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AN AUTOMATED APPROACH T0 QUANTITATIVE ERROR ANALYSILS
IN NEUTRON TRANSPORT CALCUIATIONS

by

Crwin H. Barciss and Keith L. Derstine

ABSTRACT

A method is described how a quintitative measure for the
robustness of a given transport theory code for coarse network
calculations can be obtalned. A code, that performs this task
automatically and at only nominal cost, is described and has
been implemented for slab geometry. This code generates also
user oriented berchmark problems which exhibit the analytic
behavior at interfaces.

INTRODUCTION

The problem which we address here is concerncd with ascertaining the
reliabilicy of neutron tr.asport calculations by high-speed computers.
Today's genwural approach is to check one computer code against another,
often for mathematicall!y not identical problem scttings. The best way of
checking approximate numerical calculations is to compare the results
against mathematically exact solutions. Unfortunately, in transport
theory such solutions are, in general, not available, or {f available,
they ars very expensive to obtain. There is however the poseibllity to
create bapchmark problems with given meaningful exact solutions.

What we have started is a new discipline in Numerical Analysis,
nanely Quantitative and Computerized Error Analysis. Clearly, this
discipline can be (and {s) applied to other operator equations than the
transport squation. Traditionally, a new numerical technique was con-
ceived, snalyzed for qualitative ervor bounds, implemented in a computer
code, testzd against other codes, and then distributed. An alternative
approach is to make a eystemstic analyeis of the mathematical properties
of the solution and the new technique, and then tes: the theoretical
predictions on inoxpensive well designed small nuserical benchmark
problems. The basic difference batween classical or qualitative error
snalysis and the quantitative error analysis is that in quantitacive
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error analysis we aim at obtain.ng realistic ervor bounds for coarse mesh
calculations and performauce predictions before a ctode 1s implemented.
What we do can be described by mathematical expressions, but the formulas
are very leugthy, complicrted and difficult to evaluate. For all practi-
cal purposes analytic coarse mesh error analysis would be much tov
expensive and too time consuming. Our autom:ted approach ylelds not only
new insight, but simultaneously provides numerical results that give a
quantitetive assessment of the approximation method under investigation.
It i8 a new type of unalysis that combines modern and classical analyslis
with computer technology and computer graphlics, A very high fficiency
is possible because we exploit the use of dimensional analysis and
invariant theory. This is Important, since the operctors we deal with
are linear. We have now avallable a systematic and complete tabulation
of all scaling, translation, rotation and other group properties of the

transport equation. [Inonu 1975}

To give a perspective of a: application of the procedurer described
in this report, we shall brietlv cutline the majlor parts of our research

project. 71his report is concerned with part A only.

The entire code system, when the project is finished, will consist

of three parts vith the following functions:

A. Cell Calculations (including 2-Cell cCalculations)
B, Global Analysis
C. Computational Complexity
A. The code for part A is again subdivided into three major partis.

a) Creation »f Benchmark Problenms

b) Numerical Solution of the Benchmark Problems by
Approximate Methods

¢) Calculation of the Error. The user will specify the

appropriate error norm.

Part A can also be characterized by calling its purpose Basic Quantita-

tive Error Analysis. It is designed to evaluate the desired error norms
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for calculations over a coarse network or with large finite elements. To
our knowledge there exists no other systematic approach to deal with the
course mesh error analysis, As will become evident, such an analysis is

practical only by automation and use of the computer.

B. The codes for part B will conduct a global analysis for multi-
reglon, multigroup calculation. The algorithns will be subject

to:

a) Global Error Analysis
h)  Stability Analysis

c) Convergence Analysis

We note that the classica’ concept of consistency analysis does not appear
explicltly. The codes will supply various error bounds. However, the
main goal is to provide Prcbabllistic Error Estimates, Research in all
areas is underway. The tools employed are borrowed from functional

analysis, perturbation-, matrix-, operator-, and probabiiity theory and

statistics.

C. The codes for part C are concerned with computational complexity,

By this we understand:

a) Performance Prediction
b) Code Evaluation

¢} Data Management Aralysis

Bagically, part C is cost accounting. It will be based on the total
operations count (inclusive iterations count), error estimates, and memory
requirements. It will also provide a vatio of the actual operations count
of the implemented tranuport code to the theoreticai winimum operations
count as determined from the mathematically defined algorithm. If this
ratio is much greater than one, the entire program (computer code as well
as theoretical background) should be investigated for potential signifi-

cant reductions in computer time.

This report describes the development of the one-dimensional phase

of Part A outlined in the previous paragraphs. 1t alsc describes the
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implementation of the rocedures in BEAPAC-1T, a FORTRAN program opera-
ticnal at Argnnne National Laboratory on the IBM 370/195. (A simple pre-
processor described in the User's manual [Bareiss and Derstine 1977] is
provided to facilitate conversion to CDC 6000 or 7000 series installations.)
The present code is designed for the one-dimensional transport equation and
supplements the theoretical results prescnted at the Fourth National Con-
ference on Transport Theory [Zweifel, Greenberg 1976), which was concerned

mainly with one-dimensional problems.

Section I details the major steps of the benchmark error analysis
procedure applied to one-dimensional transport problems. To maintailn
presentation clarity, special derivations are included in the Appendices.
Sections 11 and III are each devoted o a different form of the transport
equation. Each section summarizes in matrix form selected numerical
approximation methods applied tc its form of the tranaport equation.
Results from the application of the theory in Section | applied to the
approximation methods {n II and III by BEAPAC-1T are presented and dis-
cussed., The conclusion assesses the experience gained with BEAPAC-IT and

proposes future directions to be considered,

The guiding principle of the project is to store on tape f[or easy
access and in computable form Lne theoretical knowledge of numerical
analysis which i{s pertinent to the quantitative (numerical) solution of
neutron transport problems, algorithms for approximate svlutions and
special functions from Instructions for their proper use. The output (s
in tabular forms and in visual displays, meaningful to the engineers and
scientists who are not specialists in numerical analysis. A systematic
analysis of a code requires detailed attention, knowledge, and time. As
ve will demonstrate, BEAPAC-1T can do this tedious work fast and
economically. We want to point out that for an extensive error analysis
using Part A, the computer costs are only a fraction of a dollar. This
pecformance cannot be matched even by a very experienced numerical snalyst

or engineer.
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I. THE BENCHMARK ERROR ANALYSIS PROCEDURE

BEAPAC-1T stands for Benchmark Error Analysis Package for one-
dimensional Transport theory calculations. Figure 1.1 shows the master-
flow chart. We shall discuss the function of the different boxes, but for
a more detalled description we refer to the text and to the User's manual
|Bareiss, Derstine 1977].

In general a benchmark solution uB is given as a linear combination

of known exact eigenmodes with combining coefficients 8, is a

v
C
computed (i.e. approximate) solution to the given benchmark problem

vniquely defined by 7% With va and ¢ . available, an error analysis can

C
be performed.

Often, one wishes wn to have a certain shape, ‘R vn is called the
reference solution and may have been obtained from an approximate calcula-
tion. It will not satisl{y the transport equation. BEAPAC-1T employs an
algorithm to find an exact solution ‘B to the transport equation, which
satinfien v on 1 nelected subset of fluxes a in a least agquares sense.
The firet tenets for t'.e i{mplementation of BEAPAC-IT arc to give the
user Freedom to wet his own Standards and Flexibility in Applications.
BEAPAC-IT Is therefore an open-ended (expandable) collectiou of subrou-
tines. The uncr choowes his own performance criteria for his particular

problem by calling available options.

Although the linear neutron transport equation is mathematically
uniquely delined, there are several forxs of the transport equation which
aTo mathematically equivalent. At thie time, the user has the option to

base hiu tests on the following stationary operator equatlions:

Stochastic Transport Equation (Standard form) [Davison 1957)

Symmetrized Transport Equation (Canonical torm, Viadimirov
equation) [Viadimirov 196]])
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1.1 Creation oi Benchmark Problems for the One Speed Tranaport Equation

To specify benchmark problems ie in gzeneral not a too difficult job
for «n engincer |ANL-7416, 1968]. However, to design meaningful bench-
mark problems for which the exact answer (s known, proved rather difficult.
It 1~ necessary to have knowledge of the analytic behavior of the solution

at interfaces, boundaries, and corners (for multi-dimensional calculations).

Historically, the solution of differential equations was based on
"Hard Analysis.” The more recent approach to numerical methcds is based
on "Soft Analysis." The solution is i{mbedded in a given SoYolev space.
This approach is good for asymptotic error analysis, for proving
exist ‘nce~, convergence- and consistency-theorems, However, it is not
auffi. tent for analyzing "coarse network” calculations. We have shown
early in our research by pilot calculations that some "low" order algorithms
pave : votter results than "high" order methods. An {llustration of this

fact .4 given in |Bareiss 1971}.

1.1.1 The transport equation in computational cells

The one speed neutron transport equation fn a homogeneous computa-

tional cell D(0,a) is given by

(1.1) u %f (x,u) + 0 v(x,0) - %f le(x.u')du' -5
-1
wvhere
+(x,u) is the neutron angular flux
o i{s the macroscopic total cross section (cu'l)
¢ is the macroscopic average number of secondaries per collision
oc is the macroscopic scattering cross section
S is a constant distributed source of neutrons
i is the cosine of the angular direction (v = cos 0O)

x is the spatial distance perpendicular to the plane of the
infinite slab

D(0,a) denotes the domsin 0 < x < a and |u| < 1
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A particular solution of (1.1) s
= §5/a(l-c
Yp (1-c)

which is a constant.

The asscciated homogenecus equation to (1.1} s

g¢

1
2 J v(x,u")dy' = 0 .

-1

1he general solution of (1.1) is the superposition of the particular

o2y -
(1.2) i (x,u) + 0 ¥(x,u)

solution and the general solution of (1.2).

The neutron mean free path length (the average distance traveled

between collisions) is given by o-l. The transformation

x
z = I o(x')dx' = ox
0
applied to (1.2) expresses distances in terms of mean free paths and

(1.2) bacomes the dimensionless form of the transport equation

(1.3) y %% (z,u) + w(z,u) - % Ilw(:.u')du' =0 .

-1
Obviousiy, it i{s sufficient to investigate the analytical behavior of
the homcgeneous equation (1.3).

}.1.2 Elementary solutions to the transport equation

Case [1967]) showed and Bareiss [1966]) gave s mathematically rigorous
proof that the general solution $(x,u) to (1.3) in an infinite slab 1is
composed of linear combinations of elementary solutions. The molution is
given by

+ -x/v 2o TAY

o (e O+a" 4 (u)e
Yo 0 "-v,

(1.4a) $(x,u) = a 0

0

4
+ [ A(v) ov(u)."’“av

-1



where the ¢!v (v) are called asymptotic solutions, and n: are constant

0
0
eapansion coefficlients,

~ Un
(1.5) b, (W) = 5—'—‘
Vo \Jn v M

where ! Vg are the roots of the characteristic equation

v+ 1

(1.6) L= biil—

j =0,

For c <1, 1 ¢ v < «, ferc>1, v, = 1k

0 0°*

The transelent doluticns with H8lder continuous expansion function

0 0« ko < @,

A(v; are defined symbolically by

(1.7 o) =GP =y By =) v <1
vhere

1+
(1.8) Mu) = 1 - 3 v ()

is the dispersion function,

The definition (1.7) is valid only under integration vhere P indi-
cates Cauchy principal value integration and §(v - u) 1is the Dirac delta
distribution function (Stakgold 1969) defined by

J. f(x - :o)f(!)dl - f(lo) .

RBareiss [1966), Abu-Shumays and Bareiss [1969], Hingelbroek [1973} and
Larsen [1975] showud completeness of (1.4a) and conditions for the space
of the coefficient functions A(v) in different function spaces for the
solutions ${x,u).

1.1.3 Construction of benchmark problems from elementary solutions

Our objective is to create benchmark problems to a known emact
benchmark solution .'(I.ll)- This solution will have the form
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(1.9) Vg (xsu) = ? By, Gy (xam) .

n=0)
The qn(x.u) are a set of appropriately chosen analytic functions which
satisfy (1.3); the a are appropriately chosen combining coefficients.
The construction of the qn(x.u) as used in the present code BEAPAC-I1T
[Bareiss, Derstine 1976) is described below. We emphasize that this
represents only one realization of many possibilities. It demonstrates
a general method to construct "Eigenmodes” qn(x,u) based on an established
theory.

We generate arbitrary problem (1.9) based on the solution (l.4a}

as follows:
Rewrite (l.b4a) as

~x/v
(1.4b) v(x,u) = a; euo(u) e 0, Ba ='“0 ¢

L 1
+ l A(v) ¢ (v) ,"/“dv P J Aev) cv(-U)e-('-x)lvdu

0
vhere

Alv) = aqvye Y

A simple physical motivation can be given for (1.4b). The terws
with the ¢ * factor represent decay of neutrons from a source at x = 0,

vhile the terms vith the o'(.-’) factor represent decay from x = a.

¢ -
We denote the asymptotic coefficients 4% % by & and LI

respectively; likawise q' and q_" are defined by

-l/vo
(1.10a) q'(l.u) - 'vo(")'
-(a-u)lvo
(1.10b) q_y(xew) = 0 (-u)e
b |



The transient coefficlents are obtained by requiring the A(v) to

have the form

N-1
(l.lla) A(') = n£0 an n(‘) 0 < v :1
~ N-l -~
(1.11b) A(v) = nzo H_n-.-n(-v) -1 3<0

where the :n(v) must be Hilder continuous functions. Except in the
neighborhood of +» = +1, we represent A(.) by a superposition of Chapeau

functlons {linear splines) -- see Fig. 1.2 -- defined by

M vn—l
'A'vn-], Jn_l : i :_ Jn n= 1'2'...'N—2
v - v
ntl
(l1.12a) Jn(-,) -ﬁ—.w vy < v o< vn+1 n=0,1,... N2
n
0 otherwise
o\
vhere A»n - Vn+1 = \n

for the discretization of v given by the N+l nodes 0 = vO'vl""'vN « 1.

When n = N-1 a special basis element O _l(v) defined by

N
ru -V
N-2
v <« oy <N
nvN_z N=2 N-1
A - v - u
(l-lzb) LN_l(\") \ 1 U] v < \ < 1 0 <ac< 1
Av N-1l - -
N-1
! 0 othervise

‘Is introduced so that we obtain an sppropriate approximation basis in the
neighborhood of v = 2], In Section 2.2 we will show the effects of this
element on the approximation.

It is also obvious that the Chapeau functions can be replaced by

other functions such as cubic splines.



a'(“‘l)e-(N—l)(v) A(V)

3y - ()
A-2y-2¢7
a+0‘.‘+0(‘)
-1.,-.875 -.75 -5 -.25 0 .25 .5 75 875 1.
-.95 .97

Figure l.o Approaimation ot A(.) by Ghapeau Functions
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Upon substitution of (1.11a) into the first integral of (1.4b) we
def ine

) [Vn+1 il
(1.13a) qn\x.u) = ] hn(v)éd(w)e dv (n =0,1,...,K-1)
Yn-1
By symmetry argurents we f{ind
(1.13b) q_, {au) = q (a=x,=1) (n = 0,1,...,N-1).

As shown in the Appendix A.1, the integrals in (1.13) are manipulated
analytically to obtain exponential integrals. Appendix B shows how the qn(x.”)
i.e. the Eﬁa'b)(x) and Iﬁa’b)
thie exponential integral routine DEI in the ANL Applied Mathematics

{(x,u) can be evaluated very accurately using

Division program library [Cody 1971]. Substitution of :he elementary
modes qn(x,u), so obtained, into the transport equation yields a residual

on the order of 10_15 for q‘n(x,u), n=0,1,...,N=-2 and 10-12 for q (x,u).

+(N-1)

Using a set of coefficient values [a ..a+N] we can evaluate

a -
10. :ll
(1.9) numerically at any point (x,u) in D(0,a) with as much accuracy as
needed, hence these sclution values are considered exact for all practical
purposes. Hence the benchmark solution VB(x.u) of (1.9) is well defined,

and ¢B(x,u) for x=0,x=a can be used to specify tlte inhomogeneous boundary

conditions
(1.14a) Ble(O.u) = fl(O,u) u>0
(1.14b) 32¢B(8,H) = fz(a.u) u<o

for a finite inhomogeneous boundary value slab problem. B1 and 32 are
boundary condition operators chosen by the user to create specific
benchmark problems with the known exact solution wB(x.u). For example,
if an incident flux boundary condition is specified at x=0, then

fl(O.u) is defined by
£,000) = 44(0,0) u >0,

Discussion of available boundary conditions for each form of the transport

cquation are found in the corresponding Sections II and III.



1.1.4 Automatic superpusition of elementary solutions

In this section wi¢ develop two algerithms for generating the combin-
ing coefficients a for a one-cell benchmark solution

N
(1.9) by (xa0) = ! oay, q, (x,u).
n=0
From a purely mathematical standpoint any choice of coefficients
a defines an exact solutlon to (1.2). Practical considerations suggest
that benchmark solutions with physically meaningful solutions are
desirable. Sucli solutions will enable us to analyze the error behavior

of an approximate numerical method at cell boundaries and interfaces.

The two algorithms considered require an initial angular flux dis-

tribution iA(x.u) specified for discrete directions 1 > u > u > -1

T
at the boundaries of the cell of interest. QA(x.u) is usuallyzobtalne:
by sclving a milticell problem via some standard approximate transport
theory method such as the discrete ordinates method. EA(”") Is the
angular flux solution values calculated in the cell of interest. The
distribution *A(x.u) serves only as a device to drive the coefficient
generation algorithms. The resulting benchmark solution wB(x.u) will be

a perturbation of QA(x.u)

[ B b

(1.15) ¥, (xa) = a g (x,u) +a_q_ (x,u)

n=0
but once we have calculated the a_ e forget about the original

ﬂ‘(x.u) and proceed to generute benchmnrk problems based on wB(x.u).

In the first algotithm the coefficients an are chosen to minimize
the approximation error in (1.15) in the discrete least squares sense.

The problem is mathematically defined by

(1.16a) lca - = mln

N

where Q is the M = (2N+2) rectangular matrix ((2N+2) < M)}. The

columne gp of Q are defined by

(i, = 1.2,...,;. {=1)

g, " (e (xpau))
(m-%+ l.§+ 2,00.,M, 1 = 2)
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where (p=1,2,...,N) corresponds to {n = O+,1,2,...,N—1),
(p = N+1,...,2N) corresponds to (n = 0 ,-1,-2,...,-N+1)
2N+1,2N+2) corresponds to (n = N,-N)

(p

a = |a -

0731+ iy Rgr e By By ey
on the discrete set of space points and angular directions for the numcr-
ically given flux values {wA(xi'“m)}' To approximate the -ontinuous

lcast squares problem corresponding to (l1.16a), Q and ¢, & e modified by

_A
the angular and spatial weights et of the corresponding n merical inte-

gration. Hence, the actual problem solved is

(1.16b) IlQa - EAHZ = min
where Q= (mmiqp(xi.um))

- N ¢
and ¥, = (Lmiyﬂ(xi.um)).

A simple modification to the problem of (1.16) permits the inclusion of
K <M linear constraints on the approximation at particular points (1i,m)
in the cquations (1.15) and their corresponding rows in (1.16). If we
permute the rows of (1,16) such that the X equations which must satisfy
linear constraints are first, the least squares problem with linear con-

strainte becomes

\
Q1 Q a ¥ 0
(1.17) ----% ----- ALl e -
Qi i o Eﬁ iﬂ .

where the linear constraints are represented by

(1.18) [&w EQG{].EF
EH |

and where the partitioned submatrices of Q and vectors a and iA have

n
|
= O

L—1

dimensions



e K x K, Q°H; K x (2N42-K) K < M
Qi (MK) x K, QP: (M) x {2N+2-K)

EF : K i gﬁ y 2N+2-K

gﬁ : K , jki . MK

Th2 procedure for sclving (1.17) has three major steps which are

(a) Perform the first K steps of the forward sweep of the Gaussian
elimination algorithm on (1.17).

(b) Perform the Householder least squares minimization on the remaining
(M-K) equations modified by step (a)

= min

~HH aH _ ¢ H”
= 2

(1.19) o '

(where QHH, yaH are the modified matrix and vector from step {(a))

to obtain the coefficients g?.

(¢) Perform the backward substitution of the Gaussian elimination algo-

rithm on the first K equations using gg from step (b) to obtain gF.

The second algorithm obtains the ccefficients a by evaluating
analytic formulas based on related formulas [Case 1967] for the infinite

medium problem. The asymptotic coefficients are defined by
% 1 1 *
(1.20a) ay == u¢0(u)w(u)du
o 21

where

$(y) 1is the angular flux distribution

N LCTRNE
(1.21) N, = u[¢0(u)] dp
-1
The transient coefficients function A(v) is defined by

1
(1.22a) A(v) = Ngb) J u¢v(u)w(u)du
-1
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where
Y
(1,23a) N{v) = D
and
1
(1.23b) glv,c) = = .
B2 + (292

2

In order to use equations (1.20) and (1.22) we need a flux distribu-
tion ¢(u). The initial angular flux distribution vector !A(x.u) can be
used for this purpose in the following way. (Note that we are again
using yﬂ(x.u) merely as a device for obtaining coefficients a to a

benchmark solutinn wB(X.u) which is some perturbation of QA(x.u).)

