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Alternative definitions of the total bootstrap current are compared. An
analogous comparison is given for the ohmic and auxiliary currents. It is
argued that different definitions than those usually employed lead to simpler

analyses of tokamak operating scenarios.

I. INTRODUCTION

In connection with our low-aspect-ratio tokamak studies,! I am concerned about the
proper definition of the total bootstrap current (and by implication, the ohmic and auxiliary
currents as well). In recent literature, 2 particularly in discussions of advanced tokamak

operating scenarios, the bootstrap current within a poloidal flux surface y is defined by
(j : B) bs

(87)

where ¢ is the safety factor. In this formulation an additional term, referred to as the

14
Ibs(‘/’())sj *dy 2nq

1)

- ‘diamagnetic’ current, must be included in the accounting of the total current. (I use
quotation marks because this term can be shown to involve both the perpendicular and
Pfirsch-Schliiter currents.) The diamagnetic term is sometimes neglected, but it can be

large at high beta, and especially at low aspect ratio, and therefore important in determining

)

ooy

TN OF Te

o

[4




DISCLAIMER

Portions of this document may be illegible
in electronic image products. Images are
produced from the best available original
document.




DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the United
States Government. Neither the United States Government nor any agency thereof, nor
any of their employees, make any warranty, express or implied, or assumes any legal liabili-
ty or responsibility for the accuracy, completeness, or usefulness of any information, appa-
ratus, product, or process disclosed, or represents that its use would not infringe privately
owned rights. Reference herein to any specific commercial product, process, or service by
trade name, trademark, manufacturer, or otherwise does not necessarily constitute or
imply its endorsement, recommendation, or favoring by the United States Government or

‘any agency thereof. The views and opinions of authors expressed herein do not necessar-
ily state or reflect those of the United States Government or any agency thereof.




the ‘alignment’ of the bootstrap current. The various terms contributing to the total current

are derived in an unpublished memo by Nevins.?

In the following I suggest alternative definitions of the components of the total
current, which seem to me to be more useful. In this formulation, the ‘diamagnetic’
contribution does not enter explicitly but is included implicitly in the ohmic and bootstrap
terms. The two sets of definitions are exactly equivalent, but in my version fewer terms are
required to test the bootstrap ‘alignment.’ I also believe my expressions are more directly
related to the resistive field penetration equation and are therefore more convenient to

calculate in a transport code.

The purpose of this note is to compare the two sets of definitions and ask if any
reader can tell me whether the usual convention is indeed as I describe it, and how the
accounting is handled in the outputs of various transport codes, e.g., SUPERCODE.% 7 My
interest is in transport codes and in constructing a spreadsheet similar to the one described

by Nevins® for fusion studies (TPX and ITER).
II. DEFINITIONS

We write the toroidal and poloidal magnetic fields as

F
By = %@, (2a)
and
Vi
B, =1, 2b)

respectively. We let V and S denote volume and cross-sectional area, respectively, and

write the volume derivative and volume integral as

dl
v(w) =§VV_,=2R§_EP_, (32)
4

and




[2vx=[ayv'(y)(x), (3b)

where the flux surface average is given by
| Xdl,

Xdl B
(X)=% Pyvx=L[XdS _2mef%p " S (3c)

vVl viIis, §ﬂ
BP

With the toroidal flux denoted by ®, we also note that the safety factor is given by
_ Ll Fv < ! >

= —). 4
2n oy 4n? \R? @

III. THE TOROIDAL CURRENT

A. Standard expression

Denote the toroidal current enclosed within a given flux surface yq by I7(yg).

Nevins’ derives the expression

IT(Wo)=jWOJTdS
~ Y guviiuw T
= dl/fV(w)<2nR>

o Vi(w)| FuXVR?) o PR (y)|/R?)
=["ay 21:[ ) (i-By+p’(w)| 1- ) . 5

That is,

IT(V’Q)=J%d'V

viw)|(B2) 5By, (B2) |
o] ©

where B2 = B% +B§. The second term in square brackets yields the ‘diamagnetic’

current.




B. Alternative expression

An alternative expression for the toroidal current can be obtained, e.g., from Egs.

(48) and (63) of Blum and Le Fon:9

V’o (J B)
I =F(y 7
T(Wo)=F(yo)[ °d m ) )
Equations (6) and (7) agree exactly, as shown in Appendix A. That is,
v’ B%) F < B B2

WE-

Equations (7) and (8) show that it is not necessary to treat the ‘diamagnetic’ term

2n ||(B%) F(¥) |F(¥)

separately.
IV. BOOTSTRAP, OHMIC, AND DRIVEN CURRENTS
A. Standard expressions

From the first term in square brackets on the right-hand side of Eq. (6) Nevins
defines the bootstrap current to be’

¥o g V' (¥) (BF) (B,

2n (B?) F(v)’

Iy (wo) = J ®
where (j-B) ps 18 the flux-surface-averaged bootstrap current density, as calculated, e.g.,
by Hirshman, 10 or with collisional corrections by Kessel.10 By substituting Eqgs. (2a) and

(4) into Eq. (9), we obtain the usually 'quoted formula, Eq. (1), which Nevins also

discusses.




