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Progress in Smooth Particle Hydrodynamics
C. A. Wingate, G. A. Dilts, D. A. Mandell, L. A. Crotzer and C. E. Knapp
Los Alamos National Laboratory, MS D413, Los Alamos, NM 87545

ABSTRACT

Smooth Particle Hydrodynamics (SPH) is a meshless, Lagrangian numerical method for hydrody-
namics calculations where calculational elements are fuzzy particles which move according to the
hydrodynamic equations of motion. Each particle carries local values of density, temperature,
pressure and other hydrodynamic parameters. A major advantage of SPH is that it is meshless,
thus large deformation calculations can be easily done with no connectivity complications. Inter-
face positions are known and there are no problems with advecting quantities through a mesh that
typical Eulerian codes have. These underlying SPH features make fracture physics easy and natu-
ral and in fact, much of the applications work revolves around simulating fracture. Debris parti-
cles from impacts can be easily transported across large voids with SPH.

While SPH has considerable promise, there are some problems inherent in the technique that have
so far limited its usefulness. The most serious problem is the well known instability in tension
leading to particle clumping and numerical fracture. Another problem is that the SPH interpola-
tion is only correct when particles are uniformly spaced a half particle apart leading to incorrect
strain rates, accelerations and other quantities for general particle distributions. SPH calculations
are also sensitive to particle locations. The standard artificial viscosity treatment in SPH leads to
spurious viscosity in shear flows.

This paper will demonstrate solutions for these problems that we and others have been develop-
ing. The most promising is to replace the SPH interpolant with the moving least squares (MLS)
interpolant invented by Lancaster and Salkauskas in 1981. SPH and MLS are closely related with
MLS being essentially SPH with corrected particle volumes. When formulated correctly, MLS is
conservative, stable in both compression and tension, does not have the SPH boundary problems
and is not sensitive to particle placement. The other approach to solving SPH problems, pioneered
by Randles and Libersky, is to use a different SPH equation and to renormalize the kernel gradient
sums.

Finally we present results using the SPH statistical fracture model (SPHSEFM). It has been applied
to a series of ball on plate impacts performed by Grady and Kipp. A description of the model and
comparison with the experiments will be given.

PHILOSOPHY OF SPH

SPH is a gridless Lagrangian hydrodynamic-computational technique. With some care, it can be
written in a fully conservative form. The form of the SPH equations is extremely simple, evenin 3
dimensions. These characteristics, together with the physical “feeling” for the problem that is em-
bodied in a fully Lagrangian code makes SPH an attractive approach for problems with compli-
cated geometry, large void areas, fracture, or chaotic flow fields.




SPH was first derived by Lucy (1977) as a Monte-Carlo approach to solving the hydrodynamic
time evolution equations. Subsequently, Monaghan and co-workers (Monaghan 1982, 1985, 1988,
Gingold and Monaghan 1977, 1982) reformulated the derivation in terms of an interpolation theo-
ry, which was shown to better estimate the error scaling of the technique. According to the inter-
polation derivation, each SPH “particle” represents a mathematical interpolation point at which
the fluid properties are known. The complete solution is obtained at all points in space by applica-
tion of an interpolation function. This function is required to be continuous and differentiable.
Gradients that appear in the flow equations are obtained via analytic differentiation of the smooth,
interpolated functions. Monaghan showed that other well known techniques, such as PIC, finite
element, and finite volume methods could also be derived in this way through appropriate choice
of interpolation technique. SPH is distinguished by the simplicity of its approach: interpolation is
done by summing over “kernels” associated with each particle. Each kernel is a spherically sym-
metric function centered at the particle location and generally resembling a Gaussian in shape.
The order of accuracy of the interpolation (and thus of the difference equations) is determined by
the smoothness of the kernel. The kernel is required to approach a delta function in the limit of
small extent. The interpolation is accomplished by summing each equation or variable at any lo-
cation over nearby known values at particle locations, each weighted by its own kernel weighting
function. Each kernel function is required to integrate over all space to exactly unity, thus normal-
izing the interpolation sums. By appropriately modifying the normalization condition, the same
code can easily switch between 1D, 2D, 3D, spherical or cylindrical geometric configurations.
This feature allows code development in 1D or 2D, with confidence that the same coding will
work for all cases if implemented carefully An excellent review of SPH can be found in Benz
(1989 and 1990).