Recall that the elementary modes qn(x.u) (n= 0+,1....,N) decay
exponentially from the left boundary of the slab, whereas q“(x.u)
(n=0,-1,...,-N) decay exponentially from the right boundary of the
slab. Using this knowledge we determine the coefficlents a for
(n= 0+.1,...,N) and (n = 0 ,-1,...,-N) by replacing y(y) in (1.20) and
(1.22) by QA(O,u) for n > 0 and yﬁ(a.u) for n < 0. To simplify the
integrnrion in (1.20) and (1.22) we replace the vector g*(x.u) by

WA(x,u), the plecewise linear function defined as follows:

L
1=0
where
F
H - U
L+l o
Aul M <u 5.u1+1 t 0,1,...,L-1
(1.25) Gl(u) = -z;;::- byl <u < Mo £i=1,2,...,L
0 u othervise
\

AUy ® By M



for 0 = uo < Wy Seees b = 1. Note that this representation permits
discontinuities in the flux at u=0 since 0!0(”) has coefficients
*A(x'“io)' The representation (1.24) enables us to perform analyti-
cally the integrations in equation (1.20) and (1.22) involving the
singula: eigenmodes and the plecewise linear angular flux EA(:.U). The

computational formulas for (1.20a) and (1.22a), are

1
(1.200) a_* J no;(;.)h(o.u)du

-1
L

120 OA(O.u!l)p!l(v)

cfﬁrh‘

.-
cfﬁrb‘

alvo

(1.20¢) e

=3

ol

1
“(W)e !
I “’o(””g a,u)du

Ozl l"'

v (800, .00, (V)

A

C;‘ll"
]
&rvﬂ- bt

1 L
(1.22b) Alv) = i%:i J uOU(D)OA(O.u)du (0<vc<l)

-1

L
glv,e) ) 0, (0,0, P, (V)
1§o AtV ey

b 1 e
(1.22¢) Av) = ,,—(-'-;-)- J ue, (u)?, (a,u)du (-1<ve0)

L
au.c)tgooA(-.u“)p"(w
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vhere

Y]
(1.26) P,(") - %‘I txl 'u‘)(‘..)\-'(u)dlh

“l-l
When - 4w, p‘_(‘-) in defined an follows:

( )

PCvavyaiyyy)?
(1.2n P.‘(.u) -%\pl'u.'.ai.u“_l) - P('v.us.l‘
i = p(“’l“"l.b‘l_l)

and vhen oy,

; C
SRTLEE RO} LR

. F
vhete
I -7 SR -5 PPN}
(1.29) P(/oab) o v - 5= ¢ v A log 1ol
(1.)) ”“"ol.b) - P(Vuvub) - P(VO“U.)
. - '(Lz.l ¢ v l” ﬁ .

H)s?" )
|
J

impl,imal
l”l.‘z.o.- '
*(L-1)

te],, ie=0

t=0

!.l|2.ll -.L-l

l.-o

Note that pL(l) and '-I.('" ate undefined since '(:1) 1is undefined. How-
over, vo hnow from analytic considerations that A(*]) = 0, hence we may
omit the calculation of A(%]l). Note also that both asymptotic snd transient

acdes are treated by forwmulas (1.26) to (1.29).
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1.1.5 Residual checking of the benchmark solution

Two related quantities to the 1, {x,u) are available in BEAPAC-1T.
They are the elementary angullr flux derivative q( )(x /) and the

elementary scalar flux q )(x)

These quantities have several useful roles. The elementary scalar

flux qﬁ-l)(x) is defined by
(-1) !

(1.31) qQ T(x) ¢ j q (x,u)du
-1

and computational expressions are derived in Appendix A.3. 1. may be used
to investigate the discretization error and truncation error in the numer-
{cal integration of the angular flux. The elementary angular flux

derivative is defined as

3qn(x.u)

(1.32) q:ll)(x,u) ;B

and computational expr2ssions are derived in Appendix A.2. Given an.

q:-1\, and q( ) we can calculate the scalar flux
N

(1.33) ¢B(x) - I a, qsnl)(x)
n=0

and the angular flux derivative

v (x,n) N
(1.34) 2 ] a 0P 0w
n=0
exactly.

v
Given wn(x.u), ¢B(x). and ——Eéilﬂl we can compute a residual vector

r vhere r is defined on a given reference net by
(%)
(1.35) Ly = 0 —mld 4y (x,) - S g0 -

The underlined symbols represent computed quantities.
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Evaluation of (1.35) provides a method for checking the pointwise
accuracy of the elementary solutions qn(x,u). Numerical experiments
have coneistently shown bounds of the order

e
O-l5 standard basis clements

10—12 special basis element

.
Iell, <

1.1.6 Two cell problem considerations

The preceding discusslon was directed toward one cell problems., We
would like to point out that a variety of interesting problems can be
treated in the one cell case. We may solve a large one-dimensional
complex reactor configuration by some production code, then successively
select cells cf interest and analyze the reliability of the solution in
each cell with the technique just discussed. In this case, we can ob-

serve local boundary and interface effects on the numerical method.

We solve two cell problems to observe the solution behavior at the
cell interface where now the flux values are not specified at the inter-

face.

The two cell problem is represented by the operators

(1) 3 9484 L .

(1.36) L =1 ™ + Ui -3 J+ du (1 I,11)
-1

and

(1.37) L(I)wgl) (x,u) = ST 0O<x<a

(1.138) LD D 0y = ™7 a<x<b

with interface condition

(1.39) wél)(a,u) = wgu)(a,u)-

The particular solutions due to the constant sources SI and SII in each

cell are given by
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(1 _ st

(1.40) wp E;TT:EIT (1 =1,10),

(11)

The homogeneous solutions wal)(x.u) and wu {x,i} are obtalined in turn
by the procedures of sections 1.1.3 and 1.1.4, using an initial flux
distribution ¢ p( )(X.u) and w(I )(x.u) for the two cells. The benchmark

solutions in cells I and 11 are now
(1.41) W = D ey + wé" (1 = 1,11).

To satisfy the continuity condition (1.39) an angular dependent source
term Q(u) 1s added to cell II.

Let

(II)

(1.42) (o) = v P e+ 0{P @ - 4@,

so that (1.39) is satisfied. Equation (1.38) is now replaced by

(1.43) LID3 (11)( W) = Sy + Q)
where
e = LT P @,y - o a,
i.e.,
(1.40) Q) = o P @) - o0 2a,up - ILIL (44D () {10 ()

since the derivative term of the operator is zero in this case. The
interface condition is now exactly satisfied for w;(a.u) - ;;I(a.u) by
(1-42) L]
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1.2 Solutlon of Benchmark Problems by Approximate Numerical Methods

We are now ready to test a numerical method to solve the transport
cvquation with the solution wn. BEAPAC-1T contains a set of subroutines
for the numerical solutfon of the transport equation by methods which are
widely used., They are all in a standard form. The numerical m2thods are

reduced to the problem of snlving a linear matrix equation of the form
(1.45) Av = b,

Hence, a partlicular subroutin: contains instructions to calculate the
elements of the matrix A and the vector b. The process is as follows,
First, the desired network DIH(O.a) ia set up. Then the necessary
boundary values f (0,u) and f,(a,) are calculated. With thia informa-
tion the elements of A and b are calculated, and the linear equation {s
solved accurately by a direct method, usually by Gaussian elimination
utilizing the band matrix structure. Calculations are performed in single
precision on the CDC 6400 and in double precision cn the IBM 370/195. A
special feature for analyzing the rounding error in the matrix solution
18 included in the IBM version of BEAPAC-1T. The matrix equation is
truncated to single precision values and calculations are performed in

single precision arithmetic.

In most cases, the elements of v represent the discrete directional

fluxes, and are denoted by EC

The available numerical methods for the various forms of the transport

- wc(xi.un) {=1,2,...,1, m=1,2,...,M,

operator arc described in Sections I1 and III.

The user can also interface with BEAPAC-1T, the angular flux results
*C from existing codes for the numerical solution of the transport equa-
tion by prepariug the necessary interface files discussed in the users
manual (Bareiss and Derstine 1977).
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1.3 Error Analysis of Approximate Mcethods

In Section 1.] we developed the tools necesnary for generating exact
benchaark problems with solutions wB(x.t). In Sectlon 1.2 it is outlined
how we obtain approximate solutions i to these benchmark problemn.

In this section, the error .,

_E
lated using the exact solution ;B(u.u). Two pointwise error options

of the approximate solution !C {s calcu-
are available:

a. algebraic flux error kg - is - *c

(1.46)
Bl
¥y

b. relative flux error !E -

Norms avallable in BEAPAC-1T based on *g are:

a. Hgall. : maximum absclute y, with assoclated mesh location, algebraic

sign and flux value.

: avvrage absolute EE

N = number of calculated fluxes
The norms may be computed for a varicty of domains.

1. Global : all calculated flux nodes
2. Boundary : boundary and interface flux nodes

3. Interior : (nterior flux nodes (non-boundary)
{GLOBAL = BOUNDARY : INTERIOR)

The corresponding scalar flux 15' gc. or ¢, may be optionally tabulated
for any desired set of spatial points.

The objective of coarse mesh error analysis is to obtain quantita-
tive error bounds on the performance of numerical approximation methods.
Specific items of interecst are boundary condition effects, spatial and
angular mesh refinement effects and efsects ¢/ materials w.th extreme
properties such as strong absorption, strong scattering, or regions with

a4 atrong source.
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BEAVAC-1T has built {nto it a special procedure for obtaining a et
0! K successive mesh refinements of D(0O,a), disignated D:H(O,a),
(k = 1,2,...,K). Summaries of the error norm: are tabulated for the
benchmark problem in a manner that readily shiws space angle mesh
ref inement effects., Detafled flux edits and .wo-dimensional plots are
avallable for further analysis of the results. Particular examples are

riven {n the sample problems in Sections 2.2 and 3.3,
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II. THE STOCHASTIC TRANSPORT EQUATION

2,1 Numerical Methods

2.1.1 The discrete ordinates me:hod with Hermite Birkhoff interpolation

This method uses discrete ordinate approximations in angle and
Hermite-Birkhoff Interpolation in the space variable [Bareiss 1956], It
will be denoted by the DB-Method. In one-dimensional slab geometry
problems, the discrete ordinates SN-Method widely used [Carlson and
Lathrop 1968] is a special case of the DB-Method, limited to linear

approximation in space,

The approximation is illustrated by rewriting (1.1) for the multi-

cell problem asr follows:

1
1
2.1) 28] L 2 oy + HEe) Jf o(x,u")du' + S(x,u)].
-1
We observe that the two point Euler Maclaurin Sum formula [Isaacson and
- -4
Keller, 1966] yields, by letting Xip17%g < hi (1=1,2,...,I) and D = I
x
i+l
- = A‘PL—'—x U)
(212) W(xi_'_lsll) b(xi'u) = J ax dx
%4

hiD
=5 [W(xi+1,u) + (x)]

2,2 4 4 6.6 .
. r\in = 5 + hyD _ } vx gm0 - w(xi.U)‘l-
12 720 30240 - .

Equation (2.2) 1is equivalent to a two=point Hermite Birkhoff i-.erpolation

with subsequent integration,

We solve (2.1) by the discrete ordinates method, hence we approxi-
mate the integral by numerical integration methods including single or
double Gauss quadrature. Therefore, (2.1 becomes a system of discrete

first order differential equations,
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(2.3a) Dy = M L[-oT + -”39 Wy + M s
where
- - SN
hy wl x)
by wz(x)
M = . ’ L .
] My ] I wM(x) |
and
& = . -
wlwz...wM bl(x)
wlwz...wM Sz(x)
w = * i § =
Ay
_wlwz...wH# “SH(x, i

3 and ¢ are assumed constant within a cell. Therefore the kth

power of (2.3a) evaluated at the endpoints of cell L (1l.e., xi+ <x <

xi+l-), and cell 1-1 (i.e., X, _FEixs xi-) is given at x = X, by
k _ .k (k)
(2.3b) P, = Ay, +by
i i
k - Ak (k)
D gi_ Ay ¥y T RS
where
S ey
(2.5a) Ap = M [-o4T + 5 W]
. kolood
(2.5b) |_:.“;) =T —7 8
1 3=0 3x
X = x



j8

The assumption that § (x\ 18 constant within a mesh cell Implies
that 3jS/3xj = 0 for j ~ 0 Thus

(2.5¢) ) a7l where S , = S(x ) .

' 1 i~ 1~
Substituting (2.3b) into (2.2) yields a system of linear equations for
Vo) = v(x ) (1=1,2,...,1), (m=1,2,...,M). We write this system

for cell 1 as follows, letting x, = x | and X4 %

1 1417
(2.6) Edy +H VL =By (i=1,2,...,I-1)
where
2 4

- h,A h h .

[« 200 o 1 2 "1 4
(2.7a) l~li LI 3 + 12 Ai 720 Ai +J
(2.7b) 'r:1 = -H, - hA

h b h“

4 . i (1) (1 (2) () (4) _ (&)
Lot By (byay + 277) - 13 yy) - B°D + e Wi = 5™
-1
= hM 'S,

The last two terms of (2.7c) are zero, since we assume a plecewise con-

i+1° Combining the equations (2.6) and

{2.7) with the boundary conditions into matrix form we obtain

stant source Sm(x) for x;, < x < x

- B 1 [y PR

1 0 1 ;]

El Hl ¥ 1

H £

EZ 2 5
(ZlB) L] Ll . =
E . H _

0 1-1 I-1 31-1
I By 1 [ ¥ £,
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The matrices E, and Hi have exactly the same confipuration inde-

i
pendent of the order of approximation (i.e. power in Ak). Bl and B2
are the % x M boundary condition matrices defined by
E R i B a 7
o B B a
’) = . L] - L] -
('— 9) Bl § . ? B2 - ¢
L o B a L8 @

where

(1,0) for incideut flux boundary condition
(2.10) {a,B) =
{1,-1) for reflecting flux boundary condition.

1 5] and gz are inhomogenecvus boundary source vectors of dimension %-defined

(0,0 ) u >0 incident
(z.112) £ (u) =J\ B m o

LwB(O,pm) - wB(O,-um) T 0 reflected

¢ (a,u ) p <0 incident
(2.11b)  £,(u) =\J 5w ®

LWB(a.um) - wB(a,-uF) uy < 0 reflected

First, third or fifth order approximations are obtained by truncat-
ing (2.7a) after the second, third or fourth terms, respectively. Then

(2.6) becomes

(k) (k)
(2.12) E, gy +HD

-—{+1 BB-:I_ (i"l)z:°"t1)l (k-1’3'5}

where the superscript k denotes the order of approximation.
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Block tridiagonal Gaussian elimination is employed by partitioning
the subblocks in (2.8) such that the following structure is obtained.

b, ¢ 0
Ay By G
A B C
(2.13) 3 3 73
0 D

A1 and Ci have dimension M x %-and Bi has dimension M x M, Boundary con-
dition submatrices Dl' Cl' AI and lJI have dimension %-x %u The matrices
are stored in a rectangular array with dimension IM x 2M.

2,.1.2 The discrete ordinates method with Galerkin Finite Element
method in space

The approximation method discusgsed is a discrete ordinates method
in the directional variable p with a Galerkin Finite Element approxima-
tion in the sratial wvariable x. We denote this method by the DGF method.

Let

0<x<a

(2.14) Ly(x,1) = S(x,u)
=l & y =l
represent Eq. (l.1). ¢{x,u) is expanded in a set of plecewise linear

Chapeau functions {Gi(x)) as fcllows:

I

(2.15) Vi) = §byGo, (x) Dzxza
i=1

where {Oi(x)} is defined as in ({1.25). The DGF method finds solutions
p(x,u) which satisfy the weak (Galerkin) form of (2.14) [Strang and Fix,
1973] given by

(?-16) <Oi(x)p Lw(xoU):' = <01(x)v S(K,U)> (i = lizl"‘lI)
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where

Application of the discrete ordinates approximation to (2.16) leads

to a set of IM equations

(i - 1.2....,1]

(2.17) <Oy (x), Ly(x,u )> = <0, (x), S(x,u )> m=1,2,...,M

which upon substitution of (2.15) becomes

1 M 1
i d _ o(x)c(x)
(2.18) <6 (x), () 35+ o)) kzlbmek(x) 5 mz-lum' lebkm.ok(xb

- <Oi(x), S(x.um)> .

The discrete ordinates approximatinn is derived by evaluating the
angular flux distribution in a rumber of discrete directions; hence the

scattering integral in the ith equation is approximated by

1 M
J dub, (u} = ) whb -
-1 w=l

The numerical integration is usually double Gauss quadrature.

It is easily shown that
b : bo(u) = "’("1'%)
since Oi(xi) -1, Oj(xi) w0 for 1 ¥ §.
The matrix representation of (2.18) becomes

(2.19) Ky = g -

Here



r - - -
T | e L IRLLY
i i [ '
Kap Koo Koy | 1 (x.,) 8, (%)
| .
(2.20a) K = ¥ SR s B ‘
Kio,1-2 Koot -t KI-!.II i , .
_ e K o B
and
2200 Ky = ke k(O g LTl gy (0 T
s k- Mk ik -1 2 ik 74 7

<
[ 4
4
=

)
v e oo 1

v by

except for I=], where the first M/2 rows In X . and K _ are Lhe

1l 12
(M/2 xM) matrices ’11 and Bl, respect ively, and ior (=1, where the last
M/2 rows in ‘I.I-l am(!ml(.!.I are the (M/2 xM) matrices B!l and 522 as
defined bhelow. The k“‘ are defined mo that
. ‘ I (1) B (0)+
UI(')' 'k(’) k“ + ll.“

wvhere

x AX 1 lei=h«]
.21 &0 [ ¢ (R0, (x)d - ;"{? fokel”

1k J 0 othervise
®1-1
and
1 1-tekel
(0)+ _ [*1+) ax, =
(2.21b) k - s () (n)dx =« —=— Yy 1=ke¢]
tk i 1 » ) 0 othorvine

{
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The k:i) are defined so that

0 l<i=k-l
1 . .. afbictic o B {ek-1 or i=k=I
* ik Ry () = o kel or fekel
0 othervise

(2.21c)

Boundary conditions Bw(x,u) = f(x,v) at x=0, vL>0 and x=1, u<0 are
fncorporated into the matrix K in (2.20a) by defining the first M/2

rovs of Kll and KIZ by 311 and 312 and the last M/2 rows of Kll-l and
Ky by By, and B,
’11 and I12 are the left side (x=0) boundary condition matrices

and l21 and I22 are the right side (x=a) boundary condition matrices

defined for incident or reflected flux boundary conditions so that

- 1 B -
1 B
(2.22a) 'll - * . . ‘ . Bl2 =0
L s )
& {0 incident flux
- 1 reflected flux
r 8 1 -
A l
(2.22b) '22 = ] : ' . . 521 = 0
-a . . 1-
#7(x,) 1s dofined so that
(2.238) PECRARR LT BETCRES IR TC ey
and .i(" - ('l-) is defined eo that
P
Aslsl(u.)
(2-2»’ .“ - ‘e‘(.). S(I.u.)b - h e <ﬂ'1_181_1(u-) + Altsi(u.)
LA:!SI(U.)

except that the corresponding inhomogeneous boundary condition terms
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fl(um) and fz(um) replace Biyr M= 1,...,M/2 and 810 ™ T M/2 4+ 1,...,M

respectively. fl(um) and fz(pm) are defined so that for p = 0O

wB(O.U) incident flux

1§

(2.20a) £,00 (v > 0)

wB(O,U) - ¢B(0,-U) reflected flux

and for u < 0,

J¢B(a,u) incident flux

(2.24b) fz(u) (b < 0)

1¢B(a,u) — wB(a.-u) reflected flux

K is a block tridiagonal matrix which is stored in a rectangular
array of dimensions IM x 3M. The system of equations (2.19) is solved

by block Gauss elimination.
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2.2 Examples of the Benchmark Problem Error Analysis Procedures

Four monoenergetic slab benchmark problems with isotropic scatter-
ing (dencted by BP1l, BP2, BP3 and BP4) are presented which illustrate
several types of investigations which may be performed using BEAPAC-1T.
BP1 and BP2 are one-cell benchmark problems with angular flux solu-
tions wB(x,p) given vy an asymptotic and tramnsient Case elgenmode
respectively. BP3 and BP4 are benchmark prnblems whose solutlons are
linear combinations of asymptotic and transient Case elgenmodes. The
latter two problems illustrate the automatic procedure (section 1,1.4)
for obtaining the eigenmode combining coefficients. This procedure
employs the Householder least squares solution of an overdetermined
system of equations and is shown to be a prototype of a new numerical

solution method.
2.2.1 Benchmark Problem #1, an asymptotic eigenmode

BP1 is defined in the unit cell 0 < x < 1 with angular direction
cosines |U| < 1l. The cell composition is defined by the total cross

section O = 1, the asymptotic eigenvalue v, = 1.05 (i.e. ¢ £ .5129 by

Eq. (1.6)) and isotropic source § = 0, T;z benchmark solution wB(x,u)
is defined from Eq. (1.4b) with a; = 1 and all other combining coeffi-
cients zero. Incident flux boundary conditions are defined by wB(x,u)
evaluated at the boundaries. Figures 2.la,b,c 1llustrate respectively
the scalar flux ¢B(x) and the angular flux traverses of wB(x,b) along

x for ¢ fixed and along u for x fixed.

The numerical methods dencted by DBl, DB3 and DGF corresponding to
the first (SN-Method) and third order discrete ordinate Hermite Birkhoff
method and the discrete ordinate Galerkinm finite element method
respectively are applied to BP1l for successive sets of space/angle
mesh discretization. Five spatial refinements h = 1/1 (1=1,2,4,8,16)
and four double Gauss (DPN/Z' N=2,4,8,16) quadrature sets define twenty
problems.

The numerical results for the twenty discretized problems are tabu-

lated in Tables 2.1, 2.2, 2.3 and 2.4. Each table contains three
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subtablen (a,b,¢) corresponding to the three methods listed above. The
entries to Tables 2.la,b,¢ have the three following ltems for each ot

the twenty problems:

(1} ERROR: the maximum absolute pointwise ncalar flux crror

jif“w with associated algebraic sign

(1) EXACT: the exact sicalar f‘lux solution :B(x) at the ERROR

location
(3) X 1.0C: the mesh point coordiniate of the ERROR

Reading the rows of the table from left to right corresponds te an increas-
{ag number of angular mesh refincments (J=2,4,8,16) for a fixed spatial
mesh 1. Reading the columns of the table from top to bottom corresponds

to an increasing number of spatial mesh refinvments (1=1,2,5,8,16) for a
fixed angular discret.zation J. For example, the entry in Table 2.1a

for 8 angles and 4 spatial mesh intervals has the maximum absolute

scalar flux ERROR 3.32D-02 assoclisoted with the EXACT scalar flux of 1.000
at X LOC x=0 in the cell.

Within a given row or column of 2.la the error for LBl converges,
but not to zero, as the corresponding refinement increasen, On each
table of 2.1, the spatial mesh convergence Is Indicated by connected line

segments. Mesh rcfinements chouen below this line are clearly not

wvarranted.

