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Abstract. Structured mesh quality optimization methods are extended to optimization of 
unstructured triangular, quadrilateral, and mixed finite element meshes. New interpretations of 
well-known nodally-based objective functions are made possible using matrices and matrix norms. 
The matrix perspective also suggests several new objective functions. Particularly significant is the 
interpretation of the Oddy metric and the Smoothness objective functions in terms of the condition 
number of the metric tensor and Jacobian matrix, respectively. Objective functions are grouped 
according to dimensionality to form weighted combinations. A simple unconstrained local optimum 
is computed using a modified Newton iteration. The optimization approach was implemented in the 
CUBIT mesh generation code and tested on several problems. Results were compared against several 
standard element-based quality measures to demonstrate that good mesh quality can be achieved 
with nodally-based objective functions. 
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1. Introduction 
Mesh quality remains an important issue in generating useful meshes for finite element 
calculations. Optimization techniques are a systematic approach to achieving mesh 
quality and many papers have been written on optimization of finite element meshes. 
References from the finite element literature include [9], [22] and [25); an extensive 
bibiography of papers on this subject is found in 131. There is also a parallel literature 
on mesh optimization for structured meshes that is not well-known to the unstructured 
mesh community, for example [l], [4], [5], [6 ] ,  [7]: 1121, and [19]. A major purpose of 
this paper is to show how techniques from structured mesh optimization can be applied 
to create promising new objective functions for unstructured mesh optimization. The 
authors' work in variational grid generation [13], matrix-based optimization [IS] , and 
structured mesh optimization [14] and [15] is applied. An important part of this effort 
was to convert the theory outlined in this paper into a practical algorithm useful to 
the finite element meshing community. This was done by implementing the algorithms 
in detail into the CUBIT meshing code [S] and subjecting them to practical meshing 
problems. 

This paper is the first in a planned series of papers on mesh optimization. In this 
paper discussion is confined to meshes in two dimensions in order to provide a firm 
foundation for later extensions. Results which hold in 2D do not necessarily extend to 
3D but, at least, the use of matrices permits easy generalization. Another important 
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. . :  

issue that is reserved for a later paper is that of mesh tangling. The goal in the 
present paper is to propose and analyze reasonable objective functions and compare 
how they perform in benign situations to identify those which are most promising for 
application to more difficult problems. This paper only considers schemes in which 
the nodes are moved with fixed connectivity. The topic of edge-swapping in which 
mesh connectivity is changed as well as nodal positions will be considered within the 
present framework in a later paper'. Another important issue, control of the mesh on 
the boundary, will also be considered in a subsequent paper. 

The outline of this paper is as follows: Section 2 describes the basic building 
blocks used in constructing 2D nodally-based objective functions. Section 3 discusses 
a number of objective functions, most of them previously known either from varia- 
tional grid generation or structured grid optimization, but interpreted in a new light 
using matrix norms. Section 4 on implementation issues considers the gradients of 
the building blocks given in section 2. Gradients of complete objective functions are 
given in Appendix I. Section 4 also discusses various global and local approaches to 
mesh optimization. Section 5 gives results of several test problems for the objective 
functions. The paper finishes with section 6 ,  a summary and conclusions. 