The original SPH code at Los Alamos is SPHC, which was written by Bob Stellingwerf when he
was at MRC (Stellingwerf 1989a, 1989b, 1990a, 1990b, 1992 and Stellingwerf and Peterkin
1990). The current production code is SPHINX, which is a parallel version with a more conve-
nient user interface and an integrated X-Windows graphic runtime display. SPHINX is the pro-
duction code used for high resolution 2D and 3D modeling and is currently being developed by
several people at Los Alamos.

FLUID EQUATIONS

SPHINX solves the general fluid dynamics equations. The first of these is the continuity equation
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where p is the material density and U is the material velocity. We use Greek superscripts to indi-
cate coordinate directions with implied summation on repeated indices. Roman subscripts will be
used to label particles. Summation is not implied on repeated subscripts (the summation sign must
appear directly).

The second equation is the momentum equation
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where 6P is the stress tensor. This is divided into an isotropic part which is the pressure P and a
traceless deviatoric stress tensor S®# given by:

o = _p3oB + SoB, 3
The final equation is the energy equation:
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where e is the specific internal energy and ¢ is the strain rate tensor given by
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Using the definition of the stress tensor (equation 3) and given that the trace of the strain rate ten-
sor is the divergence of the velocity, the energy equation can be rewritten (in perhaps the more fa-
miliar form) as:
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The procedure for converting the analytic equations into interpolated SPH equations is described
in many places, for example see Monaghan (1988) or Benz (1989). Here we list the results. The
continuity equation is sometimes solved in integral form as:

pi= y mW, 0
j

where m; is the mass of particle j and W; is the smoothing kernel. The kernel could be written as
Wil |r,-— r j|, h) to indicate its dependence on the distance between particles i and j and its depen-
dence on the smoothing length h. For simplicity, however, we will write it simply as W,;. The
smoothing length is a measure of the width of the kernel, and may vary from particle to particle.
The kernel in SPINX used in these calculations is a cubic B-spline designated as W4 in Gingold
and Monaghan (1982).

The momentum equation in the SPH approximation becomes:
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If this equation is multiplied by m; we see that the time derivative of the momentum is exactly
symmetric in i and j thus ensuring exact conservation of both linear and angular momentum.

The energy equation in the SPH approximation is:
de;
dt 2Z (U= Ua)(

Multiplying this equation by m;, summing over i, and using equation 8, we can prove exact energy
conservation for the full system of particles. A rearrangement of terms in the energy sum formed
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from equation (9) produces the form of the energy equation used in SPHINX, and is also exactly
conservative:

Wy
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To obtain the particle approximation for the strain rate tensor we follow Libersky and Petschek
(1990) to get

of = 2N Tl (ye_ ymyerii 4 (yB_ i
&o ngj((u;x U:’)—XF +(UB UPW]. (11)

ELASTIC PERFECTLY PLASTIC STRENGTH MODEL

The strength model installed in SPHINX is a basic Hooke’s law model where the stress deviator
rate is proportional to the strain rate. This type of model was first used in a smooth particle hydro-
dynamic code by Libersky and Petschek (1990). The elastic constitutive equation which relates
the deviatoric stress rate to the strain rate can be found in various places, and is given by

208 = 2u{eed - 38UBETT) + STTRBY 4 STORET 12)
where p is the shear modulus, and R is the rotation rate tensor defined by
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The SPH approximation to the rotation rate tensor is identical to the SPH approximation for the
strain rate tensor, equation 11, with the plus sign replaced by a minus sign

R = Q;E[(U?‘U?)gx? ~(0p-Uh5E ) (14)

The von Mises yield criterion is used for plastic flow. This cntenon limits the deviatoric stress in
the following way. Define a quantity f by

f= mzn((;,;)”z, 1) (15)

where Y, is the yield stress and J is the second invariant of the deviatoric stress tensor
J = 35eBse8, (16)

The deviatoric stress tensor is then limited by

SeB = fgaB, a7n

PHYSICS AND MATERIAL PROPERTIES




A variety of equations of state are available in SPHINX. The most heavily used model is the
Grueneissen EOS. In addition, the codes can access the LANL SESAME material property library
for all available materials.