The results in Table 2.1a and 2.1b clearlyv {llusatrate the faster
spatial convergence of the DB) method compared to the DBl methid. The
spatial error convergence for the DGF method, Table 2.1c, (s slower than
the DBl method. In this problem where the scattering and absorption are
nearly cqual we see that the arvmptotic sclution in Fig. 2.1lc has un
extremely high gradient with respect to .. near . = l. This means a large
number of angular points will be required to obtain an accurate scalar
flux. Notice that with eight double Gauss angles the error in the
acalar flux {e about 1Y for a mesh discretization of .5 mean free paths:
for & anglea the vrror is at least 1B8Y. Figures 2.2a,b,c display the
pointwine scalar flux error ¢_ for the three solution methods under

-
consideration for eight of the twenty problemn. ‘The problems displayed
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Figure 2.2, Scalar flux error ¢p for DB, DB3 and DGF methods

for eight selected discretizations of Benchmark #1
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correspond to the four problems with spatial mesh I = 8 and the five prob-
lems with angular mesh M = B (1.,e. colunn 3 and row 4 in Tables 2.la,b,c).
The most significant error reductlons occur as the number of angles are
increased. For the fixed quadrature set of eight angles the scalar flux

error shows negligible improvement with increased number of mesh cells.

It is evident from these results that the angular approximation is
th- major factor in the error performance and that high order spatial

methods are of secondary interest.

The angular flux error performance is also available and Tables
2.2a,b,c tabulate the maximum absolute pointwise angular flux error

ﬂ_‘J_{E|m with algebraic sign.
Tables 2.2a,b,c are organized similar to Tables 2.la,b,c with one

additional entry:
MULOC: the angular coordinate of the maximum flux error

The angular flux error tables illustrate the same general error conver-
gence patterns as in the scalar flux case. The error 1is not weighted in
this case, therefore the angular location must be considered when applying
the error contribution to the scalar flux. Figures 2.3a,b,c, 2.4a,b,c
and 2.5a,b,c illustrate the angular flux error traverse along the u axis
for three fixed x values (0.,.5,1.). Each figure has three subplots
corresponding to the three methods under consideration. The same subset
of elght problems 1s chosen for illustratic. as in Fig. 2.2. The quali-
tative error behaviour is similar fo that cbserved when studying the
ecalar flux error; the angular approximation 1s critical. Note that at
the cell boundaries the error for the incidert flux is zero since inci-

dent flux boundary conditions are employed.

Tables 2.3a,b,c and 2.4a,b,c are two additional tables available to
study the average pointwise scalar flux error and the relative sum error
of the pointwise flux errors for the (global and houndary) domain for the
twenty discretization sets, For the three methods the average flux error

converges to equivalent limits, but the convergence 1s more rapid for DB3.

The relative sum error illustrates the superior accuracy of DB3 to

DBl or DB4.
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Table 2.2?. Maximum absolute signed angular flux error iﬂyif
trabulated for twenty space/angle discretization
sets of Benchmark #1 for the DB1, DB3 and DGF methods
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BENCHMARK L1 ERROR TRHVERSES PSIE(O,MU) FOR I-8 OR M-8
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Angular flux error traverses U'E(O’“) for DB1l, DB3, and DGF
mathods for elght selected discretizations of Benchmark {1
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BENCHMARK LI ERROR TRHVERSES PSIE(.5,MU) FOR -8 OR M-8
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Figure 2.4. Angular flux error traverses Vg (.5,u) for DBl, DB3, and DGF
methods for eight selected discretization sets of Benchmark #1
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Table 2.3. Average absolute scalar flux errcr for DBI,
DE3, and DGTF methodr for twenty discretiza-
tion sets of Benchmark #1
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Table 2.4. Relative sum error of pointwide scalar flux

for DBl, DB3 and DGF methods for twenty
discretization sets of Benchmark #1
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2.2.2 Benchmark Problem #2, a transient eigenmode

The cross sections and dimensions of BPl apply to the cell in BP2.
Hecce the transient cigenvalue spectrum o] < 1 is discretized into 2N+2
nodes {v_,nln-o.l.....n} = {10,4.94919,4.99,+1.} for N = 3. The choice
of the W is arbitrary. In this case we choose to generate the benchmark

problem deflned by
WB(X.“) - qm(va)

which corresponds to Eqn. (1.9) with all a, -~ 0 except for ag " 1,

where q+0(x.u) is the mode corresponding to the interval 0 * v < ,949'9,

Figure 2.6a,b,c illustrates the angular and scalar flux traverses
for BP2. Note in particular that the q+0(x.u) mode contains a flux dis-

continuity along u at 1 = 0 for the cell boundary at x = 0.

The same twenty sets of space/angle mesh discretization are applled
in BP2 as in BPl and [(ncident flux boundary conditions are given by
wB(x,u) at the cell boundaries. The maximum absolutc¢ scalar flux error
"iiﬂw with algebraic sign is tabulated in Table 2.5a,b,c for each of the
twenty problems. Comparison of the results for Dbl, DB3 and DGF shows
that the DBl asethod is more accurate than DBl and DGF, a result expected
and observed in BPl. Counter to BPl, however, error convergence in BP2
i8 not achieved in Table 2.5a,b,c for J > 2. The DGF method has a better
error performance than the DBl method for BP2; the magnitude of the

tabulated errors are two to three times smaller for DGF than for DBIl.

Figures 2.7a,b,c display the scalar flux maximum absolute error
traverse for eight selected space/angle mesh refinements (same as BPl).
It is obvious from the figure that the errors are largest for space/angle
mesh discretization outside of an optimal band. The error traverses
for succesaively finer mesh rafinements oscillate about zero with the

maxisum error shifting successively closer to x = 0 where the angular
flux discontinuity occurs.

The maximum argular flux errvor |wE|_ with algebraic sign is tabu-
lated in Tables 2.6a,b,c. The tabulation indicates that thes angular flux
error is much larger for BP2 than for BPl. The largest error is always

located along the u coordinate with minimum absolute value for a given
v discretization J,



58
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(a) scalar flux ¢,(x)
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Table 2.5. Maximum absolute scalar flux errov H@ Hm tabulated

for twenty space/angle mesh discretization sets of
Benchmark #2 for the DBl, DB3 and DGF methods
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Table 2.6, Maximum absolute signed angular flux error oy #
tabulated for twenty space/angle discretizntizﬁ )
aets of Benchmark #2 for DB1, DBY and DGF methods
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2.2.3 Benchmark Problem #3, a one cell least squares modes analyslis

BP3 (and BP4) {s based on a two cell reference problem with dimen-
gfons C < x < .5 incell I and .5 < x < 1.5 in cell II. An isotropic
source SI = 518 in cell I. Compositions of the two cells are identical
and have the same cross sections defined for BPl. Bounda'y conditions

are reflecting at x = 0 and vacuum at x = 1.5,

The transient eigenvalue spectrum -1 < v < 1 i{s discretized into
the following six intervals {vm} = {0,4.94919,+.999,t1.}. The dia-
cretization is based on knowledge and experience with the behaviour of
the function A(v) for various values of ¢, the number of secondaries per
collision. Case and Zweifel (1967) illustrate (Figure 2.8) the behaviour

of g(v,c) (Eqn. 1.23b) for various valuesr of c.

B(v.C)

1

08

06

04

0

00'1111-11\\'

00 Ol 0! 0) 04 05 08 07 0% 09 10

Figure 2.8. The function g(v,c)
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For simple choices of ¢(u) in Eqn. (1.22a) such as 4{u) = uk for
k=0,1,... it ig easily shown that g(v,c) plays a dominant role in the be-
haviour of A(v) in the neighborhood of v = 1, e.g. when 3(u) = 1 then A(v)
= (l-c)g(v,.) and when (1) = u then A(v) = v(l-c)g(v,c). For ¢ = .5129
in BP3 we can estimate that g(v,c) in Fig. 2.8 has a maximum in the
neighborhood of v = .95. Therefore we chose a value in that neighborhood

as one of the v discretization points. The choice v, = 0 and v 1

+0 43 -

are obvious; the choice of v +.999 is necessary to include the

42 ©
special basis element Eqn. {1.12b) which Is designed to approximate the

logarithmic singularity in A(V) for v = %1,

There are six translent eipenmodes q1n(x,u) (n=0,1,2) Eqn. (1.13a,b)
corresponding to the v discretizatlon and two asymptotic elgenmodes
qu(x,u) Eqn. (1.10a,b), Note that we may alternately refcor to the .
asymptotic eigenmodes with the notation qoi(x,u) where the suhseript 07
is a carryover from the Case notatlon. In cell II of the ruference prob-
l-m we want to generate a benchmark problem with solution uB(x,u) which
1s a superposition of the eight homogeneous eigenmodes qin(x,u) (n=0,1,2,3).
The procedure for obtaining the combining coefficients is denoted by
modes analysis. Section 1.1.4 gives two modes analysis methods. For
BP3 the least squares method 1s chosen with the option of performing
the least squares analysis at discrete directions M (m=1,2,...,M) along
the incident flux boundaries of the cell: the emergent boundaries are
omitted. An initial reference solution vR(x,u) for the two cell problem

is obtained using the DB3 method with thirteen equally spaced spatial
coordinates X, = 12514 (i=0,1,...,12) and a DP8 quadrature set for an

516 angular approximation. Figure 2.9 illustrates wR(x.ﬂ) for traverses
along x for fixed *p = ,98,.76,.41,.02 and for traverses along u for fixed
x = ,251 (i=0,1,...,6). At the cell interface x = .5 we notice the

angular flux discontinuity due to the source in cell I (Fig. 2.9bj.

At the incident flux cell boundaries of cell I1I, wR(x,u) is linearly
interpolated to obtain a solution wA(x,u) defined at the ¢ discretiza-
tion coordinates assigned to the least squares problem. Experimentation
has indicated that for a fixed set {vin} of the transient spectrum dis-

cretization the {un} ahould be chosen by the formulas:
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Figure 2.9. Angular flux traverses for DB3 reference solution
(h = .125, DPy) - (a) traverse along x for fixed u,
(b) traverse along v for fixed x
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This choice places the Mo in the neighborhood of the maximum amplitude
of eacl. eigenmode qn(x,u). Note that two zero values of . denoted sym-—
bolically by *) are used to permit treatment of discontinuities at

boundaries and interfaces when they are present.

Figure 2,10 illustrates the resulting benchmark solution wB(x,u) in
cell II generated by the least squares modes anzlysis using only eight
flux values (four at each incident boundary). The {un} for the least
squares are calculated by Eqn. (2.25) using the ivn} given above. The
display is 1n the format of Fig. 2.9,

A comparison of wR(x,u) and ﬁB(x,u) along v at the cell boundaries
x = .5and x = 1.5 and the scalar fluxes ¢R(x) and ¢B(x) is given in
Fig. 2.11. The large rectangular symbols indicate the least squares n
discretization. The maximum relative scalar flux difference is about
4% near the interface at x = .5. The maximum angular flux difference
occurs at the interface x = .5 in the uy ‘nterval (.9,1.) and is approxi-

mately 97%. Several factors which can c.mntribute to the difference are:

(1) coarseness of the v discretization

(2) placement of the Ve coordinates

(3) placement of the un woordinates for the least squares
(4) wvalue of the parameter a in the qN_1 modes

The above four items must be thoroughly understood for implementation
of this modes analysis technique as a new numerical transport theory
method. Our present objectives are to generate exact benchmark problems
which are related to physically meaningful problems. wB(x.L) satisfies
the objectives and is used for the benchmark error performance analysis

at the end of this section.
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Figure 2.10. Angular flux for Benchmark #3
(a) Angular flux traverse y_{x,u) along x for fixed u
(b) Angular flux traverse !j;B(x,u) along p for fixed x
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We now examine some details of benchmark solution wB(x,p). Figure
2.12(a) 1llustrates the transient combining coefficients A(ivn) =a,
(n=0,1,2) obtained by the least squares. Also included is A(*l) = 0.

The asymptotic coefficients aoi are tabulated at the lower right of the
figure. Notice that a,- =0 and A(v) = 0 (v < 0). This is attributed to
the vacuum condition at the boundary x = 1.5 since the coefficients a_,
correspond to modes q_n(x,u) which represent contributions of a source at
the right boundary of the cell. The behavior of aO+ and A(v) (v > 0) are

likewise cont ‘olled by the incident flux distribution at x = .5.

The scaled modes a+nq+n(x,u) are illustrated in Fig. 2.13 and 2.14.
wB(x,u) is included to illustrate the superposition of the modes. Modes

2,4, and 3,4 corresponding to Vo °© 0 and vy = .94919 and the asympto:ic
mode a0+q0+ are easily observed for v > 0. Notice that in Fig, (2.13a)

the flux discontinuity at ¢ = 0 1s largely contributed to by a The

Q-
0’0
rapld decay of q, as illustrated in BP2 forces wB(x,u) to behave

similarly, so that at x = 1.5 the discontinuity is relatively very small.

The eigenmode qz(x,u) is barely visible in Fig. 2.13, but in

Fig. 2.14a,b two scale magnifications illustrate the mode behaviour for
.90 < p < 1. and .97 < u < 1. respectively. In Fig. 2.14a we note that
the steepness in the gradient of q, for .99 < u < 1, cannot be matched by
any of the other modes including the asymptotic q0+ so that wB(x,u) has a
10% drop at u = 1. This deficiency is reflected in the results of the
least squares which includes a data point at u = 1. Figure 2.11 shows
that the least squares matches the boundary point p = 1 excellently, but
away from the boundary the 10% difference reappears. Additional least

squaraes points and varied placement are under investigation.

Figures 2.12a, 2.15, 2.16, 2.17 and 2.18 illustrate BP3A a problem
slmilar to BP3 In all respacts except that the parameter a = 1 instead of
a = ,18, where a is the exponent of the Chapeau function in qN_l(x,u).
The main difference we note is the error in wB(x,D) is reduced in the
interval .95 < uw < 1. In the expanded scale plots, the change in q, is
quite evident. The mode has a well defined minimum near u = .999 in con-

trast to BP3 where the mode continues decreasing until i = ,99975, The
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BENCHMARK 3 A(NU) FOR CELL I1I FOR N-3,ALPHA-.18

o

(a)

LEGEND
NUO- 1-0500 o=AI(NJ) CELL II A0+~ 0-2556 AD---0-0093

BENCHMARK 3A A(NU) FOR CELL 1I FOR N-3,ALPHA-:.

W
a9

N

(b)

LEGEND
NUO- 1-0500 o=-AINU) CELL Il AQ+- 0-2443 AO---0-0048

Figure 2.12., Combining coefficients A(v) and agt from least squares
modes analysis
(a) Benchmark #3 with a = .18
{b) Benchmark #3A with a = 1.
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BENCHMARK 3 EIGENMODES A(NI®O(X,MU,N) TRAVERSE AT X-.S

(a)

LECEND
e-0[.5 Mm,0°)
o«0(.5,ml,-0)
a=01,5m,11
+=0[.5,M,2)
m=01{.5,n,0-)
o=~0{.5,m),-0)
v=01.5m,-1)
®@=0{.5M0,-2)
u=P518(.5,M)

BENCHMARK 3 E1GENMODES A(N)»Q(X,MU,N) TRAVERSE AT X-1.5

(b)

0=0(1.5,M,0°)
o~0(1.5,m, *0)
a=-011.5m,11
+=0(1.5,Mm,2)
x=0(1.5,1,0)
*+=0(1.5,m,-00
v=011.5,Mm,-1)
®=0(1.5,M,-2)
o= PSIBLL.5, M)

Figure 2,13, Contributions of elementary solutions anqn(x.u)
to d-B(x.u-) in Benchmark #3 .
(a) 1 traverse at x = .5, (b) p traverse at x = 1.5
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BENCHMARK 3 EISENMOCES A(N)I=Q(X,MU,N) AT X=.5 MUL(.8,1)

(b)

/

A
+ "
[ ] - - % -\\“w
&
T

LEGEND
o=01.5,M,0)
o=01.5,M, +0)
a=00.5,1,1)
+=~00.5M,2)
we0(.5,M,0)
e=01.5,M,-0
v=0¢.5,m,-1)
8=01.5M,-2)
n=P5180.5, 0

Figure 2.14. Detailed enlargement of elementary solution
contributions te Benchmark #3
(a) 9 <<l (b) .99 <u<l
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BENCHMARK 3A ANG FLUX PSIB(X,MU) MU=-+-(1,.5,.1,0)
&

z
2/
: :
(a) =i
by
o]
:
a
:
x = PSIB(X, -0
¢ =PSIB(X,~. 1)
®*=PSIBIX,-.5)
® =PSIBIX, -1)
BENCHMARK 3R PSIB(X,MU} X-.5,.S5,.75,1.,1.25,1.45,1.5
(b)

c pactiedidil ' A Yy 4
=1-0 -0-8 08 01 -0:3 0-0 02 0-9 0-5 o0 1-a

LEGEND
O=PS181.5,1U]
o= PSIB(.55, MU
a=-PSIBI.75, HU)
+=PSIB(1,, M)
x=PSIBI] .25, M)
»=PSIB11.,45, M0}
v=PSIB(1.5 NS

Figure 2.15. Angular flux for Benchmark #3A

(a) Angular flux craverse wB(x,u) along x for fixed p
(b) Angular flux traverse wB(x,u) along v for fixed x
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BENCHMARK 3R SCALAR FLUX PHIR(X) VS, PHIB(X)

(a) %3‘
® s 0'-6 01-7 O:B 0"9 l‘-D 1‘-1 I:Z l"! IT-Q 1S
X
LEGEND
D =PHIR(X)
o= PHIBIX)
BENCHMARK 3A PSIRLX,MU] VS. PSIB(X,MU)
2
(b) gé'

o - PSIR(.S, MU}
o=PSIR(1.5, M)
a=PS[B(.S,HU)
+=PSIB(1.5,H0

Figure 2.16. Comparison of reference and benchmark solutions for Benchmark #3A
(a) Scalar flux tp(x) vs, ¢g(x)

(b) Angular flux Ypx,1) ve. yg(x,u) at x = .5 and x = 1.5
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BENCHMARK 3A  EIGENMODES R(NI=Q(X,HU,N) TRAVERSE AT X=.S

(a)

—t

-0 08 08

o3

&3 04

(b)

LEGEND
©=011.5,hy, 001
o-011.5, M, +0)
s=0l1.5,M,1)
+=Q11.5,n1,2
u=0(1,5,m,0-1
¢=011.5,M,-0)
ve0(1.5m,-1)
®=011.5,MJ, -2
w=P318(1.5,M

Figure 2.17. Contributions of elementary solutions q_(x,u) to y (x,1)
Benchmark #3A n .
(a) u traverse at x = .5, (b) u traverse at x = 1.5



15

BENCHMARK 3A EI1GENMODES AIN)»Q(X,MU,N) AT X-.5 MUC(.9,1)

-8
4

[ & ]

(a)

P3IB

(b)

a-a,.1]
o-01.5,M,0¢)
©-01.5, M, «0)
a=0i.5,Mm,1)
*«01.5 m, 2)
x=01.5, K. 0-

[ K |
o8
nin
a2
0z

we=pPSiBLS, W

Figure 2.18. Detailed enlargement of elementary
solution contributions to Benchmark #3A
(a) 9 us<l, (b) .99<uc<1l



76

difference in behaviour of azqz(x,u) in BP3 and BP3A, taking into account
the different scaling factors a,, Indicates that as . is decreased the
minimum point of qz(x.u) is conginuously decreased and moves closer to
w =1, The difference in scaling factor a, is expected because o1 the

difference in qz(x,u) at the least squares node u = 1,

Overall the effects of the a parameter do not appear to have major
significance. However, should an improved discretization scheme manifest

itself, then ¢ must be reconsidered.

A set of twenty problems where the space/angle mesh refinements are
varied as in BPl are solved via the DBl, DB) and DGF methods. The maxi-
mum absolute scalar flux error “¢E”m with associated sign is tabulated in
Table 2.7 for each of the twenty problems, The overall error performance
for the three methods shows that the DB3 and DGF methods have errcis
about two to three times smaller than the DBl method., The location of
the maximum error 1s usually the same for all methods and varies depend-
ing upon the mesh discretizaticn. As the number of spatial mesh points
are increased the maximum absolute erior shifts towards the boundary at
x = .5. This is partly due to the fact that the angular flux is a maxi-
mum at x = .5 and partly due to the discontinuity at u = 0 and x = .53.

Figure 2.19 illustrates the scalar flux error for eight of the
twenty problems, The probiems are chosen to 1llustrate the dependence
of the error on spatial and angular refinements. Four problems have
I = 16 mesh intervals with the number of angles varied from 2,4,8 to 16
and five problems have M = 16 with the number of spatial intervals varied
from 1,2,4,8 to 16. For M= 2 and M= 4or I =1, 2 and 4 (i.e. dis-
cretizations with very large or very small space angle mesh ratios) we

observe large errors.

Table 2.8 tabulates the maximum absolute angular flux error "¢E"m
with associated algebraic sign for the three methods. The same relative
behaviour of the methods is observed as described in the scalar flux
analysis. Error convergence is obtained for J = 2 and J = 4 for the DB3
method. The angular location of the error consistently is located at the

¥ coordinates of minimum absolute value (i.e. closest to u = 0) where -l
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Table 2.7. Maximum absolute signed scalar flux error i“ ”m tabulated

for twenty space/angle discretization sets oi Benchmark #3
for DB1, DBl and DGF Methods
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BENCHMARK 3.1 SCALAR FLUX ERROR PHIE(X) FOR I-16 OR M-16

6
’- s
ry
L3
b4
Bl et "o :
(a) DBl %6 e O5. 7 o oa m 12 1-3 P : £
'\-_."/AEX' 182
4 o-PHIE(X) 16,4
a=PHIEDO 16,8
+«PHIELX) 1,16
g. %=PHIEIX) 2,16
¢ =PHIE(X] 4,16
. i
# LlRs 13,00
BENC&'IHHRK 3.2 SCALAR FLUX ERROR PHIE(X) FOR I=16 OR M=16
3 A = 5 M
‘B [
&% 5
y L
3
(b) DB3 =]
Zs.
P o= PHIE(X)
o=~PHIE(X) 16,4
] a-PHIEIX) 16.8
L +=PHIE(X) 1,16
x=PHIE(X) 216
d=gle A,
z w-PHIE(X) 15,15
BENCSHHHRK 3.4 SCALAR FLUX ERROR PHIE(X) FOR I-16 OR M=16
é
B
é
B8
]
B
¢
(¢) DGF Eg
8] o= PHIEN
9 o-PHIEIX] 16,4
s s=PHIEDX) IE.8
s / it 1t
e e=PHIE(X) 4,16
J e~PHIE(X) 8,15
3 B=FHIE(X) 16,16
¢

Figure 2.19.