2. Building Blocks for Nodally-Based Objective Functions 
In finite element meshing, the goal of optimization is often stated to be that of im- 
proving element quality. As with finite element analysis, the focus is on the mesh 
elements. Such a perspective leads to formulation of mesh optimization functions in 
terms of element quality metrics such as skew, taper, aspect ratio, and warpage for 
quadrilateral elements [23] or aspect ratio and maximum/minimum angle for trian- 
gular elements. Although optimization of element quality is the main goal, the direct 
approach of formulating objective functions in terms of element quality has a number 
of drawbacks. First, geometric descriptions of element quality can lead to non-convex 
objective functions. Lack of convexity generally means that the existence of a min- 
imum is not guaranteed. Another potential problem with element-based objective 
functions is that they are cumbersome to implement in a local fashion and difficult to 
define generally enough to include both triangular and quadrilateral elements. In spite 
of these difficulties, element-based mesh optimization schemes are feasible. This paper 
takes an indirect approach which focuses not on the element quality but on the quality 
of the geometric quantities centered about each node of the mesh. This approach is 
motivated by the way in which the partial differential equations of structured grid 
generation are solved using finite difference methods, in which a node-centered stencil 
plays the key role. Capitalizing on work done in (161, it is shown here that discrete 
objective functions for finite element meshes can be formulated in terms of quantities 
that are analogous to, but not the same as, the Jacobian matrix and metric tensor 
of structured meshing. Convexity is naturally obtained using nodal-based objective 
functions because neighbor nodes create conflicting requirements which can only be 
satisfied in a least-squares sense. Another significant advantage of the node-centered 
approach is that it applies equally well to quadrilateral, triangular, and mixed ele- 
ment meshes. It is an open question to determine the conditions under which a mesh 

In unstructured mesh optimization techniques, the term ''smoothing" is widely used to refer to 
moving the nodes of the mesh with fixed connectivity in order to obtain high quality meshes. In 
structured meshing the term smoothing usually refers to some notion of ellipticity of an underlying 
PDE. The proper term for general node movement schemes should be optimization, with smoothing 
reserved for optimization methods having a connection with ellipticity. 
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whose quality has been optimized in terms of nodal objective functions necessarily 
results in a mesh having optimal element quality. However! evidence given in this 
paper shows that near-optimal element quality can be obtained with nodally-based 
objective functions. 

Let M 2 3 be the valence (i.e., number of edges) of a given interior node of the 
mesh that is to be “smoothed” and let JM be the set of integers m = 0,1,2,. . . , A4 - 1. 
Assume for the rest of this paper that m E M .  Let the given node be associated with 
the vector x E R2 and the neighbor nodes with x,  E R2. Define X M  = xo to achieve 
periodicity. To achieve control over mesh quality, the local objective function F(x )  
needs to be based, not directly on x ,  but rather on the important geometric entities 
associated with the node. The critical quantities are: 

1. The M edge vectors, e,, in the plane: 

2. The hf Jacobian matrices: 

and the A4 metric tensors: 

G, = J;J, 

3. The elements of the metric tensor G, are: 

4. Finally, define 
2 2  2 

grn = det G, = d ,  - p, , 
and the Jacobian determinant 

j, = det J ,  . 

Then jz = g, and j, is the local area of the m-th parallelogram enclosed by the 
corresponding pair of edges. For shorthand, let I j, I= 6. It is important to 
distinguish between j, and 6 because the former can be negative or positive: with 
negative j, signifying inverted (also called tangled or folded) elements. A mesh with 
all-positive j, is generally the minimum acceptable quality mesh. The local area, j,, 
and the local angle measure, ,Om, depend upon the included angle between the two 
edges. This angle is not explcitily used in the construction of the present objective 
functions, but is controlled indirectly via the local area and angle measures. 

Although these quantities are patterned after the continuum quantities of map- 
pings, they do not mimic them exactly. In particular, a finite difference discretization 
of the elements of the metric tensor of the continuum mapping does not involve the 
center node whereas the discrete metric tensor above does contain the center node. 
Ramifications of this are most apparent in Part I1 where the folding problem is con- 
sidered. 
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Recent work in continuum variational methods of mesh generation has shown 
that a powerful approach to the construction of objective functions involves the use 
of matrices and matrix norms [16]. The Jacobian matrix is the fundamental quantity 
that describes all the first-order mesh qualities (length, areas, and angles) of interest, 
therefore, it is appropriate to focus the building of objective functions on the Jacobian 
matrix or the associated metric tensor. Most of the well-known objective functions 
in structured mesh optimization can be cast in the form of norms of matrices. The 
main advantage of this approach, perhaps, is that generalization of a surface mesh 
objective function to a volume mesh objective function is straightforward. This also 
helps in interpreting the geometric meaning of objective functions. Another advantage 
is that matrices permit easy introduction of weighted forms of objective functions for 
anisotropic mesh quality measures. For these reasons, objective functions constructed 
from matrices are emphasized. 