Strength models currently implemented are: elastic-perfectly plastic, Bodner-Partom, Johnson-
Cook, and Steinberg-Guinan. Each model accesses its own data base of material properties. Im-
plementation details of these models can be found in Libersky and Petschek (1990) and Wingate
and Fisher (1992).

Other physics installed in SPHINX include high éxplosives modeling, fracture (discussed below),
and external gravitation. Work is in progress on a composites model.

Numerical techniques in SPHINX include variable smoothing length, arbitrary dimensionality,
ghost particle boundary conditions, parallel operation, implicit SPH, and interactive run-time
graphics.

OBLIQUE IMPACTS

The calculations of a sphere obliquely impacting a bumper modeled a NASA impact experiment
similar to EH1C (Schonberg. et. al., 1988). The sphere was made of 1100 Aluminum with a radius
of 0.476 cm, a velocity of 7.0 km/s and a 60 degree angle from the normal. The bumper was 6061-
T6 Aluminum with a thickness of 0.16 cm. The calculation was done in 3 dimensions using
SPHINX with 113,000 particles. The equation of state used was Grueneissen. The strength model
was elastic perfectly plastic with a shear modulus of 265 kbar and a yield strength of 0.345 kbar
for the 1100 Al and 2.75 kbar for the 6061-T6 Al. The configuration after 20 microseconds is
shown in Figure 1, side projection. Some projectile material scraped from the top of the projectile
upon impact has slid along the plate and continued to the left, followed by ejected target material
above the plane of impact. The long feature so formed is travelling ballistically to the left - there is
no boundary beyond that shown in the figure. Below the target, the projectile material is located at
the left edge of the debris cloud, while target material forms the bulk of the rest of the cloud.
These results are matched very closely with unpublished experimental results obtained by Andy
Piekutowski at UDRI (experiment 4-1439) shown in Figure 2.

FRACTURE

The results of a hydrocode simulation depend on several factors including the particular way its
fracture model is implemented. In general, fracture models must be tailored to the type of code,
Lagrangian, Eulerian, or smooth particle hydrodynamics (SPH), so that physically realistic cracks
result in the context of the code's numerical treatment. But even the same model, implemented
into two hydrocodes of the same type but with different coding details, can produce different re-
sults. -

Statistical fracture models should incorporate a number of features including 1) the introduction
of a random distribution of flaws, 2) a differential equation for evolving the local damage variable,
3) formulas for degrading the material strength, modifying the equation of state (EOS), and relax
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Fig. 1. Oblique impact model, projectile is a sphere entering at an angle of 60 de-
grees from the normal moving from top right to bottom left. See text for de-
tails.

- Fig. 2. Experimental data for an experiment very similar to that calculated in Fig-
ure 1 (Andy Piekutowski, UDRI). '

ing the stress components of the damaged material, and 4) methods for producing and represent-
ing cracks in the computational mesh. All of these components are interdependent and must func-
tion in mutually compatible ways if the experiments are to be modeled accurately.




The SPH numerical method has certain advantages over other methods for modeling fracture. For
example, once the damage is calculated and the material properties degraded, SPH allows for the
natural insertion of voids. SPH offers several additional benefits. Unlike conventional Lagrangian
techniques, SPH avoids mesh tangling and is therefore much more robust in its treatment of prob-
lems with large material distortions. In problems with large void areas, SPH is more computation-
ally efficient than Eulerian codes, and it avoids advection problems, such as numerical diffusion.
SPH, however, does have its own set of problems including instabilities in tension (Swegle, et. al.,
1995).

To be useful as a design tool, a hydrocode, along with its material strength and fracture models
must be able to predict a wide range of experiments. Many fracture models are able to simulate
one-dimensional (1D) flyer plate experiments accurately, but are unable to predict multi-dimen-
sional data. Some models are accurate for a restricted set of geometries and boundary and initial
conditions, but not for others. Our goal, which we have not yet reached, is to provide a hydrocode-
based design tool with a single model for the strength and fracture of brittle materials that will ac-
curately simulate a wide range of experiments and real applications.

