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1 Introduction

The accurate determination of the B and D meson decay constants is of vital
importance in phenomenology. The combination fgv/Bg, for both By and By
mesons, plays a crucial role in the extraction from experimental data of CKM
quark mixing and CP violation parameters. The phenomenological parameter
Bg describes B%-B° mixing, and is expected to be close to unity. D meson
decay constants are needed for calculations based on factorisation of non-
leptonic B meson decays to charmed mesons (see [1] for a review and [2] for a
recent application).

This paper presents decay constants and masses of heavy-light mesons cal-
culated in the quenched approximation to QCD, at two values of the lattice
coupling, # = 6.2 and § = 6.0. Using a non-perturbatively improved SW
fermion action and improved operators makes the leading discretisation errors
in lattice matrix elements appear at O(a?) rather than O(a), but does not
imply that lattice artefacts are necessarily smaller at a given 3. With results
at two values of (3, this issue can be partially addressed, although a contin-
uum extrapolation is not attempted. Details of the lattice calculation and the
extraction of decay constants and masses from Euclidean Green functions are
described in Section 2.

The pseudoscalar and vector decay constants are related by heavy quark sym-
metry (HQS) in the infinite quark mass limit. Heavy quark effective theory
ideas determine the heavy quark (or heavy meson) mass dependence of the
decay constants, allowing an extrapolation of the lattice calculations to the B
mass. The possibility of spurious heavy mass dependence arising from lattice
discretisation errors must be examined. The extrapolations to physical quark
masses, both heavy and light, are discussed in Section 3.

Results for the decay constants are presented in Section 4 and summarised
here:

fo = 218 £ 57,5 MeV for =22.6 £0.775¢
fo = 220 + 3.2 MeV for = T75£0.1753
oo = 242 £ 4713 MeV for =20.9£0.47%5
fos = 241 £ 247 MeV fo: = 7.3£0.1%0%

fo/fs = 1114001706 fe:/fe- = 0.92+0.0155:53
fo./fo = 1.09 4 0.017005 fo:/ fo = 0.98 £ 0.0155:03

The first error is statistical and the second is systematic. Lattice simulations
provide non-perturbative determinations of physical quantities from first prin-



ciples which are systematically improvable. Estimating the uncertainty in such
physical quantities is indispensable for phenomenological applications of lat-
tice QCD. A full analysis of systematic errors is included with the discussion
of results. The major systematic variations are shown in Table 8.

2 Details of the Calculation
2.1 Improved Action and Operators

In the Wilson formulation of lattice QCD, the fermionic part of the action
has lattice artifacts of O(a) (where a is the lattice spacing), while the gauge
action differs from the continuum Yang-Mills action by terms of O(a?). To
leading order in a the Symanzik improvement programme involves adding the
Sheikholeslami-Wohlert term [3] to the fermionic Wilson action,

SSW = SW - CSVV%€ Z&(l‘)io_;wﬂw(m)w(:ﬁ) (1)

The coefficient cgw has been determined non-perturbatively (NP) by the AL-
PHA collaboration [4,5]. Full O(a) improvement of on-shell matrix elements
also requires that the currents are suitably improved. The improved vector
and axial currents are

Vi(z)=Vu(x) + acvd, Ty ()

Al(z) = Au(x) + acpd, P(z) (2)
where
Vi(z) =(z) v (x)
Au(a) = (x) 159 (2)
P(z) =4(x)59(x)
T () = p(x)iom(z)

and 9, is the symmetric lattice derivative. The generic current renormalisation
is as follows (J = A, V):

JR=Z7(1 + bjamg)J! (3)

where Z7 is calculated in a mass-independent renormalisation scheme.



The bare quark mass, amyg, is

amy =5 (2 - —) @)

K Rerit

where k is the hopping parameter. For non-degenerate currents, an effective
quark mass is used in the definition of the renormalised current, corresponding

to
1 1/1 1
= (—+— 5
Reff 2(51—’_52) ()

In this renormalisation scheme, the improved quark mass, used in the chiral
extrapolations, is defined as

mg = my(1 + bpamy) (6)

2.2 Definitions of Mesonic Decay Constants

The pseudoscalar and vector meson decay constants, fp and fy, are defined
by

<O|A5(O)|P> =1ipufp, (7)
OVR(O)|V) = j‘f— ®

where |P) is a pseudoscalar meson state with momentum p,,, while |V) is a
vector meson, with mass aMy and polarisation vector ¢,,. Aﬁ (VNR) denotes
the renormalised axial (vector) current, here taken to be the renormalised,
improved local lattice axial (vector) current, defined via equation (3).

2.3  Simulation Details

In this study, gauge field configurations are generated using a combination
of the over-relaxed [6,7] and the Cabibbo-Marinari [8] algorithms with peri-
odic boundary conditions at two values of the gauge coupling 3 = 6/g2. At
each 3, heavy quark propagators are computed at four values of the hopping
parameter, corresponding to quarks with masses in the region of the charm
quark mass. For light quark propagators, three values of s are used, corre-
sponding to masses around that of the strange quark. Table 1 lists the input
parameters. Statistical errors are estimated using the bootstrap [10] with 1000



Table 1
Input and derived parameters. The lattice spacing is set by rg. The hopping param-
eters Kerit, Kn and kg are defined below and are taken from [9].

