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Physics

Numerical Simulation of Fiber and Wire Array Z-pinches with Trac-II

Abstract

Trac-II is a two dimensional axisymmetric resistive MHD code. It simulates all three
spatial components (r, z, φ) of the magnetic field and fluid velocity vectors, and the
plasma is treated as a single fluid with two temperatures (Te,Ti). In addition, it can
optionally include a self-consistent external circuit. Recent modifications to the code
include the addition of the 3-T radiation model, a 4-phase (solid-liquid-vapor-plasma)
equation of state model (QEOS), a 4-phase electrical/thermal conductivity model, and an
implicit solution of poloidal (Bz,Br) magnetic field diffusion. These changes permit a
detailed study of fiber and wire array Z-pinches. Specifically, Trac-II is used to study the
wire array Z-pinch at the PBFA-Z pulse power generator at Sandia National Laboratory.
First, in 1-D we examine the behavior of a single wire in the Z-pinch. Then, using these
results as initial radial conditions in 2-D, we investigate the dynamics of wire array
configurations in the r-z and r-θ plane. In the r-z plane we examine the growth of the
m=0 or ’’sausage’’ instability in single wires within the array. In the r-θ plane we examine
the merging behavior between neighboring wires. Special emphasis is placed on trying to
explain how instability growth affects the performance of the Z-pinch. Lastly, we
introduce Trac-III, a 3-D MHD code, and illustrate the m=1 or ’’kink’’ instability. We also
discuss how Trac-III can be modified to simulate the wire array Z-pinch.
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Fkdswhu 4

Wkh ]0slqfk

Wklv wkhvlv zloo pdlqo| eh frqfhuqhg zlwk vlpxodwlqj wkh hduo| wlph g|qdplfv ri wkh zluh

duud| ]0slqfk dw wkh ] dffhohudwru +SEID0], dw Vdqgld Qdwlrqdo Oderudwru| +VQO,1 Wkh ]

dffhohudwru lv wkh zruog*v odujhvw [0ud| vrxufh fdsdeoh ri surgxflqj 5<3 whudzdwwv ri srzhu

dqg 41< ploolrq mrxohv ri hqhuj|1 Uhfhqwo|/ wkhuh kdyh ehhq gudpdwlf shuirupdqfh lqfuhdvhv/

phdvxuhg lq [0ud| srzhu rxwsxw/ dv wkh uhvxow ri fkdqjlqj wkh lqlwldo frqglwlrqv ri wkh

zluh duud|1 Wkh sk|vlfdo surfhvvhv ehklqg wklv uhvxow duh qrw zhoo xqghuvwrrg1 Wkh irfxv

ri wklv wkhvlv lv wr h{sodlq/ wkurxjk qxphulfdo vlpxodwlrqv/ krz lqlwldo duud| fkdudfwhulvwlfv

xowlpdwho| d�hfw wkh shuirupdqfh ri wkh ]0slqfk1

D ]0slqfk lv fuhdwhg e| dsso|lqj d yrowdjh dfurvv d f|olqgulfdoo| v|pphwulf jhrphwu|

vxfk dv d zluh/ dq duud| ri zluhv/ ru d f|olqgulfdo irlo1 Dv wkh fxuuhqw  rzv wkurxjk wkh

zluh iru lqvwdqfh/ wkh pdwhuldo lv khdwhg dqg lrql}hg/ iruplqj d sodvpd1 Wkh fxuuhqw lwvhoi

surgxfhv d vwurqj pdjqhwlf �hog +e| Dpshuh*v odz, zklfk dffhohudwhv wkh pdwhuldo udgldoo|

lqzdug +�jxuh 404,1 Wkh sodvpd froxpq wkxv slqfkhv rq wkh }0d{lv surgxflqj kljk ghqvlwlhv

dqg whpshudwxuhv1 Wklv hqhuj| lv wkhq txlfno| frqyhuwhg wr udgldwlrq wkurxjk [0ud|v1

K|gurg|qdplfdoo| vshdnlqj/ wkh pdjqhwlf �hog surgxfhv d
�$
M � �$E irufh zklfk lqfuhdvhv

wkh nlqhwlf hqhuj| ri wkh  xlg1 Wklv nlqhwlf hqhuj| lv frqyhuwhg lqwr hohfwurq +dqg lrq,

lqwhuqdo hqhuj| wkurxjk sgy zrun1 Wklv hohfwurq hqhuj| lv �qdoo| frqyhuwhg lqwr udgldwlrq

hqhuj| zklfk ohdyhv wkh v|vwhp dv [0ud|v1

Dw VQO/ wkh ] dffhohudwru xvhv d f|olqgulfdo duud| ri 4330733 zluhv ri wklfnqhvv 8055 �p

duudqjhg dw d udglxv ri 405 fp1 Wkh hqwluh duud| fduulhv d pd{lpxp fxuuhqw ri 53 ploolrq
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Bφ

Jz

F=J×B

Iljxuh 404= ]0Slqfk frq�jxudwlrq1

dpshuhv gxulqj d 433 qv sxovh1 Dw shdn frpsuhvvlrq udgldwlrq whpshudwxuhv ri 483 hY

duh uhdfkhg1 Srzhu rxwsxw lv vwurqjo| d�hfwhg e|  xlg lqvwdelolwlhv wkdw rffxu ehfdxvh ri

wkh pdjqhwlf suhvvxuh dssolhg wr wkh  xlg lqwhuidfh1 Prvw qrwdeoh ri wkhvh lv wkh Ud|ohljk0

Wd|oru +UW, lqvwdelolw|/ d  xlg w|sh lqvwdelolw|1 Wklv zloo eh wkh vxemhfw ri vrph glvfxvvlrq

lq odwhu fkdswhuv1

Gudpdwlf shuirupdqfh lqfuhdvhv zhuh �uvw revhuyhg rq wkh Vdwxuq pdfklqh/ d suhfxu0

vru wr wkh ]0dffhohudwru/ dw VQO1 Dv zluh qxpehu zdv lqfuhdvhg +dqg wkxv lqwhuzluh jds

zdv ghfuhdvhg, wkh txdolw| ri wkh lpsorvlrq dqg wkh udgldwhg srzhu zdv vhhq wr lqfuhdvh

prqrwrqlfdoo| ^4:`1 Wkh vdph h�hfw zdv dovr vhhq rq wkh ]0dffhohudwru zlwk wxqjvwhq zluhv1

Dv zluh qxpehu zdv lqfuhdvhg iurp 453 wr 573/ wkh udgldwhg {0ud| srzhu lqfuhdvhg e|

+73	53,( ^4;`1 Ixuwkhupruh/ ghfuhdvlqj lqlwldo zluh gldphwhu rq duud|v ri �{hg udglxv dqg

zluh qxpehu surgxfhg vxevwdqwldo +irxu0irog, lpsuryhphqwv lq {0ud| shuirupdqfh1

Lw kdv ehhq sursrvhg wkdw wkh shuirupdqfh lpsuryhphqwv duh dwwulexwdeoh wr wkh phujlqj

fkdudfwhulvwlfv ri wkh sodvpd iruphg zkhq wkh zluhv duh khdwhg1 Wkdw lv/ dw vrph plqlpxp

zluh vsdflqj +wkh gdwd iurp wkh Vdwxuq h{shulphqwv vxjjhvwhg wkdw wklv lv 417 pp,/ wkh zluhv
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duh deoh wr irup d sodvpd vkhoo gxulqj wkhlu lqlwldo lqglylgxdo h{sdqvlrq1 Vxevhtxhqwo|/ wkh

duud| lv lpsorghg dv d xqlirup sodvpd vkhoo zlwk vrph shuwxuedwlrqv wkdw gulyh UW jurzwk1

41314 Glvvhuwdwlrq Sureohp Vwdwhphqw

Wkh sxusrvh ri wklv wkhvlv lv wr lqyhvwljdwh wkh lqglylgxdo dv zhoo dv wkh phujlqj fkdudfwhu0

lvwlfv ri wkh zluh sodvpd surgxfhg lq wkh SEID0] h{shulphqw1 Zh zloo dwwhpsw wr h{sodlq

zk| shuirupdqfh lqfuhdvhv zlwk hlwkhu lqfuhdvlqj zluh qxpehu ru ghfuhdvhg lqlwldo zluh gl0

dphwhu1 Zh ehjlq e| vwxg|lqj d vlqjoh zluh lq wkh u0} sodqh1 Wkh 40G fdofxodwlrqv vkrz

krz wkh zluh h{sdqgv dv lw lv khdwhg dqg ydsrul}hg1 50G u0} fdofxodwlrqv duh xvhg wr vwxg|

wkh jurzwk ri wkh p@3 ru �vdxvdjh� lqvwdelolw| zklfk pd| eh uhvsrqvleoh iru ghfuhdvhg

shuirupdqfh zkhq lqglylgxdo zluhv uhslqfk lq wkh duud|1 Ilqdoo| 5G U� � fdofxodwlrqv duh

xvhg wr vwxg| wkh phujlqj fkdudfwhulvwlfv ri wkh lqglylgxdo zluhv1

Wkurxjkrxw wklv wkhvlv zh zloo xvh Wudf0LL/ d 50G PKG frgh/ wr shuirup wkh fdofxodwlrqv1

Vhyhudo fkdswhuv duh ghyrwhg hqwluho| wr h{sodlqlqj wkh ghyhorsphqw ri wkh sk|vlfv sdfndjhv

dgghg wr Wudf0LL1 Wkhvh zhuh qhfhvvdu| wr dffxudwho| vlpxodwh wkh ]0slqfk v|vwhp1 Dsshqgl{

D frqwdlqv d vxppdu| ri Wudf0LL dv zhoo dv wkh qhzo| lqfrusrudwhg sk|vlfv prghov1
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Fkdswhu 5

6W Udgldwlrq Prgho

514 Ghulydwlrq ri Htxdwlrq

Zh ehjlq rxu ghulydwlrq zlwk wkh udgldwlrq wudqvihu htxdwlrq/ jlyhq lq wkh lqhuwldo iudph e|

4

f

CLD
Cw

. � uLD @ �D � "DLD +514,

zkhuh LD lv wkh vshfl�f lqwhqvlw|/ � lv wkh skrwrq iuhtxhqf|/ dqg  lv wkh gluhfwlrq dqjoh1

Wkh uljkw kdqg vlgh uhsuhvhqwv wkh vxp ri vrxufhv +hplvvlrq, dqg vlqnv +devruswlrq,1 Rxu

vwudwhj| lv wr �uvw wudqvihu htxdwlrq 514 wr wkh � xlg� ru Odjudqjldq iudph +�>$�J>r,

zkhuh wkh skrwrq dqjohv duh qr orqjhu vwudljkw olqhv dqg wkh iuhtxhqflhv duh Grssohu vkliwhg1

Qh{w zh lqwhjudwh ryhu gluhfwlrq dqjoh wr rewdlq prphqw htxdwlrqv1 Wkh dqjxodu prphqwv

ri LDJ duh gh�qhg dv

HJ +�J, @
4

f

]
LDJgr

IJ +�J, @

]
LDJrgr

SJ +�J, @
4

f

]
LDJrrgr +515,

Ilqdoo| zh zloo lqwhjudwh ryhu doo iuhtxhqflhv �J wr rewdlq wkh vlqjoh jurxs/ ru �6W�/ udgldwlrq

htxdwlrq1
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Wkh ghulydwlrq ri wkh prphqw htxdwlrqv lv ohqjwk| dqg fdq eh irxqg lq wkh olwhudwxuh

^9`^:`^;`^8`1 Rxu prphqw htxdwlrqv lq f|olqgulfdo frruglqdwhv +wr rughu
y

f
, duh jlyhq e| wkh

iroorzlqj htxdwlrqv ^8`1

Wkh 3wk prphqw=

GHJ

Gw
.HJ

�
4

u

C

Cu
+uyo, .

Cy5
C}

�
.

�
yo
f2
CIJo
Cw

.
y5
f2
CIJ5
Cw

.
4

u

C

Cu
+uIJo, .

CIJo
C}

.
do
f2
IJo .

d5
f2
IJ5

�
��J

�
do
f2
CIJo
C�J

.
d5
f2
CIJ5
C�J

�
� �J

�
Cyo
Cu

CSJoo
C�J

.
yo
u

CSJww
C�J

.
Cy5
C}

CSJ55
C�J

.
Cy5
Cu

CSJo5
C�J

.
Cyo
C}

CSJ5o
C�J

�
@ 7��J � f"JHJ +516,

Wkh 4vw prphqw lq u=

4

f

GIJo
Gw

.
IJo
f

�
4

u

C

Cu
+uyo, .

Cy5
C}

�
.

�
yo
f

CSJoo
Cw

.
y5
f

CSJo5
Cw

.
do
f
SJoo .

d5
f
SJo5

�
.f

�
4

u

C

Cu
+uSJoo, .

CSJo5
C}

� SJww
u

�
.
do
f
HJ .

�
IJo
f

Cyo
Cu

.
IJ5
f

Cyo
C}

�
�4
f

Cyo
Cu

C

C�J
+�JTJooo,� 4

f

Cy5
C}

C

C�J
+�JTJo55,� yo

fu

C

C�J
+�JTJoww,

�4
f

�
Cyo
C}

.
Cy5
Cu

�
C

C�J
+�JTJoo5,� do

f

C

C�J
+�JSJoo,� d5

f

C

C�J
+�JSJo5,

@ �"JIJo +517,

Wkh 4vw prphqw lq }=

4

f

GIJ5
Gw

.
IJ5
f

�
4

u

C

Cu
+uyo, .