SPHINX includes several of a number of models that have been proposed to simulate dynamic
brittle fracture (Benz and Asphaug, 1994 and 1995, Randles, et. al., 1995, Randles and Libersky,
1996, Cagnoux, 1985, Glenn, et. al., 1990). We have applied SPHINX with its Cagnoux-Glenn
model (Cagnoux, 1985, Glenn et. al., 1990) to simulate the impacts of steel projectiles on glass
(Mandell and Wingate, 1995, Mandell, et. al., 1995, Henninger, et al., 1995). The results of the
simulations agreed reasonably well with the global data, such as depth of penetration and the
measurements of the free surface velocity on the backside of the target, but we were unable to
match finer details of the crack patterns. Nor were we able to predict other experiments with the
model parameters that were successful in the glass-impact study.

The Fracture Model

SPH statistical fracture modeling is a relatively new innovation. Benz and Asphaug (1994 and
1995) pioneered this field several years ago with the introduction of two models. We began our in-
vestigations of statistical fracture with the model described in their more recent work (Benz and
Asphaug, 1995), but in the process of implementing and testing the model in SPHINX, we
changed it to such an extent that we consider it to be a different model and refer to it as the smooth
particle hydrodynamics statistical fracture (SPHSF) model. The most important differences be-
tween the SPHSF model and those published by Benz and Asphaug are the ways we seed the
flaws and assign the flaw strengths or threshold stress values at which the flaws initiate damage in
their local particles. Benz and Asphaug select flaw strengths as uniform intervals on the domain of
the Weibull distribution function (Weibull, 1952 and Ashby and Jones, 1988) and assign the flaws
to randomly selected particles. Benz and Asphaug continue the process of assigning flaws to par-
ticles until every particle contains at least one flaw. In SPHSF, we begin with an empirical param-
eter that defines the average number of flaws per unit volume. We then calculate the number of
flaws in each particle from a Poisson distribution (Crow, et al., 1960) using the particle volume
and the average flaw density. We adopted the new approach to avoid having the final distribution
of flaws dependent upon the spatial resolution of the problem. (Although to spare computer mem-
ory, we typically limit number of flaws in each particle to the ten weakest.) In principle, once the
flaws are seeded we could use any statistical distribution for assigning their strengths. However,




we follow the precedent set by Benz and Asphaug and use the Weibull distribution (Weibull,
1952) although we use a slightly different functional form. We define the distribution as

P(o) = 1- exp(—f/‘-,(-)n(c)) (18)

‘where V is the volume of the sample, and V,, is the average sample size per flaw so that the total
number of flaws in the material is

The function n(c) in Equation 1 is defined as
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where m, o, and o, are parameters that characterize intrinsic properties of the material and are
independent of the sample volume. The variable ¢ is a critical stress at which a given flaw begins
to accumulate damage to the particle in which it resides. With these definitions, we interpret
Equation 1 as follows: in the limit of large N, NP(c) is the number of flaws in a sample of vol-
ume V that have critical stresses less than or equal to ©.

Besides using a different functional form for the Weibull distribution, we also differ from Benz
and Asphaug in the way we use the distribution. Instead of defining stresses as uniform intervals
on the domain, we use a random number generator to select from the full distribution. We show
elsewhere (Stellingwerf and Schwalbe, 1995) how this approach reproduces the expected distribu-
tion of the weakest flaw in a collection of samples. The form of Equations 1 and 3 is also consis-
tent with the observations that larger samples (those with larger V) are more likely to break.

The remaining aspects of the SPHSFM model are fairly standard. As we mentioned above, each
flaw activates damage when the maximum principal stress in the local particle exceeds the flaw’s
assigned threshold. We define a scalar damage variable D for each particle as the fraction of its
volume that is relieved of stress by the growing cracks. SPHINX evolves the damage variable
with the ordinary differential equation,
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which is very similar to the one that Benz and Asphaug use (Benz and Asphaug, 1995). In the
above damage evolution equation, »; is the number of active flaws for particle i, C, is the speed
at which the crack grows, which we take as a constant equal to 0.4 times the sound speed, and R,
is a characteristic length. We use the cube root of the particle volume for the characteristic length.

