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Alternative definitions of the total bootstrap current are compared. An 

analogous comparison is given for the ohmic and auxiliary currents. It is 

argued that different definitions than those usually employed lead to simpler 

analyses of tokamak operating scenarios. 

I. INTRODUCTION 

In connection with our low-aspec, ratio okamak studies,’ I am concerned about the 

proper definition of the total bootstrap current (and by implication, the ohmic and auxiliary 

currents as well). In recent particularly in discussions of advanced tokamak 

operating scenarios, the bootstrap current within a poloidal flux surface yo is defined by 

where q is the safety factor. In this formulation an additional term, referred to as the 

‘diamagnetic’ current, must be included in the accounting of the total current. (I use 

quotation marks because this term can be shown to involve both the perpendicular and 

Pfirsch-Schluter currents.) The diamagnetic term is sometimes neglected, but it can be 

large at high beta, and especially at low aspect ratio, and therefore important in determining 
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the ‘alignment’ of the bootstrap current. The various terms contributing to the total current 

are derived in an unpublished memo by Nevins.’ 

In the following I suggest alternative definitions of the components of the total 

current, which seem to me to be more useful. In this formulation, the ‘diamagnetic’ 

contribution does not enter explicitly but is included implicitly in the ohmic and bootstrap 

terms. The two sets of definitions are exactly equivalent, but in my version fewer terms are 

required to test the bootstrap ‘alignment.’ I also believe my expressions are more directly 

related to the resistive field penetration equation and are therefore more convenient to 

calculate in a transport code. 

The purpose of this note is to compare the two sets of definitions and ask if any 

reader can tell me whether the usual convention is indeed as I describe it, and how the 

accounting is handled in the outputs of various transport codes, e.g., SUPER CODE^^ My 

interest is in transport codes and in constructing a spreadsheet similar to the one described 

by Nevins* for fusion studies (TPX and ITER). 

11. DEFINITIONS 

We write the toroidal and poloidal magnetic fields as 

F( Y) B* =-, 
R 

and 

respectively. We let V and S denote volume and cross-sectional area, respectively, and 

write the volume derivative and volume integral as 

V’( y)  = - dV - - 27+, d b  

dy/ BP 
and 



where the flux surface average is given by 

d 1 -+-= XdS 2n x d l ,  ’ B p  ( X ) = - l d 3 V X  = -E 
dV V’ lVwf V‘ Bp 6% * 

With the toroidal flux denoted by 0, we also note that the safety factor is given by 

4=--- (4) 

111. THE TOROIDAL CURRENT 

A. Standard expression 

Denote the toroidal current enclosed within a given flux surface yo by IT ( YO ) . 
Nevins’ derives the expression 

IT (Yo ) = I” JT ds 

That is, 

where B2 = B; + B;. The second term in square brackets yields the ‘diamagnetic’ 

current. 
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B. Alternative expression 

An alternative expression for the toroidal current can be obtained, e.g., from Eqs. 

(48) and (63) of Blum and Le Foll:’ 

Equations (6) and (7) agree exactly, as shown in Appendix A. That is, 

Equations (7) and (8) show that it is not necessary to treat the ‘diamagnetic’ term 

separately. 

IV. BOOTSTRAP, OHMIC, AND DRIVEN CURRENTS 

A. Standard expressions 

From the first term in square brackets on the right-hand side of Eq. (6) Nevins 

defines the bootstrap current to be5 

where (j - B),,is the flux-surface-averaged bootstrap current density, as calculated, e.g., 

by Hirshman, lo or with collisional corrections by Kessel. lo By substituting Eqs. (2a) and 

(4) into Eq. (9), we obtain the usually quoted formula, Eq. (l), which Nevins also 

discusses. 