Cy5
C}

�
.

�
yo
f

CSJ5o
Cw

.
y5
f

CSJ55
Cw

.
do
f
SJ5o .

d5
f
SJ55

�
.f

�
4

u

C

Cu
+uSJ5o, .

CSJ55
C}

�
.
d5
f
HJ .

�
IJo
f

Cy5
Cu

.
IJ5
f

Cy5
C}

�
�4
f

Cyo
Cu

C

C�J
+�JTJ5oo,� 4

f

Cy5
C}

C

C�J
+�JTJ555,� yo

fu

C

C�J
+�JTJ5ww,

�4
f

�
Cyo
C}

.
Cy5
Cu

�
C

C�J
+�JTJ5o5,� do

f

C

C�J
+�JSJ5o,� d5

f

C

C�J
+�JSJ55,

@ �"JIJ5 +518,

8



Qh{w zh pdnh vhyhudo dssur{lpdwlrqv1 Iluvw zh wdnh wkh gl�xvlrq dssur{lpdwlrq dqg

ljqruh whupv ri rughu
�R
�o

y

f
1 Wklv whup zloo eh ri vhfrqg rughu vlqfh lq wkh gl�xvlrq dssur{0

lpdwlrq �R @ "3�J / wkh phdq iuhh sdwk/ zloo eh vpdoo frpsduhg wr rxu judglhqw ohqjwkv �o

dqg zh duh lq wkh qrquhodwlylvwlf uhjlph +
y

f
� 4,1 Zh zloo dovr gurs doo dffhohudwlrq whupv1

Wklv ohdyhv xv zlwk wkh iroorzlqj 4vw prphqw htxdwlrqv

�"JIJo @ f
4

u

C

Cu
+uSJoo,

�"JIJ5 @ f
C

C}
+SJ55,

Qh{w zh dvvxph lvrwurs| +wr orzhvw rughu lq
�R
�o

,=

SJoo @ SJ55 @ SJww @
4

6
HJ

SJ��'� @ 3

Qrz zh pd| zulwh

Io @ � f

6"J

4

u

C

Cu
+uHJ,

I5 @ � f

6"J

C

C}
+HJ,

ru/ pruh vlpso|
�$
IJ @ � f

6"J
uHJ +519,

zklfk lv �Ilfn*v odz� iru udgldwlyh gl�xvlrq1

Wxuqlqj wr rxu 3wk prphqw htxdwlrq dqg djdlq dsso|lqj wkh gl�xvlrq dssur{lpdwlrq

dqg lvrwurs| zh rewdlq

GHJ

Gw
.HJ

�
4

u

C

Cu
+uyo, .

Cy5
C}

�
.

�
yo
f2
CIJo
Cw
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u

C

Cu
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�
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u
.
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Ru lq yhfwru irup

GHJ

Gw
.HJu ��$y .

�$y
f2
� C
�$
IJ
Cw

.u � �$IJ � �J
6
+u ��$y , CHJ

C�J
@ 7��J � f"JHJ

Dsso|lqj Ilfn*v odz zh kdyh +wkh wklug whup gursv vlqfh lw lv ri rughu
�R
o

y

f
,1

GHJ

Gw
.HJu � �$y �u �

�
f

6"J
uHJ

�
� �J

6
+u � �$y , CHJ

C�J
@ 7��J � f"JHJ

Wr rewdlq rxu �vlqjoh jurxs� udgldwlrq gl�xvlrq htxdwlrq zh lqwhjudwh ryhu doo iuhtxhqflhv

�J=

H @

] "

J
g�JHJ +�J,

Zh rewdlq

GH

Gw
.Hu ��$y �u � �$y

]
g�J

�
�J
6

CHJ

C�J

�
�u �

]
g�J

�
f

6"J
uHJ

�
@

]
g�J +7��J � f"JHJ,

Zh pd| lqwhjudwh wkh wklug whup e| sduwv=

]
g�J

�
�J
6

CHJ

C�J

�
@ �JHJ +�J, m"J �

]
g�J

HJ

6

@ �H
6
@ S-

zkhuh S- lv wkh udgldwlrq suhvvxuh1 Zh zulwh rxw wkh wrwdo ghulydwlyh

CH

Cw
.�$y � uH .Hu ��$y . Su � �$y �u �

]
g�J

�
f

6"J
uHJ

�
@

]
g�J +7��J � f"JHJ,

wr rewdlq

CH

Cw
.u � +H�$y , . S-u ��$y �u �

]
g�J

�
f

6"J
uHJ

�
@

]
g�J +7��J � f"JHJ, +51:,

Vr idu zh kdyh vdlg qrwklqj derxw rxu dfwxdo udgldwlrq glvwulexwlrq1 Li zh dvvxph d

:



Sodqfnldq glvwulexwlrq

HJ+�J, @
7�

f
E +�J> W-, @

k

�2f�
��J

h{s+k�J@W-,� 4

wkhq rxu udgldwlrq hqhuj| ghqvlw| zloo eh

H @

]
g�J

k

�2f�
��J

h{s +k�J@W-,� 4
@ dWe

-

zkhuh

d � �2

48 +kf,�

Wklv lv Vwhidq0Erow}pdqq*v odz1 Ixuwkhupruh/ zh pd| uhzulwh wkh uljkw kdqg ri htxdwlrq

51: e| dvvxplqj OWH 0 orfdo wkhuprg|qdplf htxloleulxp1 Wklv dvvxphv d forvh frxsolqj

ehwzhhq pdwwhu dqg udgldwlrq dqg ohdgv wr Nlufkkr�*v odz zklfk lv jlyhq e|

�J +�J, @ �J +�J,E +�J> W ,

zkhuh W lv wkh pdwwhu whpshudwxuh1 Li zh gh�qh wkh Urvvhodqg phdq rsdflw| �- +lq xqlwv

ri fp2@j,

��- � uHU
g�J

4

"J
uHJ +�J,

@

CE +�J> W-,

CW-U
g�J

4

"J

CE +�J> W-,

CW-

dqg wkh devruswlrq phdq rsdflw|

��. @
4

H

]
g�J"J +�J,HJ +�J,

dqg wkh Sodqfn phdq rsdflw|

��� @
7�

H

]
g�J�J +�J,E +�J> W,
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zh rewdlq
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e
-

�
Qh{w zh pdnh d frxsoh ri prgl�fdwlrqv1 Iluvw zh dvvxph wkdw �� � �. = Wklv zloo

jhqhudoo| eh wuxh ri rswlfdoo| wklfn pdwhuldov1 Vhfrqg/ zh uhdol}h wkdw wkh  x{ jlyhq e|

Ilfn*v odz fdq h{fhhg wkh iuhh0vwuhdplqj olplw/ ru Vwhidq*v odz/ li

����$I ��� @ � f

6��-

��u �dW e
-

��� A fd

5
W e
-

ru pruh vlpso| sxw/ li wkh pdwhuldo ehfrphv �wklq� dqg wkh Urvvhodqg phdq iuhh sdwk

h{fhhgv wkh w|slfdo judglhqwv lq wkh sureohp=

�- @
4

��-
 �o

Wkhuhiruh/ zh lqwurgxfh d � x{ olplwhu� wkdw uhsurgxfhv wkh iuhh vwuhdplqj olplw1 Wklv lv

jlyhq e|

�$
I , @

�fd
6
u �dWe

-

�
��- .

5

6

uW e
-

W e
-

+51;,

frpelqlqj doo wklv lqwr rxu hqhuj| htxdwlrq zh �qdoo| rewdlq

C

Cw

�
dW e

-

�
@ �u � �dW e

-
�$y �� S-u � �$y �u � �$I, . df���

�
W e � W e

-

�
+51<,

Wkh whupv rq wkh uljkw uhsuhvhqw dgyhfwlrq/ sgy zrun/ gl�xvlrq/ dqg udgldwlrq0pdwhuldo

frxsolqj/ uhvshfwlyho|1 Qrwh wkh wzr sk|vlfdo sdudphwhuv lq wkh sureohp 0 �� dqg �-1

Wkhvh duh wkh Sodqfnldq dqg Urvvhodqg phdqv1 Xvxdoo| wkhvh zloo eh vxssolhg e| wdeohv

iurp wkh vxshu wudqvlwlrq duud| +VWD, prgho ^68`^57`1

515 Qxphulfdo Vroxwlrq

Lq Wudf0LL wkh 6W htxdwlrq prgho lv �rshudwru vsolw� lqwr gl�xvlrq/ dgyhfwlrq/ sgy zrun/

dqg hohfwurq0udgldwlrq frxsolqj sduwv1 Wkh dgyhfwlrq dqg sgy zrun urxwlqhv duh wuhdwhg

<



(Sketch)  23 Mar 1998 

βr

Tr

βl

Tl

T*

→
Fr

→
Fl

∆A

∆Vr∆Vl

(Sketch)  23 Mar 1998 

Iljxuh 504=

mxvw dv wkhlu k|gur frxqwhusduwv zlwk udgldwlrq suhvvxuh dqg hqhuj| uhsodflqj hohfwurq ru

lrq suhvvxuh dqg hqhuj|1 Wkh gl�xvlrq urxwlqh uholhv rq wkh LFFJ +Lqfrpsohwh Fkrohvn|

Frqmxjdwh Judglhqw phwkrg, iru dq lpsolflw vroxwlrq1 Wkh hohfwurq0udgldwlrq frxsolqj whup

lv vroyhg lpsolflwo| dv zhoo

51514 Gl�xvlrq htxdwlrq

Zh pxvw �uvw zulwh wkh gl�xvlrq htxdwlrq lq yroxph0gl�huhqfhg irup1 Frqvlvwhqw zlwk

Wudf0LL*v qxphulfdo vfkhph/ txdqwlwlhv vxfk dv ghqvlw| +�, dqg whpshudwxuh +W , duh gh�qhg

dv �}rqh fhqwhuhg� zkloh gl�xvlrq frh!flhqwv duh gh�qhg rq wkh }rqh idfhv1 Wr gr wklv zh

lqvlvw wkdw wkh  x{
�$
I eh frqwlqxrxv dfurvv d fhoo erxqgdu|1 Frqvlghu wzr dgmdfhqw }rqhv/

Yo dqg Y, +�jxuh 504,1

Khuh �o� dqg �u� uhihu wr ohiw dqg uljkw1 Zh gh�qh dq dyhudjh whpshudwxuh W W rq wkh

idfh ehwzhhq wkh wzr }rqhv1 Rxu htxdwlrqv iru uljkw dqg ohiw kdqg  x{hv duh

�$
I , @ �,

�
W We � W e

,

� 7D
7Y, +5143,
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dqg
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o � WWe
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7Yo +5144,

e| frqwlqxlw| ri  x{ zh ghpdqg wkdw
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I , @
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I o @
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I � Vroylqj iru W We zh rewdlq

W We @
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�T,
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+5145,

vxevwlwxwlqj wklv lqwr rxu htxdwlrq iru
�$
I , @
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I o @
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I zh rewdlq
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I @

�
W e
o � W e

,
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o
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+5146,

Exw � @
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6��-
vr zh pd| zulwh

�$
I @
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�
W e
o � W e

,

�7D
6 +po�-co .p,�-c,,

+5147,

zkhuh p uhihuv wr wkh }rqh pdvv1

Rxu gl�xvlrq htxdwlrq fdq hdvlo| eh zulwwhq lq yroxph0gl�huhqfhg irup1 Lqwhjudwlqj

ryhu yroxph dqg xvlqj wkh glyhujhqfh wkhruhp

]
C+dW e
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Cw
gy @

]
�u � �$I gy @ �

L �$
I � g�$D +5148,

Qrz frqvlghu wdnlqj d frxqwhuforfnzlvh orrs durxqg wkh idfhv ri d }rqh odehohg �o�1 Doo

wkh rxwvlgh }rqhv zloo olh wr wkh uljkw +�u�, wr wklv }rqh dv vkrzq lq �jxuh 5051 Wkh gl�huhqfh

htxdwlrq lv zulwwhq dv

�
L
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�$
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[
o

fd7D2
o

�
W e
o � We

,

�
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@
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7w 7y, +5149,

