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RATES INFERRED FROM THE SPACE DEBRIS CATALOG

Gregory H. Canavan

Collision and fragmentation rates are inferred from the AFSPC space debris catalog and
compare with estimates from other treatments. The collision rate is evaluated without
approximation. The fragmentation rate requires additional empirical assessments. The number of
fragments per collision is low compared to analytic and numerical treatments, is peaked low, and
falls rapidly with altitude.

This note discusses the inference of collision and fragment production rates from the
AFSPC space debris catalog. It calculates collision and fragment production rates and compares
them with estimates from other treatments. The catalog can be sorted on a desk computer to
produce object densities as a function of area and altitude. The distribution is irregular and has
several prominent peaks, but that does not affect the low-order statistics treated here. The results
show some signs of incompleteness for objects smaller than about 0.1 m2. The LEO distributions
group into low, medium, and high altitude bands, which contain predominantly large, medium,
and small objects.

The catalog collision frequency can be formulated analytically and solved without
approximation. It is small below 550 km, but rises sharply with altitude. Contribution from the
large objects at low altitudes is suppressed; the contribution from the maximum at 1450 km is a
small and could be ignored were it not for the long decay lifetimes of objects at those altitudes.

Evaluating fragment production rates requires the introduction of a factor to account for the
number of fragments produced in each collision, which has been measured from a series of
DoD/DNA experiments, in a form suitable for inclusion. The dominant term can be extracted and
treated simply through a combination of analytic and numerical evaluations. The fragment
production function resembles the collision rate, except that its heavier area weighting penetrates
down to about 350 km. It integrates to about 2.4 fragments/yr by 1050 km, which is about 90% of
its asymptotic value.

The ratio of the number of fragments per year to the number of collisions per year gives the
average number of fragments per collision, which is about 53—slightly smaller than the 80
predicted by analytic calculations and, but well below the 480 from other estimates. The production
rate is peaked at low altitudes. If the large objects below 500 km were eliminated, the average
number of fragments per collision would drop to about 40. The cascade coefficient falls with
altitude; at 950 km the cascade doubling time would be about 1100 years. At higher altitudes the
cascade coefficient falls a further factor of 3, so the cascade times would be longer. Overall, the
insights into collision, fragmentation, and cascade from the catalog are consistent with those gained

from analytic models using only low order moments of it.




Object density. Sorting the AFSPC '95 catalogue by finding all particles in a given
altitude interval dz at z with areas larger than a given area A produces a set of cumulative densities

N(z,A) = JA dA' n(z.A), 1)
The upper limit of Eq. (1) is the area at which the distribution falls sharply, about 100 m2. The
lower limit is of concern here. The object density n can be found by differentiating Eq. (1)

n(z,A) = -0N(z,A)/0A, (2)
which is shown in Fig. 1. The density n has large peaks over wide ranges of object areas at 950
and 1450 km. It also has sharp spikes at 0.3, 3, and 30 m? at those altitudes, which represent .
intact objects, as well as broad distributions that represent debris. The sorting was performed with
a resolution about an order of magnitude finer than that shown in Fig. 1, which is filtered to
present object density in logarithmically spaced bins so that the contents of each bin can be
summed to see the relative contributions to the density at each altitude. Barely visible in the figure
at about 400 km are several large objects that add little to the density but contribute significantly to
the area and collision rates calculated below. Just visible in the figure is the fact that the object
numbers fall for all altitudes as A decreases below about 0.1 m2. While this could be an indication
that the sorting was not sufficiently accurate for objects at 0.01 and 0.03 m?2, it is also possible that
it could reflect incomplete measurement of small objects in the Catalog.

As the densities for all altitudes become needlessly complicated when they are all treated
together, the paragraphs below discuss the size distribution of objects in the 300-700, 700-1100,
and 1100-1600 altitude bands separately before drawing overall conclusions. Figure 2 shows the
object densities in 100 km altitude bands centered on 350, 450, 550, and 650 km. There is at most
a few tens of objects in each area interval. For small areas, the numbers increase monotonically
with altitude, as the smaller objects decay rapidly at lower altitudes. Each bin is a factor of three
larger than the prior one up to 10 m?2, after which the intervals drop down to about 10% of the area
for greater accuracy in counting the objects that contain most of the area. The distributions are
relétively flat out to about 10 m2, after which they fall rapidly, although it is difficult to infer the
slope from this bin structure. The objects at 350 km begin to fall at about 3 m2; the objects at 450
and higher km begin to fall at about 10 m2. However, there are a few larger objects at 550 and 650
km with areas of about 100 m2; an object that divides its time between 350 and 450 km w1th an
area of about 700 m2, and an object at 350 km with an area of 900 m2.

