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Abstract

In this paper, we develop a new method for Wheeled Mo-
bile Robot (WMR) fault detection. Specifically, we de-
velop kinematic and dynamic models of the WMR in the
presence of faults such as a change in the wheel radius
(e.g., deformation, broken spoke, flat tire) or general kine-
matic disturbances that model slipping or skidding faults.
Utilizing the WMR models, we employ a torque filtering
technique to develop a prediction error based fault detec-
tion residual. The structure of the prediction error allows
for fault detection despite parametric uncertainty in the
WMR model.

1 Introduction

Wheeled mobile robots (WMRs) have been employed for
applications including: military operations, surveillance,
security, mining operations, planetary exploration, enter-
tainment, aids for mobility impaired humans, and mate-
rials handling, transport, and inspection. As described
above, many WMR applications require interaction with
humans, handling of volatile materials, and/or operation
in remote and hazardous environments, such as found in
space and radioactive applications; hence, reliability and
safety are of paramount concern. Based on the impor-
tance of reliability and safe operation of WMRs, several
researchers have recently investigated WMR reliability
and fault tolerance.
To develop mobile robotic systems that are tolerant to

faults some researchers have proposed utilizing a multiple
mobile robot scheme (see [7, 8] and the references within).
Given the detection of a fault, the system degrades grace-
fully by reconfiguring the formation to compensate for the
failed WMR. In addition to mobile robot redundancy, re-
searchers have also investigated redundant sensing tech-
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niques which allow a system to switch to “healthy” sen-
sors following a sensor failure (see [11, 12] and the refer-
ences within). Each of the above redundancy approaches
can only be exploited if the fault detection is effective:
hence, mobile robot fault detection has become an issue
of significant interest.
In [8], Parker utilizes the concept of multiple mobile

robots to develop a fault tolerant system. Specifically,
each of the robots exploits the concept of motivational
behaviors such as impatience and acquience to determine
if a fault has occurred in a cooperative partner. Based
on the detection of the fault, the remaining functional
cooperative partners can work to accommodate the robot
failure. Although the concept of motivational behavior
as a fault detection tool is beneficial from the viewpoint
that a fault can be detected by another robot, it lacks
sensitivity, resulting in a relatively slow response to the
failure. That is, the time to detect the fault is a function
of the task the robot is performing with respect to other
robots in the system.
Another approach that has been utilized to target fault

detection in mobile robots is the use of Kalman filters (see
[5, 9, 10, 15]). As described in [9], the overall philosophy
of the Kalman filtering method is to exploit analytical re-
dundancy by thresholding the residual generated by the
difference between the measured values and values pre-
dicted by the Kalman filter (based on certain assumptions
regarding the system model). In [9], Romoumeliotis et al.
utilize a Kalman filtering technique to detect and identify
actuator faults such as flat tires and a periodic bump in
the wheel. In [10], the work in [9] is extended to detect
and identify faults in the left wheel, right wheel, and head-
ing angular velocity measurements; unfortunately, the al-
gorithm utilized in [9, 10] to threshold the residuals is
not described. More recently, in [5] Goel et al. utilize
a similar Kalman filtering technique to detect the sensor
and actuator faults investigated in [9, 10]. Once the fault
is detected, Goel et al. utilize a backpropogation Neural
Network structure to process the residual set to identify
the fault. In [15], Washington also utilizes a method that
is based on a combination of continuous and discrete state
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estimation, Kalman filters and a Markov model represen-
tation to detect and identify actuator faults occurring in
the WMR (e.g., overcurrents in the wheel motors).

Based on the review of mobile robot fault detection
literature given above, it is clear that none of the afore-
mentioned research has incorporated the nonlinear dy-
namic model of the mobile robot in the fault detec-
tion algorithm, and hence, the effects of uncertainty in
the mechanical parameters that are used to complete
the dynamic model (e.g., payload mass, friction, etc.)
have not been investigated. From a review of fault de-
tection literature that targets robot manipulators (see
[2, 4, 13, 14, 17]), it is clear that the key difficulty endemic
to manipulator fault detection (and hence, similar electro-
mechanical systems such as WMRs) is that the normal
(fault-free) dynamics of the robot lead to inevitable de-
viations from the nominal trajectory in fault-free oper-
ation, and the magnitude of these deviations cannot be
predicted (and therefore can appear to be a fault unless
properly masked by the thresholds), when the dynamics
are not explicitly considered in the analysis. Clearly, fault
detection will be most effective when good dynamic mod-
els for the system are considered in the fault detection
tests (residuals) or the threshold selection, or both.