Vroylqj lpsolflwo| iru W e
, zh rewdlq

W
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7y,
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Iljxuh 505=

zkhuh zh pd| gh�qh rxu �idfh0fhqwhuhg� gl�xvlrq frh!flhqw dv

iff
E?�
o, @

fd7D2
o

6 +po�-co .p,�-c,,
+514;,

Htxdwlrq 514; lv uhdoo| mxvw wkh idploldu 80srlqw gl�huhqflqj vfkhph1 Li zh kdg Q }rqhv

lw zrxog |lhog d v|vwhp ri Q htxdwlrqv zklfk fdq eh uh0zulwwhq lq wkh irup ri d olqhdu

htxdwlrq= D � { @ |1 Vlqfh D lv d vsduvh pdwul{ +rqo| �yh qrq}hur hohphqwv shu urz,

zh pxvw fkrrvh dq dssursuldwh phwkrg1 Zh fkrrvh wkh �frqmxjdwh judglhqw� phwkrg 0 dq

lwhudwlyh phwkrg 0 iru vroylqj wklv vsduvh olqhdu v|vwhp ^<`1 Dowkrxjk zh zloo rplw wkh ghwdlov

khuh/ wkh frqmxjdwh judglhqw phwkrg dojrulwkp lqyroyhv plqlpl}lqj wkh htxdwlrq

i+{, @
4

5
{ �D � {� | � { +514<,

zklfk rffxuv zkhq ui @ D � { � | @ 3= Wkxv plqlpl}lqj i lv htxlydohqw wr vroylqj rxu

olqhdu htxdwlrq1 Wkh plqlpl}dwlrq lv dffrpsolvkhg e| lwhudwlyho| lpsurylqj {? zlwk vhdufk

gluhfwlrqv s? vxfk wkdw {?n� @ {? . �? s?1 Khuh �? lv vfdodu txdqwlw| irxqg dw hdfk
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lwhudwlrq zklfk plqlpl}hv i+{?.�?s?,= Wkh surfhvv lv frqwlqxhg xqwlo d vshfl�hg wrohudqfh

lv uhdfkhg1 Wkh �lqfrpsohwh Fkrohvn|� sduw ri LFFJ uhihuv wr wkh �suhfrqglwlrqlqj� ri rxu

olqhdu htxdwlrq zlwk d vshfldoo| fkrvhq pdwul{ hD3�= Zlwk wklv rxu olqhdu htxdwlrq zloo orrn

olnh

+ hD3�D, � { @ hD3�| +5153,

Li hD lv fkrvhq wr eh forvh wr D wkhq rxu dojrulwkp zloo frqyhujh lq ihzhu vwhsv dvhD3�D � 4 dqg { � hD3�|= Lq LFFJ zh zloo frqvwuxfw hD3� zlwk wkh Fkrohvn| dojrulwkp/

dvvxplqj wkdw D dqg hD3� kdyh wkh vdph vsduvlw| vwuxfwxuh1 Wkdw lv/ hD3� zloo eh d vsduvh

pdwul{ zlwk qrq0}hur hohphqwv lq h{dfwo| wkh vdph orfdwlrqv dv lq D1 Wkh LFFJ sdfndjh

xvhg lq Wudf0LL xvhv d voljkw yduldqw ri wklv phwkrg ghyhorshg dw wkh Fhqwhu iru Dssolhg

Vflhqwl�f Frpsxwlqj dw OOQO ^58`1

51515 Hohfwurq0Udgldwlrq Frxsolqj

Zh vlpxowdqhrxvo| vroyh wkh wzr htxdwlrqv=

C+dW e
o ,

Cw
@ df���

�
W e
e � We

o

�
+5154,

dqg

f�e
CWe
Cw

@ �df���
�
W e
e � W e

o

�
+5155,

Sureohpv dulvh ehfdxvh wkh vhfrqg htxdwlrq kdv d olqhdu ghshqghqfh rq We lq wkh ghulydwlyh

zkhuhdv We dqg Wo dsshdu txdgudwlfdoo| hyhu|zkhuh hovh1 Zh zloo fkrrvh wr olqhdul}h wkh W e
e

whupv1 Wklv lv vlplodu wr wkh dssurdfk wdnhq lq wkh PDFK5 frgh e| Pholvvd Grxjodv ^49`1

Qrz zh uhzulwh wkh htxdwlrqv lq �qlwh0yroxph irup1 Iluvw zh gh�qh vhyhudo txdqwlwlhv

hu @ 7ydW e
o +5156,

ghgwh @ 7yf�e +5157,

wR @ +f��� ,
3� +5158,
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vr zh pd| uhzulwh rxu htxdwlrqv dv

C

Cw
+hu, @ w3�R +d7yW E?n��e

e � hu?n�, +5159,

dqg

ghgwh
C

Cw
+We, @ �w3�R +d7yW E?n��e

e � hu?n�, +515:,

Qrwh wkdw wR lv wkh hohfwurq0udgldwlrq htxloleulxp wlph1 Qh{w zh h{sdqg W?n�
e durxqg
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Qrz lpsrvh hqhuj| edodqfh dqg vroyh iru hu?n�
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e
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& +5164,

wr rewdlq
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hu?n� @
hu? . �?eod7yW E?�e

e

4 . �?eo
+5165,

Qrz xvh htxdwlrq 515< wr vroyh iru W?n�
e

W?n�
e @ W?

e �
�?eo
ghgwh

+d7yW E?�e
e � hu?n�, +5166,

516 H{dpsoh Sureohp 0 Lqqhu Duud|

Dv d uhdo0zruog h{dpsoh ri udgldwlyho| gulyhq k|gurg|qdplfv zh frqvlghu d �qhvwhg� duud|1

Wklv lv d frq�jxudwlrq frqvlvwlqj ri dq rxwhu duud| ri wxqjvwhq zluhv duudqjhg dw UJ�|eo @ 5

fp zlwk d vhfrqg lqqhu duud| ri fduerq zluhv srvlwlrqhg dw U�??eo @ 4 fp= Wkh lqqhu duud|

zloo frqvlvw ri 83 93 �p gldphwhu judsklwh zluhv1 Slqkroh lpdjhv ri wklv w|sh ri duudqjhphqw

^67`/ exw iru wxqjvwhq zluhv rqo|/ duh vkrzq lq �jxuh 5061 Wkh rxwhu duud| frqvlvwv ri 573

:=4 �p zluhv dw 5 fp dqg wkh lqqhu duud| kdv 453 ;=< �p zluhv dw 4 fp1

Lw lv eholhyhg wkdw wkh lqqhu duud| fuhdwhv d �ex�hu� rqwr zklfk wkh rxwhu duud| froolghv

dqg ghfhohudwhv1 Ehfdxvh wkh jurzwk ri wkh Ud|ohljk0Wd|oru lqvwdelolw| +d  xlg lqvwdelolw|

grplqdqw h�hfw lq zluh duud| ]0slqfkhv, ehkdyhv dv h�| zkhuh �-A @
s
nj/ wkh lqqhu duud|

zloo kdyh wkh h�hfw ri uhgxflqj j1 Wkxv wkh jurzwk udwh �-A zloo eh uhgxfhg1 Wkh hqg h�hfw

zloo eh d wljkwhu slqfk fdsdeoh ri udgldwlqj pruh h!flhqwo| +zlwk d vkruwhu sxovh zlgwk,1

Ri vrph lpsruwdqfh lv wkh txhvwlrq ri zkhwkhu wkh lqqhu duud| grhv lqghhg hydsrudwh

dqg irup d ex�hu1 +Pruh zrun lv qhhghg wr ghwhuplqh wkh rswlpdo lqqhu duud| duudqjhphqw

iru uhgxflqj UW jurzwk1,1 Wkh phfkdqlvp iru wklv zloo eh udgldwlyh khdwlqj iurp wkh rxwhu

duud|1 Dv wkh rxwhu duud| lv lpsorghg/ lw fduulhv fxuuhqw zklfk surgxfhv rkplf khdwlqj1

Wklv hqhuj| lv lq wxuq udgldwhg wrzdugv wkh lqqhu duud| zklfk lq wxuq khdwv dqg ydsrul}hv1

Wkh sureohp fdq fuxgho| eh uhgxfhg wr d 40G sureohp ri d vlqjoh judsklwh zluh zlwk d

udgldwlrq whpshudwxuh +Wo, erxqgdu| frqglwlrq ghwhuplqhg e| wkh udgldwlrq whpshudwxuh

ri wkh rxwhu duud|1 Wklv fdq eh surylghg e| dqrwkhu 40G u0} sodqh fdofxodwlrq lq ODVQH[

^66`1 Ri frxuvh rxu sureohp zloo hqg dw wkh wlph wkdw wkh rxwhu duud| froolghv zlwk wkh lqqhu

duud|1

Wkh udgldwlrq whpshudwxuh zdyhirup lv vkrzq lq �jxuh 5071 Zh lqlwldol}h d 40G fduerq
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Iljxuh 506= Ilj1 51 Slqkroh lpdjhv rq qhvwhg Vkrw 4;3 dw 40qv lqwhuydov> slqfk frpsuhvvlrq
lv 73=41

zluh dw vrolg frqglwlrqv +� @ 4=; j@ff/ We @ W� @ Wo @ 5=8 � 433D NhY ,1 Odwhu zh zloo

ghvfuleh lq pruh ghwdlo krz wkh htxdwlrq ri vwdwh lv dfwxdoo| prghohg1 Lq wklv fdvh erqglqj

dqg ghqvh pdwhuldo h�hfwv duh wdnhq lqwr dffrxqw1 D sorw ri udgll yv1 wlph lv vkrzq lq �jxuh

5081
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duud| froolghv zlwk wkh lqqhu duud|1
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Iljxuh 508= Udgll yv1 wlph1 Julg kdv <3 }rqhv �ihdwkhuhg� +vxffhvvlyho| ghfuhdvhg dorqj wkh
u0d{lv, e| d idfwru ri 31< 1

4:



Fkdswhu 6

Hohfwulfdo2Wkhupdo Frqgxfwlylw| lq

Wudf0LL

614 Vrolg0Oltxlg Skdvh

Wudf0LL xvhv dq dqdo|wlf prgho iru wkh hohfwulfdo frqgxfwlylw| ri wkh vrolg dqg oltxlg skdvh1 Lw

lv edvhg rq d txdqwxp phfkdqlfdo prgho ri Prww dqg Mrqhv ^45`^55`1 Dowkrxjk wkh ghwdlov

zloo eh rplwwhg khuh/ wkh prgho lv edvhg rq �uvw0rughu shuwxuedwlrq wkhru| lq zklfk � /

wkh froolvlrq wlph/ lv fdofxodwhg1 Wklv lqyroyhv xvlqj d shuwxuehg srwhqwldo/ dvvxphg vpdoo/

zklfk lv wkh gl�huhqfh ehwzhhq wkh dfwxdo srwhqwldo +zlwk luuhjxodulwlhv lq wkh odwwlfh gxh wr

wkhupdo yleudwlrqv, dqg wkh srwhqwldo ri d shuihfwo| uhjxodu odwwlfh1 Wkh vrolg frqgxfwlylw|

lv jlyhq e|

�r @ �J

�
WJ
W

�k� � �

�J

�2�
J
nk2

+614,

�J lv wkh frqgxfwlylw| dw wkh uhihuhqfh whpshudwxuh WJ dqg ghqvlw| �J1 �� dqg �2 duh

h{srqhqwv wkdw ghshqg rq wkh vshfl�f pdwhuldo1 �J lv wkh odwwlfh Juxqhlvhq jdppd1 Wkh

oltxlg frqgxfwlylw| lv jlyhq vlpso| e|

�u @ i6�r +615,

i6 lv d frqvwdqw dqg lv 18 iru prvw pdwhuldov1

4;



Zh pxvw dovr eh deoh wr fkrrvh ehwzhhq wkh oltxlg dqg vrolg skdvh1 Wklv lv dffrpsolvkhg

zlwk Olqghpdqq*v Odz=

W6e,| @
�

�2*�
�( +616,

�(> wkh Ghe|h Whpshudwxuh/ fdq eh fdofxodwhg wkurxjk wkh gh�qlwlrq ri wkh Juxqhlvhq

jdppd1 Lqwhjudwlqj

� @
C oq�(

C oq�
+617,

zlwk wkh dvvxpswlrq wkdw � kdv wkh iroorzlqj ghqvlw| ehkdylru

� @ �J � �@

�
4� 4

�

�
iru � � �

�J
A 4 +618,

� @ �J iru � ? 4

zh rewdlq

W6e,| @ W6J�
2E�

J
3�

@
3�*��h2�@E�3�* #� iru � A 4

W6e,| @ W6J�
2E�

J
3�*�� iru � ? 4 +619,

zkhuh W6J lv wkh phow whpshudwxuh dw wkh uhihuhqfh ghqvlw|1 D sorw ri wkh uhvlvwlylw| iru

wxqjvwhq dw vrolg ghqvlw| lv vkrzq lq �jxuh 604

615 Ydsru Skdvh Frqgxfwlylw|

Dw vrph srlqw/ wkh pdwhuldo zloo ehfrph ydsrul}hg1 Wklv skdvh lv fkrvhq dw wkh erlo whp0

shudwxuh dqg lv jlyhq vlpso| e|

WKJ�, @ uKW6e,| +61:,

4<
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Resistivity vs. Temperature
Tungsten at solid density (ρ = 19.3 g/cc)

(XY)  02 Apr 1998 PBFA-Z 1D

Iljxuh 604= Uhvlvwlylw| yv1 Whpshudwxuh iru wxqjvwhq1

zkhuh uK lv d pdwhuldo ghshqghqw frqvwdqw1 Lq wklv skdvh rqo| vrph ri wkh dwrpv zloo eh

lrql}hg1 Wkxv zh pxvw frqvlghu d uhvlvwlylw| frqvlvwlqj ri hohfwurq0lrq dqg hohfwurq0qhxwudo

sduwv=

� @ �e? . �e� +61;,

zkhuh

�e� @
p�e�
qeh2

+61<,

�e? @
p�e?
qeh2

erwk wkhvh htxdwlrqv fdq eh uhzulwwhq lq whupv ri wkh froolvlrq furvv vhfwlrq � @ q�y1 Wkxv

�e� @
p��yAe
]h2

+6143,
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�e? @
p�?yA e

h2

�
q?
qe

�

Iru wkh lrq furvv vhfwlrq zh vkdoo xvh wkh lqwhulrqlf vsdflqj

�� @ �U2
J @ �

�
6

7�q�

�2*�

+6144,

Lq wkh ydsru skdvh wkh sodvpd frqglwlrq/ jlyhq e| ^6`

qe�
�
( q

W �*2

q
�*2
e

AA 4

lv qr orqjhu vdwlv�hg dqg wkh Frxorpe furvv vhfwlrq gursv ehorz wkh plqlpxp furvv vhfwlrq

jlyhq e| +6144,1 Wklv mxvw h{suhvvhv wkh idfw wkdw wkh phdq iuhh sdwk fdqqrw eh ohvv wkdq

wkh lqwhulrqlf vsdflqj1 Iru wkh qhxwudo furvv vhfwlrq zh xvh wkh Erku udglxv=

�? @ �U2
�J�o @ 3=;;� 433�Sfp2 +6145,

Wkh Erku udglxv/ dq hvwlpdwh ri wkh dwrplf udglxv/ lv d uhdvrqdeoh dssur{lpdwlrq wr wkh

qhxwudo furvv vhfwlrq1

Qrz zh qhhg dq hvwlpdwh ri wkh ghjuhh ri lrql}dwlrq vr zh pd| fdofxodwh qe> q�> dqg q?1

