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Abstract

We describe a numerical optimization scheme for fusion reactors.
The particular application described is to find the smallest copper
coil ‘spherical’ tokamak, although the numerical scheme is sufficiently
general to allow many other problems to be solved. The solution to
the steady state energy balance is found by first selecting the fixed
variables. The range of all remaining variables is then selected, except
for the temperature. Within the specified ranges, the temperature
which satisfies the power balance is then found. Test are applied to
determine that remaining constraints are satisfied, and the acceptable
results then stored. Results are presented for a range of auxiliary
current drive efficiencies and different scaling relationships; for the
range of variables chosen the machine encompassing volume increases
or remains approximately unchanged as the aspect ratio is reduced.
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process disclosed, or represents that its use would not infringe privately owned rights. Refer-
ence herein to any specific commercial product, process, or service by trade name, trademark,
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom-
mendation, or favoring by the United States Government or any agency thereof. The views
and opinions of authors expressed herein do not necessarily state or reflect those of the
United States Government or any agency thereof.




1 Introduction

A previous paper [1] presented an analytic model describing the minimum
tokamak reactor size as a function of aspect ratio A. In particular the depen-
dence of major radius R and machine encompassing volume V,, with A was
discussed. In those analytic studies only two auxiliary current drive efficien-
cies (ncp = 0 and oo) and one scaling law were considered. In addition, the
power to the grid P, remained unspecified (but > 0. The analysis attempts
to find plasma. densities and temperatures, and corresponding reactor param-
eters which are consistent with the steady-state power balance equation and
with a number of physical constraints. The power balance equation relates
the power lost as described by the ratio of total contained energy to the en-
ergy containment time computed from an assumed scaling law to the power
input due to fusion power, current drive, and auxiliary heating. While the
equation is conceptually simple, it is nonlinear and contains over two dozen
parameters which must simultaneously satisfy a number of additional and
often nonlinear constraints. In the analytic model, a single scaling law and
certain limiting assumptions were made to obtain an analyticaly tractable
equation. Here we use a directly numerical search procedure which allows
more general scaling laws and constraints to be considered. Figure 1 illus-
trates the power flows considered; detailed definitions are found in [1], and
at the end of this document.

The mathematical problem is to solve a nonlinear equation, power bal-
ance, which contains approximately 24 variables subject to roughly seven
nonlinear constraints to minimize either the major radius or volume. The
exact number of variables and constraints depends on the particular problem
and scaling law considered. The analytic technique in the previous paper
fixed some of the parameters and looked at limiting cases in order to obtain
an analytically tractable equation. Here we give up the closed analytic result
in favor of examining the problem and constraints directly. In both the ana-
lytic and numerical treatment some parameters are held fixed for this study.
The resulting problem requires a search in an eight or larger dimensional pa-
rameter space. We examine this space directly using a relatively coarse mesh
rather than following a gradient using a differential approach. This coarse
mesh search can be considered as an initial procedure to find good starting
conditions for a minimization method; however, the coarse mesh search was
adequate for the problem at hand. To date the only plasma losses considered




are those described by the scaling relationships considered (see Appendix 1).
Appendix 2 lists the definitions and relations, with Appendix 3 defining the
symbols used. Constants are found in Appendix 4.
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Figure 1. Power flows considered.

The objective of the calculation is, given the plasma shape (aspect ratio A,
triangularity 6, elongation ), wall loading limit I, plasma content, Zy,
Z;, plasma profiles 7,, v7, and exponents in confinement time scaling ap,
Qq, ¢, H,..., and certain conversion efficiencies, fe,, fcp, etc., to find the
smallest machine, where by smallest we mean either

smallest major radius Ry,

 smallest machine encompassing volume V,,, :

with the recirculating power fraction x < xo (e.g. 0.6) that satisfies the
power balance equation
w

— = Py + Pep + P, (1)
TE




subject to the restrictions:

Greenwald limit (density)
fie < fa10%(L,/10°)/ (ma?),

Beta limit
8 < @10—8__11’_
) vV A aBTO ’

Wall loading limit
F‘n < r n0»

Safety factor (stability)
q > Qmin,

Power production
Pg"' > Pgrmin’

and other additional constraints such as

maximum allowed field strength on the central column
BTleg < BTlegmaz:O)

and the maximum bootstrap fraction

fbs S bemam'

(5)

(6)

(7)

(8)




We have written a small computer code to perform this task. (The code,
written in C4+4, can be obtained from the authors.) An outline of the
computational procedure is as follows (details appear later):

1. Select the set of fixed variables.

2. Select the range of variation for all remaining variables except
temperature.

3. Within the given range, solve for the temperature that satisfies
the power balance.

4. Test if the remaining constraints are satisfied.

5. Store the acceptable set if Ry (or Vi,) less then current Ry
(orVi)-

Note that, to speed up the calculations, the energy released by the nuclear
reactions is approximated by a simple dependence on temperature, which
restricts T < 25 keV.