For z > 500 km, there is a density of about 1 to 10 objects per 100 km per area interval.
For areas > 20-30 m2, the densities drop to the individual objects cited above. The distribution also
shows a large number of objects in the 25-55 mZ interval that correspond to 0.5 to 5% of an
object, which represent the small projections of geosynchronous transfer orbit stages and Molniya
orbits into LEO.

Figure 3 shows the object distribution for 700-1100 km, which resembles Fig. 2, but is




about an order of magnitude higher below 10 m2, where, the densities at the different altitudes are
quite close, apart from the peak at 3 m2 and 950 km already noted in Fig. 1. Again, the numbers of
objects fall rapidly above 3-10 10 m2, and there are a number of partial projections of eccentric
orbits at 25-55 m2, although in this altitude range they are due to less eccentric orbits. However, in
contrast to Fig. 2 there are essentially no objects larger than 60 m2 in this altitude interval.

Figure 4 Figure 4 shows the object distribution for 1100-1600 km, which resembles Fig.
2, but falls off somewhat faster, apart from the peak at 0.3 m2 at 1450 km, which is more
prominent in the linear scale of Fig. 1. It is about an order of magnitude higher below 10 m2,
where, the densities at the different altitudes are quite close, apart from the peak at 3 m2 and 950
km aiready noted in Fig. 1. In contrast to Figs. 2 and 3 there are essentially no objects larger than
35 m2 in this altitude interval, so the falloff is very sharp.

Figure 5 combines the three previous figures into a plot of the number of objects in the
various bins and the cumulative number of objects up to a given area, integrated over all altitudes.
The = 1,000 objects per area bin at small A largely come from the hundreds of objects per bin in
the 700-1100 km altitude range from Fig. 3. The 50-100 and 700-900 m2 objects come from 300-
700 km. The 0.3 m2 spike at 1450 km is largely masked in the integration over altitudes. The top
curve for the cumulative number of particles increases slowly, reaching 92% of its asymptotic
value of 5270 objects by 3 m2. Figure 6 shows the differential area in the bin at area A, which is
n(z,A)A, and the cumulative area up to A, which is

3(z,A) = JcA dA' n(z,A) A} 3)
where C = (.1 m2 is the area of the smallest objects in the catalogue. The differential area n(z,A)A
increases roughly as A for small objects, peaks at about 7,000 m2 at A =3 m2, and then falls
sharply to = 100 m2 at = 30 m2. The level of support there is due to the series of intact objects in
that area range in Fig. 5, whose unitary contributions to n give contributions to n(z,A)A
proportional to A, as seen. Thus, it is not fortuitous that the large objects lie along the same line.
The top curve for Y(z,A) increases with nA for A small, but only reaches about 50% of its
asymptotic value by 3 m2. It reaches 90% of its asymptotic value of 18,500 m2 by A = 100 m?2,
but the two large objects at 700-900 m?2 still make a 10% contribution.

The collision rate at altitude z is given by the integral

R =1/2 fv dV JA dA IB dB (n(z,AYW)(n(z.BYW) (A + B) v, 4)
where A and B are the areas of the colliding objects, v is their relative velocity,
W = 4nt(Re + 2)2dz (5)

is the volume of the shell of thickness dz = 100 km at z within which they interact, and Re =
6,400 km. Their relative velocity is v = 10 km/s, although the effective velocity is increased about
25% by the current mix of inclinations of satellites.1 By symmetry, R reduces to

R =v/W2 [y dV [A dA JB dB n(z,A) nzB) A




=(vIW) |o dA n(z,A) A B dB n(z,B)

= (V/'W) X(z,C) N(z,0), (6)
which is the product of the total number N(z,C), and area, X.(z,C), of catalog objects, which
involves only quantities determined by the sorting above. In particular, N(z,C) and ¥.(z,C) depend
primarily on the number of particles and area, rather than the complex details of their distribution
shown in Fig. 1. Figure 7 shows N(z,C) and }.(z,C) as functions of altitude z. The bottom curve
is the total number of objects at each altitude, a low moment of the AFSPC Catalog, which has
pronounced maxima at about 950 and 1450 km.