Iru wkdw zh wxuq wr wkh Vdkd htxdwlrq zklfk dvvxphv fkhplfdo htxloleulxp ehwzhhq wkhvh

wkuhh vshflhv1 Zh zloo dovr dvvxph/ iru uhdvrqv ri frqyhqlhqfh/ dq lghdo jdv pdgh xs ri

hohfwurqv/ qhxwudov dqg vlqjo| lrql}hg dwrpv +]@4,1 Wkh Vdkd htxdwlrq iru wklv sduwlfxodu

fdvh lv ^59`

� @

#
4 .

q

5

jJ
j�

�
5�k

p

��*2 hU�*A

W �*2

$3�*2
+6146,

zkhuh � lv wkh udwlr ri wkh qxpehu ri lrql}hg dwrpv wr wkh wrwdo qxpehu ri dwrpv=

� � q�
q

+6147,

dqg L� lv wkh lrql}dwlrq srwhqwldo1 jJ dqg j� duh wkh vwdwlvwlfdo zhljkwv/ ru ghjhqhudf| idfwruv/

ri wkh dwrp dqg lrq/ uhvshfwlyho|1 Wklv lv ghwhuplqhg e| wkh ruelwdo dqjxodu prphqwxp
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dqg vslq ri wkh jurxqg vwdwh=

j @ +5V . 4,+5O. 4,

Wkhuhiruh zh pd| fdofxodwh rxu hohfwurq0lrq dqg hohfwurq0qhxwudo uhvlvwlylwlhv

�e� @
p��yAe

h2
+6148,

�e? @
p��J�oyA e

h2
�
�3� � 4

�
zkhuh

�� @ �

�
6

7��q

�2*�

+6149,

616 Wkhupdo Frqgxfwlylw| lq wkh Vrolg0Oltxlg0Ydsru Skdvh

Iru wkh vrolg/ oltxlg dqg ydsru skdvhv wkh wkhupdo frqgxfwlylw| lv fdofxodwhg xvlqj wkh

Zlhghpdqq0Iudq} odz zklfk uhodwhv wkhupdo frqgxfwlylw| wr hohfwulfdo frqgxfwlylw| ^47`=

�

�
@

�2

6

�
n�
h

�2

W +614:,

Wkh ghulydwlrq ri wklv uhvxow lqyroyhv wzr dvvxpswlrqv 0 wkh uhod{dwlrq0wlph dssur{lpdwlrq

dqg wkh vhplfodvvlfdo htxdwlrqv ri prwlrq1 Wkh uhod{dwlrq0wlph dssur{lpdwlrq dvvxphv

wkdw hohfwurq froolvlrqv duh h�hfwlyh lq pdlqwdlqlqj htxloleulxp dqg wkh hohfwurq glvwulexwlrq

fdq eh ghvfulehg e| d orfdo whpshudwxuh W +wkh Ihupl0Gludf glvwulexwlrq ixqfwlrq,1 Wkh

vhplfodvvlfdo htxdwlrqv ri prwlrq vlpso| ghvfuleh wkh wlph hyroxwlrq ri wkh srvlwlrq dqg

zdyh yhfwru ri d hohfwurq1

Wkh xqlyhuvdo sdudphwhu O @ Z2

�

�
&�
e

�2
@ 5=78� 433H

�
�J,|r
g

�2
lv wkh Oruhqw} qxpehu1 Lw

lv irxqg wr djuhh uhdvrqdeo| zhoo zlwk lw*v h{shulphqwdoo| phdvxuhg ydoxh iru d odujh jurxs

ri phwdov/ lqfoxglqj doxplqxp dqg wxqjvwhq1 Iru lqvwdqfh/ doxplqxp*v Oruhqw} qxpehu lv

5=4<� 433H
�
�J,|r
g

�2
dw 6:6 N=

55



617 Sodvpd Skdvh Frqgxfwlylw|

Wkh sodvpd frqgxfwlylw| prgho lv edvhg rq wkh zrun ri Ohh dqg Pruh ^43`1 E| vroylqj

wkh olqhdul}hg Erow}pdqq htxdwlrq zlwk d ihuplrqlf hohfwurq glvwulexwlrq/ wkh| rewdlq dq

hohfwulfdo dqg wkhupdo frqgxfwlylw| lq wkh iroorzlqj irup

�z @
qeh

2�

p
Dk
z +�@n�W> $e�, +614;,

�z @
qen� +n�W , �

p
Dq
z +�@n�W>$e�,

Xqolnh wkh idploldu Vslw}hu irupxod/ wklv frqgxfwlylw| lqfoxghv ghjhqhudf| h�hfwv wkurxjk

wkh ghshqghqfh rq fkhplfdo srwhqwldo1 Lq wkh qrq0ghjhqhudwh olplw +�@n�W� A �4, lw

uhgxfhv wr Vslw}hu*v uhvxow1 Olnh wkh Vslw}hu irupxod lw lv ghshqghqw rq pdjqhwlf �hog

wkurxjk $e� 1 Wklv irupxod lv qhfhvvdu| li zh duh wr fruuhfwo| prgho krw ghqvh sodvpdv

zkhuh Vslw}hu frqgxfwlylw| pd| eh lq huuru e| ryhu d idfwru ri d kxqguhg1

Dk
z dqg Dq

z duh jlyhq e| wdexodu ydoxhv1 Wkh fkhplfdo srwhqwldo � lv fdofxodwhg iurp

wkh Wkrpdv0Ihupl prgho +THRV, ^44` dqg � lv jlyhq e|

� @
6
s
pe +n�W ,

�*2

5
s
5� +]ess,

2 q�he oq�

k
4 . h3>*g�A

l
I�*2 +614<,

I�*2/ d Ihupl0Gludf lqwhjudo/ dqg ]ess / wkh h�hfwlyh lrql}dwlrq ohyho/ duh erwk fdofxodwhg lq

wkh Wkrpdv0Ihupl prgho dqg duh uhwxuqhg iurp THRV vxeurxwlqhv1 Wkh sodvpd frqgxf0

wlylw| jlyhq deryh lv fkrvhq zkhq lw h{fhhgv wkh ydsru frqgxfwlylw|1 Wkdw lv/

� @ pd{ +�R,@r6@> ��@RJo,

618 D Qrwh Derxw Sdudphwhuv

Iru wxqjvwhq dqg doxplqxp wkh iroorzlqj frqvwdqwv duh xvhg lq htxdwlrqv 6140619 ^55`
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Frqvwdqw Z Do

�J 4:;18: +prkp0fp,3� 687144 +prkp0fp,3�

WJ 313589<49 hY 31358 hY

�J 4<16 j2ff 51:36 j2ff

�� 4164<5 414766

�2 41 041

�J 419: 41<6

�@ 416 418

i6 318 318

uK 41943< 419:53

W6J 316< hY 315383; hY

Wkh Lrql}dwlrq srwhqwldov dqg ghjhqhudf| idfwruv xvhg lq htxdwlrq +6146, ^48` duh=

Frqvwdqw Z Do

L� :1<; hY 81<;9 hY

jJ 4 9

j� 5 4

57



Fkdswhu 7

Wudf0LL Htxdwlrq ri Vwdwh 0 THRV

714 Wkrpdv0Ihupl dqg Frzdq Lrq Prgho

Wudf0LL xvhv wkh Txrwlgldq Htxdwlrq ri Vwdwh +THRV, ^44` wr fdofxodwh hohfwurq dqg lrq

suhvvxuh dqg hqhuj| iru xvh lq wkh k|gurg|qdplf urxwlqhv1 THRV dovr hqwhuv lq ydulrxv

gl�xvlrq urxwlqhv wkurxjk lwv fdofxodwlrq ri wkh lrql}dwlrq ohyho ]ess dqg wkh hohfwurq0lrq

froolvlrq wlph � 1 THRV lv d vhoi frqvlvwhqw dqdo|wlf prgho zklfk lv ydolg ryhu d odujh udqjh ri

ghqvlwlhv dqg whpshudwxuhv1 Iru rxu xvhv/ lw zloo doorz xv wr prgho wkh ehkdylru ri wxqjvwhq

zluh wkurxjk doo irxu skdvhv1

THRV xvhv vhsdudwh hohfwurq dqg lrq whpshudwxuhv dqg dvvxphv hohfwurq dqg lrq txdqwl0

wlhv duh dgglwlyh1 Iru wkh hohfwurq sduw/ THRV xvhv wkh Wkrpdv0Ihupl prgho ^59`^5:`1 Wklv

prgho dvvxphv hdfk lrq lv vxuurxqghg e| d vskhuh ri fkdujh vdwlvi|lqj wkh xvxdo Ihupl0Gludf

vwdwlvwlfv1 Wkh udglxv ri wkh fkdujh vskhuh lv UJ @
�

�
eZ?�

��*�
1 Wkxv wkh fkdujh vwdwh lv irxqg

wr eh

]ess @
7�

6
U�
Jq +UJ, +714,

Wkhuprg|qdplf ixqfwlrqv vxfk dv hqhuj|/ iuhh hqhuj| dqg hqwurs| +jlyhq e| wkh irupxodh

iru d �qlwh whpshudwxuh vhplfodvvlfdo jdv, duh fdofxodwhg zlwk wkh vhoi0frqvlvwhqw vroxwlrq ri

Srlvrq*v htxdwlrq iru wkh hohfwurvwdwlf srwhqwldo Y +u,=
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u2Y +u, @ 7�hq+u,� 7�]h� +u, +715,

Ri frxuvh/ rqfh wkh wkhuprg|qdplf ixqfwlrqv duh ghwhuplqhg/ wkhuprg|qdplf txdqwlwlhv

vxfk dv suhvvxuh dqg hqhuj| pd| eh fdofxodwhg wkurxjk ixqfwlrqdo ghulydwlyhv1 Lq sudfwlfh/

THRV xvhv wdexodu ydoxhv iru wkh iuhh hqhuj| wr hydoxdwh wkhuprg|qdplf ydoxhv1

Iru wkh lrq sduw ri wkh htxdwlrq ri vwdwh/ THRV xvhv wkh Frzdq lrq prgho1 Wklv dqdo|wlf

prgho lqfrusrudwhv vhyhudo zhoo nqrzq odzv lq wkhlu dssursuldwh olplwv wr rewdlq dq htxdwlrq

ri vwdwh ydolg iru d odujh udqjh ri whpshudwxuhv dqg ghqvlwlhv1 Iru lqvwdqfh/ wkh Gxorqj0

Shwlw odz/ wkh Juxqhlvhq suhvvxuh odz/ dqg wkh lghdo jdv odz duh lqfoxghg lq wkh Frzdq

lrq prgho1 Olnh wkh Wkrpdv0Ihupl sduw ri THRV/ d iuhh hqhuj| lv fdofxodwhg iurp zklfk

wkhuprg|qdplf txdqwlwlhv fdq eh rewdlqhg1

715 Erqglqj Prgho

Gxh wr wkh Sdxol H{foxvlrq Sulqflsoh/ wkh Wkrpdv0Ihupl prgho zloo suhglfw srvlwlyh suhv0

vxuhv dw vrolg frqglwlrqv1 Wr frpshqvdwh iru wklv/ THRV xvhv d vhpl0hpslulfdo erqglqj

prgho wkdw lqwurgxfhv dq dgglwlyh fruuhfwlrq wr wkh hqhuj| dqg suhvvxuh=

HK @ HJ+4� h{s e

%
4�

�
�r
�

��*�
&
, +716,

sK @ �2
CHK

C�
@ �

�
HJe�r
6

��
�

�r

�2*�

h{s e

%
4�

�
�r
�

��*�
&

Wkh frqvwdqwv HJ dqg e duh ghwhuplqhg iurp wkh uhtxluhphqw wkdw wkh wrwdo vrolg suhvvxuh

htxdo }hur + sA�A +�r> W @ 3, @ 3 zkhuh sA�A @ se.s�.sK, dqg wkh fdofxodwhg exon prgxoxv

htxdo lwv h{shulphqwdo ydoxh + Ei T@�
�
YRA�A
Y4

�
,1 Xqiruwxqdwho|/ xvlqj wklv surfhgxuh/ THRV

zloo suhglfw d phowlqj whpshudwxuh ri derxw 418 hY iru doo pdwhuldov1 Lq sudfwlfh/ wkh

h{shulphqwdo exon prgxoxv/ dq lqsxw txdqwlw|/ pxvw eh voljkwo| dgmxvwhg wr jlyh wkh fruuhfw

phowlqj srlqw1 Lq dq| hyhqw/ wklv erqglqj fruuhfwlrq zloo kdyh olwwoh h�hfw dzd| iurp wkh

vrolg uhjlrq1

59



716 Lpsohphqwdwlrq ri THRV lq Wudf0LL

Wudf0LL xvhv wkh iroorzlqj THRV �yhfwrul}hg� vxeurxwlqhv ^44` lq zklfk ghqvlw| dqg whp0

shudwxuh duh lqsxw txdqwlwlhv

hrvwiy +l4> l5> lqf> w> ukr> }> d> }56> s> gsgw> gsgukr> h> ghgw> v> }hii, +717,

hrvly +l4> l5> lqf> w> ukr> }> d> s> gsgw> gsgukr> h> ghgw> v,

fkhps +yl4> l5> lqf> w> ukr> }hii> d> {px,

Wkhvh duh wkh Wkrpdv0Ihupl/ Frzdq0Lrq/ dqg fkhplfdo srwhqwldo vxeurxwlqhv/ uhvshfwlyho|1