B=6.2 B=6.0
Volume 243 x 48 163 x 48
csw 1.614 1.769
Neonfigs 216 305
a~t (MeV) 2913(10) 2119(7)
Heavy x  0.1200,0.1233,0.1266,0.1299 0.1123,0.1173,0.1223,0.1273
Light x 0.1346,0.1351,0.1353 0.13344,0.13417,0.13455
Ferit 0.13581+2 0.1352512
Fin 0.13578™3 0.13520™%3
s 0.13495%2 0.13476+2

re-samplings. Unless otherwise specified, all errors listed in tables are statisti-
cal. The lattice spacing has been fixed by using the force scale r¢ [11,12].

2.4 Improvement Coefficients

The improvement programme requires values for the current and mass im-
provement and renormalisation coefficients defined in equations (2), (3) and (6)
in Section 2.1. One would like to use non-perturbative determinations of the
coefficients in order to remove all O(a) errors. Where this is not possible per-
turbation theory must be used, although this leaves residual discretisation
errors of O(asa).

Non-perturbative values for Za, Zv, ca, ba and by are used. There is no reli-
able non-perturbative value for the vector current improvement coefficient, cy.
The ALPHA collaboration’s preliminary NP determination [13,14] is an order
of magnitude larger than the perturbative value and has a large uncertainty.
The determination by Bhattacharya et al. [15,16] has a very large uncertainty.
Therefore, the perturbative coefficient [17] is employed. The perturbative value
of the mass improvement coefficient, by, is used.. The improvement coeffi-
cients appear, with references, in Table 2. Perturbative determinations are
denoted by BPT in the table and are evaluated using a boosted coupling
g% = g2/uj. The mean link, uy, is taken from the plaquette expectation value,

2 A non-perturbative determination of by, exists at 3 = 6.2 [18]. The BPT value
agrees at one standard deviation. The choice of value used makes little difference to
the final results.



Table 2
Improvement coefficients used in this work. Authors’ quoted errors have been com-
bined in quadrature.

Coefficient Ref. 8=06.2 8=06.0
CA NP [5] —0.0371 —0.0828
cy BPT [17] —0.0258 —0.0275
Za NP [19] 0.8067(79) 0.7906(94)
YA NP [19] 0.7922(10) 0.7809(6)
ba NP [15,16]  1.47(12) 1.44(13)
by NP [19] 1.404(7) 1.477(7)
bm BPT [17] —0.652 —0.662
0.019 -
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Fig. 1. The mixing of the axial current with the pseudoscalar density. 5 = 6.0,
ki = 0.1123, k1, = 0.13344. The ratio plotted is defined in equation (13).

ug = (Re Tr Up) /3.

Changes in cp and cy can have a particularly large effect on the extracted
values of the decay constants when the pseudoscalar and vector meson masses
are not small (in lattice units), since the improved current matrix elements
are given by,

(0]A}|P) = (0|A4|P) + casinh (aMp) (0| P|P) 9)
(OIV [V, &) = 0[Vi|V. €) + ey sinh (aMy) (0|Tua| V. €)

when the ground state is isolated. In particular at § = 6.0 the heavy-light
meson mass at the heaviest kappa is bigger than one and thus sinh aM ~ 1.3.
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Fig. 2. The improvement coefficients ca (left) and cy (right) as functions of the
coupling (. Note that the vertical scales in the two plots are different. The values
of the coefficients are shown for the two values of the coupling used in this work.
The dashed line through the ALPHA ca points is their interpolating function.

This is illustrated for the pseudoscalar decay constant in Figure 1. The figure
shows the ratio R* (defined in equation (13) below), which is proportional to
fp, for several different values of ca at § = 6.0. It can be seen that using the
NP value of ¢y from the ALPHA collaboration [5] decreases R* by ~ 20% com-
pared to ca = 0. The plot also shows the ratio determined using the NP value
of ca from Bhattacharya et al. [15,16] and its lower error bar (denoted “lower”
in the plot legend), illustrating that an imprecisely determined improvement
coefficient would result in a large uncertainty in the decay constant.

In Tables 4 and 5 the last column shows the effect on the vector meson decay
constant of using the preliminary NP determination of ¢y [13,14]. For 5 = 6.0,
cgp = —0.32 + 0.06, and for the heaviest mass, cy sinhaMy = —0.48. This

makes the vector decay constant 60% bigger than with ¢Z¥7.

Clearly, reliable determinations of the improvement coefficients are highly de-
sirable. The various determinations of both ¢y and cy are shown in Figure
2. The different determinations of the coefficients are not considered as sys-
tematic uncertainties in this calculation of the decay constants because, at
least at # = 6.0, some of the determinations are inconsistent at the level of
several sigma. Thus, the best current values for these coefficients are chosen,
and fluctuations between the different determinations are not included in the
systematic uncertainties in this work. However, should future determinations
yield substantially different values for the coefficients, the results in this work
would change significantly.