Analogously, we can define Inon-bs = Iohmic + I,, where ‘aux’ refers to any non- 

inductive current drive, e.g., from RF or neutral beams. For example, letting the parallel 

electrical conductivity be oII , we write (j - B) ohmic = 011 (E - B), and 

Finally, the term referred to as the ‘diamagnetic’ current is obtained from the second term in 

square brackets and given by4’ 

Kesse14 describes this as ‘the contribution from perpendicular current, that is the toroidal 

component of the Pfirsch-Schluter current.’ It is, in fact, the sum of the toroidal 

components of the perpendicular and Pfirsch-Schluter currents (the latter being a parallel 

current) as shown in Appendix B. 

B. Alternative expressions 

An alternative definition of the bootstrap current, based on Q. (7), is 

- e e 

Again, we can define Inon-bs = Iohmic + I,, e.g. ,  

Equation (8), Le., the equivalence of Eqs. (6) and (7), implies an expression for the 

difference between (9) and (12), 



Consider, for example, an ohmic discharge in the cylindrical limit. Since the bootstrap 

current vanishes as the inverse aspect ratio, E, goes to zero, we may use either Eq. (8) or 

Eq. (14) to obtain an expression for the diamagnetic current in that limit, 

where we have noted that (j - B)non-bs + (j B) = oII (E B). Thus, Ida persists in the 

cylindrical limit, where it is indeed purely diamagnetic, but it is not usually treated as 

distinct from the ohmic current. 

V. IMPLICATIONS 

In any accounting of the total current, all the terms must be included. Using the 

usual expression, Eq. (6), with the definitions (9)-( 11) and an analogous expression for 

while Eq. (7), with the definitions (12) and (13) etc., gives 
,.. - ,.. 

IT = zohmic -t Ibs + Iaux * 

For example, one exercise is to specify a desirable current profile, e.g., for MHD stability, 

and subtract the ohmic and bootstrap current profiles to determine the needed auxiliary 

drive. This has been done in many of the TPX and ITER presentations I have seen. Since 
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these graphical presentations do not ordinarily mention I,,, I infer that either the 

diamagnetic term is neglected, or the formulation of Eq. (17) is the one commonly used. 

My query: which is the usual interpretation? How is this information handled in 

SUPER CODE,^^ for example? It seems to me that Eq. (7) and, by implication, (12), (13), 

and (17), are simpler to calculate and more convenient than Eqs. (6), (9)-( 1 l), and (16). In 

general, whichever definitions are used, careful treatment of F( y)  may be required. It is 

found from the solution to the transport equations, using the flux-surface averaged Grad- 

Shafranov equation, and then fed back into the equilibrium solver. These equations, e.g., 

Eqs. (51) and (62) of Blum and LeFoll? involve splay and ( B ; ) ,  so considerable 

complication may remain, either way. 

I emphasize that there is an ambiguity in the definitions of the ohmic and auxiliary 

currents as well as the bootstrap current. In the most general discussions of the transport 

problem, '* 11-13 the equation for the resistive evolution of the current (or poloidal flux 

derivative) is given in a formulation equivalent to the one I advocate, namely Eq. (7) or 

(17), whether or not neoclassical effects are included. These authors do not separate out 

the 'diamagnetic' term explicitly, as would have to be done if Eq. (6) or (13) were used. 

These distinctions may be unimportant at low beta and high aspect ratio, where Zdia is 

small, but they will be important for the spherical tokamak. 

APPENDIX A - EQUIVALENCE OF EQS. (6) AND (7) 

We differentiate Eqs. (6) and (7) in the main text with respect to yo, obtaining 

and 
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respectively. We also make use of a standard expression for the parallel current [see, e.g., 

Hinton and Hazeltine,14 Eqs. (2.70) and (2.89)], 

(j-B)=- ( B ~ )  F' + Fpt 
PO 

and the integral form of the toroidal Ampere law, 

poIT = f d l p  B,  =f-Bp dl, 2 = - ( B g ) .  V' 
BP 27c 

Substituting (A3) and (A4) into the right-hand side of (AZ), we obtain (Al). This proves 

the desired equivalence. 

