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Abstract

An instability of fast magnetoacoustic waves (FMW) driven by circulating
energetic ions in axisymmetric toroidal plasmas and characterized by the
frequencies below the ion gyrofrequency is considered. An important role of
the { = 0 resonance (! is the number of a cyclotron harmonic) in the wave-
particle interaction is revealed: It is shown that this resonance considerably
extends an unstable region in the space of the pitch-angles of the energetic
ions and the wave frequencies. The analysis is carried out for a ”slow”
instability, which has the growth rate less than the bounce frequency of the
energetic ions. Specific examples relevant to the National Spherical Torus
Experiment (NSTX) [J. Spitzer et al., Fusion Technol. 30, 1337 (1996)],

where instabilities of this kind were observed, are considered.



I. INTRODUCTION

The instability of Fast Magnetoacoustic Waves (FMW) caused by the energetic ions
was first considered in 70s, see, e.g., an overview.! Later it was found that it can be
responsible for the superthermal Ion Cyclotron Emission (ICE) with the frequencies w >
wp (wp is the ion gyrofrequency) observed in experiments on tokamaks.? This stimulated
further development of theory of the FMW instability. In particular, it was found that the
presence of a drift term in the local cyclotron resonance condition plays an important role
by strongly enhancing the instability; moreover, it may explain a number of peculiarities
of the ICE frequency spectrum in Joint European Torus (JET)? experiments.*5 This
result was obtained for a "rapid” instability, i.e., the instability with the growth rate, -,
exceeding the bounce/transit frequency of the energetic ions, w,. The mentioned condition
may be not satisfied, in which case ”slow” instability (7 < wy) takes place.®” In more recent
time, a low-frequency FMW instability, w < wg, was observed in National Spherical Torus
(NSTX)® experiments.>!? This instability seems to contribute to the bulk ion heating
due to a non-linear mechanism leading to stochastic motion of the particles.!! A linear
theory of "slow” FMW instability with w < wp was developed in Ref.'?. The instability
considered in the mentioned work is driven through the cyclotron resonance with [ = 1,
where [ is the number of the cyclotron harmonic. It was claimed in Ref.'? that the [ = 0
resonance cannot lead to the instability. However, this statement is not correct, which
follows from the present work, where we develop a theory including the influence of the
[ = 0 resonance on the destabilization of FMW. In numerical examples we use NSTX
parameters.

The paper is organized as follows. In Sec. II the resonances of the waves and circu-
lating energetic ions are considered, a qualitative analysis which demonstrates a possible
excitation of the [ = 0 instability (with v < wj, or 7 > wy) is carried out. In Sec. III the
growth rate of the "slow” FMW instability is calculated and analyzed. In Sec. IV the
obtained results are summarized and their consistency with experimental observations of

FMW in NSTX is discussed. In Appendix the anti-Hermitian part of the flux-surface



averaged dielectric permeability tensor of well circulating particles is calculated in the

assumption that characteristic times of interest exceed the particle transit time.

II. QUALITATIVE ANALYSIS

In order to see that the [ = 0 resonance can be of importance, we note that the insta-
bility drive is proportional to dF,/dv, where Fy, is the equilibrium distribution function of
the energetic ions, v is the particle velocity. The case of [ = 0 corresponds to neglecting
the particle Larmor rotation. In this case, when F, = F, (&, 1) (€ and pu are the particle en-
ergy and the magnetic moment, respectively), dF,/dv = MvOF,/0E with M the beam ion
mass, which implies that the instability drive is absent unless F;(€) is a non-monotonic
function. Taking into account the Larmor rotation results in a term proportional to
[0F, /0, which drives the instability considered in Ref.'?. However, the distribution
function of the energertic ions typically depends on A = By /€ rather than on u (because
A is approximately conserved during the collisional slowing down of the ions when £ > &,
with & ~ (M/M.,)'*T,, T, and M, the electron temperature and mass, respectively).
Therefore, a term associated with the velocity anisotropy appears even when effects of
Larmor rotation are neglected (the [ = 0 case): dFy/dv = Mv[0F,/0E — NET1OF,/ON].