Table 3
Pseudoscalar and vector masses in lattice units at 6 = 6.2 and 3 = 6.0. Fit ranges
are 12 — 22 at # = 6.2 and 10 — 22 (P), 10 — 21 (V) at 5 = 6.0.

B=6.2 B=6.0
KH K1, aMp aMy KH K1, aMp aMy
0.1346 0.84177] 0.87173 0.13344 1.14577 1.188%3
0.1200 0.1351 0.82372 0.856™2 0.1123 0.13417 1.12173 1.166™3
0.1353 0.81772 (.848"3 0.13455 1.110%3 1.158%%
0.1346 0.73971  0.775%2 0.13344 1.006%2 1.05672
0.1233 0.1351 0.721%% 0.759"2 0.1173 0.13417 0.98172 1.03473
0.1353 0.71472 0.752"3 0.13455 0.96972 1.026™]
0.1346 0.62871 0.673732 0.13344 0.85171 0.91572
0.1266 0.1351 0.60971 0.656™2 0.1223 0.13417 0.82572 0.89275
0.1353 0.6027% 0.650"3 0.13455 0.81172 0.883"3
0.1346 0.50571 0.563"2 0.13344 0.675T1 0.75972
0.1299 0.1351 0.484F1 0.54672 0.1273 0.13417 0.64672  0.73673
0.1353 0.4767] 0.54073 0.13455 0.631%2 0.727+3

2.5 FExtraction of Masses and Decay Constants

The pseudoscalar meson masses are extracted from the asymptotic behaviour
of the two-point correlation functions,

CRp(t.p) = > e THQR(L, D) (0,0)) (10)

v (280)°

2aEn cosh(aEp(t — T/2))e oErT/2

where T' = 48 and aFp is the energy of the lowest lying meson destroyed by the
operator Q% and created by Q}ZT. The superscript S denotes a smeared, or spa-
tially extended, interpolating field operator constructed using the technique
described in [20]. Z2(p) is the overlap of the operator with the pseudoscalar
state given by Z5(p) = (0|Q3(0,0)|P(p)).

A similar procedure is used to extract the masses of vector mesons from corre-
lation functions constructed with the appropriate vector operators. Fit ranges
are established by inspection of the time-dependent effective mass. The masses
are shown in Table 3.



The decay constants are extracted from the asymptotic behaviour of different
two-point correlation functions. The momentum dependence of the matrix
elements and energies are suppressed from now on, as the decay constants are
all extracted at zero momentum. For the pseudoscalar decay constant, the PA
correlation function at large times is used:

CRA(t,0) = D (AL, D)3 (0,0)) (11)

z

LS
t—o00 ZAZP
—

sinh(aMp(t — T/2))e MrPT/2
aMp

where Al is the time component of the improved axial current operator defined
in equation (2). The superscript L on the correlator denotes a local operator,
in this case the axial current. Z§ = (0|A}|P(0)) is the overlap of the local
axial operator with the pseudoscalar state, from which the decay constant can
be extracted using equations (3) and (7).

Extraction of the vector decay constant involves the large time behaviour of
the VV correlation function:

ZZ (Vi (t, )71 (0,0)) (12)

— Z Z _
! QZMV cosh(aMy (t — T/2))e*MvT/2

where le is a spatial component of the improved local vector current operator.
Again, S denotes a smeared or spatially extended interpolating field operator
and L alocal operator. The factor Z{ is the overlap of the local vector operator
with the vector state, ZL = 3, €5(0[Vi{|V(0,€)), from which the vector decay
constant can be extracted via equation (8).

Matrix elements proportional to the decay constants are extracted from ra-
tios of correlation functions with different smearing combinations. The pseu-
doscalar decay constant is extracted from the ratio of the axial to the pseu-
doscalar correlation function,
CPA() 10 Z4

— —< tanh(aMp(T/2 —t 13
C«g}s; (t) ng ( P ( / )) ( )

This ratio is shown in Figure 1 for various values of cp. The vector decay
constant is determined from the ratio,

CE1) e 2
2
s 7

(14)



Table 4
Pseudoscalar and vector decay constants in lattice units at 8 = 6.2. Fit ranges are
14 — 21 (P) and 15 — 23 (V).

KH kL afp fv(evBPT)  fv(cyNP)
0.1346 0.0889%5 8.53%) 10241
0.1200 0.1351 0.084475 8.8%] 10.411
0.1353 0.08287) 8971 10.512
0.1346  0.086777 7.6177 8.8179
0.1233 0.1351 0.0823%7 7.79*) 9.071
0.1353 0.0808%5 7.9%1 9.0*1
0.1346  0.0839%S  6.62%8 7.4677
0.1266 0.1351 0.0797%% 6.7377 7.5678
0.1353 0.0782*7 6.76™2 7.61]
0.1346 0.0792%$ 55712 6.1179
0.1299 0.1351 0.0754%5 5.607¢ 6.1279
0.1353  0.0740%S 5.6177 6.1277

An alternative method is simultaneously to fit several correlators to estimate
the contamination of the ground state signal coming from excited states. In
this case an eight parameter simultaneous fit to three different correlators,
C3%, Ok and C25, is used, allowing for ground and first excited state con-
tributions. This gives consistent answers for the pseudoscalar decay constant.
The ratio method is used for central values in the following, but the difference
from the multi-exponential fits is quoted below as one measure of systematic
error (see Table 10). Results for the decay constants are shown in Tables 4
and 5.