-Scalar flux error ¢_(x) for DBl, DB3 and DGF methods for

eight selected discretizations of Benchmark #3
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Table 2.8, Maximum absolute signed angular flux error +”9E" for

twenty space/angle discretization sets of Benchmark #3
for DBl, DB3 and DGF methods
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effects of the flux discontinuity are greatest. The spatial location of
the error is usually the interior mesh point closest to the left boundary.
Flgures 2.20, 2.21 and 2.22 illustrate the angular flux errors along u at
x = .5, 1. and 1.5 respectively for the three methods. The same eight
problems are considered as in the scalar flux analysis. The error sig-
nificantly improves as the spatial mesh size decreases for M = 16.
Considering this result and the results of problems BPl and BP2, we note
that for space/angle mesh discretization ratios outside of an optimal

band, the errors increase.

Tables 2.9 and 2.10 tabulate the average absolute scalar flux error
and the relative sum errors of the pointwise scalar flux error EE
respectively. The average error decreases monctonically for all methods
for J = 8 and 16, but for J = 2 and J = 4, the error decreases, reaches a
minimum and then increases. A similar error behaviour is observed in
Table 2.10, For equivalent discretizations the DB3 method is more accurate

than the DGF method by about a factor of two.



81

BENCHMARK 3.1 ERROR TRHVERSES PSIE(.5,MU) FOR I-16 OR M-16

a-PSIEL. S, MU 16,2
&= PSIE(.5, MU} 16, 4
a=PSIEL.5,NU) 15,8
+=PSIE(.S,HUI 1, 16
= =PSIE(.S,NL12, 16
¢ =PSIE(.5,MU1 4, 16
v-pPSIEL.S,MIIE, 16
Gy EL @ -PSIE(.5, M1 16, 16
a

o=~ PSIEL.S,MI16,2
0=PSIEL.S,MUI1G, 4
s =PSIEL.5, M) 16,8
+=PSIEL.S, N1, 16
x=pPSIEL. S, M2, 16
e=PSIEL.S, UL 4, 16
v -PSIEL.5, M) 8, 16
== PSIE(.5, M) 16, 16
(b) DB3

o~ PSIEL.S, M 16,2
o=-PSIEC.5 MU 16,4
+=PSIE(.5,1U116,8
+=PSIE(.5, 13, 16
x=PSIEL.5. AN 2, 16
o= PSIEL.5, U1 4, 16
®=PSIE(,5, M0, 16
®~PSIEL.5,Mi 16, 16

(c¢) DGF

Figure 2.20. Angular flux error traverses wE(.S,u) for DB1, DB3 and DGF
methods for eight selected discretizations of Benchmark #3
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(b)

(c)

BENCHMARK 3.1
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ERRGR TRAVERSE PSIEC], MUY

FOR 1-16 OR M-i6

LEGEND
o=PSIL, M6, 2
o~PSILLY, MG, 4
& ~PSICLY, MG, 8
+«PSIEIL, M2, 16
x=PSIC(1, N4, 16
o =P3IELL,HUN3,16
v =PSIC(],MUNlE, 16

03 0-4
A

0:2

methodr for eight selected discratizations of Benchmark #3

DB1
Lan s e e ) Pty S
-3:0 -D-8 0-6 -0-4 0-4 06 I ) Ho
BENCHMARK 3.2 ERROR TRAVERGE PSIECL, MU FOR I-16 OR M-i6
Bt g g =2 T ‘}4 At e
-0 8 e T 2*‘ i oG 0-8 1o
g‘
LEGEND 2]
a-PSIEN], MG, 2 ¢
o-r:snr:u,r::.u::.,ql &
DB3 CRIRGA N B 2o
x=PSIEIL, R4, 06 o
o =PSIELT, MNE, 18 K
e - PSIE L, MU G, iG e
l‘)
Hd
o
sl
BENCHMARK 3.4 ERROR TRHVLJI\&E: PSIG(L, MUY FOR 116 OR H-16
LEGELND
o=-PSILt), 516, 2 2]
o=PEIFL. %16 4 o
a=-PSILU, BN 0, H
¢ =PSIER], A2, I
® = PSICLL B4, 16
o= PSILAL BN, 1
DGF e PR, LG, L a..‘;.x._
a
e e e — —t“t'—"*- ~ il T e ey
Bl e L e e g e e b
o -on R e —~—gp——04—-a OC 8 1o
g
Figure 2.21. Angular “lux error traverses y_{1,y) for DBl, DB3 and DGF
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Figuras 2,22,

BENCHMARK 3.1
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ERROR TRAVERSE PSIE(1.5,MU) FOR I-16 OR M=16

a-pPSIELL. 5, N16,2
o=PSIE(1.5,MU1E,¢4
2=P5SIE(1.5,0U116,8
+=PSIEIL, S,HUH 16
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L
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ke o | <1
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-2

4

I

L L L]
o8 <-4 0- 4

<2 P o8 1-a

BENCHMARK 3.4 ERROR TRHVERSE PSIE(1.5,MU) FOR 1-16 OR M-16

DGF

o-PSIE().5, M1E,2
o =PSIEIL.S, MUl 16,4
--rs:r:u.s,mus%
¢« pP5ICHL.5,MH1, L

®=PFSIE(], S,HUN! 15
e~PSIECL.S5, )4, 18
v=pPSIEL), S,I'IJIB o
®-P3IELL.5, M 16,6

¢35 om

*10

Angular flux error traverses "E(l 5,u) for DBl, DB3 and DGF
methods for eight selected discretizations of Benchmark ¢3
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Table 2.9. Average absolute scalar flux error for DBl, DB3 and DGF
methods for twenty discretization sets of Benchmark #3
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SCALAR 7LUX ERROR (GLOBAL)

J: ¥O. OF KO POINTS

L] 8
1.060-02 2.30D-02
1.220-02 6.570-03
1.3206-02 1.170-013
1,320-02 2.06p-03
1.360-02 2.G30-013

2 CELL n.i.

A9G. ADS5. SCALAR PLOX ERANCR (GLORAL)

I: KO.

ZRROK
ERROR
ERROER
b4 00

4 .

1

1

.

-

OF YMESE INTIAVALS

J: BO. OF A0

Tessasysesrtesnsdanbad b EB

$.000-02
8.300-02
S.a)p-02
4.070-02
6.370-02

2.210-02
1.70p=-02
1.830-02
1.J:p-02
1.36p-02

16

D R e T R I S R R

2.220-02
1.08p-02
3.860-9)
1.220-0)
7.450-09

FOIBTS
3 % '
2.470-02 2.56D-02
1.280-0% 1.350-02
&,41p-01 4.83D-0)
2.8a0-0) 1.480-02
2.15Dp-03 ».8UD-ul

1(9,.5) S=1, X(.5,1.5) S=Q, ®00-1.0%
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Table 2.10. Relative sum error of pointwise scalar flux for

DBl, DB3 and DGF methods for twenty discretization sets
of Benchmark #3

BERPAC 05/76 BP#3,1 0BT 1 CELL W.a. X{0,.5) S=1, X{.5,1.5) S=0, NO0O=1.0S

APL. ABS. SCALAR PLOUOX ERROR (GLOBAL)

I: NO. OF IAESH IHTERVALS J: NO. OF w0 POINTS
3. 2 4 8 16
1.
BREOR 1 . 7.u41D-02  1.44D-01  1,40D-01  1.42D-01
PRROR 2 . 9.890-02  7.68D-02  7.430-02  7.14D-02
PRAOR & . 1.47p-01  5.04D-G2  2.50p-02  3.210-02

ERRGR 8 . 1.73p-D1% 4.050-02 1.160-02 9.390-03

BRROR 16 . 1.86D-01 u,04p0-02 T7.4AD-03 2.550-03

BEAPAC 05/76 BP93.2 DB) 1 CELL B.A. X(0,.5) S=1, I(.5,1.5) S+9, R00=1.05

BEL. ABS. SCALAR PLOX EREOR {(._.O0BAL)

I: HO. OF INESH INTERVALS J: MO. OPF HU POINTS
3. 2 s 8 16
1.
ERROR 1 . 7.46D-02  2.310-02  5.290-02  5.12D-02
E¥ROR 2 . 1.150-01  3.12p-02  1.69D-02  2.77D-02
28ROR @ . 1.520-01  3.630-02  3.235-03  1,064-02
ERROR B . 1.7un-01  3.790-02  5.900-0)  3.500-03
LEROR 16 . 1.860-0Y  3.960-02  5.¢3D-03  2.17D-03
BEAPAC 05/76 BP#J.4 DGP 2 CELL M.k. I{0,.5) S=1, I{.5,1.5) 5=0, Wu0=1.0%

REL. ADBS. SCALAR FPLUX ERROR {GLOBAL)

I3 BO. OF IAESH INTENYALS J: NO. OF AOD POINTS

3. 2 . ' 16

T .
PPROR 1 . 1.170-0%  5.090-02  S5.68D-0  5.900-02
BRROR 2 . 1.10n-U1  8.370-02  3,280-02  3.480-02
BRIOR & . 1.500-01  ).920-02  1.210-02  1.270-02
3AROR 8 . 1.740-01  3.79D-02  7.54D-03 &, 2ep-03
ERROR %6 . 1.860-01  1.980-02  4.290-03  1.98D-0)
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2.2.4 Benchmark Problem #4, a two cell least squares modes analysis

The reference problem configuration for BP4 is given in sectiom 2.2.3
and the reference solution wR(x,u) is displayed in Fig. 2.9. In this
problem we generate a benchmark solution wB(x,u) in two cells as described
in section 1.1.6. Figure 2.23 illustrates wB(x,u) for x traverses and p
traverses In the nsual fashion. At the interface x .5 there is a flux

discontinuity for p = 0 due to the source in cell I.

Comparisons of scalar flux ¢R(x) and ¢B(x), and angular flux wR(x,p)
and wB(x,u) are illustrated in Fig. 2.24a,b respectively. The maximum
relative scalar flux differences are about 4% in cell I. The angular
flux differences in cell I are about .15 (arbitrary units) at the inter-
face x = .5 for uw < 0 (in particular near y = -.9). The difficulty in
approximating the angular flux in cell T is net evident, but may be

related to the reflecting boundary condition at = = 0.

The benchmark solution wB(x,u) in cell IT is obtained exactly as in
BP3 but is then modified by a regionwise constant angul:r source Q(p)
which is required to satisfy the interface condition o% flux continuity.
Figure (2.25b) illustrates the constant source SI = .5 in cell I and the
interface condition source Q(u) in cell II. The angular flux difference

of wB(.S,L) and dh(.B,u) in cell I is the dominant factor in the shape
of Q{u) in cell II.

Again we recall our original purpose in this work is to create exact
benchmark problems which can be related to physical problems. We claim
BP4 is such a problem and as such can be used to analyze the error per-
formance of numerical methods with particular interest in observing the

error at the interface x = .5,

First we examine QB(x,u) in more detail. Figure 2.25a illustrates
the transient combining coefficients A(un) and asymptotic coefficients
agt for cells I and II. 1In cell II the A(v) are precisely the same as in
BP3. The coefficlents a in cell I can be better understood by analyzing
Fig. 2.26a which displays the contribution of the ad. to wB(x,u) at the
cell boundary x = 0. The negative contributions of the anqn are added to

the particular solution corresponding to the source in each cell,

Sixteen different space/angle mesh discretizations for BP4 were
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BENCHMARK 4 ANG FLUX PSIBIX,MU] MU-+-(1,.5,.1,0)

A= —

[~ '—- -..-‘;“

o4 o8

PSIE

02

(a)

-0

bo Gr1 02 D 04 05 Q6 07 08 g9

03

LEGEND
o-PSIBIX, 1)
©=PsSIB(YX,.5)
a=PSIB(X,.1)
+=FSIBIX,+0)
x=PSIB(X,-0)
® =PSIBIX,-.1)
v-PSIBIX,-.5)
B =PSIBIX,-1)

BENCHMARK 4 ANG FLUX PSIB(X,MU) X-0,.25,.5,.8,1.,1.5

4

(b)

T T Y
a-2 Deq o-8 o-3 1o

LEGEND
0= PSIBIO, MU
0«PSIB(.25, M
a = PSIB(.S, AU
+=PSIB(.6, MU
x=PSiB(l.,HU)
*=PSIH(1.5,H)

Figure 2,23. Angular flux traverses for Benchmark #4
(a) Traverse along x for fixed u
(b) Traverse along p for fixed x
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BENCHMARK 4 SCALAR FLUX PHIR(X) VS. PHIB{X)

(3]
.
-

1-0

¥
(a) =
a
c.’DL‘I (—J'l_ Q-2 0'-_!'! 0‘1 DIS 0|6 DI-? Orﬂ Ul9 l10 lll 1.2 1]'* lli 1'E
X
LEGEND
o - PHIR(X)
o - PHIB(X)
BENCHMARK 4 PSIR(X,MU) VS. PSIBIX,MU)
(b)
1
6

[RACE

o~ PSIRI, ¥
0« P3IR{. G, HU)
&=PSIKI1.5, 1)
+ = PSIB, M)
x=PIIR(. L, 1Y)
o = PSIB{L. 5, MUl

Figure 2,24. Comparlson of DB3 reference and benchmark solutions
for Benchmark #4
a. Scalar flux ¢,(x) vs. g (x)
b. Angular flux 5 (x,H) vs. ¥ (x u) &t x=0, x=.5 and x=1.5
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BENCHMARK 4
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AR(NU) FOR CELLS T £ II FOR N-3,RLPHA-.18

Q

)

“a

0-2

0-4

0-6

0.8

NUO- 1-0500
NUO- 1-0500

LEGEND

o -A(NU} CELL I
&= AINU) CELL LI

AQ+=-0- 2634

BENCHMARK 4 REGIONWISE CONSTPNT SCQURCES qRCO*MU

(b)

Dt

0-3

SRCO
02

0-1

a-2

a4

A0---0- 4142
fi0+= 0-2556 f0---0-0093

Z Il

Figure 2.25.

LEGEND

o = SRCA (MU

¢ =SRCQ(NU] J1

(a) Combining coefficients A(v) and 3,

squares modes analysis
(b) Reglonwise constant sources in Cell I and Cell II

for Benchmark #4

* from least
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BENCHMARK 4  E]GENMODES RN %Q (X, MU, N) TRAVERSE AT X-0.

o - 0id, iU, 041
o - 0{3, M, +0)
s - 010,80, 1)

+=0(0,10, 2

% = 0(0,MU, D-)
* =010, N, 01
w-0(0,H0,-1!
w-0(0,H,-2}
w « PSIALE, HU)

28 A2E S AGBBANTI
I M )

=25
A

-1'0
1

b

BENCHMARK 4  EIGENMODES A(NIxQ(X,MU,N)

TRAVERSE AT X=-.5

v-0L.5,h0,-1] o
w~0(.5, M, -2] ¢
w - PSIBL.S, HO)

n

BENCHMARK 4

TRAVERSE AT X=1.5

EIGENMODES A(N)»Q (X, MU, N)

L

Figure 2,26,

(b) x=.

5, {¢) x=1.5

Contributicns of elementary solutions a n9n (x,y) to
Vg (x.u) in Benchmark f##4 for u traverse at (a) x=0



91

solved. The spatial mesh discretization is equally spaced in the two
cells. The angular discretization is the same as in the previous prob-
lems. The absolute maximum scalar flux error HE_EHm with associated sign
is tabulated in Table 2.11 for the three methods of the previous sections.
For equivalent mesh discretizations, omitting the cases when I = 3, the
DBl and DGF methods have comparable accuracy. For I = 3 or 6 and J = 8
or 16 the maximum error in DBl and DGF is about three or four times the
error of DB3. Figure 2,27 illustrates this clearly for seven selected
discretizations. Alsa apparent is a significant error fluctuation about

the interface at x = .5 for low angular approximations.

The optimum space/angle mesh ratio phenomenon is particularly notice-
able for DBl and DGF where the combination (I,M) = (3,16) has an error
comparable to (I,M) = (24,4). As the mesh is refined for M = 16 the error
magnitude oscillates about zero with the location of the maximum error

approaching the interface x = .5.

The maximum absolute angular flux error ”wE”m with associated alge-
braic sign 1s tabulated in Table 2,12, The maximum error is located at
the u coordinates with smallest absolute value for all methods. For DBl
it is always located 1n cell I, For DGF 1t is located at the cell inter-
face x = ,5 for all but two problems (J = 4). For DB3 it is usually in

cell I with two exceptions when J = 8.

Figures 2.28, 2.29 and 2.30 illustrate the angular flux error for
traverses along x = J, .5, 1.5. For low order spatrial discretizations
the error magnitude is largest in the nailghborhcod of ¥ = 0. At x =0
the error (Fig. 2.28) is symmetric for all three methods due to the re-
flecting boundary condition. At the iuterface x = .5, the error is
largest near u = 0 for p > 0. In the DGF method the error is antisymmetric
about y = 0, At x = 1.5 the error shape is similar to the shape at x = .5,

except the antisymmetric behavior is absent from DGF.

The aveiage absolute scalar flux error and the relative sum error of
the scalar flux is tabulated in Tables 2.13 and 2.14., A ccmparison of the
errors for the three methods for low order spatial discretizations
(Table 2.13) reveals that the methods (DBl, DB3 and DGf) are ranked in or-
der of decreasing error magnitude, As the number of space mesh intervals

. ‘creases, the average error magnitudes for the three methods for equi-

valent mesh discretizations become less distinct.
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Table 2.11. Maximum absolute signed scalar flux error i”_@ |]m tabulated
for sixteen space/angle discretization sets of Benchmark #4

for DBl1l, DB3 and DGF methods

BEAPMC 09/76 BP#Y. 1 DR 2 CELL B, A, X{0,.%) S=1, X{.5,1.5) *=0, WUD~1,05

BAK. ABS. SCALAR FLUX FRIOR AND LOCATION (GLOBMLY

Iy HO. OF ZMESH INTENVALS Ji RO, OF KU I'OTKTS
a. 2 a 8 %
Y .
EREOL K} N T.60D-02 =-1.61p-01 =1.060D-01 =1.470-01
ZrscT IR TE 1113 1,113 1,113
X Loc . 0.0 0.0 0.0 0.0
EKKOR 6 . 1.150-01 -7.679-02  =5.34D-02  -4.9)p-02
ExacT . 1064 1113 1. 064 1. 064
(a) DBl X Loc . 0.250 0.0 0.250 0.250
ERFOR 12 . 1,20p-01 -6.37D-02 ~2.45D-02  1,97n-02
EXiCT . h.06a 0,602 0.9%6 0.692
I Loc . 0,750 0.625 0.375 0.025
ERROE 2% . 1.216-01  =7.050-DF  -1.51p-02  1.13n-0%
PIACT . 1064 0. 674 0. 976 0.67L
x 100 L 6. 250 0.563 0. 375 0,562
BEAPAC 05/76 PpeY,2 BEY 2 CELL M.A. X(0,.5] S=1, X(.5.1.5 $-3, RBO=1.05
BAX. ADS, SCALAR FLUYXY ERRCR AND LOCATIOR (GLODAL)
I: HO. OF INESA INTERVALS J: HO. OF MO POINTS
3. 2 & 8 18
I .
FRROR 3 . 1.080-G1 ~5.19p-02  2,720-02  U4.96D-02
FXACT L 1313 13 HRTH 1.113
X 1L0¢ . 0.0 6.0 0.0 0.0
PPROR 6+ 1.726-01  -5.730-02  =1.250-02  1.610-02
EXACT . .06 1.113 0. 436 1.06¢
{b) DB3 % L0c L 0.250 0.0 0.750 0. 250
LFROR 12 . 4.220-01 | =6.510-02  -1.2)0-D2  7.501-03
Exer . 1,064 0. 602 0.97% 0,978
X Loc . 0,250 0.675 0.375 0.375
FREOR 28 . 1.270-01 | ~7.069-02 -1.270-02  3.59D-03
EXACT . 1068 0, 674 0.976 0.3e6
1 10¢ . 0.750 0.563 0.375 0.336
DEATAC 05,76 BRIY.4  DGF 2 CELL M h. K(D,.5 S71, £(.5,1.5) 5-0, HUO=1.0%
HALI. ABS5. SCALAR PLUX LRROk AED LOCATION (GLOHAL)
Y: WO, OF L.ESH INTERVALS J: HO. O MU POINIS
3. 2 4 8 16
1 .
rEROM 3 . 1.355-0%1  5,3un=D2  6.A3D-02°  1.03r-01
EXicT . g t. 358 0.358 0.350
i Luc . 0.0 1,000 1,000 1.000
ENFOR 6 . 1.000-01 ~9.270-02 =5.33p-02 -3,960-02
ExRCT - 1.113 1. 004 .04 Y.0ul
1 . 2 :
(¢) DGF ¥ 102 . 0.0 0. 250 0. 2450 £ 2u0
FRIOD 2 . Y.2.0-01 =g, 20-02 =3, 1ab-N2 1.940n-02
ERACT . 1,008 1.10} 0.4976 0.Lu2
5 18¢ . 0.u0 6.12% 0. 175 0.625
EATOR 20 . 1.22D-01 ) -6.76D-02 ~1.690-02  1.230-02
FILCT . 1.004 0.uly 0.v0? .00
1 Lac .o0.a%% 0,563 0.t h 0.503
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BENCHMARK 4.1 SCALAR FLUX ERROR PHIE(X) FOR I-24 OR M-16

o-FHIE(X] 24,2
o=PHICIX) 24,4
a=PHIE(X) 24,8
+=PHIEIX] 3,156
»=PHIE(X) 6,16
¢ =PHIELX) 12,16
,  ¥=PHIE(X) 24,16

BENCHMARK 4.2 SCALAR FLUX ERROR PHIE(X) FOR I-24 OR M-16

L.J"H_a“q\ o-PHIEIX) 24,2

F:'I o~PHIEIX] 24,4 .