The matrices of interest must be converted to scalars to create scalar objective 
functions. This can be done using the trace, determinant, or matrix norms. Matrix 
norms are not unique but, for mesh generation, the Frobenius norm has proven the 
most useful and most easily implemented. Let A be a 2 x 2 matrix, then the Frobenius 
norm of A is I A I F =  (tr(ATA))i. The norm-squared is the sum of the square of the 
elements in the matrix, which is why the Frobenius norm lends itself so readily to 
the construction of objective functions for meshing. For the rest of this paper the 
F subscript is omitted since all the norms will be Frobenius norms. The following 
matrix properties prove useful in analyzing the objective functions used in the present 
approach. Let A2x2 be non-singular. Then 

I A-' I = I  A I / I Q I 
with Q = det(A), the determinant of A. Also, 

The following matrices are quite useful: 

which is the matrix formed from the diagonal elements of A, and 

0 f fdiagA = A - Diag A ,  

which is the matrix consisting of the off-diagonal elements of A. 

3. A Parade of 2D Objective Functions 
Although many different objective functions are introduced in this section, they over- 
lap considerably and it is believed that not all of these objective functions will ul- 
timately be needed. This intuition is based on results from continuum variational 
methods where there is one dominant objective function known as Smoothness [2]. 
However, for theoretical purposes, it is useful to survey objective functions previously 
proposed for discrete mesh optimization in a systematic framework provided by the 
use of matrices and their norms. Let f m  be a scalar quality metric for the m-th el- 
ement attached to the center node, derived from the building blocks in the previous 
section. For example 



where Am, Bm, ... are matrices constructed from the adjacent edges. Consider the 
vector f = (fo, fi, . . . , f ~ - 1 )  E RM. The pnorm of f is 

m 

with p 2 1. Usually p = 1 , 2  will be used, but the C, norm: 

I f loo= m z  { I  fm I )  
is also a useful norm because it enables optimization of worsecase mesh quality mea- 
sures instead of average measures. The C, norm will be considered further in the 
next paper in connection with mesh untangling. 

The general form of the mesh objective functions in this work is $ I f 1s. For 
finite p, the minimizations are unconstrained, two-variable, and have smooth objective 
functions. The necessary condition for a minimum to exist are (i) the gradient of the 
objective function is zero at the minimum, and (ii) the Hessian is positive semi-definite 
at the minimum [lo]. Sufficient conditions are similar, requiring that the Hessian be 
positive definite. 

How, then, is fm to be constructed? It will be constructed from Frobenius norms 
of matrices or combinations thereof. The matrix pnorms do not appear useful except 
possibly for p = 2 which gives the modulus of the maximum eigenvalue (see the 
objective function FMEV below). 

It is important to bear in mind that, as each of the objective functions in this 
section is discussed, not all of the properties given in this section generalize to three- 
dimensions. The objective functions can be grouped according to their dimensionality 
(i.e., by powers of length). This is useful because, as Brackbill has observed, it is dif- 
ficult to reliably combine objective functions of mixed dimensionality, 

Group I: Objective Functions whose dimensions are (length)4: 

pLength 

with p 2 1. The “Length” objective function [4] is obtained with p = 1 and the so- 
called “Length-weighted Laplacian” [8] is approximated when p = 2 .  Dimensions of 
(length)4 requires p = 2. The effect of the parameter p on mesh quality is considered 
in section 5. 

Norm of the Metric Tensor (NMT) 
An early proponent of this functional showed that the continuum version of this 
functional was convex [ZO]: 
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1 
2 

= - Ce", + + 2p; 
m 

1 
2 

- - - E(!; + 1:+1)2 - 2 g m .  
m 

As noted in [16], because G, is symmetric, the square of the norm of the metric tensor 
is the sum of the squares of its eigenvalues. Ideally, minimization of this functional 
would make the eigenvalues of the metric tensor equal. The metric tensor would then 
be proportional to the identity matrix, giving a locally orthogonal mesh having equal 
aspect ratios. 