3 Extrapolation in the Quark Masses

With the ultraviolet cutoffs currently available, and using the SW fermion
action, only mesons with masses up to about 2.4 GeV can be studied directly
with acceptably small lattice artefacts. Moreover, input light quark masses are
above mg/2 owing to critical slowing down of quark propagator calculations,
and potential finite volume effects. Extrapolation or interpolation in quark
masses must be performed to extract physical masses and decay constants.

10



Table 5
Pseudoscalar and vector decay constants in lattice units at 8 = 6.0. Fit ranges are
14 — 21 (P) and 16 — 23 (V).

KH kL afp fv(eyBPT)  fv(eyNP)
0.13344 0.1117} 7.9%1 12.772
0.1123 0.13417 0.1067]  8.01} 12,772
0.13455 0.104%}  8.0%2 12.5%3
0.13344 0.1091%5 7.1173 10.31]
0.1173 0.13417 0.10471  7.274 10.371
0.13455 0.103%]  7.27] 10.272
0.13344 0.1056"% 6.26™7 8.3473
0.1223 0.13417 0.1010%5 6.3173 8.371
0.13455 0.0997]  6.37] 8.2%]
0.13344 0.1000%¢ 5.3076 6.5417
0.1273 0.13417 0.095675 5.2977 6.45"%
0.13455 0.09471  5.2278 6.31]

3.1 Chiral Extrapolations

The light, or normal, quark mass my, defined by m, = (m, + mq)/2, and
strange quark mass mg are determined from the light hadron spectrum using
the lowest order chiral perturbation theory relation for the mass of a pseu-
doscalar meson with quark content ¢; and g9,

(amp)? = Blaiiiy, + aif,) (15)
where the rescaled quark mass m, is defined in equation (6). The correspond-

ing hopping parameters, together with £, corresponding to zero quark mass,
are taken from a previous UKQCD calculation [9] and listed in Table 1.

A linear dependence of heavy-light masses and decay constants on the light
quark mass is assumed:

al; = o + Biamg (16)

where K; is fp, fv/a, mp or my. Some example extrapolations are shown in
Figure 3. The results for the extrapolated quantities are shown in Tables 6
and 7.

11
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Fig. 3. The chiral extrapolation of the pseudoscalar decay constant (top) and pseu-
doscalar mass (bottom) against rescaled light quark mass. § = 6.2 and kg = 0.1200.
The vertical lines show the strange and normal quark masses.

Table 6
Masses and decay constants at physical light quark masses. § = 6.2.
Ky KL aMp afp aMy fv
kn  0.800(2) 0.078(1) 0.832(4) 9.0(1)
01200 0.828(2) 0.0858(8) 0.860(2) 8.6(1)
kn  0.696(2) 0.077(1) 0.736(3) 8.0(1)
01233 0.726(1) 0.0837(8) 0.764(2) 7.68(9)
kn  0.583(2) 0.074(1) 0.634(3) 6.8(1)
01266 0.615(1) 0.0810(8) 0.661(2) 6.66(7)
kn  0.455(2) 0.070(1) 0.523(3) 5.6(1)
01299 0.4911) 0.0766(8) 0.551(1) 5.57(6)

3.2 Heavy Quark Extrapolations

Heavy Quark Symmetry (HQS) implies asymptotic scaling laws [21] for the
decay constants in the infinite heavy quark mass limit. Away from this limit,
heavy quark effective theory ideas motivate the following ansatze for the de-
pendence on the heavy meson masses:

)
Op(Mp) =O(Mg, Mp) fov/Mp = 7o (1 + i + J\Z—P;%) (17)

12



Table 7
Masses and decay constants at physical light quark masses. § = 6.0.

Ky KL aMp afp aMy fv
Ko 1.087(4)  0.009(2) 1.138(5) 8.0(2)
0.1123
ke 1.125(2)  0.106(1) 1.171(3) 7.9(1)
K 0.945(3)  0.008(1) 1.005(5) 7.2(2)
073 0085(2) 0.105(1) 1.039(3) 7.1(1)
Ko 0.786(3)  0.005(1) 0.862(5) 6.3(1)
01223 0.820(2) 0.1019(9) 0.897(3) 6.22(8)
Koo 0.603(2) 0.000(1) 0.704(5) 5.2(1)
01273 0.651(2) 0.0965(8) 0.740(3) 5.23(7)
M 5
By (My) = (Mg, My) =YV My =y (1 + - 4 V) (18)
fV MV Mv

where © denotes logarithmic corrections given at leading order by [22],

2/Bo
a(M) ) (19)

O, M) = <04(MB)

Here, [y is the one-loop QCD beta function coefficient, equal to 11 in the
quenched approximation, and A% = 295 MeV [23]. The extrapolation in the
heavy meson mass for the pseudoscalar decay constant at 3 = 6.2 is shown in

Figure 4.

