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The RSB Algorithm

When solving partial differential equations numerically on parallel computers it
is desirable to decompose the domain on which we are solving the equations in
such a way as to equalize the workload among the processors while minimizing
the communication between them. This is equivalent to finding a partition
of the graph representing the calculation into equal subgraphs cutting as few
edges as possible. One such algorithm in use is the recursive spectral bisection
algorithm (RSB), {2]:

1. Generate the Laplace matrix for the graph representing the dependencies
between the calculation taking place at each vertex of the graph.

2. Compute the eigenvector corresponding to the smallest non-zero eigen-
value, called the Fiedler vector.

3. Sort the vertices according to size of entries in the Fiedler vector.
4. Assign half the vertices into each subgraph.

This algorithm can be shown to arise from rounding to feasibility the solution
to relaxation of the following nonlinear combinatorial optimization problem:
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Minimize f(z) = z'Lz
Subject to zle = 0
z; € {-1,1}

where L is the Laplacian matrix of the graph. The objective function counts
the number of edges cut by the partition by a vector z.

Weighting the RSB Algorithm

It can be the case however that the partition generated by the RSB does not have
some desired feature. This can arise for example when modeling numerically the
boundaries between dissimilar materials. In this context it might be desirable
that all calculations at this boundary take place on one processor. We extend
the RSB algorithm to handle those cases. The first extension involves modifying
the the graph so as to influence the outcome of the RSB algorithm. This can be
done by artificially creating ”supernodes” or by artificially increasing the edge
connectivity in the desired region. Another extension is to modify the RSB
algorithm to provide for the weighting of edges, [1]. This algorithm minimizes
the total cost of edges cut by a partition rather than minimizing the number of
edges cut as is done in the RSB algorithm.

Each of these extensions is implemented and applied to a 3-dimensional
unstructured grid problem that arises in the finite element solution of an applied
mechanics problem.
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