Angle 
The Angle objective function: 

1 
4 F< = - I OffdiagGm 1 2 :  

m 
1 
2 = -CP% 

m 

attempts to equidistribute the angles about a node. For A4 = -I. the "orthogonality" 
objective function is obtained [4]. Although geometrically appealing, Angle suffers 
the great drawback that it is non-convex in general, i.e., the minimal mesh does not 
always exist. To make practical use of Angle requires combining it with other objec- 
tive functions to get convexity. For this paper Angle is combined with 2-Length since 
they both have dimensions of (length)4. 

Group I Combinations 
Because all the objective functions in Group I are dimensionally homogeneous, they 
are easy to combine. Let p. v be two real parameters and define the Group I combi- 
nation 

The combined objective function is bounded below by 3 (1-p v) Em 1 0 f f diag Gm 1 2 .  
The weighted interpolation gives Length-weighted Laplacian for p = 0, I/ = 0: the 
Korm of the Metric Tensor for p = 1, v = 0, and Angle for p = 0, Y = 1. Grouping the 
objective functions in this way is an improvement over earlier proposals because the 
group is dimensionally homogeneous and because more known functions are included 
in the group. For example, three other important objective functions found in this 
group are given below. 

Area 
The Area functional [4], [l] makes locally equal areas: 

1 
4 

= -E  I J , ~ ~ - I G ~ ~ ~ .  
m 
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This can be obtained with p = 1: u = 1 because area is 2-Length minus SMT. In the 
continuum it is non-elliptic, so non-smooth grids result. This property carries over to 
the discrete optimization function for area. 

Equal Eigenvalues of Gm 

1 
2 = - x(e: - + 4p; , 

m 

m 

This objective function tries to make the eigenvalues of G equal by minimizing the 
radicand in the expression for the eigenvalues. Geometrically it means orthogonality 
and elements with unit aspect ratio. It can be derived from Group I with p = 2: u = 0. 

One can also get the “AO” (area-orthogonality) objective function [18] with p = 1 2 
and u = 1. 

Group 11: Objective Functions whose dimensions are 

1-Length 

1 
2 

= - Ce2, +e:+, . 
m 

This objective function leads to standard Laplacian smoothing, as opposed to length- 
weighted Laplacian. 

Frobenius Norm of Gm 

In section 5 ,  FG is compared to the NMT objective function to see how the lower 
power affects quality. 

Maximum Eigenvalue of G, 



F . ~ ~ E v  has been implemented with the plus sign, giving a minimization of the ma.- 
h u m  eigenvalue. This combination of Frobenius norms of matrices is equivalent to 
the non-Frobenius, 2-norm of Gm. 

Group I1 Combinations 
Although it is possible to combine the given objective functions given in Group 11: 
there seems no theoretical nor practical advantage to doing so. 

Group 111: Objective Functions whose dimensions are (length)(): 

Smoothness (Condition Number of the Jacobian Matrix) 
The “Smoothness” functional was first proposed by Brackbill [2] as a continuum vari- 
ational principle. It’s discrete analog is: 

m 

and is closely related to the Winslow smoother [24]. One sees that Smoothness can 
be viewed as minimizing the condition number of the Jacobian matrix: a new in- 
terpretation of this objective function. This would seem to be a good idea because 
minimization of the condition number would maximize the distance to the set of sin- 
,dar matrices ([ll],  p26). The second equation above shows the relation between 
Smoothness and the Oddy objective function to be given next. 

Oddy’s Metric and the Condition Number of the Metric Tensor 
This objective function minimizes the condition number of the metric tensor: 

1 
= - 2 z(e m + e + 1 ) 2 / g m  - 2 .  

There are a number of related objective functions: FModLiao = FCNG + &I gives the 
discrete form of the “modified Liao” functional proposed in [13]. The Oddy metric 
[21] is closely related to the condition number objective function: 

Le.: Faddy = FCNG - M .  The Oddy metric was derived for quadrilaterals using ideas 
from the theory of elasticity. By focusing on node-centered objective functions and 
matrix norms, the Oddy metric is applicable to any element-type. Because these ob- 
jective functions differ by only a constant, they have the same stationary points and 
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are thus equivalent. Thus, a new interpretation of the Oddy metric has been presented. 