2 Computational Procedure

The computational procedure caries out a brute force search. Normally, such
a procedure for the large number of variables involved in this study would
be computationaly prohibitive. By carefully organizing the nested loops and
applying the constraints as early as possible, we have been able to examine
problems in a reasonable time (a few minutes to a few hours on a desktop
personal computer). The problem is coded as a series of nested loops which
are outlined as follows:

SpeCify ranges: RO'rm'm ROmaa:’ NOmin» Ipm,;n7 Kmin, TOmim TOma,a:'

Fix (ps, Zeff’ Zi’ Ty VT ﬂNo) Pn07 Ko, 0GR, Qq, H; ap, ay,, fel»
fu, frr, fepy Paridyins 0, s, [, plus other coefficients needed
for scaling law.

Calculate, plasma content factors:

_ (Zi — Ze )
=R &

_ g (n’T?)
Sp = TV (10)

Select an A, (results plotted as function of A).

Begin at Ry = Romin, and increment Ry until solution to energy
balance found or Ry,,,. is reached.

Require Ry € [Romin; Romaz] SO that

a= %3 (11)

The upper range of Bry is limited by Brjeg_me, through

A-1
BTomax = BTleg—-maz(_—fl—__)' (12)

Fix Kmez = ko (alternatively one could take, to further advantage
low-A, Kmaz = %). '




Search over range: k € [Kmin, Kmaz), defining

V =27R 11(1—(52 6) (13)
= aMLOgmaka 3 247
14
S = 2n?Rya(1 + &)(1.0 — 0.1367), (14)
fer = f E S f-(f (1+ 0.34657°5) (15)
el = Jelg 2 ﬂ'A . . ,
The minimum ¢ limits the maximum 7, through
B
Pmazx = gtrRO TOmﬂz‘. (16)
dmin
Search over range: I, € (I, ., Ip. ]
The lower range of Brg is limited by gmin through
QminI
BTomin = TROP (17)
Upper bound on 7 is set by the Greenwald limit
L [al00(5/10%) (A T 4a) \7 18)
ome (wa?) 2 T(3/2+7))
Search over range: 19, € [Romins Momaz] defining
L (19)

- "7(JD(1 +'7n) P

ofP = —afP (abs(27ra)22(1 H%’) ( - 92) , (20)

VApoI2 1+ + 7
w noky
=3g, [ —2% vy, 21
of m@+%+%) (21)
2
@ —15x107% [ —22 ) vs,. 29
223 (1 +’Yn +7T P ( )

7




Search over range: By, € [Bryins Bromaes] cOmputing

8nm ”B%, gRO 3+ 26
=l = 1. v/ .
Prp %f 5y (1 exp [ 3(3 25) A-— 1}) (23)

The maximum power available for heating is given by
PHma:c fH <f€l4P - = T - Pg"'idmin) ‘ (24)

Some fraction of this power is supplied as heating. Search over
range: ay € [0, 1] calculating

oy = agfafados, (25)
H oy fual®P
o = _CHIHOT 26
! fep (26)
C’D P
Otgl = —-OtHfH (fCD + #E + Pg’ridmm) . (27)

The upper Ty is given either by the 3 limit (note the explicit A
dependence has been included) through

BN, 10-2 s IpBr, (1 4+ Y0 + 1)

To8 e = 28
Omez = /A a  4poksnogs (28)
or by the wall loading limit
| R
l n.
Tomaz = —-4(;’% : (29)

so that

TOma:z = mzn(Togzam7 TO%ZZ: T :ggglfzed). (30)

The inner loop is a search procedure to find a peak temperature
that will provide power balance. Solve W(Ty) = 75(To)Ps(To)
for Ty where Ty € [Tomin, Tomaz] and where

PCD = ao + al DT{), ’ » (31)

8




Py = o5Tg,

Py = ol'T2 + o' Ty + o,
W=a§'VTo,

Pg = Py + Py + Pop,

Tg = TE(PZ,TQ).