In this paper, we build on the research presented in
[2] to develop a new method for WMR fault detection.
Specifically, we develop kinematic and dynamic models
of the WMR in the presence of actuator faults such as
a change in the wheel radius (e.g., deformation, broken
spoke, flat tire) or general kinematic disturbances that
model slipping or skidding faults. The approach is based
on the generation of a residual and exploits the structure
of the full nonlinear dynamics of the WMR through a
filtered torque estimate that does not rely upon the mea-
surement of acceleration quantities (unlike many of the
model-based fault detection algorithms that are utilized
to detect faults in robot manipulators). The fault detec-
tion residual is based on a prediction error which is the
difference between the filtered torque signal and an esti-
mate of the filtered torque. The structure of the predic-
tion error based fault detection algorithm lends itself to
take into account the inevitable uncertainty in the robot
parameters. A threshold is developed for the prediction
error residual.

The paper is organized as follows. In Section 2 and
3, we develop the kinematic and dynamic models of the
WMR, respectively. In Section 4, the torque filtering
technique is described. Section 5 describes how the fil-
tered torque signal can be utilized to generate the pre-
diction error based residual, and concluding remarks are
presented in Section 6.

2 Kinematic Model

The kinematic model for a two-wheel1 , differential-drive
WMR is assumed to have the following form

q̇ = S(q) (r + δ1(t− T1))
 ωR + ωL

2
ωR − ωL
D

+
 δ2(t− T2)

δ3(t− T2)
δ4(t− T2)


(1)

where q(t), q̇(t) ∈ R3 are defined as

q = [xc yc θ]T q̇ =
h
ẋc ẏc θ̇

iT
(2)

ẋc(t), ẏc(t), θ̇(t) ∈ R1 denote the time derivatives of
xc(t), yc(t), θ(t) ∈ R1 which represent the Cartesian posi-
tion of the center of mass (COM) (which is assumed to
lie at the midpoint of the wheel axis for simplicity) of the
WMR along the X and Y -coordinate axis of the Carte-
sian plane and the orientation of the WMR (see Figure 1),
respectively, the matrix S(q) ∈ R3×2 is defined as follows

S(q) =

 cos θ 0
sin θ 0
0 1

 (3)

r ∈ R1 denotes the constant (pre-fault) radius of the
wheels, ωR(t),ωL(t) ∈ R1 represent the angular veloci-
ties of the right and left wheels, respectively, D ∈ R1
represents the length of the axis between the wheels,
δ1(t − T1) ∈ R1 represents a fault that occurs at time
T1 that physically represents a fault in the wheel radius
(e.g., deformation, flat tire, etc.), and δi(t − T2) ∈ R1
∀i = 2, 3, 4, represent faults that occur at time T2 that
physically represent a fault due to slipping or skidding
conditions of the WMR. To simplify the subsequent fault
detection algorithm development, we rewrite (1) as fol-
lows

q̇ = S(q)v + δ(t− T ) (4)

where v(t) ∈ R2 represents the (pre-fault) linear and an-
gular velocity of the WMR, denoted by v1(t), v2(t) ∈ R1,
respectively, and is defined as follows

v =

·
v1
v2

¸
= r

 ωR + ωL
2

ωR − ωL
D

 (5)

and δ(t− T ) ∈ R3 is defined as

δ(t− T ) ,

 δ̄1(t− T )
δ̄2(t− T )
δ̄3(t− T )

 =
 δ2(t− T2)

δ3(t− T2)
δ4(t− T2)

 (6)

+
δ1(t− T1)

2

 (ωR + ωL) cos θ
(ωR + ωL) sin θ
2 (ωR − ωL)

D


1Note that the expression “two-wheel mobile robot” refers to a

mobile robot with two active wheels and n-castor-like wheels (pas-
sive).
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where T is a time instant defined as

T = min(T1, T2). (7)

The faults given in (6) are assumed to be first-order dif-
ferentiable and upper bounded as shown below¯̄

δ̄i(t− T )
¯̄ ≤ ∆i, ∀i = 1, 2, 3 (8)

where ∆i ∈ R1 are positive bounding constants. Further-
more, we note that

δ(t− T ) = 0, t < T (9)

and the standard kinematic model for the pure rolling
and nonslipping kinematic wheel is recovered.