Dovr xvhg lv wkh erqglqj fruuhfwlrq vxeurxwlqh zklfk uhtxluhv ydulrxv erqglqj sdudphwhuv

vxfk dv xqfruuhfwhg suhvvxuh dqg hqhuj|/ vrolg ghqvlw|/ dqg wkh gl�huhqfh ehwzhhq xqfru0

uhfwhg dqg fruuhfwhg exon prgxoxv=

erqgfruy +l4> l5> lqf> ukr> ukr3> s3> h3> gep> s> gsgukr> h, +718,

Diwhu wkh sodvpd lv lqlwldol}hg/ hohfwurq dqg lrq hqhujlhv duh wuhdwhg dv ixqgdphqwdo

yduldeohv dqg duh qrw dowhuhg e| THRV1 Zkhq dq hqhuj| lv lqfuhphqwhg/ vd| lq wkh k|gur

urxwlqhv/ THRV vshfl�f khdwv duh xvhg wr lqfuhphqw hohfwurq dqg lrq whpshudwxuhv1 Ilqdoo|/

wkh whpshudwxuhv duh dgmxvwhg dw hdfk wlphvwhs wr eh frqvlvwhqw zlwk wkhlu hqhujlhv wkurxjk

d vlqjoh Qhzwrq0Udskvrq vwhs1

717 H{dpsoh Sureohp= Fxuuhqw Srvwv lq SEID0]

Wr looxvwudwh wkh xvh ri THRV dqg wkh 70skdvh frqgxfwlylw| prgho zh frqvlghu wkh  rz ri

fxuuhqw wkurxjk d vwdlqohvv vwhho srvw1 Rxu lqwhqwlrq khuh lv wr prgho wkh h�hfwv ri odujh

fxuuhqwv rq wkh SEID0] dssdudwxv +SEID0] dqg wkh ]0slqfk zloo eh glvfxvvhg lq juhdwhu

ghwdlo lq wkh qh{w fkdswhu1,1 Dw lvvxh khuh lv wkh dprxqw ri fxuuhqw wkdw fdq eh fduulhg e|

d srvw1 Dw kljk fxuuhqw ghqvlwlhv +
L

5�URJr|
� 43 PD@fp, vkrfnv dqg rkplf orvvhv ehfrph

lpsruwdqw1 Zh frqvlghu wzr gl�huhqw gldphwhu srvwv 0 316 dqg 913 fp 0 dqg xvh dq htxlydohqw

flufxlw +O/U/Y+w,, iurp wkh dfwxdo h{shulphqw1

5:
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Iljxuh 704= Udgll yv1 wlph iru 316 fp gldphwhu srvw1

Wkh 913 fp srvw zloo uhpdlq vrolg gxulqj wkh hqwluh fxuuhqw sxovh1 Krzhyhu/ wkh 316 fp

srvw zloo xqghujr vhyhudo skdvh fkdqjhv dv lw lv rkplfdoo| khdwhg dqg wkhq frpsuhvvhg e|

wkh odujh pdjqhwlf suhvvxuh jhqhudwhg e| wkh fxuuhqw1 D sorw ri udgll yv1 wlph iru wkh 316

fp srvw fdvh lv vkrzq lq �jxuh 7041 Zh vhh wkdw wkh odujh pdjqhwlf suhvvxuhv surgxfh d

vwurqj vkrfn lq wkh srvw1

Wkhvh uhvxowv kdyh ehhq frpsduhg wr rwkhu udg0k|gur fdofxodwlrqv dqg vkrzq wr djuhh

zlwklq 43( ^4<`1 Odwhu wklv vxpphu +;2<;,/ kljk fxuuhqw ghqvlw| hqhuj| orvv h{shulphqwv

zloo eh shuiruphg dw wkh ] idflolw|1 Wkhvh h{shulphqwdo uhvxowv zloo eh frpsduhg wr wkhvh

suhglfwlrqv dqg ixwxuh 50G fdofxodwlrqv xvlqj Wudf0LL1 Ri sulpdu| lpsruwdqfh lv wkh hqhuj|

orvv h{shfwhg lq [04/ wkh sodqqhg qh{w0jhqhudwlrq ]0slqfk dffhohudwru/ zklfk zloo eh fdsdeoh

ri d shdn fxuuhqw ri 93 PD1
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Fkdswhu 8

Wkh ]0slqfk= 40G uhvxowv iru d

vlqjoh zluh

814 SEID0] Suhsxovh

Zh �uvw xvh wkh lpsuryhphqwv lq Wudf0LL wr vwxg| wkh lqlwldwlrq ri d vlqjoh zluh lq wkh

SEID0] zluh duud| dw Vdqgld Qdwlrqdo Oderudwru|1 Wkh yrowdjh dssolhg wr wkh zluh lv

ghwhuplqhg iurp wkh dfwxdo SEID0] yrowdjh zdyhirup +�jxuh 804,1 D vhoi frqvlvwhqw OU

flufxlw prgho lv vroyhg dw hdfk wlphvwhs xvlqj wkh htxlydohqw lqgxfwdqfh dqg uhvlvwdqfh iurp

wkh h{shulphqw1 Ri frxuvh O dqg U iru wklv vlqjoh zluh pxvw eh vfdohg dssursuldwho|=

O��oe @ QO@oo@+ +814,

U��oe @ QU@oo@+

zkhuh Q lv wkh qxpehu ri zluhv lq wkh duud|1 Wkh frgh zloo wkhq fdofxodwh uE� @ 5Le?S dw

wkh erxqgdu| zklfk zloo gulyh wkh g|qdplfv ri wkh sureohp1

Vshfl�fdoo| zh frqvlghu d 43 �p gldphwhu wxqjvwhq zluh iurp d SEID] vkrw ri 4;3

zluhv1 Wkh ohqjwk ri zluhv lq wkh duud| lv 5 fp dqg wkh duud| gldphwhu lv 6 fp= Zh zloo
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Iljxuh 804= SEID0] htxlydohqw yrowdjh1

ehjlq zlwk d vrolg wxqjvwhq zluh dw urrp whpshudwxuh=

We @ W� @ Wo @ 5=8� 433DNhY +815,

� @ 4<=6 j@ff

Iru wklv fdofxodwlrq zh lpsolflwo| vroyh hohfwurq dqg lrq wkhupdo gl�xvlrq1 Wkh pdjqhwlf

�hog/ E�/ lv vroyhg lpsolflwo| dv zhoo1 Dv phqwlrqhg ehiruh/ zh zloo xvh wkh 60W udgldwlrq

gl�xvlrq zlwk rsdflwlhv iurp wkh VWD dwrplf sk|vlfv prgho ^57`1 Rxu phvk zloo eh sxuh

Odjudqjldq zlwk :5 }rqhv lq wkh udgldo gluhfwlrq1 Wkh }rqhv pxvw eh �ihdwkhuhg� +ghfuhdvhg

jhrphwulfdoo| lq wkh u0gluhfwlrq, wr uhvroyh fxuuhqw  rzlqj lq wkh frurqd ri wkh sodvpd

surshuo|1 Rxu ihdwkhulqj idfwru zloo eh 31< dqg rxu rxwhuprvw }rqh zloo kdyh d wklfnqhvv ri

rqo| 6È1
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815 Uhvxowv

Wkh zluh uhpdlqv vrolg iru wkh �uvw 3139 �v ri wkh sureohp1 Wkh lqlwldo uhvlvwlylw| lv vr kljk

wkdw fxuuhqw  rzv xqlirupo| wkurxjk wkh zluh zklfk lv lq wxuq khdwhg xqlirupo|1 Zkhq wkh

ydsru whpshudwxuh lv uhdfkhg +Wklv lv dssur{lpdwho| 19 hY iru wxqjvwhq, / wkh zluh h{sdqgv

dqg ghyhorsv d �vnlq� zkhuh prvw ri wkh fxuuhqw  rzv1 Gxulqj wklv lqlwldo h{sdqvlrq skdvh

ehwzhhq 313903145 �v yhu| olwwoh ri wkh zluh lv frqyhuwhg lqwr sodvpd1 Dv d urxjk phdvxuh

zh gh�qh wkh iudfwlrq ri wkh zluh pdvv wkdw kdv ghqvlw| ehorz rqh0kxqguhwk ri vrolg ghqvlw|

+� ? 3=4<6,1 Wklv zh gh�qh dv wkh �lqyroyhg pdvv�1 Zh �qg wkdw rqo| 5043( ri wkh zluh kdv

d ghqvlw| ehorz wklv ohyho1 Lq idfw/ wkh rxwhu }rqhv kdyh d ghqvlw| ri durxqg 433D�433S j2ff
dqg duh h{sdqglqj dw d udwh ri dssur{lpdwho| 406 fp@�v= Dw wklv vwdjh rxu zluh uhpdlqv lq

d oltxlg0vrolg skdvh zlwk d orz0ghqvlw| sodvpd frurqd1

Dw derxw 453 qv lqwr wkh sureohp pdjqhwlf suhvvxuh lv vx!flhqw wr uhslqfk wkh orz0

ghqvlw| frurqd1 Wkh ghqvlw| ri wkh rxwhu frurqd zloo lqfuhdvh e| pruh wkdw dq rughu ri

pdjqlwxgh gxulqj wklv �uvw slqfk skdvh +314503147 �v,1 Wkhuhiruh/ wkh hohfwurq0udgldwlrq

frxsolqj zloo lqfuhdvh vkduso| dv df��� � �21 Wkh hohfwurq dqg udgldwlrq whpshudwxuhv zloo

frph lqwr htxloleulxp lq wkh frurqd gxh wr wklv odujh lqfuhdvh lq frxsolqj dqg d udgldwlrq

zdyh zloo eh vhqw wkurxjk wkh hqwluh zluh1 Wklv lv prvw fohduo| vhhq lq �jxuh 808 zkhuh wkh

udgldwlrq dqg hohfwurq whpshudwxuh lq wkh lqqhuprvw }rqh duh sorwwhg dv d ixqfwlrq ri wlph1

Ehiruh wkh uhslqfk wkh sodvpd whpshudwxuh rvfloodwhv durxqg wkh ydsru whpshudwxuh1 Wkhq/

wkh udgldwlrq whpshudwxuh ri wkh }rqh ulvhv dqg wkxv gulyhv xs wkh pdwhuldo whpshudwxuh

sdvw wkh ydsru srlqw1 Ehwzhhq 314803149 �v erwk whpshudwxuhv ulvh gudpdwlfdoo| dv wkh

uhjlrq h{sdqgv1

Wkh zluh lv frpsohwho| ydsrul}hg diwhu wklv �uvw slqfk1 Ixuwkhupruh/ udgldwlrq orvvhv

dovr ehfrph vljql�fdqw zkhq frpsduhg zlwk wrwdo hqhuj| +�jxuh 809,1 Vxevhtxhqw uhslqfkhv

uhohdvh odujh dprxqwv ri hqhuj| wkurxjk udgldwlrq1 Krzhyhu/ e| wkh wlph ri shdn fxuuhqw

+315 �v,/ wkh hqwluh duud| kdv ehjxq wr lpsorgh wrzdugv wkh d{lv dqg d vlqjoh zluh fdofxodwlrq

lv qrw sduwlfxoduo| phdqlqjixo1 Ixuwkhupruh/ wkh vlqjoh zluh fdofxodwlrqv duh fohduo| rqo|

ydolg xqwlo wkh sodvpd iruphg iurp lqglylgxdo zluhv furvvhv wkh wkh lqlwldo jds ehwzhhq wkh

zluhv1 Lq wklv sduwlfxodu fdvh zh vhh wkdw wkh udgldo h{sdqvlrq h{fhhgv kdoi wkh jds glvwdqfh

+�jxuh 805,1 Wklv zloo eh glvfxvvhg ixuwkhu lq fkdswhu 91
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Iljxuh 807= Hohfwurq whpshudwxuh iru rxwhuprvw }rqhv yv1 wlph
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Iljxuh 809= Sorw ri wrwdo hqhuj| udgldwhg wkurxjk erxqgdu| yv1 wlph1 Dovr vkrzq lv wkh
wrwdo hqhuj|1

81514 Frqwrxu Sorwv

Zh qrz orrn dw vhyhudo frqwrxuv sorwv iru wkh 40G zluh fdvh glvfxvvhg lq wkh suhylrxv

vhfwlrq1 Zh zloo xvh d 6 wlphv suh0h{sdqghg zluh iru wklv dqdo|vlv vlqfh/ iru hduo| wlphv lq

wkh h{sdqvlrq skdvh/ wkh erqglqj prgho surgxfhv dq �dffruglrq* olnh foxpslqj ri pdvv1

Wkh suh0h{sdqghg fdvh lv yluwxdoo| lqglvwlqjxlvkdeoh iurp wkh �lqlwldwhg iurp vrolg� fdvh

diwhu wkh udgldwlrq zdyh kdv khdwhg wkh lqqhu }rqhv ri wkh zluh1 Lq hlwkhu fdvh/ wkh udgldo

h{sdqvlrq lv wkh vdph dv zhoo dv wkh erxqfh +uhslqfk, wlphv1

Wkh ghqvlw| frqwrxuv gxulqj wkh lqlwldo h{sdqvlrq ri wkh zluh duh vkrzq lq �jxuh 80:1

