Because, |w| ~ (0" /c) < ws., the results obtained in Fig. 1
justify the approximation that has been made in the derivation of the dispersion matrix in
Eq. (30). Note that the maximum growth rate in Fig. 1 is reduced from the growth rate
obtained for an infinite plasma with one active component [29].

The normalized eigenfunction 61@9(7") corresponding to ¢/ryw,, = 100, k1, = 3 and
T\s/T1y, = 0 is plotted versus r/r, in Fig. 2. Note, that the eigenfunction has no zeros
(except at r = 0 and r = r,,) for dispersion matrix ranks N > 3.

Finally, using Eq. (B13), an important characteristic of the instability, the longitudinal
threshold temperature Tﬁf} for the onset of instability normalized to the transverse temper-
ature Ty, is plotted in Fig. 3 versus the normalized skin depth ¢/ry@p. The threshold
temperature dependence on the normalized skin depth is very well approximated by the
formula T} /Ty = 107°7rp@2, /c* [Fig. 3]. For charged particle beams of practical interest
ryn/c® ~ (vl /e)* < 1, and therefore T3 /T1, < 1.

Finally, as noted earlier, for Tj;/T, — 0 and /7, = 1/3, the maximum growth rate in
Fig. 1 asymptotes at

th

(Imw) mas = 0.85 @pb% (31)

/2 is the on-axis plasma frequency and vif, =

for k,r, > 1, where @y, = (477pe; /my)
(2714/my)*/? is the transverse thermal speed. Indeed, a numerical analysis of the dispersion
relation shows that the maximum growth estimate in Eq. (31) is valid over the entire range

of &y, and vl consistent with equilibrium force balance in Eq. (23) provided ¢/@,, > 5. It

is instructive to rewrite Eq. (31) in terms of the average depressed tune /v defined by

_ o2 1/2
vo_ WL _ 1 b (32)
vy wy 2w7 ’
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where wy is the applied focusing frequency, and @, is defined in Eq. (24). For the model
density profile nj(r) = 7, exp(—mpws, 7*/2T 1) assumed in the present analysis, it follows
that @2, = ©2,/2. Making use of Egs. (25) and (32), and &y, = V2@, and ry/r, = 1/3, it is

straightforward to show that Eq. (31) can be expressed in the equivalent form

_ o 1/2
Um)mar _ ) 57 OTw 7. ( - V_2> : (33)

wy c 1 v

where wyr,/c < 1 in the regime of practical interest. Equation (33) displays clearly the
dependence of (Imw)me; on the depressed tune, showing that (Imw)e, is a maximum for

v/vy =1/v/2 = 0.707 (Fig. 4).

III. CONCLUSIONS

To summarize, we have generalized the classical Weibel-type instability to the case of
an intense charged particle beam with anisotropic temperature (7j,/7'1 < 1) including the
important effects of finite transverse geometry and beam space-charge. Using the simplified
assumption of negligible spread in depressed betatron frequency wg,, we derived a simple
dispersion equation for the lowest-order azimuthally-symmetrical (0/00 = 0) eigenmode.
By numerically solving the matrix dispersion relation, the mode structure, growth rate and
condition for the onset of the instability was obtained. It is found that even a small longi-
tudinal temperature, 1\ /Ty ~ 10-"7rj@5, /c¢* ~ ('l /¢)* < 1, is large enough to stabilize
the Weibel instability. The presence of this threshold is due to the finite transverse ge-
ometry of the charged particle beam. Indeed, the stabilization criteria for an infinite-size
one-component plasma is determined from 7} /T < 1/(1+k*c?/&2,) [2]. In the case of finite

transverse geometry, we estimate k2, ~ 1/rZ and recover the threshold condition in Fig. 3

min
in the limit ¢?/&%r7 > 1 up to a numerical factor of order unity specific to the cylindrical
geometry. In previous work [12-14] we have shown that the fast, electrostatic, Harris-like
instability develops and saturates at a much larger longitudinal temperature Tﬁfj /Ty~ 0.1.

Hence, we conclude that the Weibel instability is not likely to play a significant role in the

process of energy isotropization in intense unneutralized charged particle beams.