(32)
(33)
(34)
(35)
(36)

If a solution for Tj is found, check to see if physically meaningful,

i.e.

PH201

and
fbs S bema:c’

and that remaining constraints are satisfied. Namely,
P, grid > .P gridminy

and
X < X0,

where

= Prr/frr + Pop/fep + P/ fu
Pel ’

Store the result.

(37)

(38)

(39)

(40)

(41)




3 Power balance equation

The procedure requires that the power balance equation,
W(To) = m5(To) Pe(To), (42)

which at that point in the calculation is only a function of T (all other
parameters fixed) be solved for Ty. Note that most of the single term scaling
laws can be expressed as

g = T, Py /Y (43)

with
P = OZET(? + Ot)I:To + O!g, (44)

where the a?s are obtained from the expressions for Pop, Py, Py. The vy
exponent is either zero or small for most of the scaling laws. The equation
for Ty becomes

w 2 '
(c:_l) T3 = (03Tg + i To +0p)' ™" =0, (45)
Ey

which for v = 0 is a quadratic and can be solved directly. For the case in
which v # 0, the quadratic roots are used as initial guesses for a simple
iterative Newton’s method. The Rebut-Lallia scaling Ia.w, which does not fit
the pattern, can be expressed in the form

e = (T, + T8/ Pr), (46)

which also reduces a quadratic equation for Ty
¥ Ty = 15 (XTE + T To + ) + 78, - (47)
For the case in which v # 0, Newton’s method was applied to the equation

Fly) = ay® — [b? + cy + d] o (48)

to obtain a general iterative method for these cases.




4 Results

We show here the results of the optimization for tokamak reactors with copper
toroidal field coils with no space made available for a nuclear shield or blanket
at the inner equator. The objective is to complement the analytic results
presented in [1]. The values considered for the optimization are given in
Appendix 5 ‘Nominal values’. The main differences between the numerical
results presented here and the analytic results are:

1. Different energy confinement scaling relations are used here.

2. Arbitrary auxiliary current drive efficiencies are used. This
means that a driven system is implied.

3. The power to the grid P, is specified. In the examples shown
below, Py, > 0.5 GW was specified.

4. Various parameters are allowed to change, rather than fixed
values being chosen.

Figure 2 shows the smallest major radius R as a function of aspect ratio A
for the four confinement relations used to date (see section ‘Scaling Laws’).
Figure 3 shows the machine encompassing volume/10® for the same data.
Results from other relationships can be provided if required. In the legend
the first number refers to the scaling law used, with ITER89P =1, KayeAll
- = 2, GoldstonLL = 3, DIIlJet = 4. For each scaling relationship, results
assuming two values of current drive efficiency are shown, namely ncp = 1.
x 10 (pessimistic) and 10. x 10'° (optimistic). In the legend the second
number refers to the auxiliary current drive efficiency (1 or 10). For each
scaling relationship and current drive efficiency results were obtained with é
= 0.2, 0.3 and 0.9, but very little difference in the major radius was found.
Shown are data obtained with 6 = 0.3. The results show that there is =~ 40
% reduction in the major radius of the smallest device as A is reduced from 3
to ~ 1. However, there is no associated reduction in V;, even with the most
optimistic auxiliary current drive efficiency.

11




Other general observations include:

1. Optimising on the smallest R or smallest V;, gives the same
device.

2. There is little dependency of the smallest R on 6.

3. The optimum (i.e. smallest) device generally operates at the
maximum allowed elongation and neutron wall loading limit.

The results described above were obtained by first choosing A, the scaling
relationship for energy confinement, ncp and 6, and then varying R, I, Br,
k, n, etc. Typically for each A, ncep, and 8, approximately 107 cases were
run, from which those which satisfy the constraints are first chosen, and then
within that subset those with the minimum size are recorded.

12
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Figure 2. The major radius R of the smallest copper toroidal field coil
tokamak reactor as a function of aspect ratio A. Results using four different
energy confinement scaling relationships are shown. The first digit of the
legend refers to the scaling relationship (ITER89P =1, KayeAll = 2,
GoldstonL = 3, DIIlJet = 4) and the second digit refers to the auxiliary
current drive efficiency used (nep = 1. x 10 and 10. x 10%°). § = 0.3,
with other parameters and variations found in the text (see ‘Nominal
values’).
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Figure 3. The machine encompassing volume V;,/10® m? of the smallest
copper toroidal field coil tokamak reactor as a function of aspect ratio A.
Results using four different energy confinement scaling relationships are
shown. The first digit of the legend refers to the scaling relationship
(ITERB9P =1, KayeAll = 2, GoldstonL = 3, DIllJet = 4) and the second
digit refers to the auxiliary current drive efficiency used (nop = 1. x 10!°
and 10. x 10'°%). § = 0.3, with other parameters and variations found in
the text (see ‘Nominal values’)
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5 Summary and Conclusions