Frqwrxuv dw vxevhtxhqw wlphv duh vkrzq lq �jxuh 80;1 Wkhvh vkrz d uhslqfklqj lq wkh sodvpd

lq wkh orz ghqvlw| frurqd dw 473 dqg 483 qv1 Vkruwo| diwhu wklv zh vhh ixuwkhu h{sdqvlrq

+4:3 qv,1 Iljxuh 80< vkrzv wkh udgldwlrq khdwlqj ri wkh zluh1 Judgxdoo|/ d udgldwlrq zdyh lv

vhqw wkurxjk wkh fruh ri wkh zluh zlwk wkh hohfwurq whpshudwxuh odjjlqj ehklqg1 Wklv odj lv

vkrzq lq �jxuh 8043 zkhuh lw lv vhhq wkdw udgldwlrq whpshudwxuh lv juhdwhu wkdq wkh hohfwurq

whpshudwxuh lq wkh zluh fruh1
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Fkdswhu 9

U] Sodqh Fdofxodwlrqv

914 Prwlydwlrq

Uhfhqw h{shulphqwv kdyh vkrzq wkdw wkh p@3 �vdxvdjh� lqvwdelolw| lv lpsruwdqw lq �ehu ]0

slqfkhv1 G1 Ndodqwdu vkrzhg wkdw wkh sodvpd frurqd dqg lqqhu fruh kdyh gl�huhqw g|qdplfv

^53`1 Lq klv h{shulphqwv zlwk vlqjoh doxplqxp zluhv kh revhuyhg wkdw rqo| 4( ri wkh zluh

pdvv iruphg d frurqd1 Wkh uhvw ri wkh sodvpd zdv frqwdlqhg lq d zhoo0gh�qhg fruh1 Zlwk

[0slqfk edfnoljkwlqj kh vkrzhg wkdw wkh lqvwdelolw| jurzwk ri wkh frurqd/ rzlqj wr lwv kljk

Doiyìq yhorflw|/ kdg d pxfk pruh udslg jurzwk udwh wkdq wkh lqqhu fruh1

Ehfdxvh ri wkh surqrxqfhg h�hfw ri wkh vdxvdjh lqvwdelolw| rq d vlqjoh zluh/ zh shu0

iruphg fdofxodwlrqv rq lwv h�hfw rq gl�huhqw zluh gldphwhuv lq d zluh duud|1 Vshfl�fdoo| zh

shuiruphg d vhulhv ri fdofxodwlrqv iru d 453 zluh duud| dw dq lqlwldo udglxv ri 5 fp rq wkh

SEID] pdfklqh1 D sorw ri srzhu rxwsxw yhuvxv lqlwldo zluh gldphwhu +�jxuh 904, vkrzv d

gudpdwlf ghfuhdvh lq shuirupdqfh +phdvxuhg lq shdn udgldwhg srzhu, 0 doprvw d idfwru ri 6 0

dv zluh gldphwhu lv lqfuhdvhg ^4;`1 Dv d �uvw dwwhpsw wr xqghuvwdqg wklv fxuyh zh zloo vwxg|

wkh vdxvdjh lqvwdelolw| jurzwk lq lqglylgxdo zluhv ri wkh duud|1 Wkh uhdvrqlqj ehklqg wklv

lv wkdw jurzwk ri wkh vdxvdjh lqvwdelolw| frxog vhhg wkh UW lqvwdelolw| ru rwkhuzlvh ghjudgh

wkh shuirupdqfh ri wkh ]0slqfk1
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Iljxuh 904= Udwlr ri shdn wrwdo udgldwhg srzhu uhodwlyh wr shdn hohfwulfdo srzhu phdvxuhg
dw wkh lqvxodwru vwdfn dv d ixqfwlrq ri duud| pdvv/ vkrzlqj lqfuhdvh lq udgldwhg srzhu qhdu
7 pj zkhq wkh qxpehu ri zluhv lv grxeohg/ iru wkh 530pp udglxv duud|1 Vkrw qxpehuv
duh vkrzq dgmdfhqw wr wkh vkrwv qhdu duud| pdvvhv ri 7 pj1 +E, Udgldwlrq sxovh zlgwk dv
d ixqfwlrq ri duud| pdvv/ vkrzlqj ghfuhdvh lq sxovh zlgwk +IZKP, qhdu 7 pj zkhq wkh
qxpehu ri zluhv lv grxeohg/ iru wkh 530pp udglxv duud|1+Iljxuh frxuwhv| ri Wrp Vdqirug/
VQO ^4;`,1
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915 Surfhgxuh

Zh frqvlghuhg irxu zluh gldphwhuv= g@43/ 441;/ 55/ dqg 5817 �p1 Dv lq wkh 40G fdvh/

flufxlw sdudphwhuv duh dssursuldwho| vfdohg dqg wkh SEID] yrowdjh zdyhirup zdv xvhg1

Wkh zluh zdv lqlwldol}hg lq 40G xqwlo lw h{sdqghg 43053 wlphv wkh ruljlqdo vrolg udglxv1 Wklv

fruuhvsrqghg wr d wlph ri dssur{lpdwho| 313:8 �v1 Wkhq wkh 40G zluh sur�oh zdv pdsshg

wr d 50G u0} sodqh phvk zlwk dq lqlwldo yhorflw| shuwxuedwlrq1

Wkh yhorflw| shuwxuedwlrq zdv fkrvhq wr eh d �vdxvdjh0w|sh� prgh shulrglf lq wkh }0

gluhfwlrq dqg vdwlvi|lqj lqfrpsuhvvlelolw| +u � ��$yReo| @ 3,=

�$y Reo| @ +y5> yo, @

�
�5%
n
vlq +n}, > %u frv +n},

�
+914,

zkhuh n � 2Z
b 1 Wklv irup lv fkrvhq ehfdxvh lqfrpsuhvvlelolw| lv vdwlv�hg iru lghdo PKG

prghv qhdu pdujlqdo vwdelolw|1

Zh zloo prgho rqo| d vpdoo vhjphqw ri wkh zluh +318 pp, dqg uhvroyh rqo| d kdoi ri

d zdyhohqjwk rq lw1 Wklv lv fkrvhq dv d vwduwlqj srlqw vlqfh vdxvdjh prghv ri zdyhohqjwk

� 4pp duh vhhq lq Ndodqwdu*v doxplqxp zluh zrun1

Wr vwxg| wkh shuwxuedwlrq jurzwk zh pxvw h{wudfw wkh jurzwk udwh/ �1 Irxulhu wudqv0

iruplqj wkh yhorflw|

y +n> w, @
[

frv +n}, y +}, h�/|g} +915,

dqg wkh nlqhwlf hqhuj|

NH+n> w, @
4

5

[
py2+n> w, @ h2/U |

[
p frv2 +n}, y2 +}, h�/|g} +916,

@ h2�|
[

p frv2 +n}, y2 +}, h�/|g}

Zh vhh wkdw wkh jurzwk udwh pd| eh hdvlo| h{wudfwhg iurp wkh Irxulhu wudqvirup ri wkh

nlqhwlf hqhuj|=

oq +NH+n> w,, @ 5

]
�gw. frqvw= +917,

Wkxv d sorw ri oq+NH, yhuvxv wlph zloo uhyhdo wkh jurzwk udwh �=
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91514 Whvw Fdvh 0 Ehqqhww Htxloleulxp

Wr looxvwudwh wklv dqdo|vlv zh frqvlghu dq lghdo whvw zlwk dq dqdo|wlf vroxwlrq1 Zh wdnh

d shuihfwo| frqgxfwlqj ]0slqfk lq Ehqqhww htxloleulxp zlwk d vpdoo yhorflw| shuwxuedwlrq1

Ehqqhww Htxloleulxp rffxuv zkhq wkh pdjqhwlf suhvvxuh E2@;� lv vx!flhqw wr edodqfh wkh

sodvpd suhvvxuh qN�W 1 Wklv ohdgv wr d frqglwlrq rq fxuuhqw1 Li zh frqvlghu dq lghdoo|

frqgxfwlqj f|olqgulfdo sodvpd wkh pdjqhwlf �hog dw wkh vxuidfh lv jlyhq e| E @ 5L@u= Zh

pd| zulwh wkh sodvpd suhvvxuh dv

s @ se . s� @ qeN�W . q�N�W

@ +] . 4,qN�W @ +] . 4,
QN�W

�u2

zkhuh wkh hohfwurq whpshudwxuh lv dvvxphg htxdo wr wkh lrq whpshudwxuh +W @ We @ W�, dqg

Q lv wkh qxpehu ri lrqv shu xqlw ohqjwk1 Qrz/ dsso|lqj Dpshuh*v odz dqg suhvvxuh edodqfh

zh rewdlq
E2

;�
@ +] . 4,

QN�W

�u2

4

;�

�
5L

u

�2

@ +] . 4,
QN�W

�u2

L2 @ 5+] . 4,QN�W +918,

Wklv lv wkh Ehqqhww slqfk frqglwlrq1 Lq Fkdswhu < zh zloo suhvhqw dqrwkhu w|sh ri htxloleulxp

frqglwlrq iru ]0slqfkhv1

Xqolnh wkh yhorflw| shuwxuedwlrq suhvhqwhg hduolhu/ rqo| wkh rxwhu }rqhv +lq wkh u0gluhfwlrq,

zloo eh shuwxuehg=

�$y Reo| @ +y5 > yo, @ ^3> yJ frv +n},` +919,

Wkh dqdo|wlf vroxwlrq wr wkh jurzwk udwh iru wklv sureohp lv jlyhq e| ^4`^5`=

�2 @ �$2 @
E2
�

7��Ju
2
Nu

L �J +Nu,

LJ +Nu,
+91:,
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Iljxuh 905= Phvk sorwv vkrzlqj jurzwk ri vdxvdjh prgh shuwxuedwlrq1 Kdoi d zdyhohqjwk
lv uhvroyhg rq wkh phvk1

zkhuh/ zulwlqj wkh vrxqg vshhg dv +�SJ@�J,
�*2 @ f2r /

N2 @ n2

%
4� +$@n,2

f2r

&
+91;,

Iru rxu whvw h{dpsoh zh wdnh uJ @ =38 fp> � @ 4=<6� 433� j@ff> We @ W� @ 433 hY 1 Zh

xvh wkh lghdo jdv HRV/ zklfk lv dvvxphg lq wkh Ehqqhww prgho/ zlwk ] @ :7/ D @ 4;6=;8

+ixoo| lrql}hg wxqjvwhq,1 Wr pdlqwdlq Ehqqhww htxloleulxp zh dsso| d fxuuhqw ri 3=677

PD +E� @ 4=6; PJ, wr wkh zluh1 3xu yhorflw| shuwxuedwlrq lv yJ @ 3=38 fp@�v zlwk d

zdyhohqjwk ri � @ 4 pp1 Iurp d olqhdu �w ri wkh sorw ri oq+NH, yv1 wlph zh �qg d jurzwk

udwh ri � � 583 4@�v1 Wkh dqdo|wlf vroxwlrq +vroyhg zlwk Pdwkhpdwlfd, jlyhv � @ 58; 4@�v1

Vhyhudo phvkhv ri lqfuhdvlqjo| �qhu uhvroxwlrq zhuh xvhg xqwlo wkh jurzwk udwh/ zklfk vfdohv

dv Q32
5J?er> frqyhujhg1 Zh vhh wkdw Wudf0LL djuhhv idluo| zhoo zlwk wkh dqdo|wlf ydoxh1 Vrph

glvfuhsdqf| lv suredeo| gxh wr dq duwl�fldo suhvvxuh wkdw lv lqwurgxfhg wr suhyhqw phvk

glvwruwlrqv1
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Iljxuh 906= Sorw ri oq ^NH+n> w,` yv1 wlph1 Wkh zluh xqghujrhv dssur{lpdwho| 8 h0iroglqjv1

916 Wxqjvwhq Zluh Uxqv

91614 Vkruw Zdyhohqjwk Uhvxowv

Dv phqwlrqhg ehiruh/ zh frqvlghu Wxqjvwhq zluhv ri lqlwldo gldphwhuv g@43/ 441;/ 55/ dqg

5817 �p1 Wkh 50G uxq lv lqlwldwhg +iurp lwv 40G frxqwhusduw, dw wJ @ 3=3:8 �v1 Wkh

shuwxuedwlrq yhorflw| yJ @ %u lv fkrvhq wr eh 4( ri wkh pd{lpxp h{sdqvlrq yhorflw| +

yJ @ 3=36 fp@�v ,1 Wkh shuwxuedwlrq zdyhohqjwk lv wdnhq wr eh � @ 4 pp rq d phvk ri

ohqjwk 3=8 pp lq wkh }0gluhfwlrq1 Wkh frgh lv uxq lq sxuh Odjudqjldq prgh dqg wkh phvk

wdqjohv ru �erzwlhv� dw derxw w � 3=48 �v iru hdfk zluh fdvh1 Dw wkdw srlqw wkh uxq lv

whuplqdwhg1

Xqiruwxqdwho|/ dq lq�qlwhvlpdoo| vpdoo +l1h1 4� 433H fp@�v, shuwxuedwlrq frxog qrw eh

fkrvhq vlqfh wkh wkhupdo dqg wrurlgdo pdjqhwlf �hog gl�xvlrq urxwlqhv xvh wkh �rshudwru

vsolwwlqj� ru DGL phwkrg ^<`1 Wklv phwkrg/ zklfk lqyroyhv glylglqj wkh wlphvwhs lqwr wzr

vwhsv ri vl}h �w@5 dqg vroylqj hdfk gluhfwlrq lpsolflwo| zlwk d wulyldo wulgldjrqdo pdwul{ lq0

yhuvlrq/ lqwurgxfhv qrlvh lqwr wkh fdofxodwlrq1 Lq wkh ixwxuh/ wkhvh urxwlqhv zloo eh frqyhuwhg
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(2 D)  2 8 Ja n 19 98 PBFA-Z 2 D