Remark 1 The model given in (1) does not make a dis-
tinction between the left wheel radius and the right wheel
radius. Making a distinction between the left wheel and
the right wheel radius may be easily incorporated into the
model for improved fault identification capabilities; how-
ever, since the focus of this paper is the detection of a fault
and since the overall structure of the fault detection algo-
rithm will not be altered, we do not make the distinction
for the sake of simplicity.

Remark 2 Note that the kinematic model for a WMR
subject to the so-called matched disturbance is defined as
follows [1]

q̇ = S(q)v + ρM (t)
£
cos θ sin θ 0

¤T
(10)

where ρM (t) ∈ R1 denotes a bounded disturbance. In ad-
dition, the kinematic model for a WMR subject to the
so-called unmatched disturbance is defined as follows [1]

q̇ = S(q)v + ρU (t)
£
sin θ − cos θ 0

¤T
(11)

where ρU (t) ∈ R1 denotes a bounded disturbance. Note
that it is clear from (4), (10), and (11) that the matched
disturbance and unmatched disturbance problems are both
special cases of the model used in (4).

Remark 3 With regard to the wheel radius fault denoted
by δ1(t−T1), we assume the following inequality is satis-
fied

r + δ1(t− T1) > 0. (12)

This is, catastrophic faults that result in a zero wheel ra-
dius (e.g., the loss of the entire wheel assembly) are not
considered.

3 Dynamic Model

The dynamic model for a two-wheel, differentially driven
WMR can be written in the following form

STMSv̇ + STM δ̇ + STFd (Sv + δ) = STBτ (13)

2r
D

yc

xc

θ

Passive Wheel
(castor)

Driving Wheels

Y

X

2r
D

yc

xc

θ

Passive Wheel
(castor)

Driving Wheels

Y

X

Figure 1: Wheeled Mobile Robot

where v̇(t) ∈ R2 denotes the time derivative of v(t) de-
fined in (5), S(q) was defined in (3),M ∈ R3×3 represents
the inertia matrix, Fd ∈ R3×3 represents a diagonal ma-
trix of friction coefficients, τ(t) ∈ R2 represents the torque
input vector, and B(q) ∈ R3×2 represents an input matrix
that governs torque transmission and is defined as follows

B =
1

(r + δ1(t− T1))

 cos θ cos θ
sin θ sin θ
D −D

 . (14)

To facilitate the development of the subsequent fault de-
tection algorithms, we multiply both sides of (13) by
r + δ1(t− T1), substitute (4) into (13) for v(t), and then
simplify the resulting expression as follows·

1 1
D −D

¸
τ = r

¡
M̄v̇ + F̄dv

¢
+ ζ(t− T ) (15)

where ζ(t− T ) ∈ R2×1 is defined as follows
ζ(t− T ) = δ1(t− T1)

¡
M̄v̇ + F̄dv

¢
(16)

+(r + δ1(t− T1))³
STM δ̇(t− T ) + STFdδ(t− T )

´
and

M̄ = STMS, F̄d = S
TFdS. (17)

Based on the following assumption

δ1(t− T1), δ(t− T ), and δ̇(t− T ) = 0 ∀t < T (18)

it is clear that

ζ(t− T ) = 0 ∀t < T. (19)

That is, in the absence of a fault the typical dynamic
model for the pure rolling and nonslipping two-wheel, dif-
ferentially driven WMR is recovered [3].
The dynamic equation given in (15), exhibits the fol-

lowing property [6] which is utilized in conjunction with
the following assumptions in the subsequent fault detec-
tion algorithm development.
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Property 1: The dynamic model given in (15) can be
linearly parameterized as follows

Y (q, v, v̇)θL = r
¡
M̄v̇ + F̄dv

¢
(20)

in the absence of faults (i.e., t < T ) where Y (·) ∈
Rn×p denotes a known regression matrix and θL ∈
Rp contains the unknown constant system parame-
ters.

Assumption 1: Each of the constant system parameters
defined in (20) can be lower and upper bounded as
indicated by the following inequalities

θLj < θLj < θ̄Lj (21)

where θLj denotes the j -th component of the vec-
tor θL, and θL, θ̄L ∈ Rp denote vectors of known,
constant bounds for the unknown parameters.

Assumption 2: A control is designed which ensures
that in the absence of a fault (i.e., t < T )
q(t), q̇(t), v(t), τ(t) ∈ L∞ and that lim

t→∞ q(t) = qd(t)

where qd(t) ∈ Rn represents the desired trajectory.
Note that based on the form of the dynamic model
given in (15) and the expression given in (14), if
q(t), q̇(t), τ(t) ∈ L∞, it is clear that v̇(t) ∈ L∞.