Once we compute the damage, we have to couple it back to the material strength and hydrody-
namics calculations. The current version of SPHINX allows us to scale the yield stress and/or
shear modulus for each particle linearly between a value corresponding to the intact material and
a value corresponding to the fully fractured material. In this work, we use a constant shear modu-
lus and let the yield stress decrease linearly to zero as the damage increases from zero to one. Oth-
er authors take different approaches. For example, Benz and Asphaug do not modify their
calculation of the stress deviators. Instead, they include a factor of 1-D in the equations where




the stress deviators are used. Randles et al. (1995) modify the bulk modulus and the yield strength
in tension only by a factor of 1 - D

Finally, the codes must have a way to let the particles separate and form cracks and material frag-
‘ments. Again, different researchers use different methods to achieve particle separation. If a parti-
cle is fully damaged D = 1, Benz and Asphaug exclude that particle from the SPH summations
over the neighboring particles. This exclusion effectively disconnects the damaged particle from
its neighbors. Other methods have been used to produce crack structures. Randles et al. (1995)
disconnect their damaged particles by reducing the smoothing length 4. To prevent adverse ef-
fects on the time step, they limit the reduction of 4 to 0.8 of its original value. SPHINX can use
either of these two methods. We use the sum exclusion method, but we do so only when the sum
of the pressures of the damaged particle and that of its neighbors is negative. This scheme allows
damaged particles to resist compression but not tension.

Steel Sphere Fragmentation

Grady and Kipp (1995) conducted extensive experiments of brittle steel spheres impacted into
PMMA plates for a number of velocities and plate thicknesses. Two x-ray positions downstream
of the plate recorded the sphere fragment patterns. The x-ray was adjusted so that the plate did not
appear in the x-ray. SPHINX 3D calculations of two of these experiments, for a 3.38 mm thick
plate, were made using the model described above and an elastic-perfectly plastic material
strength model. For a sphere velocity of 3.0 km/sec, the sphere remained intact in the experiment.
The SPHSF model parameters were adjusted for this case so that the sphere had only a small
amount of surface damage. The 4.57 km/sec experiment was then simulated. The data and calcu-
lated sphere fragment patterns are shown in Figure 3 (not to scale) for the second x-ray position.
The diameter of the experimental debris pattern was 46 mm and the calculated diameter was 42.8
mm. As can be seen from Fig. 3, the calculated pattern has an umbrella shape, whereas the data is
planar. Interestingly, for a thicker plate (11.23 mm), the data was umbrella shaped. Grady esti-
mates that the sphere broke up into about 440 fragments. In the SPHINX calculations, there were
only 1648 particles in the sphere, so calculations with more resolution are needed. These calcula-
tions are underway.

Fig. 3. Experimental data (left) and calculated (right) sphere fragment patterns for
the second x-ray position.




Spall in Steel Plates

Mock and Holt (1982) conducted a series of experiments in which they shot a steel flyer plate at a
steel target plate. The target was recovered and sectioned so that the pattern of spall cracks is visi-
ble. The experiments were conducted at four velocities and for two different steel heat treatments.
SPHINX has no model to account for the heat treatment, but experiments for one heat treatment
and two velocities were simulated. The SPHINX model for these calculations used the Cagnoux-
Glenn damage model with a + 10% random variation in the threshold stress for the start of dam-
age. The Johnson-Cook material strength model was used and a linear Us-Up equation of state. A
comparison of the experimental steel plates and the SPHINX results are shown in Figure 4. The
crack patterns are in qualitative agreement, but differences in the details exist. These two dimen-
sional cylindrical calculations show that SPHINX has a problem on the symmetry axis.

Fig. 4. Experimental data (top) and SPHINX calculations (bottom) for the Mock
and Holt steel plate impact experiments.

Tungsten Rod Impacting Heavily Confined Alumina

Several experiments have been done of short tungsten rods impacting heavily confined alumina
producing a crack pattern in the alumina (Burkett and Rabern, 1992). We have been simulating
this crack pattern using SPHINX and the SPHSFM fracture model. The results of this work are re-
ported in more detail in Mandell, et al., (1996).