We have presented a numerical technique for optimizing a given energy con-
finement scaling relationship, together with given ranges of variables and
fixed constraints, to find the smallest tokamk reactor. Results were pre-
sented for a range of auxiliary current drive efficiencies and different scaling
relationships; for the range of variables chosen the machine encompassing
volume increases or remains approximately unchanged as the aspect ratio is
reduced. These results were consistent with the results obtained using the
analytic method in [1].
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Appendix 1. Scaling laws [2]

Data from the first four scaling laws are discussed in this paper, although all
those listed (and any others provided) can be used if required.

a(m)v R(m)’ B(T)’ IP(A)7 TE(S)a PE(W)a n(m—3)
ITER89-P (L-mode)

I 0.85 7i 0.1 P, -0.5
= /4 03pL2( 4p 0.5 R0.2 >
TE = (0.048H Aia (106> k’°B (1020) ) (__106) (49)

Kaye-all-complex (L-mode)

I\ 085 n) \ %! P\ 95
g = (0.067H\/Z~a°‘3R8'85 (E’-’g) K>®B%3 (1—(53—0> (-%;) (50)

Goldston (L-mode, H/D)

Ai P, -0.5
T = (0.037H,/T—5a-°-37 07 (11—6’6) &0‘5> (1—635) (51)

DIII-Jet (H-mode)

5 = | 0.053H RL4 (—{"—)1'03 (fi)_m (52)
0 \108 108

Lackner-Gottardi (L-mode)

T = (O-mH\/%a“ 18 (_1:’(%)0'8 y +ﬂn)0'8qo.4 (1(;"20)0'6) (%) oe
2r (1+ %) a’B
Bo 2 Ro(T,/10)
Kaye-Goldston (L-mode)

q = (53)

_ Ai 049 p16s ( L \"* 02 p—00s [ {7) 0.2 (P > )—0'58
rg = (0.055H\/ ooy () pmpoe (0 =
(54)
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Rebut-Lallia (L-mode, D)

A; I _
T = (2}1 50012 (1—6’6) (azRonZeflf)I/?)+ (55)

(A I, \\ 2 () \* ) (Pe\"
(2H,/.2~o.146 (B(&)) " e (12) " 2) (22)
Goldston-quadrature (OH, L-mode H/D)

1 1
= (o— + ) (56)
E,OH EAUX

where

Teon = 0.10267i50a%R%%44050 ‘ (57)

: Ai _037p175 v (1o Py\7%°
Teaux = O0.03TH|TLa"93TRYTs (To?) (—1-0—6) (58)
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Appendix 2. Definitions and Relations

We assume that the plasma contains one hydrogen-like main ion, n; and one
impurity, ny, with charge Z;. Using charge neutrality n;+Z;n; = n., and the
definition of Z.s, Zessne = n; + nZ3, we can define two factors g = n;/n.
and gs = (1/2)(1 + ni/n. + ny/ne) in terms of Z; and Z,45 as

i 9
o = 1+2ZQ'IZ;— Zeff, (60)

so that the pressure p = (n. + n; + n;)kT ,
| P = 2ngskT, (61)
and energy content W = (3/2)(n, + n; + nr)kT, A
W = 3ng:kT (62)

are expressed only in terms of g,. Where we assume T, =T; =T and n = n,.
The plasma profiles are assumed to have the forms:

n, T = ng, Ty [1 - (7'/(1)2]%’7T 3 (63)
so that -
= , 64
() = T (64
__ /7 T(1+m)
— , 65
T TB/2+ 1) (65)
272
n?T? = 00 66
T = T+ ) 452
’l’LoTo
Ty= ———. 67
) I+ +r (67)
It is convenient to define a plasma profile and impurity content factor as
g*(n*T?)
Sp = __(W (68)

18




Additional definitions include:
Plasma volume '