APPENDIX B - INTERPRETATION OF 

The perpendicular or true diamagnetic current density is given by 

Its contribution to the toroidal current [c$ Eq. (5)]  is 

The Pfirsch-Schliiter (parallel) current density is 



as, for example in Eq. (4.101) of Hinton and Ha~e1tine.l~ Its contribution to the toroidal 

current is then 

Adding Eqs. (B2) and (B4) we obtain 

Thus, there are both parallel and perpendicular contributions to the ‘diamagnetic’ current. 



References 

1 .  

2. 

3 .  

4. 

5 .  

6 .  

7. 

8.  

S. C. McCool, P. H. Edmonds, H. He, J. Jagger, P. E. Phillips, B. Richards, D. 
W. Ross, E. R. Solano, J. Uglum, P. M. Valanju, F. Waelbroeck, and A. J. 
Wootton, USTX - The University Spherical Tokamak Experiment, The University of 
Texas Report FRCR #468,1995. 

D. E. Post, K. Borass, J. D. Callen, S. A. Cohen, J. G. Cordey, F. Engelmann, N. 
Fujisawa, M. F. A. Harrison, J. T. Hogan, H. J. Hopman, Y. Igitkhanov, 0. 
Kardaun, S. M. Kaye, S. Krasheninnikov, A. Kukushkin, V. Mukhovatov, W. M. 
Nevins, A. Nocentini, G. W. Pacher, H. D. Pacher, V. V. Parail, L. D. Pearlstein, 
L. J. Perkins, S. Putvinskij, K. Riedel, D. J. Sigmar, M. Sugihara, D. W. Swain, 
T. Takizuka, K. Tani, T. Tsunimatsu, N. A. Uckan, J. G. Wegrowe, J. Wesley, S. 
Yamamoto, R. Yoshino, K. Young, P. N. Yushmanov, and other contributors, 
ITER Physics, International Atomic Energy Agency Report IAEA/ITER/DS/21, 
1991. 

S. Jardin, A. Boozer, J. Johnson, C. Kessel, J. Manickam, D. Monticello, W. 
Nevins, F. Perkins, N. Pomphrey, J. Ramos, A. Reiman, G. Rewoldt, S. Sabbagh, 
W. Tang, C. Wang, and L. Zakharov, Advanced Plasma Configurations, in TPX 
Physics Design Description, Conceptual Design Review (Report TPX DOC #93- 
930512-PPPUG.iVeilson-01) (Princeton Plasma Physics Laboratory, 1993), p. 5- 1. 

C. E. Kessel, Nucl. Fusion 34, 1221 (1994). 

W. M. Nevins (private communication, 1995). 

S. W. Haney, W. L. Barr, J. A. Crotinger, L. J. Perkins, C. J. Solomon, E. A. 
Chaniotakis, J. P. Freidberg, J. Wei, J. D. Galambos, and J. Mandrekas, Fusion 
Tech. 21, 1749 (1992). 

J. Galambos and Y.-K. M. Peng, Probabalistic Analysis of a Proposed Low A 
Tokamak Experiment, Oak Ridge National Laboratory Report ORNL-TM 12998, 
1995. 

W. M. Nevins (private communication, 1994). 

J. Blum and 3. Le Foll, Computer Phys. Reports 1,465 (1984). 

10 



10. S. P. Hirshman, Phys. Fluids 31, 3150 (1988). 

11 .  W. W. Pfeiffer, R. H. Davidson, R. L. Miller, and R. E. Waltz, ONETWO: A 
Computer Code for Modeling Plasma Transport in Tokamaks, General Atomic 
Company Report GA-A16178,1980. 

12. J. T. Hogan, Nucl. Fusion 19, 753 (1979). 

13. H. C. Howe, PROCTR Formulary, Oak Ridge National Laboratory Report 
OR"M-9537,1985. 

14. F. L. Hinton and R. D. Hazeltine, Rev. Mod. Phys. 48, 239 (1976). 

11  