Remark 4 One method for detecting faults in the WMR
could be to utilize (15) and (20) to isolate the fault terms
as shown below

ζ(t− T ) =
·
1 1
D −D

¸
τ − Y (q, v, v̇)θL. (22)

Unfortunately, due to the fact that (22) would require ex-
act model knowledge of the system and acceleration mea-
surements, it is clear that (22) is impractical for fault
detection purposes; hence, we are motivated to craft a
fault detection algorithm that is independent of acceler-
ation measurements and exact knowledge of the system
parameters.

4 Torque Filtering

Motivated by the desire to eliminate acceleration mea-
surements from the subsequent fault detection algorithm,
we define a filtered torque signal denoted by τf (t) ∈ R2
as follows [6]

τf = f ∗
·
1 1
D −D

¸
τ (23)

where ∗ denotes the standard convolution operation, τ(t)
was defined in (13), the filter function, denoted by f(t) ∈
R1, is given by

f = α exp(−βt) (24)

and α,β ∈ R1 denote positive filter constants. By substi-
tuting the left-side of (15) into (23) for τ(t) and utilizing

standard convolution properties (see Appendix A), we can
rewrite (23) in terms of the following linear parameteri-
zation

τf = YfθL + ζf (25)

where θL denotes the same unknown, constant parameter
vector defined in (20), Yf (q, v) ∈ R2×p denotes the mea-
surable, filtered regression matrix which is independent
of acceleration measurements and is explicitly given by

YfθL = ḟ(t) ∗ ©rM̄(q(t))v(t)ª+ rf(0)M(q(t))v(t)
−rf(t)M(q(0))v(0)
+f(t) ∗

n
−r
³ .

M̄(q(t))v(t)− F̄d(q(t)v(t)
´o
(26)

and ζf (t − T ) ∈ R2 denotes a filtered fault signal that
is also independent of acceleration measurements and is
defined as follows

ζf (t) = f(t) ∗ ζ(t− T ). (27)

The structure of (25) is utilized in the subsequent analy-
sis; however, since θL is a vector of uncertain parame-
ters, the form of the filtered torque signal given by (25) is
not implementable. An equivalent, implementable (i.e.,
a measurable, acceleration independent) form of the fil-
tered torque signal can be determined by utilizing (23)
and (24) along with standard Laplace Transform proper-
ties to generate the following differential equality

τ̇f = −βτf + α

·
1 1
D −D

¸
τ τf (0) = 0 (28)

where α,β were defined in (24).

Remark 5 Due to the structure of the above torque fil-
tering technique, the filtered version of the fault is delayed.
To mitigate the delay, β is made increasingly large. Based
on (25), it also is clear that the fault can be isolated in
terms of an expression that is independent of link accel-
eration measurements. Thus, we are now motivated to
design an algorithm based on (25) that can detect faults
in a WMR despite the presence of parametric uncertainty.

5 Prediction Error Based Fault
Detection

The objective of this paper is to design an algorithm that
can detect faults in mobile robots despite uncertainty in
the mechanical parameters. To this end, we define a mea-
surable prediction error signal, denoted by ε(t) ∈ R2, as
follows

ε = τf − τ̂f (29)

where τf was defined in (28), and τ̂f ∈ R2 is a subse-
quently designed filtered torque estimate. This method of
residual generation is similar to one of the fault detection
tests proposed in [14] for robot manipulators; however, in
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[14] acceleration estimates were required for implementa-
tion.
Due to the presence of parametric uncertainty in (13),

the filtered torque estimate given in (29) is designed as
follows

τ̂f = Yf θ̂L (30)

where θ̂L ∈ Rp is a constant, best-guess parameter esti-
mate2 for θL defined in (20) and Yf (q, q̇) was defined in
(25). From the design of τ̂f (t), we can use (25), (29), and
(30) to obtain a new expression for ε(t) given as follows

ε = Yf θ̃L + ζf (31)

where θ̃ ∈ Rp quantifies the constant mismatch between
the actual uncertain parameters and the constant, best
guess parameter estimate as shown below

θ̃L = θL − θ̂L. (32)

Based on Assumption 1, we can upper bound the predic-
tion error signal given in (31) as follows

|εi| ≤ ρi(t) +
¯̄
ζfi
¯̄

(33)

where ρ(t) ∈ R2 is a positive bounding signal selected to
satisfy the following inequality¯̄̄³