The top curve is the cumulative area at each altitude, X.(z,C), which is broadly similar to
N(z,C). The peaks at 350, 950, and 1450 km correspond to the concentrations of large, medium,
and small satellites discussed above. The ratio of X(z,C) to N(z,C) in the interval 450 to 850 km
is larger than that in 1050 to 1350 because of the larger fraction of larger satellites there, indicating
the presence of significant numbers of large particles in the decaying spectrum. The effect
diminishes above 1600 km, where most of the objects are debris.

Fig 8 shows the collision rate at each altitude R(z) = (v/W)2(z,C)N(z,C), and the total
collision rate J dz R(z) integrated over all altitudes up to 2000 km. The bottom curve for R is small
for z < 550 km; the multiplication of ¥(z,C) by the catalog N(z,C), which is small there, leaves
little residue of the large peak in 3(z,C) at 450 km. The peak at 950 km persists, but the relative
magnitude of the peak at 1450 km is further diminished. Overall, there is a roughly triangular R
increasing from 400 km to about 950 km, together with a smaller symmetric triangle at 1450 km.

The total collision rate is also small below 550 km, but rises sharply to about 0.044/yr by
1050 km, which is 85% of its asymptotic value of 0.051/yr. The contribution from the large
objects at low altitudes is suppressed, and the contribution from the maximum at 1450 km is
roughly a 15% effect, which could be ignored to first order were it not for the long decay lifetimes
of objects at those altitudes.

The particle production rate Q introduces an additional factor in the kernel of Eq. (6) to
account for the number of additional fragments produced in each collision. The factor is usually
expressed as B'(Z/m)B in terms of the total mass of the colliding particles, Z, the mass of the
projectile, m, and an experimentally determined production exponent, B = 0.6. The other factor B’
=1/B - 1 =0.67, is a normalization constant determined by the conservation of mass.2 For B =
0.6 and Z/m = 1,000, the greatest discrepancy between the impactor and target object masses
allowed by JSC's collision limit,3 this scaling gives = 0.67x10000-6 = 42 particles.

It is necessary to reformulate these arguments in terms of object areas rather than masses. If
it is assumed? that A = KmS, or m = (A/K)1/S, the extra factor in the collision kernel Tepreseniin ,' g

the production of particles as large as those in the catalog becomes B'[(A/K) s 7 (c/K)l/ S]B =
(A/C)B/s 50 the particle production rate becomes




Q=v/2W2 [y dV [ dA [ dB n(z,A) n(z,B) B' (A + B)1+B/s/CB/s, ©)
This equation can be evaluated directly, but the dominant term in the kernel isY

Q = vBYWCB/s [ dA [ dB n(z,A)n(z,B) A1+B/s

= vB/WCB/S [ dA n(z,A) A1+B/s [ 4B n(z,B)

= vBY/WCB/s N(z,C) [ dA n(z,A) A1+B/s, (8)
which is the product of the density, a moment of the area distribution intermediate between the 1st
and 2nd, and some normalizing constants. For C = 0.01 m2,B=0.6,ands =1, ie., object areas
proportional to mass, B/CB/S = (1/0.6 - 1)/0.010-6 = 10.6. In performing the integral | dB
n(z,B), the condition that the impactor mass should be within a factor of 1000 of the target should
be imposed, but the catalog is so lacking in objects larger than 100 m?2, so the condition would
only apply to objects smaller than 0.1 m2, which are present in modest numbers as noted above.
Thus, the condition can be ignored with little impact for this estimate.

Figure 9 shows the fragment production rate as a function of altitude along with its
cumulative value up to each altitude. The function Q resembles the differential collision rate R of
Fig. 8, except that its heavier area weighting produces a penetration down to about 350 km where
some large objects lie. That also produces a slight minimum in production at about 500 km. Q
integrates to about 2.4/yr by 1050 km, which is about 90% of its asymptotic value of = 2.7/yr. The
increment at 1450 km is a small effect, because most of the objects there are small.