The physical mechanism responsible for the "slow” instability is actually the same as
that of the "rapid” instability: both instabilities are driven by the velocity anisotropy of

the energetic ions through the ”local” resonance:
w—lwg = kH’U” + wyq, (1)

where kj = (m — ngq)/(qRo) is the longitudinal mode number, m and n are the poloidal
and toroidal mode numbers, respectively, ¢ is the safety factor, Ry is the radius of the
magnetic axis, v is the longitudinal velocity of the energetic ions, wy = k - vq, vq is the
particle drift velocity, k is the wave vector. Equation (1) is written in the assumption
that the perturbed quantities are proportional to exp(—iwt + imv — inp), where ¥ is the

poloidal angle, ¢ is the toroidal angle. Because the mode is localized at the outer midplane



of the torus,” the last term in Eq. (1) is reduced to wqy &~ —muvy/r where r is the radial
coordinate. If the resonance condition is satisfied, the particle drive is maximum for the
particles with the highest energy. For this reason, Eq. (1) can be considered as an equation
which determines the mode numbers of the destabilized waves. If so, we can conclude
that the [ = 0 resonance extends the frequency spectrum of the instability driven through
[ # 0 resonances. This fact is of importance to lower the threshold magnitudes of the wave
amplitudes required for stochastic heating on sub-harmonics of the ion gyrofrequency.!!

The growth rates of both ”"slow” and "rapid” instabilities can be expressed through
Bessel functions of the (" order, J;(¢), where € =k p, = (w/wB)\/Xv/vA, pL =v,/wg,
v, is the particle velocity across the magnetic field. The [ # 0 instability can occur
only when ¢ > 1, which is difficult to satisfy for well circulating particles (A < 1) when
w < wp. In contrast to this, as will be shown in this work, the [ = 0 instability exists
even when ¢ < 1. This implies that it can be driven by particles with larger pitch angles
(smaller A\) and, in addition, it can have lower wave frequencies.

For the "slow” instability to occur, an additional condition of the ”global” resonance

between the particles and the waves must be satisfied. This condition can be written as
w — lwp) = mwy — nw, + swy, (2)

where s is an integer, (...) denotes the transit time averaging, wy and w,, are the frequen-
cies of the particle poloidal rotation and toroidal rotation, respectively. Equation (2) is
satisfied only for certain magnitudes of s. In order to evaluate s we specify the pitch
angles of the energetic ions. We assume that the population of the energetic ions with the
energy close to their maximum energy, &, consists mainly of the well circulating particles.

Then wy, = |wy| = |(v))/qRo|, and we can write Eq. (2) in the following form:

w — l<w3> = kH<’U||> + Sggz, (3)

Comparing Eq. (1) and Eq. (3) we conclude that

{p1) . Wd +le - <WB>’ (4)
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where p| = v /(wg). It follows from Eq. (4) that the sign of s is determined by the sign
of m for [ = 0 and for [ # 0 when the wy/(wp) is large enough. Another conclusion is
that the presence of the wy term in Eq. (1) reconciles the condition of the local resonance
with the condition of the global one for circulating particles when [ = 0.

Let us consider a specific example relevant to an NSTX plasma. We take Ry = 100

! the particle injection energy & = 80 keV,

cm, the Alfvén velocity vy = 108 cm s~
wp =1.5x 10" s71, p = v/wp = 20 cm. Then wy/(wp) = 0.60/k with & = w/{(wg) and
 the elongation of the plasma cross-section. The second term in the right-hand side of
Eq. (4) can be evaluated as le with € = r/Ry, i.e., it slightly exceeds the wy/{wg) term.
This implies that the magnitudes of s satisfying Eq. (4) are different for [ = 0 and [ = 1.
For [ = 0 we obtain |s| < 3¢x~'@/k (we used vo/va = 3, where vy = (26/M)"?), i.c.,
|s| ~1forw S51/2, ¢~ 2.
Note that when w < wp, typically the global resonance condition can be satisfied for

[ >0, but not for I < 0. Indeed, it follows from Eq. (3) that

k v l

k‘”vm/lA——)\ <1 - @) <1, (5)

where ks = k| + s/(¢R) and k/ky, > 1 [we used k ~ w/va = ©(vo/va)p~' > s/(qRy)).

I1II. GROWTH RATE OF THE INSTABILITY

Assuming k| < k1, we proceed from the following dispersion relation for FMW in a

plasma with energetic ions:!?

Aw) =¢&11(Ex2 — NT) + &1, =0, (6)

where N| = ck, /w, &; are the flux-surface-averaged components of the dielectric tensor.

We treat the problem perturbatively, in which case the contribution of the energetic ions

=/

to the Hermitian part of the permeability tensor, &;, can be neglected, and we have: 14

€11 = 5422 =5 (7)



w

— — .y —/ —

€19 = —€91 =19, G = —Eq31. (8)
Wh;i

where wp; and w,,; are the gyrofrequency and the plasma frequency of the bulk plasma
ions, respectively. Note that Eq. (8) for the considered waves with w < wp; is valid for
both a ”"cold” plasma (w > kjv, w > Kjjv,e, Where vy, is the thermal velocity) and
a plasma with ”cold” ions and "hot” electrons (w < kHvth,e). Assuming that the anti-

Hermitian part of the dielectric permeability tensor, 7., is small, we can write w = wy—+17,