& s =PHIEIX] 24,8
+=PHIEIX] 3,16
x=PHIE{X] 6,16

o ~PHIEIX) 12,16
v~-PHIE(Xi 24,16

o= PHIE(X} 24,4
Le®o=""""u_  a-PHIED) 245
+=PHIE(X) 3,16

{\ =-PHIEIX) 6,16

o~ PHIE(X)
* - PHIELX)

(c) DGF

Figure 2.27. Scalar flux error ¢_.(x) for DB1l, DB3 and DGF methods
for seven selected Eiscretizations of Benchmark #4°
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Table 2.12. Maximum absolute signed angular flux error t"_{El
for twenty space/angle discretization sets of
Benchmark #4 for DB, DB3 and DGF methods

e rc M/ BPee.Y B8Y 2 CERL B.4. 019, %) 3wY, BC.5,0.0) B0, 0W=1.08

PAT. 402, VECTOD FLOE ROROE A0 LOCATLION (CLODiL}

o ®e. 97 1801 EOTUATILS Ji 88, oF w0 MOIFTS
5. 1 . ] "
1 .
BOSE B . 1.6T-01 -1 05080 =1.030+8% -4, 99881
seacy Lo 0. eh8 .. .. ts
B Lac T oL 0" 0. .0
mioc . e o o4l oet “.an
PEOSE 6 . B.ASe=0T  -B.TIB-81  <1.710-01  =3.980-91
T Y 1 0.9 P
a2 18¢ R 5. 290 e
setec -+ . 0. 08¢
BSBGE 1} . 2.400-01 -1.0I0+81 -6.4%0-0)
et . 043 et
3L . oan Mt
sstoc R -0 11
menn 38 . 83  -1.930-02
sy ; PR
[N’ 3 . 9.1 >
[ i z m

MANC /% Wil Ml T emi SA, BB Y, B(.5,0.0) 900, DRO=1.01

G5%. 405, CECTOR FLOD W0RGA 40C LOCATIORN (LlOMaL)

20 DS, OF FRFRE IOTEMTILE 31 §O. OF 29 POLNAG
s, 3 . ' *
1.

e e R B A AR R0 B e R iR B g
UEBOS 3 . B.ANB-03  -1.400-01  9.970-03  1.etve8)
E28CY Dosen oIt o 0.1
gt . 6880 1,900 " e
snac . e 0.an 2,049 F3
BESON 6 . 3.470-81 -1.480-01 -1 0303  J.0M-81
yuce T aen o108 0.2 e
3 L - o 08 018 T
mnac -3+ -84 0. 049 .o
WIO0 13 . BAN-T . 00-0]  ~4.080-80  1.979-03
stace - 4 o 029 0.t
B loc . e 0. 500 et "N
] oo aan 0. 000 0.0
BO0O 2% . U001 -L.eve-d  =3.1Ied)  1.430-0F
sTeCY N H P ] ung
8 e T een - om 4
oot . e -8 11 ] -0.010

e /N ie.4 P ) CELL B.0. B{9..5) Bmi, BL.0.0.5 P4, BRO=1.00

GM. 800, YECTVD FIN] DROGD 40D LACATIN (RLOMIL)

82 b oF SeD00 ESTESVALD 41 08, OF 0% NITT

L]
L | L L) "
|

S 5 . 4.l =R DM =) -0 1. 980-01
macy . BT c. e 90 9.1

8 I « 8.009 (AN ] 0.900
miae « 0,000 L 1] .00
s 6 . ). Mb01
Bt . “.m
(3 B 9. %80
St . .00

.

es @ . = 1. 91000
Mt . .17

8 it . 0.
fiat f ~5.000
m,ue k. =1, Jg-81
BT . (117 4.1

3 i . 06 8.000 8000
®as . L 11 9. 000 =5.008



BENCHMARK 4.1 ERROR TRAVERSES PSIE(O,MU) FOR I-24 OR M-16

0 a8 a-a Q

s ~PSIE(O.NUI 21,8
«=PSIELO MUY 3,16
wePSIELO MUY 6,16
e=P2ICI10 M) 12,16
v PSIE(D, M1 24,16

50 e -8 '3
(a) DBL ‘\93'!
0=PSIE(0,mN 24,2 2_
o=PSIEIO, M) 24,4 'S
é-

BENCHMARK 4.2 ERROR TRAVERSES PSIE(Q,MU) FOR [-24 OR M=-16

a=-PSICIO, M) 24,2
o=PSIEIO,M) 24,4
a=-PSICIO, M) 24,8
*«=PSICI0,M)) 3,16
"FSS}E'E'"U' s,lg
.= i0,rJ112,1
(b) DB3 9= PSIEID, M 24, 16

— =t

<8 ) o} 3 %g ] (-3 ] 0-8 Qe ]

o=PRICt), M) 34,2
e=PSICI0, M 24,4
."Slcmaﬂ" al.
s«PSICIO, M) ), 16
n=PSICIO, M) 6,18
e=PSICIO, 112,16 1
o= P3ICIO,MI2Y, 18

-]

]

(c) DGF :
Y

¢

8

Figure 2,28, Angular flux error traverses wB(O.u) for DB1, DB3 and DCF
methods for seven selecred discretizations of Benchuark #4



BENCHMARK 4.1 ERROR TRAVERSES PSIE(.S5,MU) FOR I-24 OR M=16
-
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a-PSIEL. 5,242 3
o-PSIE(.S,MUI2Y, 4
a=PSIEL.S,MU124,8
+=PSIE(.5, M3, 16 &
w=PSIE(.S, M6, 16 2
e=PSIE(.S,MI12, 1
(a) DBl '-f’SlEl.S,ﬂJlZl,l LE-.-
Y
n
BENCHMARK 4.2 ERRCR TRHVERSES PSIE(.5,MU) FOR 1-24 OR M=16
n
&
o~PSIEI.S,MN24,2
o=PSIE(,5,MII24, 4
a=PSIE(.5,M)24,8 |
*=PSIE(,5,M)3,15 &
m=pPSIEL.S,MIE, 16
¢ =PSIEL,S,MUI12,]
(b) DB3 e=FSIE(.5,m124, ) EE-
4
&
- I’ ik .
;u
o
BENCHMARK 4.4 ERROR TRHVERSQS PSIE(.S,MU) FOR 1-24 OR M~16
-]
o=PSIEL.S5,MN24,2
0=PSIEL.5,M24,4
a=PSIEL.5,M)24,8
+=PSIE(,5,MU13, 16
x=PSIE(.5, M6, 16
e=PSIE(.S,M)12,1
v=PSIELS, M 24,)
(c) DGF

23

Figure 2,29. Angular flux error traverses wB(.S.u) for DBl, DB) and DGF

methods for seven selected discretizations of Benchmark #4
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BENCHMARK 4.1 ERROR TRAVERSE PSIE(1. S,MU) FOR [-24 OR M=16

(a) DBl o=PSIEIL.S, MNid,D

o=PSIEI1.5, "ulid,4
a=PSIEI1.5, N4
+=PSIENL.5, 000, 16
x=PSIELL.S5,"J)6,10
e =PSIE(1.S, 112,16
'-PSIE[I.S,M]M,E

PSIE

+w om Lm OH o6

BENCHMARK 4.2 ERROR TRHVERSE PSIE(1.5,MU) FOR 1-24 OR M=-16

—
40 o0 <8 < <2 (F Bl ) 3 Yl ‘of. —--,.,
L 4
3
83 it
a=P3iC1).5,Mled = ?
*=PS(2(1.5,M3, 16
mePSIELL.5,MU6,18 s
e=PSICIL.5. Wil ¢
e~ PSICI1.5,MI24,6
2
¢
BENCHMARK 4.4 ERROR TRﬁVERSQ PSIE(1.5,MU) FOR [-24 OR M=16
Py
H— ie— ‘e A
49 6 8 S+ @ g, o3 o'o' oe oo
(c) DGF 2,
o-PRILHI. S, MN24.2 9‘
o=PSICI1.5 MN24. 4
a=PSIC1L. 5,208 L4 -2
o=PLIC11.5, MY, 10 -
ne=PRICLL.5. A6, 16
o =PSiCI11.5,M)1248 ¢
o=PRiL11.5, M) 29,0 i

Figure 2.30. Angular flux error traverses ;E(I.S.u) for DBl, DB3 and DGF
methods for seven selected discretizations of Benchmark #4
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Table 2,13, Average absolute scalar flux error for DBl, DBJ and
DGF methods for sixteen discretization sets of
Benchmark #4

BEAPAC 05/76 LPes. 1 DBY 2 CELL M.A. X(U,.5) Se1, X{.5,1.%9) S=0, WOO=1.0%

AVG. ABS. SCALAK FLUL LRROR (GLOLAL)

T3 MO, OF ENYSH INTMRVALS J: WNQ. OF MU LOINTS
(a) DBl J . 2 (] (] 16
1 .
ERKON 3 . 8 15De02 €.68D-02 5.49p-02 %.319b-02
EREOR & . 5.1%p-02 5. 140-02 1.75b-02 1.710-02
ERPOR 12 . 5. 24L-02 N, 88D-02 1.%20-02 6.,260-0)
BRRON 268 . S.1RD0 02 L,E20 02 1.04b-02 3. 600-0)
PEAPAC 05/78 BPhu.2 DB)Y 2 CELL Mm.&. X{C,.5) S+v1, I(.5,1.5% S=0, %00«1.0%

A9G. ABS. SCALA® PLUX EPRCE (GLOBAL)

Ty xC. OF IMTSR CNTEDVALS 41 NGB, OF w1 POINTS
3. 2 . . 1
{b) DB3 i
308 3 . 8.11D-02  ~.690-04  1.780-02  1.99p-02
ZRRON & . 5.%un-02  8.812-0)  $.920-0)  6.20D-0)
ZABOR 12 . 5.30D-02  &.090-02  1.020-02  3.81p-C)
ZAROR I8 . 5.19D-02  ©.8006-02  1.0)0-02  3,)5p-0)
BIAPAC 03,76 BPOG. N DGP 2 CELL W.A. I(0,.5) 3o, I(.5,1.5) $+0, 300«1.08

A¥G. ABS. SCALAR FLOE LREOR {GLOUGAL)

J1 NO. OF IRE3N INTRAVALS J: 0. OF RO POINTS
3. 2 . . 16
(c) DGF r .
PRPOR ) . 6.670-02  8.390-02  2.71D-02 ). 18p-32
ERRON & . S.96D-02  a.9ap-02  1.02u-02  1.%00-02
1900R 12 . 5.200-02  4.84D-02  1.190-02  6.490-0)
EROOR 38 . 5.170-02  &.0%0-02  1.030-02  3.830-0)
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Table 2.14. Relative sum error of pointwise scalar flux errors
for DBl, DB) and DGF methods for sixteen discreti-
zation sets of Benchmark #4

BPAPAL 04/t BEOL.Y LRT 2 CELL mod. X{0,.'} S-1, E(.%,1.%) §=0, §97:1.09

FEL., ARS, !CA!'h PLDX 1FROGF (GLOBAL)

1: MO. OF X®WES INTERVALS J: kG, OF U POINGE
3. 2 " ¢ 1
(a) DB1 ¥
FEBOE A L £ U0 4. 09p-rY  pLtenonn 4 gfn pa
EKKOR  C . B.620-02  L.e0D-02  2.B6D=02  2.K10-D2
ERRGE 12 . B.030-07  8.€15-02  9.BAL-DZ  1.03D-52
TEROF 24 . 8,530-C2  1.93L 52 1.720-02  5.930-0)

BEAT AL C5/ 00 Blh#s, 2 Loy 2 CELL 8.A. I{D,.% 539, X¢.',1.%) Se0, WUGC-Y1.(S

REL. AES. "“CALAK PLUA IRKOM (GLOBAL)

I: MO. o¥ artul IWTFhRWALS J: MO, OF MO POLELS
g . &
(b) DB3 O £ 8 16
TRROR k| § 8.3¥-02 T.65%D-02 2,900 -2 3.24D-22
ERROR 6 # 8. T4D-02 7.870-02 1.620-02 1.03p-C2
ERRON 12 & 8.700-02 7.690-02 1.600-0, S, Dp-03

TIROR 28 . L.SAD-02  7.90D-02  1,690-07  5.81D-03
BEAPAC 05776 BPS4.8 DGF 2 CELL M.A. E{0,.5) £+, X(.5,1.%) $=0, W0Oa1.05

REL. APS. SCALAR PLOX ZRROR (GlLOBD2L)

11 0. OF IMECH INTEMVALS J: BO. OF BO rolNts
3. 2 . . "
(c) DGF 1
zason ) 181001 7.16D-02  8.020-02  $.12D-92

« 8 & & w B s % o

ERrROD ] 9.%20-02 0.070-92 2.980-02 2.050-02
repcR 12 8.%33-02 T.90-02 1.9%0-02 1.10D-02
ERROR 20 9.%10-02 T.910-02 1.700-02 $.30p-03
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2.2.5 Discussion

The examples above illustrate types of benchmark problems that can
be created for studying the error performance of various numerical
methods. More detailed error studies are necessary to completely char-
acterize the error behaviour for various clas;ie¢s of problems, i.e.
boundary conditions, cross sections and relat.ve cell sizes in multicell
problems. An advantage of the automated approach taken here is that

such studias are performed with minimal effort by the analyst.

An interesting byproduct of this research (s the least squares
modes analysis technique. For creation of one or two cell benchmark
problems we treat each cell independently and in two cell problems gen-

erate the source necessary to satisfy the interface condition exuctly.

A simple variant of this procedure trvats all cells simultaneously,
performing the least squares modes analysis for the entire system. The
boundary and interface conditions are satisfied in the least squares
sense. Several attractive features of this new numerical transport

method are:

(1) least squares nodes are required only on the problem

boundaries and cell interfaces.

(2) relatively few expancion functions and least squares nodes

should be req uired for obtaining accurate solutions,.

(3} given the combining coefficients the corresponding angular
or scalar flux solution can be calculated at .ay point in

the problem domain,
(4} flux discontinuities at interfaces are easfly represented.

As mentioned earlier, questions related to the choice o. efgenmodes
and the placement of the least squares coefficients must be answered

tefore the procedure is generally applicable.

A matrix representation of the proposed method applied to the two

cell reference problem for BP4 v given by
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r + - - -
. 1 7 !
QI(O) QI(O) 0 : [‘EI I 0
.
+ +
-QI(.S) QII('S) ! 2 SI
(2.26) _ _ =
i 0 QII(I.S) | ) 0 |
where
(2.2 QT(x) = {q,(x),q,(x) ()1
¥ At SFESIRTPLCONTRRITPC IS
r *
qn(x.-ul)
| ¥ . q (x,%u.) o o
Aqn(x). n . 2 1 E L‘l . JHIZ £ 0
_qn(x'!uH/2) )
a,, a;, are the combining coefficients vectors of length 2N+2 for
the eigenmodes qn(x.u) in cells I and I1, respectively. SI is the

constant source in cell I.

The solution is obtained by solving Eqn. (2.26) via the Householder
least squares method for overdetermined syatems. The first row
(Q; - Q.I.)aI = 0 in Eqn. (2.26) represents the reflecting boundary con-
dition at x = 0. The second and third row represents the interface
condition at x » .5 and the last row corresp s to the vecuum condition
x= 1.5,



I1I. THE SYMMETRIZED TRANSPORT EQUATION

3.1 The Equation and Elementary Solutions

An alternative approach to solving neutron trandport problems {s
realized by the symmetrized (canonical) transport c¢quation |[Viadirimov
1963]), The symmetrized operator is self-adjoint and positive definite

in the case ¢ < 1, where ¢ 1s the number of secondaries per collision.

The derivation of the symmetrized equation begins by writing the

standard equation (1.1) for positive and negutive u:

) 1
G w SEE 00k, - RS J vyt = S(x,)
-1
and
rl
(3.2) -u Eiéiliﬁl + a(x)y(x,-n) - 2151%151 J v(x,=.")du' = S(x,-.)

-1

Adding and subtracting (3.1) and (3.2) gives respectively

2 fl
(3.3) v §% w-(x.U)+'0(x)w+(x.u) - G(x)c(x); :+(x.U')dh' - S+(x.n)
0

and

+
(3.4) 3*3§5*El + 0(x)v " (x,0) = ST(x,u)

vhere
(3-5) 2*+(I.U) - *(!.U) + W(xl-U)u 25+(‘0U) - s(“l“) + s(‘o-“)
(3.0) 20 (x,u) = w(x,u) = p(x,-u), 25 (x,u) = S(x,u) - S{x,-u) .

Solving (3.4) for v (x,u) we find

+
= R
(3.7) v (x,u) TR (x,u) +

1 -
) S (x,u) .
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Note, when S(x,u) 1Is isotropic, S-(x,u) = (). Substituting (3.7) into
{(3.3) for reglonwise (cellwise) constant cross sections and isotropic

source yields the equaticn

2 ,*2_+(_x ) . 1, N
(3.8) - U‘(’x) £ 2” + a(x)y (x,u) - U(X)C(x)J vo(x,u")du' = S (x,u).
Ix
0

Boundary conditions usually considered for this operator are the
reflecting condition and the vacuum condition. The standard form of the

reflecting condition at the boundary x=b is

(3.9) Y(b,1) = y(b,-u) (0<u=<l)
which {s equivalent to

(3.10) v (byu) = 0.

By (3.7) in (3.10) we find for u > 0

+
(3.11a) b Ay (x,0)

i = § (x,u) . (reflecting)

|
‘x-h

The standard form of the vacuum condition is

v >0 at b=0
(3.12) w(b,u) = 0 i
b<0 at b=a
vhich 1s equivalent to
+* -
(3.13) v (b,u) + ¢ (b,u) = 0.

Substituting (3.7) into (3.13) for u > O yields

+
(3.14a) v b, = t[o—(l,’g”—%ﬂ " o}b) s'(b.u)] —

x=b
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where the + sign is used If b=0, the - sign if b=a.

We apply the benchmark error analysis procedure to studv methods
which solve equation (3.8) and its boundary conditions (3.11a) and (3.1l4a),
hence we need to obtain exact solutions to these equations. Glven a
solution ¢ (x,u) to the standard equacion (l.1), we can obtain the

corresponding solution wB(x u) by using formulas (3.5) and (3.6).

The inhomogeneous boundary source terms required to make the boundary
conditions =2xact are generated from wB(x,u). Note that the svurce terms
arise when the exact solution deoes not exactly satisfv the homogeneous
boundary conditions. For example, when a vacuum boundary condition is
specified {n the standard equation, a non-zero inhomogeneous source term
effectively makes it an incldent flux boundary cendition. In the reflect-
ing boundary condition case, the inhomogeneous source term gives the
difference btetween the i{ncident and emergent flux at the appropriate

boundary.

The canonical transport equation boundary conditicns are more compli-
cated. The inhomogeneous source for the reflecting condition is derived

from eq. (3.6) and (3.10, aud 18 defined by

(3.15) ¥ (b,u) = Slvg(dyu) = 4p(b,-u)]
- L!fr(b.li) .

The general inhomogeneous reflecting boundary corresponding to eq. (3.1la)
is

+
(3.11b) " ”—-%*i‘)- = S™(b,y) - i’-é-"l?— £ (b,u) Ww>0.
x=b

The inhomogeneous source for the vacuum (i.e. incident flux) boundary

condition is derived from eq. (3.5) and (3.6) and is defined by

(3.16) V(b + 4(bau) = uy(b,)

b —
- fv(b,u) ;
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The general inhomogeneous vacuum boundary condition corresponding to

eq. (3.1445) becomes

+
; L+ vty (X)) N S
(J-lt‘b) ih (b'--) " 1(b) ™) lx-b 'u(x) S (b;") + fv(blt-)

For expedient application of the benchmark analysis we replace the

vacuum condition with the following simpler condition. We define

) (b)) = Bluglb,n) + wy(b,-0))

= f (b,u)
e

In Section 3,2.2 (below) we describe the application of a varia-
tional method to the canonical equation. Miller (1973) noted that
the reflecting boundary condition {s a natural (or essentlial) boundary
,condition of the functional minimization. Therefore to properly apply
the FEM method, we need to generate benchmark problems wB(x,u) (hence

w;(x.p)) which satisfy the reflecting boundary conditions (3.9) exactlyv.

The simplest approach is to generate a typical benchmark solution
wB(x.u) for a reflecting problem as previously outlined. Then to force

a homogeneous boundary cendition we define the banchmark solution

(3.18) w';(x,-,) = wa(x.u) - '-s[wB(O.u) - wB(o.-u)]

which satisfies a reflecting boundary condition at x = Q. wg(x.p) is

the solution to the new benchmark problem

(3.19) Lof o) = SO + SR [y (0,-0)-95(0,1)1 = 5(x,1) + Q)
where the right side is in general not symmetric in u, and

(3.20) Lwn(x.u) - S(x,u)
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is the symbolic description of the criginal benchmark problem. We can
generate the corresponding solution w;(x.u) and boundary conditions

using the solution wg(x,u).

Two cell problems are trzated by th . rocedure descrihed in Section
1.1.6. Here wél)(x.u) is replaced by wg (x,u). The scurce term Q; (v)
in cell II is defined by

R(I) (

(1)
W = o (s (a-ui @) = oy e (o :

(3.21) (@)-43" (a))

QIl

similar to Eq. (1.44).

The present implementation of the canonical transport equation
includes homogeneous reflecting condition at the left boundary and cen-

dition (3.17) at the right boundary for the FEM method.

3.2 Numerical Methods

3.2.1 The discrete ordinates method with first order finite differences
in spa~e

This method uses discrete ordinates approximation in angle and first
order finite differences to approximate spatial derivatives in eq. (3.8).

It will be referred to as the DFD method.