12



With regard to future investigations, we plan to carry out detailed kinetic simulations of
the Weibel instability employing a version of the BEST code [1, 13, 17] modified to include
transverse electromagnetic effects by incorporating a Darwin model [see, for example, Ref.
37] that neglects the displacement current. This will permit detailed investigations of the
both the linear and nonlinear phases of the instability; the effects of closer proximity of
the conducting wall, where the dispersion matrix defined in Eq. (28) becomes even denser
in terms of the importance of the off-diagonal elements; the (stabilizing) influence of a
longitudinal momentum spread; and the effects of other choices of distribution function,

e.g., a waterbag equilibrium [1].
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APPENDIX A: EVALUATION OF THE ORBIT INTEGRAL

In this Appendix, we evaluate the orbit integral [see Eq. (19)]

P — I d_T J1 [)‘n?(T)/Tw]

= —1 Al
p= T e [imar], (A1)

where 7(7) is the trajectory of a particle with transverse energy H, and canonical angular
momentum Py moving in the quadratic potential ¢(r) = mywj, r*/2 with initial condition
(1 =0) = rmin(HL, Py) [see Eq. (11)]. Here, w,(H, Py) is the frequency of radial motion.

In Cartesian coordinates, the particle trajectory {Z(7),7(7)} can be expressed as

2(r) = Vi cos (wpL7) [cos(f) — sin(f))],

= o

y(r) = VAL sin (w1 7) [sin(5) + cos(B)], (A2)

w[u

where cos(28) = Pywg, /H, . Therefore, we can express

(1) = 2%(7) + 7%(7) = migl [1 — sin(203) cos(2ws.T)], (A3)

13



From Eq. (A3) it follows that w,(H, Py) = 2ws, . Substituting Eqgs. (A3) into Eq. (A1) and

changing the integration variable to oo = 2wg, 7, we obtain

2 Ji(y/a? + b2 — 2abcos(a
Flapy="tp= [ (Y )

P exp|—ipal. (A4)
An 0 27 \/a2 + b? — 2ab cos(w)

Here, a = ()\n/rwwm)\/(hﬁ —wg1 Py)/2my and b = ()\n/rwwm)\/(HL + wg Py)/2my. To

evaluate this integral we first evaluate

Gla.t) = | " Z—;‘:JO(W 42 — 2abcos(a)) exp|—ipal. (A5)

To evaluate the integral in Eq. (A5), we use the summation theorem for Bessel functions
[47], which gives
+00

Jo(w\/r2 +p? = 2rpcosa) = Y Jp(wp)Jy(wr) exp(ika). (A6)

k=—00

Substituting Eq. (A6) into Eq. (Ab), and integrating, we obtain
G(a,b) = Jy(a)Jp(b). (A7)

Next, we use Eq. (A5) to construct the combination

9G(a,b) baG(a, b)
" oa b

= (1? — a®)F(a,b). (A8)

Where we have used the fact that Jj(z) = —J;(z). Finally, using Egs. (A7) and (A8), and

the recursion relation for Bessel functions, zJ! (x) = —nJ,(z) + xJ,_1 , we obtain

. ﬁaJn_l(a)Jn(b) - an_l(b)Jn(a)‘ (A9)

Tw b2 — 2

APPENDIX B: EVALUATION OF THE SUSCEPTIBILITY INTEGRAL

To complete the evaluation of the susceptibility defined in Eq. (18), we determine the

following integral

H,

[_@_,%b o dH, [Hi/wss PP,
TLb

(1) Lo, (B1)

22
C2 0 mbTJ_b 7H_L/LU5J_ 2(.UﬁJ_
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where the orbit integral I, is defined in Eq. (19) and was evaluated in Appendix A. Using

Egs. (19) and (A9), and introducing the change of integration variables,

xr = (HJ_+P€CUﬁL)/2TLb,

y=(Hi— Pyws.)/2T 1, (B2)

Eq. (B1) can be rewritten as

T B 2 00 00
=2 (—pb> / dx/ dyexp (—z — y)
0 0

mpc? \wg.L

X[V dp1(knV2) Jp(knn/Y) — /Y Ip—1(knn/Y) Jp(kn /)]
X(VEy 1 (kD) T /D) = vy 1 (b5 (D), (B3)

where k, = Ap\/T'1p/mu/rwws. The change of variables in Eq. (B2) reduces the two-
dimensional integral in Eq. (B1) to the products of two one-dimensional integrals. The

integral in Eq. (B3) can be rewritten as

TJ_b @pb ? n,m yn,m n,m ym,n
I1=2 — 770 — 1 L B4
S <w;u> ({71 3 (B4)
where
[ = /0 A0Sy (kn /) Jyr (ki /T) exp(—), (B5)