Analogously, we can define I, s = Iopmic + Laux» Where ‘aux’ refers to any non-
inductive current drive, e.g., from RF or neutral beams. For example, letting the parallel

electrical conductivity be o, we write (j-B) =0y (E-B), and -

v/(y) (B?) ou(E-B)
2n (%) F(v)

v
I(’)hmic(WO)E_[ ° (10)
Finally, the term referred to as the ‘diamagnetic’ current is obtained from the second term in

square brackets and given by4’ 3

’ B2
Idia(Wo)=j"'° dw%w—)%p’(w (11

Kessel* describes this as ‘the contribution from perpendicular current, that is the toroidal
component of the Pfirsch-Schliiter current.” It is, in fact, the sum of the toroidal
components of the perpendicular and Pfirsch-Schliiter currents (the latter being a parallel

current) as shown in Appendix B.
B. Alternative expressions

An alternative definition of the bootst:rap current, based on Eq. (7), is

- V) {B)yg
Tos(Wo)=Flwo )| dy > F2(>1;) (12)

Again, we can define T o, v = I opmic + Toncs €-8-»

V'(y) o} (E-B)
2 Fi(y) @

Tomic (Wo) = F(wo )| " dy

Equation (8), i.e., the equivalence of Egs. (6) and (7), implies an expression for the

difference between (9) and (12),




Ibs(‘/’O)—ibs(WO)=—Inon-bs(w0)+inon-bs(W0)+Idia(WO)

_ ¥y V)| [ Fvo) _(B7) 6By |, (B°)
ST ) e m Y s

Consider, for example, an ohmic discharge in the cylindrical limit. Since the bootstrap
current vanishes as the inverse aspect ratio, €, goes to zero, we may use either Eq. (8) or

Eq. (14) to obtain an expression for the diamagnetic current in that limit,

Laa(vor= [*ay (w)( )

(B2> TP (V) —=5 Tobmic (Wo) = 1(¥o)

<B%> F(v,) |oy(E-B) (15)
=J"I’odw ( > ] .

B%) F(v) | E(v)

where we have noted that (j-B) — (j-BY=0y(E-B). Thus, Iy, persists in the

non-bs
cylindrical limit, where it is indeed purely diamagnetic, but it is not usually treated as

distinct from the ohmic current.

V. IMPLICATIONS

In any accounting of the total current, all the terms must be included. Using the
usual expression, Eq. (6), with the definitions (9)-(11) and an analogous expression for

I.x» we write the total current as

IT =Iohmic +Ibs+1dia +Iaux’ (16)

while Eq. (7), with the definitions (12) and (13) etc., gives

IT=iohmic+ibs+iaux' a7

- For example, one exercise is to specify a desirable current profile, e.g., for MHD stability,

and subtract the ohmic and bootstrap current profiles to determine the needed auxiliary

drive. This has been done in many of the TPX and ITER presentations I have seen. Since




these graphical presentations do not ordinarily mention Ig,, I infer that either the

diamagnetic term is neglected, or the formulation of Eq. (17) is the one commonly used.

My query: which is the usual interpretation? How is this information handled in
SUPERCODE,6’ 7 for example? It seems to me that Eq. (7) and, by implication, (12), (13),
and (17), are simpler to calculate and more convenient than Egs. (6), (9)-(11), and (16). In
general, whichever definitions are used, careful treatment of F(y) may be required. It is
found froin the solution to the transport equations, using the flux-surface averaged Grad-

Shafranov equation, and then fed back into the equilibrium solver. These equations, e.g.,

Egs. (51) and (62) of Blum and LeFoll,? involve dp/dy and (Bﬁ), so considerable

complication may remain, either way.

I emphasize that there is an ambiguity in the definitions of the ohmic and auxiliary
currents as well as the bootstrap current. In the most general discussions of the transport

problem,g' 11-13

the equation for the resistive evolution of the current (or poloidal flux
derivative) is given in a formulation equivalent to the one I advocate, namely Eq. (7) or
(17), whether or not neoclassical effects are included. These authors do not separate out
the ‘diamagnetic’ term explicitly, as would have to be done if Eq. (6) or (13) were used.
These distinctions may be unimportant at low beta and high aspect ratio, where I, is

small, but they will be important for the spherical tokamak.
APPENDIX A - EQUIVALENCE OF EQS. (6) AND (7)

We differentiate Egs. (6) and (7) in the main text with respect to ¥, obtaining

viw)| (BB, (8)
o (7)) P V() -

(&%)

Iy (W)=
Y=y




V(y) F'(y,)

IT (W0)=':2nF(y/)<jB)j|w=W° + F(‘I/O) IT(WO)’ | (Az)

respectively. We also make use of a standard expression for the parallel current [see, e.g.,

Hinton and Hazeltine,'# Egs. (2.70) and (2.89)],

(&)

0

(j-B)= F’+Fp’

and the integral form of the toroidal Ampere law,

uolr =§di, B, =§%l-”:—3,% :ﬂ (2). (Ad)

Substituting (A3) and (A4) into the right-hand side of (A2), we obtain (Al). This proves
the desired equivalence.
APPENDIX B - INTERPRETATION OF I4ia

The perpendicular or true diamagnetic current density is given by

PP

J—_...___
= B dy

Its contribution to the toroidal current [¢f. Eq. (5)] is

Iga(wo)= jwodwy—;(n_w«%))
[ ay 2W)§p< >
n oy \B?

The Pfirsch-Schliiter (parallel) current density is

ByR B? |9
w25 e




as, for example in Eq. (4.101) of Hinton and Hazeltine.!* Its contribution to the toroidal

current is then

15 (wo)=] %d'/’zé(n_w{(%))

=jvfo dt//V "(y) op <BT BT > (B4)

2w dy \ B2 < B2>
Adding Egs. (B2) and (B4) we obtain

/B, B: B2
Iia(Wo )+ Ida (o) = J%d'l’ V'(¥) L +—L T>

2% By/ 32 B2 <32>

(BS)

Thus, there are both parallel and perpendicular contributions to the ‘diamagnetic’ current.
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