Aspect Ratio 
A dimensionless aspect-ratio objective function can be posed in terms of the condition 
number of the matrix Diag G,: 

1 
FAR = - 1 I DiagG, I I (DiagG,)-' 1 ,  2 m 

This objective function tends to make the two edge lengths l ,  and e,+, equal. It 
is not suggested that this objective function actually be used since it is non-convex, 
but it is interesting because it allows another theoretical interpretation of the Oddy 
metric. Because Gm = Diag G, + 0 f f diag Gm , one can show that the following is 
identically true: 

Another interpretation of Oddy, then, is that it minimizes a combination of the As- 
pect ratio and Angle functions. 

The Smoothness, Oddy, and Aspect Ratio objective functions appear to be the 
only non-dimensional functions of interest and no combined objective function is pro- 
posed. 

Group IV: Objective Functions whose dimensions are (length)-': 
The only interesting objective function belonging to this group is inverse 1-Length. 
The inverse pLength function is discussed next. 

Group V: Objective Functions whose dimensions are 

Inverse pLength 

with p 2 1. One needs p = 2 to get dimensions of (length)-4. All the objective 
functions given in this paper are analogous to continuum variational integrals over 
the logical space so, for example, Inverse 1-Length is not the same as Brackbill's vari- 
ational Smoothness, rather, Fs is. 

Inverse NMT 



Group V Combinations 
Let p, v be parameters. 

1 3 3 
Fr (p, v) = - 2 2 p (1 - 2 v) I Gkl l 2  +(1- p - v + - p v) I JG1 l 4  +( 1 - p) v I Offd iug  Gil l 2  

m 

This weighted interpolation gives Inverse 2-Length for p = 0, v = 0, Inverse NMT 
for p = I, v = 0: Inverse Equal Eigenvalue for p = 2, v = 0, and Inverse Area 
for p = v = 1. This group of discrete objective functions is similar to the contin- 
uum group proposed in [2] but is not identical because inverse NMT is used in place 
of Brackbill's inverse area and inverse length-weighted Laplacian is used in place of 
Brackbill's inverse length. 

Other nodally-based mesh objective functions can and have been devised. Many 
of these cannot be posed in terms of matrix norms (e.g., see [14] and [12]). The ob- 
jective functions given in this paper provide an adequate basis for future extensions. 

4. Optimization Approach 
This section considers the means by which the local objective functions introduced in 
the previous section are combined into a global minimization problem and how the 
problem of finding a minimum is solved. Before doing so, however, brief comments 
are made on how the optimization method is extended from the plane to surfaces 
embedded in R3 using solid model geometry and the tangent plane. 

4.1 Tangent Plane Algorithm 
Minimization of objective functions on surfaces is greatly simplified by projecting 
nodal positions into the tangent plane. To define a tangent place for a position p on 
a surface representing the coordinates of the center node, let .f2 be the unit surface 
normal at  that point. Let the vectors p ,  correspond to the nodes attached to the 
center node, and let v, = p ,  - p .  The local tangent plane axes are i, j where 

^ ^  

Notice that m = 0 is arbitarily chosen in this definition. The local tangent plane 
coordinates of urn are wm where 

The solid model geometry "move-to-owner" operation then moves the new central 
node position wm to the closest point on the surface. 

4.2 Gradients of the Building Blocks. 
Regardless of how the global objective function is minimized, the gradients of the 
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building blocks given in section 2 will be needed. These are catalogued here. 

v ~ L  = - 2 e m = 2 ( ~ - ~ m ) ,  

and 

where Zm = $ (2,  + xm+l). Define 

Then 

j m  = x . d$ + Am 

where Am = xmym+l - xm+lym. The gradient is 

Vj, = d;f, 

and 

where D, = d k  i&, d k .  Finally, 

with 6 # 0. 