7,]7

where wgy > 7. Then Eq. (6) yields wy = kv and

é// é’ N + 6 6 _ 29//9/
y=— 11( 22 J.) / 22-11 7 (9)
0N [Ow

where the subscript 70” at w is omitted. Components of the Hermitian part of the
dielectric tensor can be eliminated from Eq. (9) due to Egs. (6) - (8). As a result, Eq. (9)

is reduced to

2
Y UA ! wo_y i
- = . 10
o 922 (5 Wi szgn) (10)

Let us neglect the wave damping caused by the bulk plasma and assume that the
population of the energetic ions consists only of circulating particles. Then can use the

expressions for &/, obtained in Appendix. This leads to

y 9 pb dANE? 0 9
— =27 I, F, 11
o= R 2 =y @ OF O TRE, Mg, (11)
where [ and s are integers, o = sgnv|,
Muv? w—lw S

Eom Iy = B ke =k + —

2= U R 2
QO = H(E) ~ 2L a(E). T =T+ (hopo — M) o (12)

l — J (.UBig l ; - OE B0 w 58)\’

and & = k v,V N /wpo, ¢ is defined in Appendix, wgo = (wg)(A = 0)). Note that we used
the condition of the ”global” resonance given by Eq. (3) in order to integrate over £ in
Eq. (11).

Now we have to specify the distribution function of the energetic ions. We take it in

the form:



Fy(E,2) = [e(€)6(A = Ao)n(&o — E)n(E — &), (13)

where A\g and & are the initial pitch-angle parameter and energy of the beam ions, n(x) =
¥ d(x)dx, §(x) is the Dirac delta function.
One can see that when A is sufficiently small, the A dependence can be neglected in

Js(¢). Then, after integration over A in Eq. (11) we obtain:

b _ g2 w &
L ,#CQZ‘,{”S,M ) { Q6 g (E1fe(E)
+</\0_l”j)> fg2(§ib) - (82Q (& ))} (14)

where

Ve < |vys|/y/1 = Ao < wo, (15)

2 1/2

g - Moy, - kivgs [ Ao
2(1—)\0)’ WBo ].—)\0 ’
lwpoqr _ kiquis 1 — Ao/2

6= (G+)" = o (16)

wWpBoKk 1— )\0 ’

Finally, taking fe = C/&%/? with C = /T — \gJM?/?/ (ﬂ\/ﬁln(é’o/&)) we have:

% 2k:2 > Z |k:||5 <Z>l/2 J2(G) { 7 —(&Q*(&%))

leO 1 d

—ng (fb Ql (fb))} (17)

It follows from Eq. (17) that a necessary condition of the instability is

D, = ?(&:Qz(fb)) N w 6d (&; Ql(fb)) (18)

which must be must be satisfied, at least, for some [ and s. Another necessary condition

given by Eq. (15) can be written as

Uc\/l—)\o < 700 <U0\/1—)\0. (19)

Note that the right inequality in Eq. (19) is actually Eq. (5).

The functions Dy and D are shown in Fig. 1. We observe that the condition Dy > 0 is

satisfied for & > 0, which implies that it is satisfied for arbitrary small A\q. In contrast to

7



this, Dy > 0 only when &, exceeds a certain magnitude &,,;,. The latter weakly depends
on w, being a decreasing function. More detailed analysis shows that D; almost does not

depend on \g. Using these facts and that &@(v)/va)\/Ao/(1 = o) < @(v)/va)v/ Ao, we

obtain the following condition for the [ = 1 driven instability:

Mo > (gmm“f‘)z. (20)

Vo

Equation (20) shows that w cannot be arbitrary small. On the other hand, for a given
w, this equation gives a restriction for )\y. For instance, when vy/v4 = 3, it cannot be
satisfied for @ < 0.3, and it yields A > 0.3 for @ = 0.5. We conclude from here that only
the [ = 0 instability is possible for sufficiently small @. In the other case, @ — 1, Eq. (20)
can be satisfied small A, but, nevertheless, the [ = 1 instability is absent or weak because
then D; — 0, see Fig. 1.

Now we calculate the growth rate for various directions of the wave propagation using
Eq. (17). The results for co-injection (which corresponds to NSTX experiments) are
shown in Figs. 2, 3. We observe that the growth rate of the instability with & > 0
considerably exceeds that one for k| < 0. The reason for this is that the [ = 0 resonance,
which provides the strongest drive (see Fig. 1), is responsible for the instability in the
first case, whereas the [ = 1 resonance leads to the instability in the second one (the [ = 0
resonance takes place for kj; > 0, which leads to kj > 0 when Ry/p > vo/va). Note that
the non-monotonic dependence of v on \g shown in Fig. 2 is caused by the fact that the

number of the terms in the sum over s in Eq. (17) depends on .