Figure 10 shows the ratio of Q to R as a function of altitude. As Q gives the number of
fragments produced per year and R gives the number of collisions per year, their ratio gives the
average number of fragments per catalog collision. The average number is about 53, which is
somewhat lower than the 80 fragments per collision predicted by analytic calculations® and well
below the 480 fragments per collision from other estimates.’ The figure also indicates that Q is
peaked at low altitudes, where the large objects lied. If they were eliminated from the sort, the
fragment production there would drop significantly. However, the orbital decay times there are
sufﬁciently short that any debris produced would be removed quickly. If the peaks below 500 km
were eliminated, the average number of fragments per collision would drop to about 40.

Figure 11 shows the cascade coefficient, which is the ratio of the fragment production rate
Q to the square of the density at each altitude. The two sets of points represent two ways of
avoiding self-collisions between large objects, so their agreement gives some indication of the
sensitivity of the numerics. It measures the relative rate of production of fragments by cascading at
each altitude. It has a peak of about 0.0002 fragme:nt/yr-object2 at 350 km. There are about 30
objects in the 100 km bin there, so the actual production rate is about 0.0002 x 302 = 0.18/yr. The
doubling time due to collisions is = 30/0.18/yr = 170 years, which is long compared to orbital
decay there, which takes months. The cascade coefficient falls with altitude to slightly under 10-6
fragment/yr—object2 at 950 km, where the cascade doubling time would be = 1/890 objects x 106




fragment/yr-object? ~ 1100 years. At higher altitudes the cascade coefficient falls a further factor of
3, so the cascade times would be longer.

Summary and conclusions. This note evaluates collision and fragment production rates
from the AFSPC space debris catalog and compares them with estimates from other treatments.
The catalog can be sorted on a desk computer to produce object densities as a function of area and
altitude. The distribution is irregular and has several prominent peaks, but that does not affect the
relatively low-order statistics treated here. The results show some signs of incompleteness for
objects smaller than about 0.1 m2. The LEO distributions group into low, medium, and high
altitude bands, which contain predominantly large, medium, and small objects, respectively. The
bands also differ markedly in the cutoff size beyond which there are no larger objects.

The evaluation of the catalog collision frequency can be formulated analytically and solved
without approximation. The collision rate is also small below 550 km, but rises sharply with
altitude to about 80-90% of its asymptotic value of 0.051/yr by about 1050 km: In its evaluation,
the contribution from the large objects at low altitudes is suppressed, and the contribution from the
maximum at 1450 km is a 15% effect, which could be ignored to first order were it not for the long
decay lifetimes of objects at those altitudes.

Evaluating the particle production rate requires the introduction of an additional factor in the
kernel of the collision integral to account for the number of additional fragments produced in each
collision. The factor has been determined roughly from a series of DoD/DNA experiments, which
have measured it experimentally in a form suitable for inclusion. The resulting equation can be
evaluated directly, but it is has been shown elsewhere that the dominant term in the kernel can be
extracted and treated simply through a combination of analytic and numerical evaluations. The
fragment production function resembles the collision rate, except that its heavier area weighting
penetrates down to about 350 km. It integrates to about 2.4 fragments/yr by 1050 km, which is
about 90% of its asymptotic value. The increment from 1450 km is small. '

The ratio of the number of fragments per year to the number of collisions per year gives the
average number of fragments per collision, which is about 53—slightly smaller than the 80
predicted by analytic calculations and well below the 480 from other estimates. The production rate
is peaked at low. If the large objects below 500 km were eliminated, the average number of
fragments per collision would drop to about 40. The cascade coefficient has a peak at 350 km, but
there are few objects there to cascade. The cascade coefficient falls with altitude; at 950 km the
cascade doubling time would be about 1100 years. At higher altitudes the cascade coefficient falls a
further factor of 3, so the cascade times would be longer. Overall, the insights into collision,
fragmentation, and cascade from the catalog are consistent with those gained from analytic models

using only low order moments of it.
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