0 0.01 0.02 0.03 0.04 0.05 0.06
Z

0

0.01

0.02

0.03

0.04

0.05

R

den
0.0251199
0.0169273
0.0114067
0.0076865
0.00517963
0.00349035
0.00235201
0.00158493
0.00106802
0.000719696
0.000484975
0.000326806
0.000220221
0.000148399
0.0001

D=10 um
t=.130 us

(2 D)  2 8 Ja n 19 98 PBFA-Z 2 D

Iljxuh 907= Frqwrxu sorw ri ghqvlw| iru 43 �p zluh1

wr d ixoo| lpsolflw vroxwlrq zlwk LFFJ +dv grqh iru wkh udgldwlrq dqg srorlgdo pdjqhwlf �hog

gl�xvlrq,1

Frqwrxu sorwv ri ghqvlw| wdnhq odwh lqwr wkh fdofxodwlrq duh vkrzq lq �jxuhv 907 dqg 9081

Dovr vkrzq +�jxuhv 909 dqg 90:, duh frqwrxu sorwv ri pdjqhwlf �hog E� dv zhoo dv hohfwurq

whpshudwxuh1

91615 Dqdo|vlv

Qh{w zh h{dplqh wkh vdxvdjh prgh shuwxuedwlrq jurzwk iru wkh Wxqjvwhq zluhv1 Gxulqj

wkh �uvw 73 qv hdfk zluh iuhho| h{sdqgv gxh wr rkplf khdwlqj dqg wkhuh lv olwwoh shuwxuedwlrq

jurzwk1 Lq wkh vxevhtxhqw 73 � 93 qv wkh zluh xqghujrhv lwv �uvw slqfk dqg wkh jurzwk lv

udslg 0 dssur{lpdwho| 533� 583 4@�v iru hdfk zluh1 Wklv lv gxh wr wkh idfw wkdw pdjqhwlf

suhvvxuh lqfuhdvhv dqg udgldwlyh orvvhv uhgxfh wkh hohfwurq suhvvxuh ri wkh zluh1 Lq hdfk zluh

wkhuh duh derxw 708 h0iroglqjv ehiruh phvk glvwruwlrqv irufh wkh uxq wkh vwrs1 Frpsdulqj

jurzwk udwhv ehwzhhq zluhv zh vhh wkdw wkhuh lv qrw dq dssuhfldeoh gl�huhqfh ehwzhhq odujh
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(2 D)  2 8 Ja n 19 98 PBFA-Z 2 D

0 0.01 0.02 0.03 0.04 0.05 0.06
Z

0

0.01

0.02

0.03

0.04

0.05

0.06

R

den
0.153967
0.143041
0.132115
0.121188
0.110262
0.0993359
0.0884097
0.0774835
0.0665573
0.0556311
0.0447048
0.0337786
0.0228524
0.0119262
0.001

D=25 .4 um
t=.130 us

(2 D)  2 8 Ja n 19 98 PBFA-Z 2 D

Iljxuh 908= Frqwrxu sorw ri ghqvlw| iru 5817 �p zluh1

(2D)  20 Mar 1998 PBFA-Z 2D

0 0.01 0.02 0.03 0.04 0.05 0.06
Z

0

0.01

0.02

0.03

0.04

0.05

0.06

R

te
0.0300767
0.028129
0.0261814
0.0242337
0.022286
0.0203383
0.0183906
0.016443
0.0144953
0.0125476
0.0105999
0.00865222
0.00670454
0.00475686
0.00280918

D=10 um
t=.130 us

(2D)  20 Mar 1998 PBFA-Z 2D

Iljxuh 909= Frqwrxu sorw ri We +NhY , iru d 43 �p zluh1
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(2D)  20 Mar 1998 PBFA-Z 2D

0 0.01 0.02 0.03 0.04 0.05 0.06
Z

0

0.01

0.02

0.03

0.04

0.05

0.06

R

te
0.0244067
0.0228092
0.0212118
0.0196143
0.0180169
0.0164194
0.014822
0.0132245
0.0116271
0.0100296
0.00843216
0.00683471
0.00523726
0.00363981
0.00204236

D=25.4 um
t=.130 us

(2D)  20 Mar 1998 PBFA-Z 2D

Iljxuh 90:= Frqwrxu sorw ri We +NhY , iru d 5817 �p zluh1

(2D)  20 Mar 1998 PBFA-Z 2D

0 0.01 0.02 0.03 0.04 0.05 0.06
Z

0

0.01

0.02

0.03

0.04

0.05

0.06

R

hr
0.00391105
0.00365031
0.00338958
0.00312884
0.0028681
0.00260737
0.00234663
0.00208589
0.00182516
0.00156442
0.00130368
0.00104295
0.00078221
0.000521473
0.000260737

D=10 um
t=.130 us

(2D)  20 Mar 1998 PBFA-Z 2D

Iljxuh 90;= Frqwrxu sorw ri uE� +PJ � fp, iru d 43 �p zluh1
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(2D)  20 Mar 1998 PBFA-Z 2D

0 0.01 0.02 0.03 0.04 0.05 0.06
Z

0

0.01

0.02

0.03

0.04

0.05

0.06

R

hr
0.00393346
0.00367123
0.003409
0.00314677
0.00288454
0.00262231
0.00236008
0.00209785
0.00183562
0.00157338
0.00131115
0.00104892
0.000786692
0.000524462
0.000262231

D=25.4 um
t=.130 us

(2D)  20 Mar 1998 PBFA-Z 2D

Iljxuh 90<= Frqwrxu sorw ri uE� +PJ � fp, iru d 5817 �p zluh1

dqg vpdoo zluhv1 Iljxuh 9043 lqglfdwhv wkdw vorshv wkh oq+NH, yv1 wlph fxuyhv/ zklfk duh

htxdo wr 5�/ duh dssur{lpdwho| wkh vdph1 Wkxv lw grhv qrw dsshdu wkdw vdxvdjh prgh jurzwk

lv uhvsrqvleoh iru wkh gudpdwlf ehqg lq wkh srzhu fxuyh1

Vrph ixuwkhu lqvljkw lq wr wklv uhvxow fdq eh surylghg e| orrnlqj dw wkh �kdoi0fxuuhqw

udglxv� iru wkhvh irxu zluhv lq 40G1 Wklv lv gh�qhg dv wkh udglxv zklfk hqforvhv kdoi wkh wrwdo

fxuuhqw ri wkh zluh1 Iljxuh 9044 vkrzv wkdw wkh wlph klvwrulhv iru wkh ydulrxv lqlwldo zluh

udgll duh qhduo| wkh vdph1 Wklv vkrzv wkdw wkh 40G g|qdplfv ri wkh rxwhu sodvpd ri wkh zluh

grhv qrw vhhp wr ydu| vljql�fdqwo| zlwk zluh udglxv1 Vlqfh wr �uvw rughu Doiyìq dqg vrxqg

vshhg ghwhuplqh jurzwk udwh/ wklv lv frqvlvwhqw zlwk rxu 50G fdofxodwlrqv1 Ixuwkhupruh/ zh

vhh wkdw wkh udglxv ri wkh h{sdqglqj sodvpd grhv qrw txlwh h{fhhg kdoi wkh jds glvwdqfh

+�}@R@5,1 Wklv vxjjhvwv wkdw zluhv lq wkh 453 zluh duud| duh deoh wr uhslqfk dqg ghyhors d

vdxvdjh prgh1

7:
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Iljxuh 9043= Sorw ri oq+NH, yv1 wlph iru ydulrxv zluh udgll1
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∆gap/2

Iljxuh 9044= �Kdoi Fxuuhqw� yv wlph iru ydulrxv zluh udgll1
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91616 Orqj Zdyhohqjwk Uhvxowv

Odvwo| zh frqvlghu orqj zdyhohqjwk +� @ 7 pp, shuwxuedwlrqv lq erwk odujh dqg vpdoo

gldphwhu zluhv1 Lq wkhvh uxqv zh vkdoo xvh d  rru ghqvlw| ri �4�? @ 5 � 433S j@ff lq d

voljkwo| gl�huhqw zd| wkdq ehiruh1 Lqvwhdg ri ghidxowlqj � @ 4 zkhq � ? �4�?/ zh vkdoo

dgg pdvv wr wkh }rqh vr lw grhv qrw idoo ehqhdwk wkh  rru ydoxh1 Wkh yhorflw| shuwxuedwlrq

wdnhv wkh vdph irup dv lq wkh suhylrxv vhfwlrq exw lv odujhu +43( ri pd{lpxp yhorflw| ru

yJ @ 3=6 fp@�v,= Wkh uxqv duh lqlwldwhg dw wJ @ 3=4 �v1

Ghqvlw| frqwrxuv duh vkrzq lq �jxuhv 9044 dqg 9045 iru d 43 dqg 4; �p zluh dw dssur{0

lpdwho| wkh vdph wlph lq wkh fxuuhqw sxovh1 Wkhvh duh wdnhq gxulqj wkh �uvw uhfrpsuhvvlrq1

Lq wkhvh uxqv zh �qg wkdw wkh fdofxodwlrq fdq surfhhg hyhq diwhu wkh �uvw uhslqfk1 Wkh sorwv

ri Orj+NH, iru erwk zluhv +�jxuh 9047, vkrz wkdw wkh| kdyh urxjko| wkh vdph jurzwk udwh

gxulqj wkh �uvw uhslqfk +� � ;3 4@�v,1 Wkh vpdoohu zluh h{shulhqfhv d vhfrqg dqg pruh

udslg uhslqfk ehiruh wkh odujhu zluh dqg wklv lv uh hfwhg lq wkh gl�huhqfhv lq wkh jurzwk

udwh diwhu 3=47 �v1

Xqolnh wkh vkruwhu zdyhohqjwk +� @ 4 pp, fdvh/ wkh zluhv rqo| xqghujr derxw rqh

h0iroglqj e| wkh wlph ri wkh �uvw uhslqfk +3=47 �v,1 Zh frqfoxgh wkdw orqjhu zdyhohqjwkv

ehfrph ohvv lpsruwdqw lq whupv ri vdxvdjh lqvwdelolw| jurzwk1 Xvlqj wkh dqdo|wlf jurzwk

udwh irupxod +htxdwlrq 91:, dv dq hvwlpdwh/ zh vhh wkdw iru orqj zdyhohqjwk +ru vpdoo nu,

wkh jurzwk udwh vfdohv lqyhuvho| zlwk zdyhohqjwk +� � 4@�,1 Wkh vfdolqj lv qrw txlwh dv

vwurqj lq wkh fdvhv vkrzq khuh exw lw vkrxog eh qrwhg wkdw htxdwlrq 91: lv ghulyhg zlwk wkh

dvvxpswlrq ri dq lghdoo| frqgxfwlqj sodvpd lqlwldoo| lq htxloleulxp dqg qhjohfwlqj gl�xvlrq

h�hfwv1

7<



0 0.05 0.1 0.15 0.2
Z

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

R

den
0.0251523
0.0234779
0.0218035
0.0201291
0.0184547
0.0167803
0.015106
0.0134316
0.0117572
0.0100828
0.00840842
0.00673403
0.00505964
0.00338526
0.00171087

t = 0.14 µs

Iljxuh 9045= Ghqvlw| frqwrxu sorw iru 4; �p zluh lq d 453 zluh duud|1
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0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

R

den
0.0573303
0.0532425
0.0491546
0.0450667
0.0409788
0.0368909
0.032803
0.0287152
0.0246273
0.0205394
0.0164515
0.0123636
0.00827576
0.00418788
0.0001

t = 0.14 µs

Iljxuh 9046= Ghqvlw| frqwrxu sorw iru 43 �p zluh lq d 453 zluh duud|1
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Iljxuh 9047= Sorw ri oq+NH, yv1 wlph iru orqj zdyhohqjwk +� @ 7 pp, shuwxuedwlrqv1
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Fkdswhu :

Srorlgdo Pdjqhwlf Ilhog Gl�xvlrq

:14 Lqwurgxfwlrq

Wudf0LL vroyhv doo wkuhh frpsrqhqwv ri wkh pdjqhwlf �hog +E5 > Eo>E�,1 Krzhyhu/ xqwlo uh0

fhqwo| wkh gl�xvlrq ri wkh srorlgdo sduw ri wkh pdjqhwlf �hog +
�$
ER @ +E5 >Eo,, zdv vroyhg

h{solflwo|1 Wkhuhiruh/ wkh wlphvwhs zdv olplwhg e| wkh Frxudqw frqglwlrq iru pdjqhwlf �hog

gl�xvlrq=

7w � 7�

�
7{2 +:14,

Lq wkh u � & sodqh zluh duud| sureohp lw lv qhfhvvdu| wr lqwurgxfh ydfxxp uhjlrqv durxqg

wkh zluh1 Xvxdoo| wkhvh uhjlrqv duh �oohg zlwk orz ghqvlw|/ kljk uhvlvwlylw| pdwhuldo1 Wkh

pdjqhwlf �hog zloo sdvv wkurxjk wklv orz ghqvlw| pdwhuldo dqg hvwdeolvk lwvhoi durxqg wkh

zluh1 Wr gr wklv prvw h�hfwlyho| dq lpsolflw gl�xvlrq vfkhph/ vwdeoh iru dq| wlphvwhs/

pxvw eh xvhg1 Wkhq wkh uhvlvwlylw| lq wkh ydfxxp pd| eh vhw wr lq�qlw| dqg wkh pdjqhwlf