HQS also relates the pseudoscalar and vector decay constants as follows [22];

v = e - <1 + %%f) + owm) (20)

where M = (Mp + 3My ) /4 is the spin-averaged heavy meson mass. The one-
loop factor © in equations (17) and (18) cancels in the ratio in equation (20).
Higher order QCD corrections produce the term proportional to ag. U(M) is

defined to eliminate the radiative corrections in U (M)

0(31) = U(AT)) {1 + St } (21)

13



Calculated values of U(M) are fitted to the following parameterisation:

%)
U = — 22

HQS implies that wy = 1. However, wy can also be left as a free parameter to
test the applicability of HQS. Likewise, HQS can be applied to set 7p = v
in fits using equations (17) and (18). However, higher order QCD corrections

would modify this in a similar way to U(M), that is

z—i — (1 + %O‘SAEWM)> (23)

Two alternative procedures are tried to estimate the systematic error in deter-
mining the decay constants at the b quark mass arising from this extrapolation.
First a linear fit, that is dropping the 1 term from equations (17) and (18), is
made to the decay constants with the heaviest three quark masses. Second, a
quadratic fit is made to the decay constants at all values of heavy quark mass,
imposing the HQS constraint described above. For the extrapolation to the
b quark mass, the variation in the two methods is smaller than that coming
from different definitions of the lattice spacing. Obtaining the decay constants
at the charm quark mass requires only an interpolation, consequently the sys-
tematic error for charm decay constants is small.

4 Decay Constants

Results for the decay constants at physical meson masses are shown in Ta-
ble 8. The extrapolation in the heavy meson mass for the pseudoscalar decay
constant at § = 6.2 is shown in Figure 4. The difference between a quadratic
fit to all four points and a linear fit to the heaviest three can be seen. This has
no effect for the D meson, but is one of the main uncertainties in the B meson
decay constant. The dot-dashed and dashed lines show the meson masses (B
and D) with the scale set by 7y, and m, respectively. Once the explicit scale
dependence of ®p(Mp) is considered, the scale-setting is responsible for the
largest systematic uncertainty in this calculation (cf. Table 10).

Lattice QCD determinations of the pseudoscalar meson decay constants gen-
erally find fp > fg [24,25]. In this work, setting the scale from 7y and using
a quadratic fit in the heavy mass extrapolation results in fp ~ fg, as quoted
in the Introduction. However, as Table 8 reveals, other choices of scale-setting
and extrapolation procedure (quadratic or linear), do lead to fp > fg and
give generally lower values overall.

14
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Fig. 4. The extrapolation of the pseudoscalar decay constant in heavy meson mass
at 0 =06.2.

Table 8

The decay constants at both 3 values with the scale set by ¢ or m, and a quadratic
(Q) or linear (L) fit for the extrapolation in inverse heavy meson mass. The quadratic
fit uses all four heavy masses, while the linear fit uses the heaviest three.

B=62 3=6.0
fr(MeV) Iv fr(MeV) Iv
Q L Q L Q L Q L
B | 218(5) 200(4) 22.6(7) 23.8(7) | 196(6) 183(4) 18.9(8) 20.4(8)
D |220(3) 221(3) 7.5(1) T.4(1) | 206(3) 207(3) 6.7(2) 6.8(2)
B [ 242(4) 222(3) 20.9(4) 22.0(4) | 213(4) 198(3) 18.1(5) 19.5(4)
D, | 241(2) 242(2) 7.3(1) 7.3(1) | 221(2) 222(2) 6.9(1) 6.8(1)
B | 186(4) 169(3) 26.4(8) 28.5(8) | 170(5) 158(4) 21(1)  24(1)
D | 197(3) 198(3) 8.5(2) 8.6(2) | 187(3) 187(3) 7.5(2) 7.5(1)
"By [212(3) 193(2) 23.5(4) 25.4(4) | 189(3) 175(2) 19.8(5) 22.2(4)
D, | 221(2) 222(2) 8.1(1) 8.1(1) | 204(2) 204(2) 7.5(1) 7.4(1)

The applicability of HQS in the range of quark masses used in this work can
be examined by comparing the decay constants extracted with or without the
HQS constraint equation (23). This is shown in Figure 5 for both values of
8. At § = 6.2 the constraint makes no significant difference whilst at 3 =
6.0 the difference is quite large. A natural explanation is that higher order
discretisation effects are spoiling the scaling behaviour, since the range of
masses is similar for both values of . It is clear from the figure that the

15



o ®, B=6.0
*®, B=6.2
*d,B3=6.2
o, B=6.0

~ - B=6.0 HQS
~ B=6.0

— B=6.2 HQS

=62

0 0.1 0.2 0.3 0.4 a 0.5 0.6 0.7 0.8
1/M (GeV)

Fig. 5. The extrapolation of the decay constants to the infinite quark mass limit,
with and without the HQS constraint. The solid (long dashed) lines show the ex-
trapolation with the constraint at § = 6.2 (8 = 6.0). The dashed (dotted) lines
show the extrapolation without the constraint at 5 = 6.2 (5 = 6.0).