4.3 Non-linear, Multi-ob jective Optimization. 
Local objective functions have been defined which are functions of a given “smooth- 
node” of the mesh. This section describes how the local objective functions are used to 
simultaneously optimize all nodes in the global mesh. In structured mesh optimization 
techniques the local objective function is summed over all the interior nodes of the 
mesh to form the global objective function, which is then minimized. This approach 
has been unfairly criticized as being too slow [3] when, in fact, with proper care it can 
be quite fast [4]. An alternative approach used in this paper is to separately minimize 
each of the local objective functions (taking only a single step toward the minimum) 
and iterating over all the nodes of the mesh. This approach is analogous to solving 
a partial differential equation using finite difference methods and point relaxation. 
For some objective functions such as Length, the “local” and “global“ approaches are 
equivalent but, in general, they are not. The main advantage of the ’local” approach 
is the ease with which it is implemented. Another advantange is that local mesh 
quality is often easier to achieve than global mesh quality. 

Local nodally-based objective functions are functions of only two variables. For 
example, it is easy to see that Length and Area are bi-quadratic functions with positive 
semi-definite Hessians. The functions in Group I are bi-quartic forms, while the 
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dimensionless Group I11 and the inverse Groups IV and V are rational polynomial 
functions of two variables. 

The following Modified Newton Search is applied to perform the local optimiza- 
tion. Let the objective function be F = F(z :y)  and assume F is differentiable on 
some subregion of the plane. Let V F  = G be the gradient of F. The goal is to find 
(x,y) such that G(z,y) = 0. In terms of the Hessian matrix of F ,  defined to be the 
matrix with i, j-th element d 2 F / a x , d x j ,  the Newton iteration is 

In the present context, because there is an outer iteration as well as the local mini- 
mization, only a single step is taken towards the minimum per node relaxation. The 
initial “guess” is just xn = 0 because the local coordinate system is centered at the 
smooth-node. Thus, the Newton iteration takes the form 

xn+1 = -H-l(O) G(0). 

Sufficient conditions to guarantee convergence are that the initial position be L’close’’ 
to the minimum and that the Hessian be symmetric, positive definite. 

As an example, consider the 2-Length objective function. The gradient is 

and the Hessian matrix is 

H = 4 ( E m  [(a: +[%+I) + 4 ( ~ - z m ) ~ I  4 Em (x - 5,) (Y - Bm) 

4 E m ( x - P m ) ( ~ - Y m )  E m  + G + 1 )  + 4 (Y - Y * > ~ I  
The basic Newton iteration is modified by approximating the Hessian as follows. If 
hi1 x z E, T m ,  then H z 4 zm(t: + C$+l) I and the iteration can be written 

which is simply a re-arrangement of the equation G = 0. A similar approach is taken 
for the other objective functions in this paper as well (see Appendix I for details). 
For some of the objective functions it is necessary to under-relax the step towards the 
minimum in order to obtain convergence. 

The combination function for Group I was experimented with briefly. Good mesh 
quality could be obtained for p, v inside the unit square but not too close to pure 
Angle or pure Area and also for combinations below but not too far from the unit 
square. Convexity appears to be lost for combinations above the unit square. 

5 .  Results and Discussion. 
To evaluate the various objective functions proposed in this paper, selected element 
quality measures are used for comparison. For quadrilateral meshes (1) maximum 
skew (defined in [23]), (2) maximum angle in a quadrilateral (in degrees), (3) minimum 
angle in a quadrilateral (in degrees): (4) the maximum Oddy metric (defined in [21]), 
and (5) the minimum scaled Jacobian ( j m / t m / l m + l )  were used, while for triangular 
element meshes the metrics (1) aspect ratio, (2) maximum angle: (3) minimum angle, 
and (4) minimum scaled Jacobian were selected. 
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Objective functions were tested on relatively benign test problems because, if a 
method could not do well on these, there would be no point in considering it fur- 
ther. More difficult test problems in subsequent papers will further shorten the list 
of worthwhile objective functions. Figures 1 - 2 show initial non-optimized, paved- 
quadrilateral and DeLaunay-triangulated meshes on two test geometries. The initial 
meshes are already of good quality, so it is a challenge for the optimizers to improve 
quality. To compare results for a given quality metric, objective functions were divided 
into three cases according to how they performed. Case I: optimized mesh quality 
better than the Winslow smoother2, Case I1 mesh quality worse than Winslow but 
better than the intial paved or triangulated mesh, Case 111: mesh quality worse than 
the intial mesh. Angle was weighted with the 2-Length objective function (p = 0: 
v = 0.5). Since the objective functions are based on 2-norms o f f ,  one expects them 
to improve the average quality metrics, not their extremes. However, it was found 
that, for the benign test problems, if a method did well on quality metric averages, it 
also did well on the extremes. Table 1 gives results for the paved mesh in figure 1. 