We solve (3.8) by the discrete ordinates method, hence we approxi-
mate the integral by numerical integration methods including single
Gauss quadrature. Then (3.8) hecomes a syatem of discrete second order

differential equations with D = d/dx:

(3.22) (- %-Hz 0% + oI-ocW] j?fx) - §f(x) (0 < x < a)
2. WoW_ .. lW ¥ (x,u,) S+(x.u )
L R A R A M AT
Yy W VoW ¢+(x.uu) s+("'“u)
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To approximate the solution _!li+(x) by means of finite differences,

we generate an equal spaced mesh structure

x, = (1-1)h (i = 1, 25 enmal)

a

b )

where the cell boundaries are xl and xI. The center of each mesh inter-

val (m:i__!5 <x < xi+%) is at X, except for the two boundary celils
(x; < x < x3/2) and (xI_% Sxx).

Consider the differential equations (3.22) in the 1th cell; the
integral of eq. (3.22) becomes

M 14k X144
(3.23) J [-%-M2D2-+O(I-CW)]If(x)dx = J éf(x)dx .
*i% 1=y
+ o+ + o+
Here, let Ei = E_(xi) and §i =85 (xi); then we make the approximation
b x
R . g 1+ -
(3.24) ¥ (x)dx = hy, 3 S (x)dx = hgi .

X% ¥k

In the term involving the second derivative there are three cases to
consider.

(3.258) rngglz - Dy hx,
1., 2+ 1.2 )+ +
(3.25b) -J S O0dx = - DM SDEL - DY Bk, 1m2,3,000,10
ax,
(3.25¢) Lng; - D*I-k ax

A first order finite difference approximation yields

~-ﬂ:+1 - ﬂ:

(3.26) QQI+5 s - 1 «1,2,...,1-1,
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The boundary conditf{ons (3.ilb) and {3.14b) are applied to specify D_tg'.:
and Di-;.

Substituting eqs. (3.24), (3.25) and (3.26) into (3.23) and
dividing by h (h/2 when i=1 or i=I) yields the linear system of equa-
+
tions for _\b_i

+ + + -4
(3.27) B YT | 4D +EN, =S (1=1,2,...,1)
where
( 1 =1
(3.28a) By = h} (4 = 2,3,...,I-1),
B { w1
61 1=1
(3.28b) D, = JlD (1=2,3,...,I-1),
D, E
E 1=1
(3.28¢) E, = {3 4= 2,3,...,1-1),
0 =1
(3.28d) g’; - §I (L= 2,3,...,1-1),
(3.28e) D = —2= M2 + g(I-cW),
oh*
(3.28f) B = -1l
oh

-~ ~ - -

B, Dl' DI' E, §1 and _S_I are dependent on the boundary conditions and are
defined bhelow.
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The reflecting boundary condition {(3.11b) at . = X ylelds

(3.29a) bl =D
(3.29b) E = 28
and
+_ 4200 e
(3.29¢) S; =5+ MEBE () - 05 (x)]
The vacuum boundary (23.14b) at x = X yields
(3.30a) B~ 2B
(3.30b) D, =D+ZM
g 1 h
and
v+ 2 1 -
(3.30c) S; = Syt MLE (xp) +5 S (xp]

The special boundary condition (3.17) at x = Xy yields

(3.31a) E, =0
(3.31b) D=1

and

(3.31¢) $ " fe(“l)

The matrix representation for the case of a reflecting boundary con-

dition at the origin and vacuum boundary condition at x = a is

3
)
+

D 2B al s,
B D B ™ g,
+ -
(3.32) B D B ¥3| « [Sal .
B b B|| :
28 D_||¢t 3
L Uit 12

Eq. (3.32) is a block tridiagonal system of order IMxIM with block

matrices of order MM, The solution technique is block tridiagonal Gauss
elimination.
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3...2 Pleccwise bilinear finite element method in phase space

This method uses piecewise bilinear polynomial functions in phase
space. It will be denoted as the FEM method. We outline the basic
method here; the reader is referred to [Miller, 1973] for a detailed

derivation.

Equations (3.8) and (3.14a) minimlize the functional
+ L 3yt (e p)y 2 + 2 + s
(3.33) Flv (x,u)] = <;[u i ] + oy (x,u)" - ocy (x.u)J bo(x,ut)du’
" 0
+ e
- 2 e st - 20 2 57w

+ +
ook (xm) b () -2 (x,u)>>, 2 <<t (x,m), £ (x,u)>>

Ix

where vac refl

a 1
(3.34a) <E(x,u)> = J de dp £(x,u)
and o 0

1
(3.34b) <<f(x,u)>> - J dupf(x,u)
Ix
tefl -
vac X efl
vac

That is, finding the minimur point of equation (3.33) is equivalent
to solving its Euler equations, (3.8) and (3.14a). Reflecting boundary
conditions are natural (essential) boundary conditions [Strang and Fix,
1973) of the minimization and are applied wherever the vacuum boundary

does not apply.

In order to solve for w+(x,u) in Eq. (3.33), the phase space domain
is divided into (I-1)+(M-1) connecting, but non-overlapping rectangular
y+1) and
(um <ux< um+1) for 1=1,2,...,I-1 and w=1,2,...,M=1. The cross secticns

subdomains or finite elements defined by (x, < x < x

are assumed plecewise constant in space with discontinuities permitted
at interelement boundaries. The solution w+(x,u) is approximated by

plecewise bilinear polynomial trial functions oln(x.u) such that

1 M

+ ot
(3.35) (x,u) 4% (x,p) = q 4, (x,u) .
s - 121 nzl 1”1z
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The ¢1m(x.u) are defined by

[ + +
Oi(x)Om(u)
07 ()07 (1)
(3.36) ¢im(x.u) =< - + (1=1,2,...,1), (m=1,2,...
Oi(x)Om(u)
‘01(x)0m(u)
where
{ -
T
+ At R T
(3.37a) Oi(t) = ¢ i
L 0 otherwise
r
t-t,_,
- At Sy —F 2 kg
(3.37b) 0, (x) ={""{-1
0 otherwise
Ny

The ¢1m are defined so that

wvhere Grs is the Kronecker delta. 1If I(Ef) = minfimum then
~

Substituting (3.35) into (3.33) and minimizing F[;(x.v)] vith

respect to variations in the qi. yields the matrix equations
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wnere

(3.40) q-= (m=4,2,...,F), (I=1,2,...,1)

The symmetric block tridiagonal streaming matrix is defined by

i (1) (1) 0 7
11 12
(1) K(1) (1)
21 22 23
(3.41a) x(l) - . .
(1) (1) (1)
Kien,1-2 %1-1,141 %ot
(1) (1)
0 KL, 1-1 1
where
(1) E_ (x) (x)‘ (1=1,2,...,1), (m=1,2,...,M),
(sl b) (K ok ( v i (=i-1,1,141), (kem-1,m,m+1)
and
3¢
(x) = im
®im (x,u) (x,u) .
i;) is a tridiagonal matrix.
The symmetric block tridiagonal collision matrix is defined by
(0) (0) ]
K11 Kp2 0
(0) (0) (0)
21 22 23
(3.42a) K(o) -

(0) (0) (0)
K1-1.1-2 -1,1-1 l‘1 1,1

(0) (0)

g K. 1.1 %




where
k(0 - < (1=1,2,...,1), (m=1,2,...,M)
b Ky da ™ “Colinr ¥’ (etl100140) ) Ceome Lo ])
r=min{i,}) .
ij) is a tridiagonal matrix.
The symmetric block tridiagonal scattering matrix 1s defined by
g(-D (-1) i
K K12 .
(D D D
21 22 23
(3.43a) kD .
(-1) (-1) ' (-1
Ri-2,1-1 ¥o1,11 %r-1y:
(-1) =1)
__0 1,1-1 ]
where
1
, (-1 o ' (1=1,2,...,1), (m=1,2,...,M)
hFuan) (&) o <°n°n°jk'J AT Syn”  (gmie1.1,141), (ke1,2,....M)
0 n=min(1i,]).
ijlj is a dense matrix.

The symmetric block diagonal vacuum boundary condition matrix is

defined so that

(3.44a)

vhere

(3.440)

(vnc)

%13

(vac)
11
0
|((wac) . '
L 0
{vac)
(K ] 1 "jk 3:

is a tridiagonal block matrix.

{vac)
fory

i=j=]l or i{=j=]
(o=1,2,...,M), (kem—1,m,m+l).
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The source vector has the form

-_§1(x).

(3.45a) s | °

(3.45b) §1(x) -

. + +
(J-ASC) Sim - <¢1ﬂl. 5 (K.U)>

L e
(3.45d) ST = «—1B §T(x u)>

im ax

+ -
where S (x,u) and S (x,u) are assumed piecewise constant in space and

plecewise linear in angle.

As noted in section 3.1, speclal benchmark solutions w:(x.u) (eq.
3.18) are created which satisfy the reflecting boundary condition at

the origin x = X, = 0. The vacuum conditior at x = x_ may be replaced

1
by eq. {3.17) vwhich specifies the even parity flux ¢+(xr.u). The last
block of equations in (3.40), block I, is eliminated and the given

flux values w+(xl.u) are substituted irto the equations for block I-1

with the resulting terms added to the source term.

The system of equations (3.40) are solved by Cholesk{ decomposition

uging a storage scheme vhich utilizes the symmetric band matrix property,
i.e., only the upper triangular half of the matrix is stored in a
rectangular array of dimension 2MxINM.
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3.3 An Example of the Benchmark Problem Error Analysis Procedure

A one cell benchnark ptoblem ls presented which illustrates a typical
application of the benchmark error analysis procedure to the DFD and FEM
methods of this chapter. The error performance for twenty space/an.le

discretization sets 1is discussed.
3.3.1 Benchmark #5, a one cell least squares modes analysis

The reference problem configuration for BP5 f{s identical to the one
used in BP4 in section 2.2.3, The corresponding reference solution
wR(x.u) is displayed in Fig. 2.9. We generate a one cell benchmark solu-
tion wB(x.u) in the first cell of the reference problem subject to the
requirement that wB(O.u) satisfies exactly the homogeneous reflecting
boundary condition at x = 0 (i.e. wB(O,u) = wB(O.-u)) as in Eqn. (3.19).

The reference and benchmark problem scalar flux ¢R(x) and ¢B(x), and
the angular flux wR(x.u) and wB(x,u) are {llustrated in Fig. 3.1. A
comparison with the corresponding solutions in cell I of Benchmark 4 in
Fig. 2.74 reveals that the mwost noticeable change in wB(x.u) occurs In
the neighborhood of . = .1 where the enforcement of the homogereous boun-

dary condition in BP5 causes wB(O.u) to be symmetric about p = 0.

The least squares modes analysis in cell I results in combining
coefficients A(v) and a,t (Fig. 3.2a) which are identical tn the coeffi-
clents for cell 1 in BP4 (Fig. 2.25). The sum of the fixed source (5=.5)
and Q(u), the source term required to satisfy the homogeneous reflecting
bound- ry condition at x = 0, ere displayed for cell I in Fig. 3.2b,

Traverses of the even parity angular flux w;(x.u) correspounding to
¥o(x,u) are displayed in Pig. 3.3 for 0 < u < 1 in cell I (note that
vl(x.u) is symmetric about u = 0), The flux di‘continuity observed in
Fig. 3.1b at u = 0 at the interface x = .5 causes the even parity flux

to decay rapidiy near the interface x = .5 as u approaches zero.

The even and odd parity source terms corresponding to the source in
Fig. 3.2b are displayed in Fig. 3.4. The odd parity source S;(u) is due
to the source Q(u) introduced to satisfy the homogeneous reflecting
boundary condition at x = 0,
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BENCHMARK S SCALAR FLUX PHIR({X) VS. PHIB(X)

1-2

1-0
l
[ ]
]
$
/
3

[ ]
o \'
oY
(a) g*
-
e
-~
é-
o
6 L T L e A v L L L4
o 0-08 o 10 0-1% 0-20 D25 9-30 0-34 0-40 0-15 0- 50
X
LEGEND
0~ PHIR(X)
o=PHIBIX)

BENCHMARK S ANG FLUX PSIR(X,MU) VvS. PSIB(X,MU) FOR X-0,.

(b)
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Figure 3.1. Comparison of DB} reference solution and benchmark
solutions for Benchmark #5
a. Scalar flux ¢R(x) ve. ¢B(x).
b. Angnlar flux ¢R(u.u) ve. wn(x.u) at x = 0 and x = ,5.
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Figure 3.2. (a) Combining coefficients A(y) and a5t from least
squares modes analysis.
(b) Regionwise constant sngular source in cell I
for Benchmark #5.
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Figure 3.). Even parity angular flux traverses for
Benclusark #5
(a) Traverse along x for fixed u
(b) Traverse along u {or fixed x
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Figure 3.4. Even and odd parity sources for Benchmark #5
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Similar to BPl, BP2 and BP3 we generate twenty space/angle mesh
discretization sets and solve the resulting one cell benchmark problems
by the DFD and FEM methods of this clhiapter. The equally spaced mesh
intervals are successively halved in length so that h = .5/1 (i=1,2,4,8,

16). The angular quadrature for the DFD method is the P, quadrature set

(N=1,2,4,8) for the interval (0 < uw < 1). This correspogds to the same
quadrature sets used in the previous examples for each half range of u

(l.e. 0 <u =<1, -1 <u<0). The FEM quadrature sets have equal spaced
mesh points with Ap = 1/3 {3=1,2,4,8). At the interface x = .5 we apply
the inhomogeneous source boundary condition Eqn. (3.17) which supplies

the even parity flux values w;(.S,u). This means we need not sclve for
wg(.5,u). The values cf w;(.5,h) are substituted into the matrix equa-
tions for the unknown fluxes and the resulting terws are transferred to

the right hand side of the equations and treated as a source term,

jiﬁ"w with assoclated sign
1s tabulated in Table 3.1. For all but the highest order quadrature set,

The maximum absolute scalar flux error

the error EE reaches a minimum and subsequently begins increasing as the
number of mesh intervals increases. Figure 3.5 illustrates the scalar
flux error behaviour for the DFD and FEM methods. For a majority of the
discretizations the maximum error successively shifts towards the mesh
interval adjacent to the interface at x = .5. Here w;(.S,u) 1s specified
exactly so that the scalar flux error is due to the angular quadrature
discretization only and as we expect the error is reduced at the inter-
face, As observed in previous benchmark problems the angular quadrature
approximation has the most significant effect on the error and the spatial

discretization is not as important,

The even parity angular flux error Hw;"m is tabulated in Table 3.2.
Eight selected error traverses corresponding to I = 16 or M = 8 (DFD)
and M = 9 (FEM) are displayed in Figs. 3.6 and 3.7 at x = 0 and x = .25
respectively, For the 8 angle discretization in the DFD method and for
nearly all angular discretization in the FEM method, the angular loca-

tion of the maximum error is located at the angular coordinate nearest
to zero. As we approach x = .5 the angular error decreases due to the

exact boundary conditfon and the location of the maximum error shifts

closer to u = 0,
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Table 3.1, Maximum absolute signed scalar flux error i”i | = tabulated

for twenty space/angle discretization sets of Benchmark #5
for DFD and FEM methods

(a)

(b)

DFD

FEM

BEAFAC NS /76

HAX. ARS.

I: NO. OF XMISHM THNTEEVALS

FEROR
EXACT
X 1cC

ERROK
EXACT
X 1L0C

FEFROR
EXACT
I loC

FREOH
ELRCT
L 10C

ERROK
FYACT
X LoC

BEAPAC 0O5/76

16

MAX. ARS.

I: NO, OF IMESH INTEKVALS

ERROR
ELACT
X luc

EPROR
TXACT
X LOC

ERROR
FXact
X lcC

ERTOR
EXACT
I lcc

FRROR
ZXACT
X Loc

16

Jd
I

e 3 ® 8 & 5 F w B 4 % s 4 T s 4 =2 B o e 4 W

AP# S & 1 CELL 1ODES AMEILYSIS ¥{0,.5 521, X

9. 580-02
1.113
0.0

1.020-01
1.96u
0.230

1.01D-01
1.000
0,250

1.04p-01
1.06n
0.250

1.¢00-4J1

1.Co4
0.250

Yre 5.6

SCALMR FLUX

2

D T T e T T R A N ]

6.%4p-C2
0,790
0.500

7.210-02
1.064
0.2%0

9,010-02
0,976
0.375

9.19Dp-02
9.907
J.410

q9,78n-02
0.945
0.408

1

SCALAN FLUX ERROE AND LOCATION

J: NO.

=3, 160-02
1.113
0.0

~4,12Dp-02
1.113
0.0

-L, 4D-02
1.115
0.063

-4, 270-02
1.115
6.C63

(CLObAL)

GF MU I'01K15

-5.33Ip-01
.79G
0.500

-6.200-013
1.113
0.0

=4.,200-0)
1.027
0.313

T.t4n-013
1.0LY
0.2%0

4,5%1p-013
0.976
0.375%

.0rp-03
L9067
.38

(=R =2

2.33p-02
1.00u
0,344

CELL WODES ANALYSIS X{0,.%) 551,

J: NO.

3

4.18p-02
4. 733
0.500

4.18D0-02
0.790
0.500

5.07D0-02
0.976
0.375

9. 82D0-02
0. 207
¢.438

5. 45D-02
0.907
0.430

IRROR AND LOCATION (GLOEAL)

OF HU POIRTS

5

-4.67D-02
1,113
0.9

1.23p-02
0.790
0. 500

1.230-02
0.790
C.500

1.720-02
0.907
0.438

2.05D0-02
0.060
0.u469

9

-5.979-02
1.11]
0.0

=1.76D-02
1.064
0.250

-8.010-03
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0.375

-2.6%50-01
0.907
0.438

=1.%90-013
1.113
0.0
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X(.5,1.%)

5=0

NOO0=1,05
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Figure 3.5. Scalar flux error ¢_(x) for DFD and FEM methods
for eight selected Eiscretizations of Benchmark #5
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Table 3.2. Maximum absolute signed angular flux error t"iﬁlw for
twenty space/angle discretization sets of Benchmark #5
for DFD and FEM methods

BEABAC 05/76 BP 5,5 1 CELL MODES ANALYSIS X(0,.5) $=9, X(.5,1.50 S=0, H00=1.45

HAX. ABS., VYLCTOR FLUX ERROR AHD LOCAION (GLOBAL}

It NO. OP XM"SH INTERVALS J: NO. OF MU POINTS
J . 1 2 4 8
)
ERKGR 1 . 1.26b-02 9.81p-91 " 1,15D-02 1.650-02
EXACT . 0.521 0.890 0.612 0.672
X Loc . 0.0 0.0 0.0 0.0
KOLOC i 0,500 0. 211 0.330 G.237
EPPCH 2 . 9.63D-03 =-3,31p-0) 1.060-02 1,260-02
EYACT . D.521 0.6%0 a8.761 Q,Tu0
I LOC . 0.0 0.0 0.250 0,270
nuioc . 0.500 0.211% 0.069 0.102
Epsoa W . B.84b-03 -¢.8B0-03 7.510-03 6.980-03
XACT . 0.521 0. 690 0,701 0.7u9
(a) DFD 1 toc . 0.0 0.0 0.375 0.175
KULaC . 0.500 9,210 0.06% 0.020
ERROR 8 . 0.640-03 -7.7e¢D-03 ~-2.97D-03 1.15p-02
EXACT . 8.521 0.¢90 0.764 0.720
X LOC . 0.0 0.0 0.0 0.438
NULOC . 0.500 0.211 0.069 0.020
EHPOR 16 . B.580-03 =7.95D-01 =1.92p-03 7.7up-03
EXACT . 0.5 0.690 0.7u 0.6u5
X LOC . 0.0 0.0 0.0 0.469
HuLoC . 0.500 0.2M 0.06Y 0.020
BEAPAC 0S5/76 BP® 5.6 1 CELL MODZS AKALYSIS X(0,.5) S=1, X(.5,1.5] 5=0, WoO=1,05

HAX. ABS. VECTOR PLOX ERROR ASD LJICATIOK (GLOBAL)

I: ¥HO. OF INESY INTERVALS J: NO. OF HU pOIUTS
3. 2 3 5 9
T .

EREOR 1 : h.13p-02 -1.490-C1 -1.96D-01 =-1.66D~-01

EBIACT . 0.338 0.78) 0.733 0.783

Y Loc . 0.0 0.0 0.0 0.0

AgLoc i 1.000 0.0 0.0 0.0

FRROR 2 . 7.69D-02 ~-6.54D-02 =8.30D-02 -9.u8D-02

EXACT " 0.713 0.763 0.773 0.773

X 10C . 0.250 0.0 0.250 0.250

POLOC . 0.0 0.0 0.0 0.0

EBGOR 4 .  1.54D-01  7.43D-02 ~-4.12D-02 -7.320-02

EXAC? . 0.750 0.750 0.773 0.750
(b) FEM X toc . .37 0.17% 0.250 0.375

BULOC . 0.0 0.0 0.0 0.0

EFROR 9 . 2.94D-01  1.529-01  7.500-02 =3.390-02

EXACT . .73} 0.733 0.731 0.750

I LOoC 4 0.438 0.4)d 0.438 0.37%

AvLoC . 0.0 0.0 0.0 0.0

YRROR 16 . 2.310-01  2.020-01  1.500-01  7.u2D-02

PYIACT . D.72% 0.72Y 0,724 0.72%

X Lo¢ . 0.469 0. 469 3,469 0,469

ROLOC . 0.0 0.0 0.0 0.0
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Figure 3.6. Even parity angular flux error traverses y_(0,u) for DFD
and FEM methods for eight selected discretgutlonn of
Benchmark #5
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BENCHMARK 5.5 ERROR TRAVERSES PSIE®.25,MU) FOR 1-16 OR M-8
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Figure 3.7, Exen parity angular flux error traverses
(.25,y) for DFD and FEM methods for seven
selected discretizations of Benchmark #5
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The average absolute scalar flux error and the relative sum error
of the scalar flux is tabulated in Table 3.3, The error performance is
similar to the angular flux error results previously discussed. For
nearly all cases the error reaches a minimum and then increases as the

number of spatial mesh intervals are decreased.
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Table 3.3. Average absolute scalar flux error and relative sum
error of pointwise scalar flux for DFD and FEM methods
for twenty discretization sets of Benchmark #5

BEAPAC 0%/76 BP010.6 1 CELL AOUES AEALVSIS Fi0,.3) 33, N(.3,1.3) $8, gug=1.08

ATG, 833, SCALAL PLUX LRNOR (GLOBAL)

I: BO. OF II®IB INTERTALS Jdi #O. QF Mg PCINTS

ERRGCE T . %, 9%0-02 2.%4p~-02 1.a60-0) T.190-0)

ERKOR 2 . 1.0)0-02 J.11b-02 1.990-0)3 8.265-0)

{a) DFD TREOX v . 8.92p-02

TRROR 8 . 08,%0D-02

19002 $.C4D-0) 2.910-01
€.30p-0) 2.¥0-01
< 100-02 b.aT2-0) 2.0%0-01

oo
-
-4
1
o
e

PHIOR Y4 . B.80D-02
SEARAC 05/7¢ DPR1G. & 1 CEZLL MODES ANMLTSIS X{C,.3) Sai, K(.5,1.5] S«C, 00=1.0%

AT, Ap3. SCALAN FLOX BRROR [GLOAAL)

In FO. OF R2ESE INTERVALS Ji BO. OF 8D POINIS
LN 2 3 L] ’
1.