0.4

0 02 04 . 06 0.8
1/M(GeV)
Fig. 6. The quantity U (M) as a function of the inverse spin averaged mass M.

Table 9
U(M) as a function of heavy meson mass.

Ié] Mp My M
6.2 0.79(1) 0.92(2) 1.01(4)
6.0 0.67(1) 0.66(3) 0.62(6)

pseudoscalar and vector @ functions have a different trend in 8. The quantity
U(M) in equation (20) which parameterises the deviation from the heavy
quark limit is shown in Figure 6 and Table 9, further illustrating this point.
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Fig. 7. Left: the pseudoscalar dispersion relation for Ky = 0.1200, K, = 0.1346 in
physical units at 5 = 6.2. Right: the ratio M; /M, as a function of M.

Whilst the theory employed is O(a) improved, O(a?) effects may still be im-
portant at any fixed lattice spacing. In particular, O(a?m?) effects could well
be significant for heavy quarks. One of the effects of discretising space-time
is to alter the free particle dispersion relation. The lattice dispersion relation
can be written

M
B* = ME + 7+ 00 (24)

where M is the energy at zero momentum and Ms is the kinetic mass, de-
fined by My' = 0°E/0p? s—o- The dispersion relation is investigated by fit-
ting hadronic correlators computed at five different momentum values (p? =
0,1,2,3,4 in lattice units) using linear and quadratic fits in p. The fit for
the heaviest quark combination at 3 = 6.2 is shown on the left of Figure 7.
A quadratic fit to the data gives an estimate of M; /M close to unity. The
data is linear up to p2 = 1.5 GeV, i.e. in good agreement with the contin-
uum dispersion relation. The right hand side of Figure 7 shows the M; /M,
estimates for all available heavy quarks. At = 6.2 all values are consistent
with unity suggesting that discretisation errors are small. At § = 6.0, My /M,
deviates systematically from unity reflecting the onset of discretisation effects
with larger lattice spacing.

It is possible to estimate higher order discretisation effects with the KLM
normalisation [26]. In this prescription, based on the comparison between a
free lattice quark propagator and its continuum equivalent, the normalisation
of the quark fields is changed as follows,

v — ' =1+ amy (25)

in order to eliminate O((am)™) effects to all orders. However, in the O(a)
improved theory the O(am) errors are already accounted for. This suggests
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the following KLM-like modification (as used in [27]) to the normalisation of
the heavy-light current

VI+amgy/1+amg

Za(1 + baameg) — Za (1l + baames) 1+ am
eff

(26)

where ames = amg/2 + amy/2. At § = 6.2, the quark masses, in lattice
units, are all less than one half. Consequently the factor in equation (26) is
near unity. The decay constants at the D and B meson scales are negligibly
different with and without the KLM factor. At § = 6.0 the quark masses, in
lattice units, are larger than at § = 6.2 and so the KLM factor is larger. The
values of fp and fg are lower by 2% and 8% respectively. This corroborates
evidence from the HQS scaling of the decay constants and the value of by,
from the heavy-light spectrum (see section 5), that higher order discretisation
effects are significant at 0 = 6.0, but much smaller at 5 = 6.2.

The improvement coefficient cy is precisely determined by the ALPHA collab-
oration. The coefficient by listed in Table 2, however, has a larger error, which
has a noticeable effect on the value of the pseudoscalar decay constants. This
is quantified in Table 10 which shows the variation induced using the extreme
values of by compared to the central value.

The continuum limit can be investigated by comparing results at different 3
values. In this calculation, the uncertainty in the decay constants at a given 3
originating from the method used to set the scale is larger than the difference
between 3 values using the same method to set the scale. This is shown in
Figure 8. Central values are quoted from results at 3 = 6.2 with the difference
between the results at the two  values used to estimate discretisation errors.

The overall systematic error is estimated from varying the procedure used to
extract the decay constants. The percentage variations are shown in Table 10.
The various errors are then combined in quadrature. No attempt is made to es-
timate a systematic error arising from different determinations of improvement
coefficients, apart from that due to the uncertainty in the NP determination
of ba by Bhattacharya et al. [15,16] which is included in estimates of the sys-
tematic error of the relevant quantities. The calculation reported here uses the
quenched approximation. No systematic error from this source is estimated, or
quoted in the results, but the reader may note that initial calculations [28,29]
in lattice QCD with two flavours of dynamical quark suggest that heavy-light
pseudoscalar decay constants could be larger by as much as 15% in full QCD.

Using the same prescription as Becirevic et al. [27], that is, by evaluated
from BPT and the scale set by their value of mg~ (a=! = 2.75 GeV) with a
linear heavy extrapolation using the KLM normalisation, gives values for fg
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Table 10

Percentage systematic uncertainties. Systematic differences are obtained by varying
the procedure to calculate the decay constants, where the following are used to
fix the central values: using ry to set the scale at 6 = 6.2, a quadratic heavy
quark extrapolation, the central value of ba, fitting correlation functions to a single
exponential, using m% to set the strange quark mass.