= /0 " A d, (ka/T) T, (kmV/T) exp(—z) = exp (— i Z kg”) I (@) . (B6)
17 = [ das/ 1 /)y /) exp(~2), (B)

We now use the Bessel function identity, z.J,_1(x) = pJ,(x) +xJ,(x), to express the integrals

;"™ and I3"™ in terms of I°™. This gives

nm [ d P\ rnm
and
o d p d P\ rum
= — e ) — - ) e B
! (dkn+kn> (dkm+km> 2 (B9)
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Substituting Eqgs. (B6), (B8) and (B9) into Eq. (B4), we obtain after some algebraical ma-

nipulation

TJ_b &\}pb ? n,m 82 n,m a n,m a m,n
I=2 — Ly —1I — 0" —1,"
myc2 (wﬁ) > OkyOky ® Ok, > Ok, °

Too <@pb>2 <knkm> ( ki+k2n>
=2 5 exp | —
mpcs \wgL 4 2
ko, knkp, ko,
X lfzg ( 9 > —dp ( 2_> Iy ( 5 >] ; (B10)

where use has been made of the following identities to eliminate the derivatives of the Bessel

functions

I'(x) + @ = (1 + i—zfp(x)> =0,

wl(x) = wly_1 () — ply(x),

al(x) = 21y () + ply(x). (B11)

In Eq. (B3), we have extended the integration limits to infinity. The error in this approxi-
mation is proportional to exp [—(r.,/7)?], which is negligibly small for r,,/r, 2 3. Collecting

the result from Eq. (B10), the expression for the matrix elements becomes

JZ )\n w2 &\)2
Dy, s (w) = L(Ai + k?rfv - TZ;C_Q)‘Sn,n’ + Tgc_gbzn,n’ exXp(—2Znn — Zn'n’) [Ig(znn’)

_IIZ(Znn’)} /dpsz(pz) <1 + M) + Z[IQ Zan) — Lgi1(Zome )Iq_l(znnf)]

2(w — k,v,)? s

2(w — k,v,)? 2o (w— kov.)? + 4q2wgl
o, L , B12
X / D fo(p2) ((w —kv,)? — 4q2w[2u + KU (w— k)2 — 4q2w%J_]2 ( )

where 77 = 2Tbj_/mbw,(2ﬁ_; vi | = 2T.,/my, and we have introduced g =
(ry/7w)? A A /4. Tf the longitudinal distribution function fo(p,) is Maxwellian with fo(p,) =

(2mmyTyp) Y% exp (—p?/2myTp), then the matrix elements in Eq. (B12) take the form

J2(\ w? 0?2
Dy, (w) = 2 (An) ()\i + kzrfu — 75;0_2)571,7# + rfc—gbznm: exp(—2un — Zwn')

o{ (Bt = 12| A

)+ X [1 ) — Lo G s ()

q>0

% [Agg(w) + Agg(w)] } (B13)
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Here, A, (w) is defined by

v W — nwg, w w — nwg vZ
A (w) = |1— —hL —Z( ﬁ) - 1— 2L} (Bl4
) ( Ui k2 v kv koo i) (B14)

where Z(Q) is the plasma dispersion function [1, 48], and v, = (21}/ms)"/>.
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FIGURE CAPTIONS

Fig.1: Plot of the normalized growth rate (I'mw)/(@pv'/c) versus k,ry for normalized
skin depth ¢/7y@,, = 100 and Tj, /T, = 0 obtained from Eq. (30). The four curves corre-
spond to four different values of the dispersion matrix rank N = 2, 3,4, 5.

Fig.2: Plots of the normalized eigenfunction versus r/r,, corresponding to ¢/ry@,, = 100,
k.r, = 10 and T),/T1, = 0 obtained from Eq. (30). The four curves correspond to four
different values of the dispersion matrix rank N = 2,3,4,5.

Fig.3: The longitudinal threshold temperature Tﬁf} for the onset of instability normalized
to the transverse temperature 7, is plotted versus the normalized skin depth ¢/r,@,, [Eq.
(B13)].

Fig.4: Plot of maximum growth rate (/mw)., obtained from Eqgs. (30) and (33) versus

the average depressed tune 7/vy.
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