FIG. 1. Initial Triangle and Paved Meshes on Hole Geometry 

All of the optimizers converged to a solution on most of the tests, indicating 
convexity of the objective functions. The quality metrics computed for the optimized 
mesh included element quality on the boundary of the mesh. This is somewhat unfair 
to the present approach since the smoothing takes place only on the interior nodes. 
Improving quality on the boundary is the subject of a future paper. 

The only consistent winner was Odd?, which beat Winslow about half the time 
and fell in Case I1 the rest of the time. Length and Smoothness were also effective. 
The next best objective functions were NXIT, MEV, and NormG, which performed 
similarly but were somewhat weak on the minimum angle criterion. Length-weighted 
Laplacian was mediocre, while FEE (equal eigenvalue) was rejected because it ex- 
hibited rather poor behavior (Le., lack of convergence, folded meshes) on the brick 

Winslow [17] is a highly effective variational-based smoother in two-dimensions against which 

The maximum Oddy metric in the table was not obtained with the Oddy objective function 
all the optimizers should be compared. 

because the latter used an e2 norm while the former is an e ,  norm. 
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, 

FIG. 2. Initial Triangle and Paved Meshes on Brick Geometry 

TABLE 1 
Eztreme Quality Metrics for Optimized Quadrilateml Mesh [Hole Geometry) 

Angle 0.4011 136.6 51.39 9.511 0.6867 
Smoothness 0.4440 132.8 56.49 1.873 0.7338 

Norm G 0.4399 131.1 57.41 1.715 0.7531 
XIEV 0.4393 131.1 57.17 1.710 0.7535 

Winslow 0.4395 133.0 57.19 1.871 0.7313 

geometry and others. The inverse objective functions of Groups N and V did rather 
poorly, often doing worse than the paving algorithm itself. Area and Angle fared very 
poorly in general, both lacking smoothness and the latter, convexity. These two opti- 
mizers should be avoided in general but may prove useful in certain special instances. 
For production meshing, Length, Oddy (see Figure 3), and Smoothness appear to be 
the most effective. 

Performance relative to the taper element quality metric [23] was briefly consid- 
ered. None of the objective functions did well on this metric except area, probably 
because taper is not easily described by a nodally-based quality measure. This result 
indicates the need for developing element-based objective functions for these kinds of 
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FIG. 3. Paved Mesh Optimized Using Oddy Objective Function 

element quality metrics. 
The performance of the objective functions was also examined for the triangle 

meshes in figures 1 and 2. It was found that a similar pattern held as it did for 
quadrilateral meshes, with best results obtained for the Oddy and Smoothness ob- 
jective functions and acceptable results with Length, 2-Length, Eigenvalue, Inverse 
2-Length, NormG, and MEV. Particularly bad results were obtained with Angle. An 
important result was that the same nodally-based objective functions that work well 
for quadrilateral meshes also work well for triangular meshes. 