The projectile for the experiment was a short, 1.8 cm long and 0.4 cm radius (L/D = 2.25), tung-
sten rod with a hemispherical nose, a mass of 24 grams, and an initial velocity of 1.288 km/sec.
This projectile impacted a target of heavily confined alumina AD8S5. The alumina was about 9 cm
long and 5 cm in radius. Details of the experimental geometry are shown in the left part of Figure
5.

The result from the experiment is shown in the right part of Figure 5. After the impact the target
was cut in half, most of the steel confinement removed, and the alumina was dyed so that the fea-
tures of the data could be easily seen. Because of the slow speed of the projectile, the impact only
created a small crater at the top of the alumina. For us, the interesting feature of the data is the
crack pattern throughout the alumina, emanating from near the impact point. The goal of the cal-
culations is to reproduce and understand more about these cracks. ‘




velocity = 1.288 km/s
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Fig. 5. Experimental setup (left) and experimental data (right) for the alumina im-
pact experiments. The data show a series of cracks in the material.

Calculations of this experiment were done with SPHINX using the SPHSFM model. They were
two dimensional plane strain calculations with 55,435 SPH particles and resulted in crack patterns
in qualitative agreement with the experiment (Figure 6). A more detailed description of the calcu-
lations including parameters that were used can be found in Mandell, et al, (1996). For an equally
resolved 3D calculation, about 13 million particles would be required, which would be a very dif-
ficult calculation given the current capability of the machines we have. The three-dimensional cal-
culations we made using about 300,000 particles gave poor results. The two-dimensional
calculations underpredicted the rod depth of penetration. Two-dimensional calculations with
26,638 particles did not even qualitatively match the experimental crack pattern.

New Directions in Fracture Work

The previous sections discussed the current status of our fracture work. We are now working on
creating a new fracture model that differs in a fundamental way from previous models. In the pre-
vious models when a particle gets damaged its yield strength is reduced, perhaps to 0., and it be-
comes a fluid particle but it is still in the calculation. In the new model, we don’t damage particles
in this manner, rather we break the bonds between the particles. The particles still retain their full
material properties, like yield strength; they simply do not interact with particles with a broken
bond. Once a bond is broken, a crack and a free surface are created and free surface boundary
conditions are applied to the particle. A bond between two particles is broken if the particles are in




tension and if their maximum principle stress exceeds some user-specified value. We feel that this
is a more physically realistic model and we hope it will produce better results.

Fig. 6. SPHINX calculation of the alumina impact experiment. This is a 2D, plane
strain calculation with 55435 SPH particles. The resulting crack pattemn is
in qualitative agreement with the data.

Moving Least Squares Interpolation

We have been doing considerable work in the last year trying to improve the SPH method. Most
of this work has been done by Gary Dilts. We are at the point of having what appears to be a better
SPH method and we are in the process of putting the method in SPHINX so that the method can

be adequately explored.

SPH is an interpolation method: fluid quantities at any point, including particle positions, are de-
termined by interpolating from nearby surrounding particles. The interpolating or weight function
that we use is a cubic B-spline. Another choice that is sometimes used is a Gaussian function. The
basic SPH equation for determining the value of a quantity f at particle location i is

fi= Z%f Wi 22)
j

where m;, p; and f are the nodal values for mass, density and the quantity f. The quantity W ; is
the kernel or interpolating function between particles i and j. The sum in this equation runs over
all neighbors of particle i. The gradient of a quantity ends up just being sums of gradients of the
kernel,

n m.
Vf; = zp—ll fiVW;; (23)
i
From these simple concepts the equations for SPH fluid dynamics can be derived. Two good re-

views detailing the SPH equations have been written by Monaghan (1988) and Benz (1989 and
1990).




While SPH has proven to be a very useful method, particularly in the area of fracture mechanics,
it does have problems. The method has an instability that occurs mostly for particles in tension
and manifests itself in particle pairing (this is mitigated by using damage). This instability was
first pointed out by Jeff Swegle (Swegle, et al., 1995). The interpolation falls off at boundaries
which can cause problems in some calculations. SPH uses a particle-particle artificial viscosity
which sometimes will produce artificial viscosity when it is not wanted, for example in shear flow.