Pseudoscalar B fm fs. Jfo. % %

scale set by m, 15 10 12 8 3 3
8=26.0 10 6 12 8 2 2

heavy meson extrapolation 8 — 8 — — —
coeff. ba 5 2 5 2 — —
multi-exp 6 4 4 3 3 2

strange quark mass — — 2 2 2 2
Vector B fo fB: Jor ;Eq ;ﬁq

scale set by m, 18 17 14 12 3 3
8=26.0 17 9 14 6 4 2

heavy meson extrapolation 7 — 7 — — —
strange quark mass — — 3 1 2 2

260

240 - i 4

_ 220 Ed « |
g : 3 ]
= ¢ 3 -
w200 - e i -
* {5 < E
180 | " st § g

A
g—h
FoH  HA

160

0 0.05 01 , 015 _ 02 0.25 0.3
a” (GeV)

Fig. 8. The dependence of the pseudoscalar decay constants on the method of setting
the scale, at two values of 3. The closed (open) symbols have the scale set by g

(mp)'
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Table 11
fB(MeV) at 3 = 6.2: comparison with Becirevic et al. [27], using the same procedure.

Becirevic et al. this work

quadratic fit 205 + 24 184 +4
linear fit 179+ 18 172+ 3
Table 12
Flavour-breaking ratios.
g e g )Xy oz
/B /p fB* Jp*

6.2 1.11(1) 1.093(6) 0.92(1) 0.98(1)
6.0 1.08(1) 1.072(6) 0.96(2) 1.00(1)

at 0 = 6.2 consistent with their results, as shown in Table 11. Preliminary
UKQCD results [30,31] were determined by a similar procedure, but without
the KLM normalisation and using m, to set the lattice spacing.

Preliminary results of another UKQCD calculation of the decay constants on
the same gauge configurations, but with a tadpole improved fermion action,
were reported in [32]. At § = 6.2, the central values for the decay constants,
which lie below ours, can be brought in closer agreement by setting the scale
with rg, as is done here, and by tuning cy and by to the one loop, instead of
tree level, values. At § = 6.0, however, these same modifications worsen the
agreement.

The flavour breaking ratios are determined and displayed in Table 12. These
ratios, and the decay constants themselves are consistent with other lattice
determinations [24,25]. The only experimentally measured heavy-light decay
constant is fp, = 260 £ 19 = 32MeV [33]. This work agrees within errors.

5 Spectroscopic Quantities

To determine the value of the hopping parameter, k., corresponding to the
charm quark mass, an interpolation in heavy quark mass is required. The im-
proved quark mass definition in equation (6) also applies to heavy quarks. For
sufficiently heavy mesons, the meson mass is essentially linear in the improved
quark mass. The corresponding bare quark mass dependence is,

aMu(mq) = p + Aamg + ea®m), (27)

where €/\ = by,. In the NP improved formulation all lattice artefacts of O(a)
have been removed. However, O(a*mg) effects for the heaviest quarks could
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Fig. 9. The pseudoscalar meson vs. bare quark mass for 3 = 6.2

Table 13

The hopping parameter corresponding to the charm quark mass. The label FIT
refers to the ratio €/ in equation (27) having a fitted value, whilst BPT refers to
the ratio having the BPT value.

a~? (o) a~t (mp)

8 FIT BPT FIT BPT

6.2 0.12498"% 0.125137 0.12221*7 0.122271]
6.0 0.11952% 0.120567% 0.1160 71 0.1165 3

be significant. Any contributions at this order would affect the ratio /A such
that it was no longer equal to by,. A fit to equation (27) is tried with €/ fixed
to by, from boosted perturbation theory, and with €/ allowed to vary freely:”.
The heavy quark dependence can be used to fix k. by choosing a particular
state (or splitting) to have its physical value. Choosing the pseudoscalar mass
to fix k., the spectrum of heavy-light mesons can then be predicted.

For B = 6.2, the results of using equation (27) are shown in Figure 9. Whilst
the value of ¢/ = —0.505(4) (labelled FIT in the figure) differs somewhat
from the value of b, = —0.652 from BPT, it makes little difference to the
value of the k., of order 0.1%. The choice of quantity to set the lattice spacing
clearly has a rather large effect. Values for k. are shown in Table 13, using the
free fit to set the value of the hopping parameter.

For 8 = 6.0, the value of ¢/\A = —0.384(3) differs significantly from the value
of by, = —0.662 from BPT. Consequently the fit using the BPT by, has a very

3 This procedure is entirely equivalent to that of Becirevic et al. [27].
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large x2, as the curvature is too great for the data. The difference in &, is still
small, of order 1%. For § = 6.2 the heaviest quark has a value of am¢g = 0.485
whereas for 5 = 6.0 the heaviest quark has amg = 0.775. Discretisation errors
of O(a?m?) could be responsible for modifying the value of the ratio ¢/\. The
value of k. is rather insensitive to the value of ¢/A but because the value of
amg is so large, the improved quark mass changes dramatically. Using the free
fit as the preferred method, the value of k. is shown in Table 13.