I T R T PR T ] cmevEnrarnan .

ERrOs v . 4.270-62  3.290-37  2.9%0-02  1.0)D-07
IREOR 7 . &.01p-02 ¥.01Dp=-02 6.060-0) Y,69p-0%
(b) FEM PEEOR & . 6.850-02  3.700-02  1.080-02  3.620-0)
j 41 113 8 . T.iep-02 ). 49D-02 1.21p-02 1.870-01
ERROR 16 .  T.alp-02 8. 12p-02 1.290-02 1.40p-03

BEIFAC 05/76 BPO1GS 1 C2LL RODES 4¥ALISIS E(D,.%) 5=1, E{.5,7.3} 30, ¥20=1.0%

BEL. AB3. SCALAR PLUXI ERROR (CLOBAL)

It §O. OF TAESH 1MTEEVLS 3: WO, OF a0 POTNTS
3. 1 2 . N
1 .
BRROR 1 . 8.200-02  2.690-02  2.49D-03  7.36D-0)
LIBOP 2 . 1.213-02  3.940-02  4.930-03  ®.300-0)
{(c) DFD TaRoR v . 7.980-03 3.1%0-02  $.99D-03  2.880-0}

eRoR 8 . 8.3D-02 3.070-042 4.170-03 3.25D-0)
EMkOR 18 : 8.37p-02 3.020-02 6.30p-0) 2.000-01

BEANIC 03/76 B0oF10.¢ 1 CELL BODLS ATALYSIS X(0,.3) 3°1, I{.5,1.%) S5=0, sudr1.0%

%L. ABJ. 3CALAR FLUX EROR (GLOBAL)

Iz Wo. OF 13338 IPIRAVALS J1 ¥0. OF 80 POINTS
3. a 3 ] L |

R EI I R e e R e R A R R R L R

EREGR 1 . 8.680-02  3.460-01  1.100=02  1.190-02
(d) FmM moa 1 €.000-01  2.000-02  .330-03  7.940-0)
PavOR b . 6.78D-01  D.660-02  9.910-0)  3.3%0-0)
WEOX 6 . 7.090-82  3.910-02  1.180-02  1.830-0)
PIPOR 16 . 1.320-02  8,010-02  1.330=02  1,160-0)



IV. SUMMARY AND CONCLUSION

We have shown how exact one-or two-cell benchmark problems can be
created for arbitrary cells within 2 multicell reference problem using
eigenmodes of the homogenecus one-dimensioned monoenergetic transport
equation with isotropic scattering. The benchmark problems can be
created by manually or automatically selecting eigenmodes combining

coefficients.

Several benchmark problem examples illustrated most of the fundamental

capabilities (summarized below) of the BEAPAC-1T code.

(1) one or two cell standard and even parity (symmetrized) angular

flux benchmark problems.
{2) 1inhomogeneocus vacuum and reflecting boundary conditions.
(3) manual or automatic benchmark solution synthesis.

(4) error analysis of built~in or external methods (via interface
files).

(5) relative or absolute error tabulation of maximum, average or

relative sum errors of angular and scalar flux.

(6) simple specifications to create arbitrary sets of space/angle

mesh refinements for any benchmark problem.

(7) residual calculations for checking the accuracy of the

eigenmodes.

The advantage of this automated approach to error analysis is that
with a few hours of work and negligible computation costs, the analyst
can obtain detailed information on the error performance of a particular
method for a particular problem configuration. The major task required of

the analyst is to supply the necessary interface data sets to BEAPAC-1T,

Item (7) above proved to be useful in debugging the eigenmodes cal-
culation. The fact that the eigenmodes are exact solutions was an
invaluable tool for debugging the transport theory methods built into
BEAPAC-1T. Using the interface files of BEAPAC-1T, these exact solutions

could be used for similar purposes in externally developed codes.
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The least squares modes analysis method has a number of unanswered
guestions related to the optimum number of modes and placement of least
squares points. The results so far are rather encouraging. Implementa-

tion of a varlant of this method ir planned for 1-D transport calculation.

Extensions of the benchmark error analysis techniques to two- and

three-dimensioral methods is under way.
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AFTENDIX A

Chapeau Function Expansion nf A(v)

A.1 The Expansion for the Angular Flux

A.l.1 The standard basis

In Section 1.1.3 we constructed benchmark solutiorns wB(x,D) in a

cell D(0,a) of the general form

N
(1.9) wB(x,u) = ZO atnqtn(x.u).
n-

The transient elementary soluttons qtn(x,u). {n=20,1,...,N-1) in
the standard basis are obtained from the general solution (1.4b) by
requiring A(v) and K(-v) to have the form

N-1
(1.11a) A(VY = § a0 (v) 0<v<l
n=0 nn
. N-1
(1.11b) Av) = § 86 (-v) -l<v<0
n=0 -nn

The en(v) are the Chapeau functions defined by

VoV
v <y <y n=1,2,...,N=2
Av n-l— - 'n
n-1
v -V
n+l
(1.12&) G)n(\’) = <-'_A';n_ \Jn _<_ AY) i \,f[‘+1 n 0.1,....“‘2
0 otherwise
\
where Avn = vn+1 - vn.

GN_I(V) is treated in Append ¢ A.1.2.
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The construction of qn(x,u) will now be developed for the first
integral in (1.4b) which, upon substitution of (1.11), yields

nkl -
(1.13a) q_(x,1) = o_(v)e (u)e X Vav (n=0,1,...,N-1)
Un—l

Substitution of (1.7), (1.8) and (1.12a) into (1.13) ylelds

v n-1 v AI\’n L

V_ov=V v v -V
(A1) q_(x,u) = %[f n__mel v ex/v,, [l bl v e"""va.
n-1 n

1+u

- Je XV (n=0,1,2,...,N-2)

+0 (M(1-35utn

The first term on the right hand side of (A.l) can be manipulated so

that
V. ov= oy
n n-1 v -x/v 1 ¢ _
(A.2) J B, V- e dv = &= [Yn-l‘X) + (u vn_l)Bn_](x.u)]
= n-1
n-1
where
{v ,v ) v -
(A.3) Yn(x) - 53 n' o+l (x) = J ntl - x/vdv
v
n
and
(v_ 1 .3 v
nt+l ntl v ~xfv
(A.a) Bn(xlu) - Il n (x’u) - J v =} dv.
v
n

By similar manipulations, the second term on the right hand side of (A.1)
is

v v -V
ntl “n+l v -x/v 1
(A.5) J v, i dv = - K;; [yn(x) + (u-vn+1)8n(x,u)].

v
n
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Upon substitution of (A.2) and (A.5) into (A.l), we obtain the equations
(A.6a) to (A.6e) summarized in Table A.1 for the various values of u.
Eq. (A.8) 1s obtained from

én(XﬂJ) = Bn_l(xﬂl) + Bn(x!u)'

Appendix B gives formulas for the evaluation of yn(x) and Bn(x.u).

A.1.2 A special basis element

In Section 1.1.3 Eq. (1.12b), we introduced 1 basis element 6 {v)

N-1
which improves the approximation basir for A{v). The corresponding

elementary angular flux mode of (1.13a) becomes explicitly

-x/v

B / 1
c it T < o -
(A.9) G_y (x40) = 3 J 01V 5 ¢ dv + ! I-1(W) o & dv

VN-2 B

g -x/u
+ ON_l(u)l(u)e
where

VN-1 LR

L X

which supplements (A,1). The parameter b is chosen to insure series

convergence in the second integral of Eq. (A.9).

The first integral in (A.9) is evaluated exactly as the corresponding
integral in (A.l) 1llustrated in Table A.l, except for one special case
vhere y = VN-1" Here we define

8 V= VN-2 3 e_x/"d

By VT

\J-

’ 1 -
(A.10) J "“’N-zh“"z(x) + (umvy_ I By (0]
v,
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(A.6a)

(A.6b)

(A.6c)

(A.6d)

{A.6e)

where

(A.7)

(A.B)

qn(x!U)

qn(XDU)

qn(X.u)

qn(x.u)

qn(x-u)

Gn(x)U)

NERD

Table A.1 Computational equatiocns for

(x,u

2{1
2 Tav, 4

{?n-l(x) + (u-vn_l)Bn_l(x,u)]

(X 1Ne]

1
{Avn-l [Yn-lh‘ﬂ

NN

1_1 E‘“‘l(xﬂ

{Av
n

e

1
2 {Avn-l[Yn_l(x) + (p—\ln_l)ﬂn-l(x,u)J

0
——

On(u)l(u)e_x/p

(u v )
n-1""n#+l

vn(x) + (u-vnﬂ)ﬂn(xm):lj} + Gn(x.u)

Lv
n
=0,1,...,N-2, u ¢ v, m= 0,1,...,N-1
e Yn(x{J + 8 (x,u) ]+ G (xsu)
n
n=1,2,...,N-2, u = vy
i
Bv_ Yn(x) + (u-vn+1)8n(x.ui]} + G (x,u)
n=1,2,...,N-2, u = V-1
—I—Er(x)] } + ¢ (x,u)
Av n n?
n
n=0,1,...,N=2, u = Yo+l
1

,V"rn(x) + (u-vwl)ﬂn(x.u}}} + Gn(x,u)

by

= -v
n 0, u "
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where
- (v, ,,8) B _
(A.11) YN_Z(X) = E3 N-2"""(x) = J ve x/vdv
“N-2
~ (Vy_,98) B _
(A.12) BN-z(x,u) = Il N-2 (x,u) = J 'G_E_'J e x/\)dv.
YN-2

The second integral on the right side of (A.9) {8 a Cauchy principal
value integrel with singularity at py = v. 1t 1is denoted by G(x,u) where

0 bEVN-1
(A.13)  G(x,u) = \ 1
L Wi T Y
Av v=y H V-1
Yy N2
Un-1 y

Eq. (A.13) 1is evaluated using power series expansions which wi{ll be derived
at the end of this section. The domain of integration is denoted by
D, (p=1,2,3,4,5) where the index p is determined by the location of

P
u with respect to v and 1. To obtain rapidly converging series and

to treat the singulgrity which occurs when v = u, the domains of integra-
tion Dp are partitioned into a set of subdomains {SDq|SDq € Dp}p’
p=1,2,3,4,5. There are five classes of subdomains SDq. q=1,2,3,4,5
which may be applicable to the integration over Dp. The domains Dp and

their partitions {SDq}p are illustrated in Table A.2.

The integral in Dp belonga to a class of Cauchy principal value
integrals of the general form

-~ 1 -x/v
{(A.14) G{x,u) = P I glv,n)e dv
]

= 76 (L) - 16y (L)) + x%Gy (x,0)
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DOMAIN

Table A.2 Partitioning of the Intepration Domains DP for I{v,u)

Subdomaina

D, = {SDZ'SDI}

D, = {SDS’SDI}

D, = {SDA’SDB’

/ D, = (SD}

SDl}

*
Convergence Recommended Yy

1

SDl. 1-r < 1 Yy > z
SD,: 1-y <1 Y ='l

1 2
SDZ: Yy <1
SDl: 1-v < % <y <%
SD3: ¥y <
SDl: 1-y < 1 5 =%
SD3: Yy <1
SD,: 1

4 Tty <1
SD5 : unconditional
#
b = y(1-p)
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where g(v,u) will have the form (A.18) in this section;

v
(A.15) Glp(\),u) =P J g(\)"p)d\)l
B
v Gl (v',W
{A.16) G, (v,u) = J dv'
2p 1y 2
b oY
16, (viwy __,.
(A.17) Gyp(vsk) = J -JQLEF—-e AN
2 v
If we define
» v
(A.18) g(v,u) = 0y (VY 5

then Eq. (A.l4) corresponds to Eq. (A.13). Upon substituting (A.18) into
(A.15) we can develop computational expressions for (A.15), (A.16) and
(A.17). To simplify the resulting expressions we define the following
integrals., Let

v N '
(A.19) I{v,p) = I ON_l(v )v'-u dv
B
a I (v,u)+u § I (v,n)
. sp b 1
q P
where
v
(A.20) Io(v,u) - I GN_l(v)dv
B e
in(v_,v) 6, {(v'")
(A.21) Iq(v,u) - r q % dv' .,
Eq

vq and gq are the respective upper and lower integration limits for sub-
domain SDq. Table A.3 summarizes the computational expressions for
(A.20) and the five subdomains for (A.21). Upon substitution of (A.19)
into (A.15), the computational expression for (A.1l5) becomes



Table A.3 Subdomain Integration Formulas =
vV £ v<ew
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|
Integration Formulas O <a <1 Convergence b = y(l-p) Subdomain Range
’ ' 2V »
(v vN-Z) N-1 ey
ZAUN*Z v. .-b v a+t|”
(A.20a) Io(v,u) = N-1 1 (1-v')
a+l A“u
L 0 u ¥ Vi-1 N-1 VN-1
l=-v ‘
t = — SD,: <1l [
- a = a+k 1=-u 1l - /
(A.21a) I, (v,u) = X1zB) P 1-y < 1 v, = 1 '
1 av® k=1 K| aou-p 1 b
N-1 |: = =12 v = wb — ,
1=y 1 V-1 1
£ = —2
hos k 1-v SD_.: u = v .
b ay -t N-1 2 N-1 \
( = e -
(A.21b) T (v  +b,vp 1) Ty + k21 () &9 y <1 S, = b / \
ek v, = u=b v ‘- -1
=2 N-2
b -
t = — A
a = 2k-1 1-u SD_: v <uy<l1
- 1-yp a t 3 _N-1 /) \
(A.21e) TGb,u) = -2 2= 1 () Sy L v, = iutb / LUl
Buyog k=1 t=0 2 /o
Nq = u-b VUSRS -t
1-u X “N-2 VNa1 ¥ 1
o kea|t " 1oV i ,
* a-w® § e 1 SD4¢ 13t V-t vl ’ T\
(4.21d) I,(v,u) = - ] S ooy <! s / 2
Av k=0 1-u v, = u=b / o\
N-1 t=- 1-v 4 P, ) .
N-1 Y4 T VN1 N-2 N1 * !
i LJETO SDg: u = 1 7
(x.2le) I_(v,1) = (1-v) unconditional - /
5 a Us = ]
®hvy_1 tewv /
e Y5 © Vn-1 vl 5
N-2 N-1

*
When a=1 the

series term for k=1 is log t.
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(A.22) Goo(van) = Lo(vyu) +u ] T (v,u)  p=1,2,3,4,5
P sp b 9
qQ p
By definition (A.16) can be written

Yooy v v
(A.23) Gzp(v.u) - I — J ON_I(V")U,,_u dav" .

g (V)7 g

It can be shown that the interchange of integration in (A.23) is valid,

so that
v ] sV '
- wy _V " dv
(A.24) Gzp(\"u’ J GN_l(\’ ) V' dv J 2
B \’" (U )
which simplifies to
- 21 :
(A.25) Gyp(Vsm) SDZCD Lvaw) - 56 (vam)
q
Substi.uting (A.22) into (A.25) we obtain
- (1-& -1
(A.26) Gzp(v.u) (1 UJSDIQD Iq(v.u) 5 Telven) .
Q9 P

Eq. (A.17) must be evaluated by nmumerical integration. The function
Gzp(v.u) in the integrand is a well behaved function as required for the
interchange of integration to be valid in (A.23), so that the mumerical
integration 18 practical. We also note that the integration domain size

Av“_l is typically on the order of 10-3 for the 0_ .(v) element, hence

the truncation order associated with the nu-erica? 1ntegration is
0(10-3k) for quadrature rules of order k. The numerical integration
formulas for each domain DP are summarized in Table A.4. The quadrature
points are chosen subject to the condition that any subdomain boundaries

must coincide with a quadrature point (illustration in Table A.4).

In the first quadrature interval for each domain DP' the integrand
is approximated by a quadratic polynomial. It is easily shown that the
integrand and its first derivative with respect to v are both zero when
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Table A.4 Numerical Integration of G3 (x,u)
P

Integration Formula Integration Parameters (k=0,1,...,K) Quadrature Points
by
{ N-1

= + =

K G,,(t,_,u) -x/t tk VN-1 kh, h 3

21k k
(A.23a) G31(x.u) = ): w5 e

k=0 £ h
"k w, = {1,2,4,1} 3+ k=3

re
)

) —X/tk k - {UN—l-b ’\)N_l’uu_l"-b'l} . b=min(A\)

(A.23b) G (x,v 1) = ] 22 N-1" { N2> T2 ) ’/’\
$23b) Gy, (kv L e ti oy gy BaE, ﬁ
_—

u

T! P [ 5 h}. K=3

= F = u-
K G, .{t ,u) x/t tk {UN_I.U.L b,l}, b u vN—l
= 23 7k k
(A.23c) G33(x,u) = ) w ——e -
k=0 tk P {_tl & l-U 2} K=3
Yk 13 2 2 02
N-1 "N-1 ¥
rt = {V u=b,u,u+b 1} b = 2(1—u) K=4
K G, (t, ,u) x/t k N-1° sy, sl 3 ,
(A.23d) G, (x,0) = ] w _24_21(_e k y o . p
34 =g * t - {_0 0 4 b, 3 _3} B o v o //
‘ Wk T3 T3 33T 2 2 N T B ™ [
v v u
(t, = v, +kh, h-= S-1 N2 -l
K st(tk,l) -X/tk k N-1 ’ 3 7
(4.23e) G, (x,1) = w 22— e . )
=0 tk ka = {1,2’[‘.1} E’ K=13 .
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v = 8. In the subsequent intervals, Simpson's rule is app.led for equal

mesh intervals when p = 1,4,5 and trapezoidal integration is applied for

unequal mesh intervals when p = 2,3.

Eq. (A.22) and (A.26) can be substituted into (A.14) to obtailn

(A.27) Glx,u) = e Y{(1+0I (1) + [u-x(1-0] § 1.(1,m} + x%, (x,u).
0 x4 I
SD «D
q p
Substitution of (A.10) and (A.27) into (A.9) --lelds the general compu-

tational expression

(A.28) (y) = L7y, (0 + (v DB (1) + Sl + Gy_j Gyu).

-1 N-2" N

The derivation of the series expressions for Eqs. (A.21a) to (A.21d)
is now pgiven. The series are of two types depending on whether or not
the subdomain includes the singularity v = y. When u =1 (i.e., SD5) the
integral in (A.21) is evaluated directly.

Consider the non-singular case first (i.e., SD. and SDA). The

1
integral of (A.21) 1s expanded in the following series.

o
(a-»*" (1-v)
W2 =
(@s2%a) Vo= Y (1-y) - (1-v)
= (l-u)m-l . where t = ——— < 1
l1-¢t 1 -y
i.e.,
a
(a.206) LML o (g yotl o ) ek
Vo= =
k=0
so that for SD
1
N 1-v
a a {l-p o
(A.30) I, (v,u) = — (1597) gy o SALEMD, 7 e **kae
! 17 a ' - a
Av Av k=0
N-17 Nel 1,
N-1 N-1
where dv' = -(1-u)dt l-u
il.e.,
A=v
Ll +k|1-p
- -(1-1)° e’
(A.31) Il(u,u) " vy MoV SV
AvN—l k=1 l-v
N-1

L=y
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For SD& the substitution

1-p
a = k-a 1=y
o _1-u) z
(A.32) I,(v) s kgo T Vg <V < m
N-1 1-p
=¥y 4 a1

Next consider the singular case ({.e., SD, and SD3). The integral

2
in (A.21) 1is separated into two integrals so that

p+b eN—l(v) ¥ 9N—1(“) u+b GN-I(“)
(A.33) Iq(v,u) = —-—;—_—1']— dv = -—-\JTLT— dv + T dv
u-b u=-b u
q=2,3
When q=3 the change of variables 8 = v-u in (A.33) yields
gl-ula b 5 ya s yads
(A.34) I(v,0) = = 22 {1 )~ 1 - 1—] =2,
A -y -u s
N1 0
Let
8
(A.35) t = =

and expand the terms in braces in (A.34) so that

(A.36a) (1+t)% = 1 + (T)t + [g]c2 + (;)t3 +...
(A.36b) (-6 = 1= e+ (§ed - e+

Subtracting (A.36b) from (A.36a) z2nd asubscituting the result into (A.34)

we obtain
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b
o
(Aa37) 10 = - A2 Jl'“ 20(e + (e + (e T
bvg-1 0
i.e.,
e = b
a «® 2k—1 i
- _p (1-1)
(A.38) IB(V,IJ) 2 A8 Z (21(-1] 2k-1
VN-1 le=1
t=20
When q=2 the change of variables 8 = y—y in (A.33) yields
(A.39) I(v,vy 1) = - b{(1 =) - -2 &
' 27 N-1 av | Ay s °
0 N-2 N~1
Let
(A.40) t = —>

AvN-l

and expand the terms in braces in Eq. (A.39).
term corresponding to (A.36a) is simply

A\)N_l

AvN-Z

(A.41) l1-1t

and the second term 1is exactly given by (A.36b).

Note that in this case the

Subtracting (A.36b)

from (A.41) and substituting the result into (A.39) we obtain

b

By N-1 2 i
(A.42) IZ(V.H) = 'J N-1 t[;) --A_\J__-;] -t (u) + I: }?
0
i.e.,
g
- A B B
b oy (-t)
(A.43) L (v,p) = I (;) :
2 o U TS R
t =0

The series just derived for Iq(v.u). q=1,2,3,4,5 are all conver-

gent.
which are related by the formula b=y(1l-u).