One approach we are investigating to solving some of these problems is to use a higher order in-
terpolation method. This method is based on the Element Free Galerkin (EFG) method developed
by Ted Belytschko (Belytschko, et al., 1994 and Belytschko, et al., 1996). The EFG method uses
Moving Least Squares (MLS) interpolants. In this paper, we will only describe the MLS interpo-

lation and discuss the results of a simple test problem. A full description of the MLS method can
be found in Dilts (1997).

The basic equation for MLS interpolation is
u; = 2%‘“ j (24)
Jj
where u; are the nodal values and ¢ is the interpolation or weight function given by
T, -1

As in SPH, the sum is over the neighbors to particle i. The MLS basis, p, is a polynomial matrix
with its transpose given by

pjT = {lyxj,yj,szin-} (26)
and A is a matrix given by

i
In these equations, W; is the same weighting function used in standard SPH. The number of ele-
ments in p depend on the order of approximation desired and the dimension of the calculation be-
ing done. For zeroth order,

p = {1}, (28)
while for first order and three dimensions
T
p; ={Lx,y,z;}. (29)

This interpolation is very similar to SPH, the kernel is just more complicated (much more compli-
cated). In fact, zeroth order MLS reduces to SPH if the zeroth order MLS kernel

Wi/ Y Wi (30)
k




is replaced by

The point of using the MLS interpolation is that it is better than SPH and still has the nice proper-
ties of SPH of being meshless and Lagrangian. Consider for example the Swegle instability test
problem - a 1D line of particles in tension and at zero velocity, except for one particle which has a
slight velocity perturbation. SPH goes unstable on this problem whereas MLS remains stable for a
very long time, although it too starts having slight problems at very late times. MLS does not fall
off at boundaries like SPH does. However, MLS is more expensive than SPH.

Stress Difference Method

The stress difference method is similar to standard SPH, but instead of using the sum of the stress-
es, the stress difference method uses the difference of the stresses. Thus the momentum equation,
Eq. 8, using the stress difference method becomes,
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In addition to using the difference between stresses, the stress difference method uses conserva-
tive smoothing and renormalization. Like MLS, the stress difference method partially solves the
tensile instability problem. Using the stress difference method to solve the tensile instability prob-
lem was first proposed by Monaghan and Morris (Monaghan and Morris (1993), Morris (1993)).
The method is currently being pursued vigorously by Randles and Libersky (Randles and Liber-
sky (1996)).

Tensile Instability Flyer Plate Example

The following two figures show an example of the tensile instability and solutions for it. The cal-
culation done was a one dimensional aluminum-aluminum flyer plate impact with a flyer plate ve-
locity of 390 meters/second. The details of the calculation are not important for demonstrating the
instability. The first figure shows standard SPH results for a stable case, left half, and an unstable
case, right half. The top half of the figure for each calculation occurs somewhat after the impact, is
in compression and thus is stable. The bottom half of the figure for each calculation is at a later
time when the plates are in tension. The calculation in the left half has 1.5 particles per smoothing
length and is stable, the calculation on the right half has 1 particle per smoothing length and is un-
stable. Both the stress difference formulation and MLS eliminate this instability or at least delay it
enough so that it is not important. This is shown in Fig. 8 which displays a stress difference calcu-
lation on the left and a MLS calculation on the right. These calculations use 1 particle per smooth-
ing length, which is the unstable case for standard SPH, but both the stress difference and MLS
results are stable.




Fig. 7. Results from two standard SPH flyer plate calculations, a stable case on the
left and an unstable case on the right. The top half of the figure for each cal-
culation occurs somewhat after the impact, is in compression and thus is
stable. The bottom half of the figure for each calculation is at a later time

when the plates are in tension.

A\

Fig. 8. Results from a SPH stress difference flyer plate calculation, on the left, and
an MLS flyer plate calculation on the right. Both calculations are stable.




SUMMARY.

Even with its problems, SPH is a very attractive method and has proven very useful for hypervel-
ocity impacts, particularly those with large void regions. We are attacking the SPH problem areas
with the MLS interpolant and the stress difference method. The SPHSFM fracture model is being
enhanced to break bonds between particles rather than damage the particles themselves. We con-
tinue to work on composites and implicit SPH.
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