Yf θ̃L
´
i

¯̄̄
≤ ρi(t) (34)

and (·)i represents the i-th element of a vector. Based on
the structure of (33), we define a fault indicating, dead-
zone residual function, denoted by D1[·] ∈ R1, as follows

D1[εi] =

½ |εi| if |εi| > ρi(t)
0 if |εi| ≤ ρi(t)

(35)

to determine if a fault occurs. That is, if

D1[εi] > 0 (36)

then a fault is present in the system; however, if the pa-
rameter uncertainty in the system is relatively large, then
some faults may not be detected due to the inability of
the fault detection scheme given in (35) to distinguish the
faults from the parameter uncertainty.

Remark 6 The motivation for selecting (35) as shown
below

D1[εi] = |εi| if |εi| > ρi(t)

versus some positive constant (i.e., D1[εi] = 1 if |εi| >
ρi(t)), arises from the additional flexibility gained with
regard to observing the extent that the residual given in
(35) was violated. That is, by utilizing (35), possible false
alarm conditions that may occur (e.g., due to signal noise,
numeric round-off, etc.) may be avoided.

2The term best-guess-estimate is utilized to signify a constant
parameter estimate that is defined by the user as a best-guess of
the actual value of the unknown parameter. Specifically, the user
may obtain a value for the best-guess estimate utilizing any of the
appropriate parameter identification techniques that are found in
literature.

Remark 7 If exact model knowledge of the system is
available, then we can simply redesign τ̂f (t) as follows

τ̂f = YfθL (37)

where θL defined in (20) is now assumed to be known.
After substituting (25) and (37) into (29), we obtain the
following expression for ε(t)

ε = ζf ; (38)

hence, at least, in the theory, ε(t) = 0 for t < T . It
should be noted that in practice small uncertainties and
measurement noise will no doubt ensure that ε(t) 6= 0 for
t < T (i.e., kεi(t)k will equal some unknown time-varying
function); hence, we define a fault indicating, dead-zone
residual function, denoted by D2[·] ∈ R1, as follows

D2[εi] =

½ |εi| if |εi| > (µo)i
0 if |εi| ≤ (µo)i

(39)

such that, if a fault is present in the system

D2[εi] > 0 (40)

where µo ∈ R2 is a vector of positive, scalar design con-
stants that are experimentally determined to account for
small uncertainties and measurement noise.

6 Conclusion

In conclusion, this paper provides kinematic and dynamic
models of a mobile robot system that is subject to faults
such as a change in the wheel radius (due to deforma-
tions, flat tires, broken spokes, etc.) and general kine-
matic disturbances that could physically represent slip-
ping and skidding effects. A prediction error based fault
detection algorithm is presented that can be utilized to
detect the aforementioned faults despite parametric un-
certainty in the dynamic model. In subsequent work, we
will 1) further characterize the mobile robot faults in an
attempt to develop a fault identification scheme, 2) in-
vestigate generalizing the fault to incorporate a broader
class of mobile vehicles, 3) leverage off of our recent results
with fault detection in robot manipulators [2] to develop
algorithms that provide increased sensitivity (faster fault
detection capabilities) by further mitigating the effects of
parametric uncertainty in the system model, and 4) de-
velop an experimental testbed to demonstrate the effec-
tiveness of the fault detection algorithm in the presence
of parametric uncertainty.

References

[1] C. Canudas de Wit and H. Khennouf, “Quasi-
Continuous Stabilizing Controllers for Nonholonomic
Systems: Design and Robustness Considerations”,
Proceedings of the 3rd European Control Conference,
pp. 2630-2635, 1995.

5



[2] W. E. Dixon, I.D. Walker, D.M. Dawson, and J. P.
Hartranft, “Fault Detection for Robot Manipulators
with Parametric Uncertainty: A Prediction Error
Based Approach”, Proc. IEEE International Con-
ference on Robotics and Automation, pp. 3628-3634,
2000.

[3] W. E. Dixon, D. M. Dawson, F. Zhang, and E. Zerg-
eroglu, “Global Exponential Tracking Control of A
Mobile Robot System via a PE Condition”, IEEE
Transactions on Systems, Man, and Cybernetics -
Part B: Cybernetics, Vol. 30, No. 1, pp. 129-142,
2000.

[4] B. Freyermuth, “An Approach to Model-Based Fault
Diagnosis of Industrial Robots”, Proc. IEEE Inter-
national Conference on Robotics and Automation,
Sacramento, CA, pp. 1350-1356, 1991.