The speed of convergence is dependent on the parameters y, b and vy
Tables A.2 and A.3 iuclude

a summary of the range of y values which will make the series converge.
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Table A.2 includes a column which summarizes recommended values of v for

rapid convergence.

The selection of quadrature points for evaluating Eq. {A.17) in

subdomains SD2 and SD3 is restricted to the subdomain endpoints due to

the symmetric nature of the series evaluation. We can utlilize Eq. (A.26)
when p=v go that

1

(A.44) G, (vyw) = (1 - T L (v,v) -=T1(v,v)

2p V" sp_«D ' v 0

qQ p

i.e.,
(A.45) G, (v,v) = - 1 _(v,v)

2pt? v 07
Therefore, we can include the quadrature point v=i for domains Dz, D3 and

D4 which use SD2 or SD3 as 1llustrated in Table A.4.

A.2 The Expansion for the Angular Flux Derivative

A.2.1 The standard basis

In Appendix A.1.1 we developed explicit expressions (A.6a) to (A.6e)
to calculate {qn(x,u)}. the elementary angular flux solutions. These

results are extended to calculate

1
(4.46) wad ) = w2 a x)
where q(l)(x,u) is the derivative with respect to ¥ of the elementary

n
angular flux. The computational equations are the same as Eqs. (A,6a)

to (A.6c) with the following modifications of the yn(x). Bn(x,u) and
Gn(x.u) terms.

The yn(x) term becomes

ay_{x) Y+l
n ) -x/v -x/v
{A.47) u % v o ve dv = -y e dv uEz ().
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The bn(x,u) term boecomes

& v v
380 ; dBn(X,U) - 3 n+l_2_ -x/vd . n+l e-x/v i -
) Ix 3x V=i VT ”J V=q
v v
n n
(\)n!vn_‘_l)
= -y IO (%x,u).
The Gn(x.u) term becomes
3G_(x,u)
T — _a_ ’ -x/u - -x/U
(A.49) I 0 (mAr(u)e = On(u)?\(u)e .

When u=0, n=0, and x=0, a speclal limit case occurs in (A.48) and
(A.49). Eq. (A.48) becomes

(A.50) lim u 3 = =lim u 10 (0,1) = 1im u log u + 0
o' * >0 =0
arni Eq. (A.49) becomes
3G,(0,u) g
(A.5)) lim u —*93““- = lim ¢ g% @0(0);\(0)e x/u = -1.
0 i 10 x=0

A.2.2 A special basis element

The elementary angular flux derivative qé&i(x,u) assoclated with the

special basis element @N_l(v) is calculated by differentiating Eq. (A.28)
with respect to x. The resulting expression for é% a(x,u) will be derived.

The remaining terms have already been treated in section A.2.1.

The derivative of G(x,u) in Eq. (A.27) becomes
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.53 TP = L Sexw
X

= e {xIy(1,u) = [x(1-w-1] ] Iq(l,u>} +

SD «D
q P
2 (D)
2xG3p(X.u) X G3p (x,u)
where
g 1 G, (v,u)
(1 _ 2 N T A TAY
(A.54) G3p (x,u) = = G3P(X.u) = J 3 e .

B

The integration in Ggl)

5 (x,u) 1is performed numerically using the formulas

(A.232) to (A.23e) that were used to integrate G3p(x,u) Eq. (A.17). The
only difference between Gjp(x,u) and Ggé)(X.u) is in the dencminator of
the integrand. The tz term is replaced by t3

NEH X
{A.23e) to calculate G3p

in formulas (A.23a) to

(K,LI) .

A.3 The Expansion for the Scalar Flux

A.3.1 The standard basis

The elementary scalar flux is defined by

(-1) 5
(A.55) q_ T(x) = I qn(x,u)du.
-1

The normalization condition [Case 1967]

1
(A.56) J o, (W)du = 1
-1

assumed in the derivation of the general solution (l.4a) simplifies the

development of qi-l)(x).

Substituting (A.l) into (A.55) and reversing the order of integra-

tion in variables y and v, we find
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v v
iy n o v=v_ . ntl v _=-v
.51 otV = J tind o Vg 4 J UEL | BT
n 4w Av
n-1 n
Vo-1 v
{n=20,1,...,N-2)
(v v ) (v v )
1 [ n-1’ n-1'"n’ ]
=z ——— |E (x) = v E (x)
Avn-l L3 n-172 J
1 E( n’vn+1)(x) . E(\’n’\J +1)( y
Av 3 2
n
(Vo Ve’
where (A.56) was applied to the iIntegration over u. The En = {(x)

functions are described in Appendix B.

The elementary scalar flux qi;l)(x) is calculated by

(.58) P00 = o P ax)

A.3.,2 A special basis element

(x) associated with the specisal

The elementary scalar flux qéhl)

-1
basis element UN_l(v) is defined by

=-1%
(A.59) a1 00 =

T | (v Vi o "
1 [Enz N-1 N—22N2 Nl(x)]_._c(l%x)

(x) - v. _E
AUN_2 3

where
1 a
(A.60) 6 (x) = J (3%’—) dv
" N=-1
N-1
(a,b)
The En {x) terms are derived in (A.57).

Similar to Bq. (A.14) we define the general class of integrals

L8 ) 1 -
(A.61) Dy - J g(v)e /vy,
YN-1

- eV - xcg-l)(l)} + xzcg;l)(x)
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where g(v) has the form (A.65) in this section;

AY)
(A.62) Gi_l)(v) 5 J g(v")dv'
YN-1
(-1) v Gi—l)("')
(A.63) G, (V) = J e gy
" (v')”
N-1
(-1)
1 G (v)
(A.64) Gg_l)(x) = J —2P2— A
v
YN-1
If we define
e’ _ 1-v ¢
(A.65 g(v) = tMN_l)

then Eq. (A.61) corresponds to Eq. (A.60). Upon substituting (A.65) into
(A.62), we can develop computational expressions for (A.62), (A.63) and
(A.64).

The computational expression for (A.62) becomes

v
a+l

)

N-1 v

1-y'

Av

(-1)

{A.66) G1

By definition (A.63) can be written

(A.67) ey =
Interchanging the integration of V' and V" we find

s b _,n . a v
(A.68) c&" Dy = J () ayr | L
- \ vN"l W (\)')
N-1
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which simplifies to

Doy oo 1 (-1
(A.69) C2 (V) =1 (v) S Gl (v)
where
* v l—v" a dv"
(A.70) I (v) = J = =
g AvN_l v
N-1

Integrating (A.70) by parts we obtain

V
* o 8 _
(An-jl) I (\)) = log \)"(1 v ) + I( 1)(\))
Av
N-1
N-1
where
v
{A.72) I(-l)(u) = Z log v"(l-v")c-ldv”
A\}N-l v
N-1
1-v aml
== § J log(1l-t)t dt
Av
N-1 l-vN_l
a 1-v @ ta+k-l
= J ¥ de
AvY k=1 k
N-1

l-uN_l

Evaluating the last iategral in (A.72), we obtain

t = 1l-v
@ +k
(-1) . _«a t”
(A.73) I (v) Ava kzl (at+k) k
N-1 t = AUN-l

We note that t = Av > l-v is typically on the order of 10-3 and 1is

N-1
always less than .25 so that convergence 1s rapid in (A.73).

Eq. (A.64) must be evaluated by numerical integration. The function
(-1)

G2 (v) in the integrand is a well behaved function so that numerical

integration ig practical. Four equally spaced quadrature points tk are

chogen so that



(A.74) tk = kh + \)N_l (k = 0,1,2,3), h =

The integrand is approximated by a quadratic polynomial in the
first quadrature interval. It 1s easily shown that the Integrand and
its first derivative with respect to v is zero when v = VN-1" In the
subsequent intervals Simpson's rule is applied. The compcusite integra-

tion formula for (A.64) becomes

- 3 G,(t,) -x/t
(A.75) Py = § u 2FCe F
k=0 t
k
where
h
(A.76) {u.\k|k=0,l,2.3} = {1,2,4.1}3 "

Substitution of (A.69) into (A.61) ylelds the computational

expression

2 (1)

(4. 77) § V00 = X ame D@ - xf W} + x oo
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APPENDIX B

Exponential Integrals and Related Functions

B.1 The Exponential Integral E {x)
il

B.1.1 The general expression

The classical exponential integral 1s

(B.1) E1(x) = -J —— dt (x # 0)

-x
where the integral is a Cauchy principal value integral when x > Q.

The functions En(x) are generalization of the function

w —t
{B.2a) El(x) = J -E—EQE = -Ei(-x) {x > 0)

X

and are defined as follows.

=t

(B.3) E_(x) = %01 J £

1
dt = J vn-ze-xlvdv (t = x/v) .
t

0

Using integration by parts it 1is easy to show that

(B.4a) Eq(x) = E%I [e-x - xEn_l(x)] (n > 1)

Using the FORTRAN routine DEI in the Argonne Applied Mathematics Division
program library (Cody 1971) the function Ei(x) is computed on the IBM
370/195 to roughly 50 correct significant bits which is equivalent to a

relative error of 10_15. Eqe. (B.2a) and (B.4a) are used to calculate

En(x) forn > Q.

B.1l.2 Limit cases

En(O) has two limit cases depending on the value of n., 1f n= 1,
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-+ o

0

1 e-x/v L 4
(B.2b) E (0) = lim J " dv = J -5 - log v
x+00 0

1.e., the limit does not exist. If n > 1, then using (B.4a) we find

E (0) = lin ol [ xE__,(x)]

%0 n-1
e [1 - 1im x E (x)]
n-1 =
x+0
= E%I [1 - 0+...40 + lim x"-lBl(x)]
x+
(B.4b) E_(0) = == (n > 1)
' n n-1
where
1
lim xn_lEl(x) = lim xn-llog vl =0 (n>1).
x+0 x+0
x
(a,b)
B.1.3 The generalized exponential integral E (x)

We define the generalized exponential integral Eia'b)(x) by

b
(B.5) e2®) () -J W2 XV, (x50, 0<a<b<l, n>0)

a

x/a -t
- I gn— dt (¢t = x/v) .
x/b K
We define Eia'b)(x) as follows.
x/a -
‘“”(x)-J —dt- —d:.
x/b x/b x/

Hence by (B.2n) we have

(B.6a) (" )iy @ E, (x/b) - E,(x/a) .
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Integration by parts of (B.5) gives
(B. 7a) Eﬁa,b)(x) [rbn-l -x/b

(a b)(x)]

B.1.4 Limit cases for the generalized form

We consider the limit cases of (B.6a) and
and O<a < b<l, we find from (B.5) and (B.2b) t

E(a.b)

Iy dv
i (0) = J = = log b/a

a

{B.6b)

and from (B.4b) and (B.6a) that (B.7a) becomes

n-1 n-1

(b -a )

(B.7b) Ef“""b) By b

0 = i
Secondly, when a=0 and x>0, (B.6a) becomes
(B.6c) B0 (x) = B (x/b)

and (B.7a) becomes

(B.7¢) (0 b)(x) o ;_T [b“ 1 -x/b _

Finally, consider the case when x=0 and a=0.

(B.6d) £ (0) = 11n 10g b/a + =
a0

and (B.7b) becomes

an-le-x/a)

(n > 1) .

(B.7a). First, when x=0

hat (B.6a) becomes

(n>1) .

<20 (x/b)] (n > 1)

Then (B.6b) becomes
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(0,b),, _ b1
En (0) = n—-1

(B.7d) (n > 1)

B.2 The Exponential Integral 1 (x,u)

B.2.1 The general expression
The 1integral In(x,u) 1s defined (Abu-Shumays, 1973) by

1 vne-x/v
(B.3) In(x,u) = J = dv (n>0, x>0, |uj<1)
0

It is easily shown that the following recursion relation holds,

1
- - n %y
(B.9) In+l(x,u) uIn(x,u) = J Ve = En+2(x) (n > 0)
0
We obtain Io(x,u) from (B.8) as follows,
1 e—x/u o e-t x
(B.10) Io(x,u) = J = ~dv = J I dt (t = ;)
0 X t1 - ;t)
* ot -x/u > e | X
= —-E—-dt-—e —':r"“dT(T=t"';)-
x -(x/u - x)
Hence, using (B.1) and (B.2a) in (B.10)
(B.11a) Io(x,u) = El(x) +e x/u Ei(x/u - %)

Rearrangement of (B.9) ylelds the following recursion relation for n>0.

(B.12a) In(x,u) = En+1(x) + uIn_l(x,u) {n > 0)
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B.2.2 Limit cases

We consider the limit cases c¢f (B.l1la) and (B.l2a). When x=0 and
u#0, u#l, then for n=0 (B.8) yields

1 - x/v 1 d
1.(0,u) = 1lim = dv = g,
0 *%+0 vTU
0 0
e 1o AoH
(B.11h) IO(O,u) = log Mk
Next, recalling (B.4b), equation (B.1l2a) becomes

(B.12b) I_(0,u) = 1/n + wL (0,1 (n >0 .

When p=0, then if n=0 and (B.3) is used in (B.B)

Jl o x/v

(B.1lc) Io(x,O) dv = El(x), (x > 0)

0

and using (B.llc¢) in (B.1l2a) ylelds
(B.12c) In(x,O) = En+1(x) (n>0) .

The case when x=0 and u=0 is directly obtained from (B.2b) and
(B.4a) in (B.12c¢) and yields

oo ne0
{B.12¢c) In(0,0) =
l/a n >0

Finally, when u=1, (B.lla) does not exist, 1i.e.,

{B.12e) In(x,l) + {n=0,1,2,...) .
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(a,b)

B.2.3 The generalized exponential integral I (x,u)

a
Similar to Ei ! )(x) Sect. B.l.3, we define the generalized integral

(a :b)
(B.13) In

(x,1) dv (x>0, |ul<l, n>0, O<a<b<l) .

v=y

Jb Pe” x/v

a

Using (B.13) and (B.5), the recursion formula {(B.9) is generalized

to
b
@10 188 e P e = [z e3P0 @20
a
Iéa'b)(x,u) is derived as follows:
b -x/v
(a b)( ) = J e\’.-u dv
a
b a\ -x/v
= J - J dv
v=u
0 0
(8.15) 18P x,0) = OGW - 100

where from (B.10) with the integration limit 1 replaced by b we find

(B.16) 15 . b e'x/“ -x/u
" 0 X,u) = - dv = E (x/b) + e Ei(x/u - x/b) .
0

The definition
(a,b) B )
(B.17) Ei (x/u - x) = Ed(x/y - x/b) - Ei(x/p - x/a)

combined with (B.16) in (B.15) yields

(a,b)

1§ xa) = Ef

(B.18a) (x) + e et BD)
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Rearrangement of (B.14) ylelds the recursion relation

o = B2 Gy 4 w182 (x0

(a,b)
{(B.19a) In

B.2.4 Limit cases for the generalized form

We consider the limit cases of (B.18a) and (B.19a).

u#0, uda, p¥b in (B.13), we find

b
(a b)(o’ ) = J dv

— dv
V=i
a
i.e.,
(B.18b) 1$**® (0,1 = log [2E|
and
(8.19b) 12 0,y = £{2:0)(0) + u1{P) (0,0)

When u=0O¥a and x>0, we find from (B.13) and (B.1l4) that

(B.18¢) 1% (x,0) = Eia'b)(x)
and

(a,b) (a b)
(B.19¢) 1 (x,0) = E_+""(x )

When x=0 and u=O¥a, (B.13) yields

(B.18d) 13“”’(0.0) = log b/a

and

(n>0) .

When x=0 and

(n>0) .

{n>0) .
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(B.19d) (a ) 0,0 = E(a b)(O) (n>0) .
When p=a#0 we find
(B.18e) I(a b)( X,2) = JE(a’b)(x) + e_x/a[Ei(x/a - x/B) - lim Ei(x/u - x/a)]}
H-+a
since
iim Ei(e) » @
When n>0 we have
Iéa’b)(x,a) - (a b)( ) + I(a]b)(x,
(5.19€) Iga’b)(x,a) . (a b)( y +a'l éa'b)(x.a) .

Analogous formulas can be developed for the case p=b and a#0 with
precisely the same results for the limits. When u=a=0 we find from (B.éa),
(B.18¢) and (B.19¢) that

@ x=0
(x,0) = n>0.
E +l(x/b) x#0

(0,b)
(B.19f) 19

When u=b and a=0 we find from (B.1Be) that

£(0,b)

(B.18g) 0

(x,0) = Ey(x/b) + & */°(Lim B(x/u - x/b))
u+b

and

(0,b) i (0,b) e
(8.19g) I, " (x,b) = E o (x/b) + bL "2’ (x,b) :



159

REFERENCES

I. K. Abu-Shumays, E. H. Bareiss, On the Structure of Isctropic Transport
Jperators in Space, (Chapter in Transport Theory, Vol. 1, SIAM-ANS Pro-
ceedings, Providence, R.I. (1969).

ARGONNE CODE CENTER: '"Benchmark Problem Book. Numerical Determination
of the Space, Time, Angle, or Energy Distribution of Particles in an
Assembly," Argonne National Laboraitory ANL-7416 (1968) (revised 1971).

E. H. Bareiss, "Flexible Transport Theory Routines for Nuclear Reactor
Design," DTMB Report 1030, July (1956).

E. H. Bareiss, "A Spectral Theory of the Stationary Transport Operator
in Slab Geometry," J. of Math. Anal. and Appl., 13 (200-222) (1966).

E. H. Barelss, "Numerical Solution of the Neutron Transport Equation,”
Lecture, Symposium on Numerical Solution of Integral Equatione and
Physical Applications, SIAM Fall Meeting, Madisun, Wisconsin, Ost. 11-13
(1971).

E. H. Bareiss, K. L. Derstine, "A User's Manual for BEAPAC-1T," report
to be published (1977)}.

B. G. Carlson, K. D. Lathrop, "Transport Theory. The Method of Discrete
Ordinates," in Computing Methods in Reactor Physics, H. Greenspan, et al.,
Eds., Gordon and Breach, New York (1968).

K. M. Case, P. F. Zwelfel, "Solutions of the Homogeneous, One Speed
Equation,"” in Linear Transport Theory, Addison Wesley, Reading, 58-93
(1967).

W. Cody, K. Paclorek, Subroutine DEI, Argonne National Laboratory,
Applied Mathematics Division Subroutine Library, ANL-C3755-1 DEI (1968)
revised (1471).

B. Davison, Neutron Transport Theory, Oxford (1957).

R. J. Hangelbroek, "A Functional Analytic Approach to the Linear Transport
Equation," Rijksuniversiteit te Groningen, Ph.D. thesis (1973).

E. Inonu, Lecture, Fourth National Conference on Transport Tiueory, VPI&SU,
Blacksburg, Virginia, March 10-15 (1975).

E. lsaacson, H. B. Keller, Analysie of Numerical Methods, Wiley, New
York (1966).

E. W. Larsen, "Solution of Neutron Transport Problems in L;," Cerm. Pure
and Appl. Math., Vol. 28, 729-746 (1975).

W. F. Miller, "Application of Finite Elements to One- and Two-Dimensional
Neutron Transport,” Ph.D. thesis, Northwestern University (1973).



160

I. Stakgold, Boundary Value Froblems of Mathematical Physics, Volume 1,
Macmillan, Toronto (1969).

W. G. Strang, G, J. Fix, An Analysis of the Finite Flement Method,
Englewood Cliffs, N.J., Prentice-Hall (1973).

V. 8. Vladirimov, '"Mathematical Problems in the One Velocity Theory of
Particle Transport,"” Atomic Energy of Canada, Ltd., Ontario (1963),
translated from Trans. V. A. Steklov Mathematical lnstitute, 61 (1961).

P. F. Zweilfel, W, Greenberg, Proceedings, Fourth National Conference on
Transport Theory, VPI&SU, Blacksburg, Virginia, March 10-15, 1975, to
appear (1976).



1€l

ACKNOWLEDGEMENTS

The authors wish to thank Drs. Cyrus H. Adams, Donald R. Ferguson,

Ely M. Gelbard, Albert A, Grau, Herbert H. Hencysen 11, Elmer E. Lewis,
Hal Sudborough, and Bert J. Toppel for valuable discussions and
sugpestions. Specilal thanks are due to Judy Beumer who patiently and

cheerfully typed the report.



c(x)
D(0,a)

fl(O,u),f {a,u)

u

wlx,u),o(x)
RN

INEN
Vg (x,1) 58, (x)

ic ’}ﬂ

bgdg
IRER

qoi(x,u)

qtn(x.u)

162

NOMENCLATURE

Description

Width of computational cell.
Combining coefficients for elementary solutions qn(x,u).

Combining coefficients for elementary solutions q_n(x.u)-

After defining a 0’ subsequent referenc=s to a_, denote

a .
1

Exponent of Chapeau function BN_l(v) in qN_l(x,u) mode
for Yoy SV S 1 {0 <a<1).
Macroscopic mean number of secondaries per collision.

Denotes the dowain 0 < x < a and |u[ < 1.

Inhomogeneous boundary term for incident flux boundary

condition.
Angular directivn cosine,

Neutron angular (scalar) flux distribution at location

X with direction cosine u.

Even parity neutron angular flux distribution for the

symmetrized transport equation.

Neutron angular (scalar) flux distribution located on

the mesh nodes for the benchmark cell modes analysis.

Neutron angular (scalar) flux distribution for exact

benchmark problem.

Neutron angular (scalar) flux distribution obtained by

approximate numerical methods.
Neutron angular (scalar) flux distribution error.

Neutron angular (scalar) flux distribution for multicell

reference problem,.
Elementary asymptotic neutron angular flux solution.

Elementary asymptotic and transient neutron angular

flux solution.
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Symbol Description
S{x,u) Distributed neutron source at location x with direc-

tion cosine u.

a(x) Macro.copic total croses section.
Bn(v) Chapeau function base functions for expansion of A(v).
v Transient eigenvalue spectrum of the homogeneous

transport equation.

voi Asymptotic eigenvalues of the homogeneous transport
equation.

X Spatial position coordinate.

Subseripts Descriptinn

i Index of spatial variable x, 1=1,2,...,I.

m Index of angular direction cosine p, w=1,2,...,M.

n Index of elementary solutions (modes), n=0,1,...,N

and transient eigenvalue spectrum variable v,

I+

0 Index of asymptotic elementary solutions.