A study of mesh quality vs. the parameter p in the plength objective function 
was performed to determine if an optimal value of p exists. The test cases varied p 
from 0.5 to 20 (see Figure 4). It was found that larger values of p tended to give poorer 
mesh quality (greater skew, worse angles) than smaller values of p .  Best quality was 
obtained with p = 1 or p = f. The results showed p < 1 tended to straighten out 
the mesh "lines" while large p made the grid less smooth. This is expected since 
the optimizer is getting close to the -eco norm. Larger p appear to have a somewhat 
greater resistance to mesh folding (thus explaining why length-weighted Laplacian is 
sometimes preferred over Length), but folding is not prevented. 
6. Summary and Conclusions. 
This paper has focused on the use of matrix norms to define and interpret discrete 
objective functions for finite element mesh quality. Especially significant was the in- 
terpretation of the "Smoothness" objective function in terms of the Jacobian matrix 
condition number and the Oddy metric as the condition number of the metric tensor. 
By using matrix norms, the objective functions will be easy to generalize to three 
dimensions. Objective functions were stated in terms of nodally-based geometric en- 
tities. The objective functions were implemented in a production meshing code and 
shown to be effective in achieving good element quality on several benign problems. 
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, 

FIG. 4. Length Optimization: p = 20 (left) vs. p = 1 (right) 

The same objective functions that were effective on quadrilateral meshes were also 
effective on triangular meshes. Speed and efficiency issues were not considered al- 
though it has been observed in practice that no significant time penalty applies to 
optimization with one objective function as compared to another. 

In closing, recall that a folded mesh is one which contains a node for which j ,  < 0 
for some m. These meshes are, in general, useless for finite element analysis and are 
strongly avoided by analysts. The objective functions given here in Groups I and I1 
have no resistance to folding and can quite easily do so. That is, given an initially 
unfolded mesh, these optimizers can produce an optimal mesh that is folded. In 
addition, the objective functions in Groups 111, N, and V do not work on initially 
folded meshes because the optimal mesh is separated from the initial mesh by an 
infinite barrier. Methods to overcome these problems are discussed in Part I1 of this 
series of papers. 
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Appendix I: Gradients and Iteration Matrices of the F'unctionals 
pLength 

Iteration: 

For p = 1, Length 

Iterati\*e scheme: 

m 

= 2 C ( x - a r m )  
m 

Hence it is seen that Length Optimization gives Laplacian smoothing. 
For p = 2, Length-weighted Laplacian 

VFL2 = 4 x('; + EL+,) (z - 5,) 
m 

Iteration: 

NMT 

m 

The iteration is TNII.IT x = T N M T  with 

m 

Area 



Iterative scheme is TA x = T A  where 

m 

m 

Xote that TA is a 2 x 2 constant matrix and thus this is a linear system of equations. 
TA may be singluar but only under perverse circumstances. 
Inverse p-Length 

If jm  > 0 for all m, this can be expressed as 

ez,  +e;+ t where fm = r. The latter gradient gives rise to the iteration T I ~ X  = rlP with 

If j m  > 0 for all m, this can be expressed as 

The latter gradient gives rise to the iteration TINA.IT x = T I N A I T  with 

Note: iterating on expressions with gm works better than with Pm. 
Condition Number of Gm 
Note: even though this functional is dimensionless, its gradient is not. Gradient: 
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If j ,  > 0 for all m, 

The latter gradient 

this can be expressed as 

gives rise to the iteration TCNGX = T C N G  with 

Note the similarity to the Smoothness gradient. These iterations can only be per- 
formed on untangled meshes. Iterating on tangled meshes causes explosions. The 
actual algorithm freezes the node if it detects a negative j,. 

Angle 

VF< = 2 C P m ( z - Z m )  
m 

Iterative scheme is T< z = r< where 

m 

m 

Because the goal is to make ,i3, %mall:), a non-straightforward non-linear interation 
is needed. 

Smoothness 
Let fm = ~ m*l. The gradient for the case j, > 0 for all m is: eft+e2 

V J K  

This gives rise to the iteration Ts z = rs with 

Again, this can only be used on untangled meshes - hence the need for Untangle. 

Norm of G, 
Iteration TG x = TG with 
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Xotice that the gradient for this functional is dimensionless. 
Minimize the Maximum Eigenvalue of G, 
The iteration matrices are: 
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