V = 2w Rymaka(l — é?- - j—) (69)
a 8 4A
Machine-encompassing volume
Vin = 7(Ro + a)*2ka (70)
First wall surface area
174
S = 272Roa(1 + k)(1.0 — 0.135—A—) (71)
Elongation
. Ko
= — 72
=2 (72)
Maximum toroidal field on axis
- (A-1)
Br, = Br,, I (73)
Safety factor(s) ”
0.68 o\ —2
q=gep(1.22 = —=) (1~ 47%) (74)
2ma’Br, (1 + k2(1 + 26% — 1.263))
= 75
QCyl MOIpRO 9 ( )
or
2r (14 K%(1 + 262 — 1.283 1.22 — 068
99 = — ( ) (2 fg )2 (76)
Ko 2 A1 - A2
g = gBrRo/I, (77)
Averaged poloidal field
_ ol |2
By = 2ma \ 1+ K2 (78)
Beta .
B = 4poksgo(nT)/BE, (79)
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Beta poloidal
Br\?
= —=0
w-0(z)

Bo

Jos = absﬁ

Bootstrap fraction

Bootstrap current
Ibs = f bst
Total heating power, external plus alpha
Pr=PFP,+ Py + Pop
Neutron power
P, =4F,
Alpha power
P, =15x10"%(nT)?Vs,
Power consumed by the TF coil
2

8nmwK By, Ro 1+2/36
PTF = m— (1—6Xp(-—13 (1 _2/35) VA— 1))

Power consumed by current drive

n
FPep = ( )Rofp(l — fos)
Yle)]
Electric power generated
P, el = P, nf el
Total stored energy
' W = 3g9(nT)V

Recirculating power fraction

x = Prr/frr + PCD/fCD + Pu/fu
P

Wall loading
P,
T,==
S

20

(80)

(81)

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

(91)




Conversion efficiency

1 K,O'IB

feo = feio {5 -+ —;;1—] (1+ 0.346&’0‘5) (92)

Power to grid b P .
Pgrid=fean_—H—ﬂ_ IF

Ta oo for (93)
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Appendix 3. Symbols

E]UCQ§<:)>§UQ0?§ 1S

@

oy}
I
&

fbs

Qps

plasma minor radius (m)

vertical elongation

triangularity

major radius (m)

aspect ratio

plasma volume (m?) -

machine encompassing volume(m?)

plasma surface area (m?)

vacuum toroidal field at plasma geometric axis (T')
magnetic field at inner toroidal-field-coil leg (T')

averaged poloidal field at plasma surface (T')
plasma current (A)

bootstrap current (A)

edge safety factor gy

cylindrical safety factor

central density (m™3), n. = n;

central temperature(keV), T, = T;

density profile shaping factor

temperature profile shaping factor

charge of main impurity ion

effective charge including impurities
effective mass

fuel dilution factor

plasma profile and impurity content factor
total stored energy in plasma (J)

ratio of average pressure to vacuum toroidal field
beta normal

fraction of Greenwald limit

bootstrap fraction

bootstrap fraction coefficient

22




TE

QR

Ncp
f el
f TF
fep
fu
f Cu

confinement time (s)

~ confinement enhancement factor

confinement-time scaling-law exponent
confinement-time scaling-law exponent

total heating power (external plus alpha)(W)

alpha heating power(W)

power in neutrons(W)

total electric power generated(W)

power consumed in producing toroidal field (W)

power consumed in generating current drive (W)

power consumed in generating auxiliary heating(W)

total heat lost from plasma(W)

power lost to Bremsstrahlung(W)

power lost to cyclotron radiation(W)

neutron power flux to walls (W/m?)

ratio of alpha power to conduction loss

ratio of neutron power to auxiliary power

recirculating power fraction

conversion efficiency from electric power to plasma current (Wﬁ'—?)
conversion efficiency from neutrons to electrical power
conversion efficiency from electrical power to toroidal field
conversion efficiency from electrical power to current drive
conversion efficiency from electrical power to auxiliary heating
fraction of TF area made of conductor

Appendix 4. constants

Ko
ky

7

permeability of free space 4w x 10~ (Hm™1)
Boltzman constant 1.6022 x 10718(J/keV)
resistivity of copper 2 x 1078(Q2 — m)
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Appendix 5. Nominal values

<

f elo
f Cu

kKo
Bre
Tmin
Tnoz
Brpzg
Ops
Joso
Nicp
Imin
f n
frr
fep

A

0.62
5 x 108
2

1.5

= 6
=1

[ S

ANV AA

A

1

1.5

0.4

0.7
0.2,0.3,0.9
2

9

5

25

13

1

1.0
1.0,3.0,10.0 x 10'°
3.2

0.9

0.8

0.8
0.5GW