[5] P. Goel, G. Dedeoglu, S. I. Roumeliotis, and G. S.
Sukhatme, “Fault Detection and Identification in a
Mobile Robot Using Multiple Model Estimation and
Neural Network”, Proceedings of the IEEE Interna-
tional Conference on Robotics and Automation, pp.
2302-2309, 2000.

[6] F. Lewis, C. Abdallah, and D. Dawson, Control of
Robot Manipulators, New York: MacMillan Publish-
ing Co., 1993.

[7] D. G. Michaelson and J. Jiang, “Modeling of Re-
dundancy in Multiple Mobile Robots”, Proc. of the
IEEE American Control Conference, pp. 1083-1087,
2000.

[8] L.E. Parker, “ALLIANCE: An architecture for Fault
Tolerant Multirobot Cooperation”, IEEE Transac-
tions on Robotics and Automation, Vol. 14, No. 2,
pp. 220-240, April 1998.

[9] S. I. Roumeliotis, G. S. Sukhatme, and G. A. Bekey,
“Fault Detection and Identification in a Mobile Ro-
bot Using Multiple-Model Estimation”, Proc. IEEE
International Conference on Robotics and Automa-
tion, pp. 2223-2228, 1998.

[10] S. I. Roumeliotis, G. S. Sukhatme, and G. A. Bekey,
“Sensor Fault Detection and Identification in a Mo-
bile Robot”, Proc. IEEE International Conference
on Intelligent Robots and Systems, pp. 1383-1388,
1998.

[11] S. Scheding, E. Nebot, and H.Durrant-Whyte, “The
Detection of Faults in Navigation Systems: A Fre-
quency Domain Approach”, Proc. of the IEEE In-
ternational Conference on Robotics and Automation,
pp. 2217-2222, 1998.

[12] M. Soika, “Grid Based Fault Detection and Calibra-
tion of Sensors on Mobile Robots”, Proc. IEEE In-
ternational Conference on Robotics and Automation,
Albuquerque, NM, pp. 2589-2594, 1997.

[13] A. Vemuri and M. M. Polycarpou, “Neural-Network-
Based Robust Fault Diagnosis in Robotic Systems”,
IEEE Transactions on Neural Networks, Vol. 8., No.
6, pp. 1410-1419, 1997.

[14] M.L. Visinsky, J.R. Cavallaro, and I.D. Walker, “A
Dynamic Fault Tolerance Framework for Remote Ro-
bots”, IEEE Transactions on Robotics and Automa-
tion, Vol. 11, No. 4, pp. 477-490, 1995.

[15] R. Washington, “On-Board Real-Time State and
Fault Identification for Rovers”, Proceedings of the
IEEE International Conference on Robotics and Au-
tomation, pp. 1175-1181, 2000.

[16] J Wunnenberg and P.M. Frank, “Dynamic Model
Based Incipient Fault Detection Concept for Ro-
bots”, Proc. IFAC 11th Triennial World Congress,
Tallinn, Estonia, USSR, pp. 61-66, 1990.

[17] F. Zanaty, “Consistency Checking Techniques for the
Space Shuttle Remote Manipulator System”, SPAR
Journal of Engineering and Technology, Vol. 2, No.
1, pp. 40-49, 1993.

Appendix A

In order to rewrite (23) in terms of the linear parame-
terization given in (25), we first note that (13) can be
written in the following form [6]·

1 1
D −D

¸
τ = ḣ+ g (41)

where

ḣ =
d

dt
(rM̄(q(t))v(t)) (42)

and

g = −r
³ .

M̄(q(t))v(t)− F̄d(q(t)v(t)
´
+ ζ(t− T ). (43)

After substituting (41) into (23), we obtain the following
expression

τf = ḟ(t) ∗ ©rM̄(q(t))v(t)ª (44)

+rf(0)M(q(t))v(t)− rf(t)M(q(0))v(0)
+f(t) ∗

n
−r
³ .

M̄(q(t))v(t)− F̄d(q(t)v(t)
´

+ζ(t− T )}
where the facts that

f ∗
n
ḣ+ g

o
= f ∗ ḣ+ f ∗ g (45)

and
f ∗ ḣ = ḟ ∗ h+ f(0)h− fh(0) (46)

have been utilized. Hence, based on (44), it is straight-
forward to conclude that (23) can be rewritten in the
structure given in (25).
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