IV. SUMMARY AND CONCLUSIONS

Our analysis shows that the [ = 0 resonance of the wave-particle interaction provides
the destabilization of FMW with the frequencies lower than those destabilized through
the [ = 1 resonance. In addition, it makes possible the destabilization of the waves by the
energetic ions with smaller A (larger pitch angles).

These facts are of importance for the interpretation of NSTX experimental data re-

ported in Ref.. In the mentioned experiments the modes in the frequency range 0.4 — 2.5



MHz were observed. This means that the lowest frequency, wy,in, was about wp/6, which
cannot be explained by theory ignoring the [ = 0 resonance. Another important exper-
imental fact is that the mode excitation is sensitive to NBI injection angle: the switch
in the injection angle accompanied by the decrease of the number of circulating particles
resulted in stabilization of modes with lowest frequencies, which was observed in the shot
#104505.7 This fact can be explained by our theory, which predicts that the instability
exists only when k;p; = v/ Ao (w/wp)(vo/va) < 2, and thus, the increase of Ay may vio-
late the latter condition. In addition, our consideration agrees with the experimentally
observed reduction of the number of unstable modes when switching the beam energy
from & = 80 keV to & = 70 keV with the same injection power!'?: It follows from the
obtained expressions that 7, ~ J,%(&)J:2() /v E ~ E0* T2, therefore, the decrease of &
may result in violation of the instability condition ~, > 74, where 7, is the mode damping.

Thus, the carried out analysis reveals an important role of the [ = 0 resonance. On
the other hand, the mentioned resonance is possible due to the presence of the drift term
in the local resonance condition, as it follows from Eq. (4). Therefore, the conclusion that
the toroidal drift enhances the destabilization of FMW, which was made for the "rapid”
high-frequency (w > wp) instability in Refs.**, is valid also for the ”slow” instability with
w < wpg. This indicates physical mechanisms responsible for "slow” and ”fast” insta-
bilities are similar, the mentioned instabilities are essentially the same FMW instability,
which, depending on conditions, has the growth rate either larger or less than the transit

frequency of the energetic ions.

ACKNOWLEDGEMENTS

The research described in this publication was made possible in part by the Award
No. UP2-2419-KV-02 of the U.S. Civilian Research &Development Foundation and the
Government of Ukraine, and the US Department of Energy Grant DE-FG03-94ER54271.



APPENDIX A: ANTI-HERMITIAN PART OF THE DIELECTRIC

PERMEABILITY TENSOR OF CIRCULATING IONS

We proceed from the following general expression for the dielectric permeability tensor

in local approximation!4

w2 t OF kv (t
€ij = 61']' — sz/dvvl(t) . avl(t/) {(]_ _ ug >> 61]‘

+kl“j(t/)} exp {m(t oy —i [ V(t”)dt"} : (A1)

w tl

where the time integration is carrying out along the unperturbed orbit, F' the equilibrium
distribution function.

We follow the approach of Ref.!®

, assuming that characteristic times exceed the particle
transit time. Then we obtain the anti-Hermitian part of the dielectric permeability tensor

averaged over the flux surfaces in the form:

_ w2 Tp 2 =
=m0 [ e tnaalCu a0 — s)LFE, ), (A2)
where 7, is the particle transit time, [ and s are integers, o = sgny|, & = Muv?/2,

A= puBy/E, p= Mv? /2B,

. 0 0
I, = Wog + (lwpo — )\w)%, /F(V)dv =1
[ , k
qz{mtmanm%@ﬁ, ===,
3 WBo

Gis = (exp{iW(t) — iswpt}),
Wit = [ (1on — ) + by — (1) +a — (wa)) .

() = — o)~ Kyl = (wa), )= [ () (A3)

Ty

where J; is the [th order Bessel function. In the small-orbit-width approximation, |r —

ro| < r, the expression for G, for the well circulating particles, is reduced to:'?
Gis = Js(0), (A4)
where

10



1/2 lwpoqr v
c=(¢+a)"7, =" (L=kigR-",
Yo Yo
V(1 = \/2
vjo = ov(L =2 vy = EUBMR/ )

() = w —lwpo = kjvjo, — wp = v/ (qR),

where wpy = (wp)(A = 0), k the elongation of the plasma cross section.
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FIG. 1. Dependence of the growth rate drive, D;, on & for \g =0.4. 1,1 =0; 2,1 =1 and

w=03;3,l=1landw=0.5;4,l=1and © =0.8.
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FIG. 2. Normalized growth rate, I' = (y,/w)(n/np), versus the pitch-angle parameter for
k>0, w = 0.5, and various directions of the wave propagation: 1, |k |/k = 0.5; 2, |ky|/k = 0.4;

3, |ky|/k = 0.3. Here n and n; are the plasma and beam density, respectively.
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