The spectrum of heavy-light charm states is shown in Figure 10 and is tab-
ulated in Table 14. With only two values of 3 a continuum extrapolation is
not attempted. However, a comparison can be made in order to estimate sys-
tematic errors. It is clear from the figure that a large systematic error arises
from the definition of the lattice spacing. Depending on which quantity is cho-
sen, different mass splittings appear to be closer to their continuum values.
The central values for the spectrum are produced by the following procedures:
single exponential fits, using ro to set the scale, with ¢/ a free parameter in
equation (27). The values of the masses at 3 = 6.2 are taken to be the central
values, with the values at § = 6.0 used as an estimate of systematic error.
The remaining estimates of systematic error come from using multiple expo-
nential fits, using m, to set the scale and in the case of states with a strange
quark, using my- instead of m¥ to set the strange quark mass. All these sys-
tematic errors are combined in quadrature. The results, with experimental
comparisons, are:

Lattice, this work Experiment [34]
Mp, = 1.956%3 %3 GeV My = 1.968512 GeV
; (28)
Mp- = 2.0027% T16 GeV Mpeo = 2.0067+2 GeV
Mp; = 2.0827F 153 GeV Mps+ = 2112477 GeV

For the lattice results, the first error is statistical and the second systematic.
In this calculation the light quark in each meson is a normal quark. Thus the
D* is the isospin-averaged vector state, with mass Mp« = (Mps«o + Mp«+)/2.
With somewhat large systematic errors, the largest of which comes from the
lattice spacing, the spectrum is in broad agreement with experiment.

It is also of interest to look at the My — Mp splitting as a function of the
(pseudoscalar) meson mass. This can be extrapolated to the B scale in inverse
mass and to the infinite quark mass limit, where the splitting should van-
ish. Quenched simulations of heavy-light systems typically underestimate this
splitting, and so the extrapolated splitting is also underestimated. The split-
tings at both values of ( are given in Table 15 and are plotted for § = 6.2 in
Figure 11. There is little difference between linear and quadratic fits, so only
the linear fit is shown. The splittings obtained from the linear fit at g = 6.2,
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Fig. 10. The scaling of the D meson spectrum. The filled symbols have the lattice
spacing set by rg, and the open symbols by m,,.

Table 14
The spectrum of heavy-light mesons with different definitions of the lattice spacing.

B=6.2 B=6.0

state a"l(rg) a"l(m,) a7l(ro) a"t(m,)
Dy 195672 1.963%2 1.95272 1.958"3
D* 2,002t 19601 2.01173 1.958"3

D 2.0827% 205273 208377 2.0537%

using 1o to set the scale, are taken as the central values quoted below. The
second set of errors is systematic, obtained by combining in quadrature the
differences arising from the following variations in procedure (in descending
order of importance): using m, rather than r( to set the scale; (for the B me-
son) using a quadratic rather than linear extrapolation; multiple rather than
single exponential fits; using 3 = 6.0 data rather than § = 6.2 data. The
results, with the comparison to experiment, are as follows:

Lattice, this work Experiment [34]
Mp+ — Mp = 13015412 MeV Mp+ — Mp = 142.6 £ 0.5 MeV  (29)
Mg — Mg = 2177118 MeV Mg~ — Mg = 45.2+ 1.8 MeV
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Fig. 11. The hyperfine splitting as a function of M in physical units at § = 6.2. The
circles have the scale set by rg and the diamonds by m,.

Table 15
The hyperfine splitting of the heavy-light mesons at the B and D meson scale, in
MeV

B=62 B=6.0
state aYro) at(m,) at(ro) al(m,)
Mp- — Mp 1307 9578 1408 108%]
Mg« — Mg 2171 1279 3218 2218

6 Conclusions

The decay constants and spectrum of heavy-light mesons have been deter-
mined in the quenched approximation to lattice QCD, with comparison made
to other determinations and experiment. A large value of the pseudoscalar
decay constant is found, relative to other lattice determinations. This is due
in part to the choice of quantity used to set the lattice scale. Different scale-
setting choices are also responsible for the largest systematic error contribution
in the results, reflecting an unavoidable uncertainty in quenched calculations.
Results are compared at two values of the lattice spacing. The lack of agree-
ment, and the failure of the data at § = 6.0 to satisfy heavy quark symmetry
constraints suggest that O(a?) discretisation errors are not small at the larger
lattice spacing. At 3 = 6.2, the heavy quark symmetry constraints are well
satisfied, suggesting that the main results are closer to the continuum limit,
although distortion of the decay constants due to O(a?) artefacts cannot be
ruled out. It is worth noting that a continuum extrapolation has already been
found necessary, when non-perturbative O(a) improvement is applied, even
for light-quark quantities such as fx [35]. Non-perturbative determinations of
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the necessary improvement and renormalisation coefficients are used where
available, but boosted perturbation theory values are taken for ¢y and b,,. For
cy in particular, the large difference between the perturbative value used here
and a preliminary non-perturbative determination would result in a significant
change in the vector decay constants.
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