�hog zloo hvwdeolvk lwvhoi lqvwdqwdqhrxvo| durxqg wkh zluh1 Lq frqwudvw/ dq h{solflw vfkhph

zrxog uhtxluh wkdw wkh pdjqhwlf �hog eh sdvvhg duwl�fldoo| vorzo| wkurxjk wkh ydfxxp1 Wklv

jhqhudoo| uhvxowv lq vsxulrxv khdwlqj dqg odujh pdjqhwlf suhvvxuh judglhqwv lq wkh ydfxxp

uhjlrq1

Wkxv lw zdv qhfhvvdu| wr ghulyh dqg lpsohphqw dq lpsolflw gl�xvlrq vfkhph iru wkh

srorlgdo pdjqhwlf �hog1 Wklv zdv grqh wr eh frqvlvwhqw zlwk wkh gh�qlwlrqv ri pdjqhwlf

�hog dqg fxuuhqw douhdg| lq Wudf0LL1 Ixuwkhupruh/ wkh vfkhph lv jhqhudo wr d qrq0ruwkrjrqdo
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(Sketch)  20 Mar 1998 

rAθ

→
∆V, B

(Sketch)  20 Mar 1998 

Iljxuh :04= Vlqjoh }rqh1 Qrwh wkdw
�$
E lv �}rqh fhqwhuhg� zkhuhdv uDw lv �qrgh fhqwhuhg�1

prylqj phvk1

:15 Pdjqhwlf Ilhog dqg Fxuuhqw

Zh pxvw �uvw ghvfuleh krz srorlgdo pdjqhwlf �hog dqg wkh dvvrfldwhg d}lpxwkdo fxuuhqw

duh gh�qhg lq Wudf0LL1 Frqvlghu d vlqjoh }rqh lq d phvk +�jxuh :04,1

Pdjqhwlf �hog pd| eh ghulyhg iurp wkh yhfwru srwhqwldo=

�$
E @ u��$D +:15,

Lq rxu vlqjoh }rqh zh pd| �qg
�$
E wkurxjk Vwrnhv Odz iru dq lqfuhphqwdo yroxph 7Y

�$
E R�Y @

]
u��$DgY

@

L �$
gV ��$D @

L �
�e� � u

�$
go
�
��$D

@ �
L

+uDw,
�$
go +:16,
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(Sketch)  23 Mar 1998 

→ ^ ^
dl=(z2-z1)z - (r2-r1)r

rAθ2
(z2,r2)

rAθ1
(z1,r1)

rAθf=(rAθ1+rAθ2)/2

(Sketch)  23 Mar 1998 

Iljxuh :05= Gh�qlwlrq ri uDw rq idfhv xvhg wr fdofxodwh
�$
E 1

uDw zloo eh rxu ixqgdphqwdo yduldeoh gh�qhg rq wkh qrghv ri rxu phvk1
�$
E zloo eh

fdofxodwhg xvlqj wkh ydoxh ri uDw rq wkh }rqh idfhv +wdnhq dv wkh dyhudjh ri uDw dorqj wkh

dgmrlqlqj qrghv, dorqj zlwk wkh ohqjwk yhfwru
�$
go zklfk frqqhfwv wkh wzr qrghv rq hdfk

idfh1 Wklv lv vkrzq lq �jxuh :051

Wkxv zh pd| zulwh
�$
E R @ � 4

�Y

[
+uDw,s

�$
go s +:17,

Qrwh wkdw pdjqhwlf �hog lv d }rqdo txdqwlw|1 Fxuuhqw ghqvlw| Mwc? lv gh�qhg dv d qrgdo

txdqwlw|1 Lw lv irxqg e| xvlqj Dpshuh*v odz dw hdfk idfh wr �qg wkh fxuuhqw Ls +�jxuh :06,

dqg wkhq dssruwlrqlqj wkh fxuuhqw wr hdfk qrgh dffruglqj wr

Mwc? @
4

5D?

[
Ls +:18,

D? lv vlpso| wkh �qrgdo� duhd 0 wkh dyhudjh ri wkh duhdv ri wkh irxu }rqhv vxuurxqglqj

qrgh q1
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(Sketch)  27 Mar 1998 

→
B2

→
B1

→
dl

→ → →
If = (B2 - B1)⋅dl/(4π)

(Sketch)  27 Mar 1998 

Iljxuh :06= Gh�qlwlrq ri idfh fxuuhqw Ls

:16 Pdjqhwlf Gl�xvlrq

Xvlqj Idudgd|*v odz=
C
�$
E

Cw
@ �u��$H +:19,

dqg lqwhjudwlqj durxqg dq duhd
�$
gd zh rewdlq

]
C
�$
E

Cw
� �$gd @

C

Cw
� @ �

]
u��$H � �$gd @ �

L �$
H � �$go +:1:,

Xvlqj Rkp*v Odz
�$
H @ �

�$
M +:1;,

zh rewdlq

C

Cw
� @ �

L
�
�$
M � �$go +:1<,

@ �k�l
L �$

M � �$go
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zkhuh k�l lv dq dssursuldwho| dyhudjhg txdqwlw| wkdw zh zloo gh�qh odwhu1

Qrz zh xvh wkh idfw wkdw rxu pdjqhwlf �hogv duh srorlgdo +
�$
ER @ +E5 >Eo,, dqg wkxv rxu

fxuuhqw ghqvlw| olhv rqo| lq wkh e� gluhfwlrq +
�$
M @ Mw e�,1 Zh pd| gr wkh lqwhjudwlrq ryhu

�$
go

hdvlo| gxh wr d{lv|pphwu|
C

Cw
� @ 5�u k�lMw +:143,

Iox{ lv vlpso| uhodwhg wr yhfwru srwhqwldo lq f|olqgulfdo frruglqdwhv

� @

] �$
ER � �$gd @

]
u��$D � �$gd @

]
4

u

C

Cu
+uDw, ugug� +:144,

@ 5�uDw

Ilqdoo| zh pd| zulwh rxu gl�xvlrq htxdwlrq

C

Cw
+uDw, @ �u k�l Mw +:145,

:17 Lpsolflw Gl�xvlrq

Qrz zh zloo ghulyh dq lpsolflw vroxwlrq wr rxu gl�xvlrq htxdwlrq1 Zulwlqj htxdwlrq :145 lq

lpsolflw irup zh rewdlq

+uDw,
?n�
�c� � +uDw,

?
�c� @ �7wu�c� k�lM?n�w�c� +:146,

Qh{w zh �qg wkh fxuuhqw dw hdfk qrgh M?n�w�c� 1 Rxu idfh ohqjwk yhfwruv duh looxvwudwhg lq �jxuh

:07 dqg zlwk wkh gh�qlwlrq ri fxuuhqw ghqvlw| jlyhq lq htxdwlrq :18 zh kdyh

M?n�w�c� @
4

;�D�c�
i
��$
E �c�3� ��$E �c�

�
� �$gk�c� �

��$
E �c� ��$E �3�c�

�
� �$gy�c� � +:147,��$

E �3�c�3� ��$E �3�c�

�
� �$gk�3�c� �

��$
E �c�3� ��$E �3�c�3�

�
� �$gy�c�3�j

Zh pd| dovr zulwh doo wkh
�$
E lq whupv ri wkh yhfwru srwhqwldov +e�c� � +uDw,�c�, dw hdfk

ri wkh < qrghv lq wkh phvk vkrzq lq �jxuh :071

�$
E �c� @

4

5�Y�c�
i� +e�c� . e�n�c�, � �$gk�� � +e�n�c� . e�n�c�n�, � �$gy �n�c�
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(Sketch)  0 1 Apr 1998 

i-1,j-1

i,j

i+1,j-1

i,j+1i-1,j+1

i-1,j

i,j-1

i+1,j

i+1,j+1

→
Bi-1,j

→
Bi,j-1

→
Bi,j

→
Bi-1,j-1

→
dhi,j-1

→
dhi-1,j-1

→
dhi,j+1

→
dhi-1,j+1

→
dhi,j

→
dhi-1,j

→ dv
i-

1,
j-

1

→ dv
i-1

,j

→ dv
i+

1,
j-

1

→ dv
i,j

-1

→ dv
i+

1
,j

→ dv
i,j

(Sketch)  0 1 Apr 1998 

Iljxuh :07= Frpsxwdwlrqdo julg iru ghulylqj gl�huhqfh vfkhph1

.+e�c�n� . e�c�n�, � �$gk�c�n� . +e�c�n� . e�c�, � �$gy �c�j
�$
E �3�c� @

4

5�Y�3�c�
i� +e�3�c� . e�c�, � �$gk�3�c� � +e�c� . e�c�n�, � �$gy �c�

.+e�c� . e�3�c�n�, � �$gk�3�c�n� . +e�3�c�n� . e�3�c�, � �$gy�3�c�j
�$
E �c� @

4

5�Y�3�c�3�
i� +e�3�c�3� . e�c�3�, � �$gk�3�c�3� � +e�c�3� . e�c�, � �$gy�c�3�

.+e�c� . e�3�c�, � �$gk�3�c� . +e�3�c� . e�3�c�3�, � �$gy �3�c�3�j
�$
E �c�3� @

4

5�Y�c�3�
i� +e�c�3� . e�n�c�3�, � �$gk�c�3� � +e�n�c�3� . e�n�c�, � �$gy�n�c�3�

.+e�n�c� . e�c�, � �$gk�c� . +e�c� . e�c�3�, � �$gy�c�3�j +:148,

Zh pd| frpelqh htxdwlrq :147 dqg :148 wr rewdlq d <0srlqw gl�huhqfh vfkhph lq wkh

irup

e?n�
�c� � e?�c� @ f�3�c�3�e�3�c�3� . f�c�3�e�cc�3� . f�n�c�3�e�n�c�3�

f�3�c�e�3�c� . f�c�e�c� . f�n�c�e�n�c�

f�3�c�n�e�3�c�n� . f�c�n�e�c�n� . f�n�c�n�e�n�c�n� +:149,

8:



∆Vi,j

→
h1

→
v2

→
v1

→
h2

Iljxuh :08= Vkruwkdqg iru �idfh yhfwruv�1

Qh{w zh gh�qh d vkruwkdqg iru wkh �idfh yhfwruv� lq hdfk }rqh dv vkrzq lq �jxuh :081

Wkh frh!flhqwv duh jlyhq e|=

f�3�c�3� @
k �

5Y
+�k4k5 . k5y4 . k4y5� y4y5,

l
�3�c�3�

f�c�3� @
k �

5Y
+�k4k5� y5k5 . k4y5 . y5y5,

l
�3�c�3�

.
k �

5Y
+�k4k5 . k5y4� y4k4 . y4y4,

l
�c�3�

f�n�c�3� @
k �

5Y
+�k4k5� y5k5� y4k4� y4y5,

l
�n�c�3�

f�3�c� @
k �

5Y
+k4y5� y4y5� k4k4� y4k4,

l
�3�c�

.
k �

5Y
+k5k5 . k5y4� y5k5� y4y5,

l
�3�c�3�

f�c� @
k �

5Y
+k5k5 . 5k5y4 . y4y4,

l
�c�3�

.
k �

5Y
+k4k4� 5y4k4 . y4y4,

l
�c�

.
k �

5Y
+k4k4 . 5k4y5 . y5y5,

l
�3�c�

.
k �

5Y
+k5k5� 5y5k5 . y5y5,

l
�3�c�3�

8;



f�n�c� @
k �

5Y
+�y5k5 . k5k5� y4y5� k5y4,

l
�c�3�

.
k �

5Y
+k4k4 . k4y5� y4k4� y4y5,

l
�c�

f�3�c�n� @
k �

5Y
+�y5k5� y4y5� k4k5� y4k4

l
�3�c�

f�c�n� @
k �

5Y
+�k4k5� y4k4 . k5y4 . y4y4,

l
�c�

.
k �

5Y
+y5y5� y5k5 . k4y5� k4k5,

l
�3�c�

f�n�c�n� @
k �

5Y
+k4y5� k4k5� y4y5 . k5y4,

l
�c�

+:14:,

zkhuh

� � ��c� @
u�c� k�l�c�
;�D�c�

+:14;,

:18 Rkplf Khdwlqj

Wr ghulyh wkh rkplf khdwlqj irupxod zh orrn dw wkh hqhuj| fkdqjh ri wkh pdjqhwlf �hog dw

hdfk qrgh=

�X�c? @
4

7�

[�$
E R � � +ER�Y ,

@ � 4

7�

[�$
E R �

L
�e?
�$
go

@ � 4

7�
�e?

[�$
E R � �$go

@ ��e?Mwc?D? +:14<,

Qh{w zh glvwulexwh wkh rkplf khdwlqj wr wkh qrghv dffruglqj wr rxu duhd0zhljkwhg frqgxf0

wlylw|

�X�c� @
[ ��D�

7�?D?
�X�c? @ ��Xeec? +:153,

8<



Fkdswhu ;

Wkh Zluh Duud| ]0slqfk

;14 Edfnjurxqg

Zh qrz wxuq rxu dwwhqwlrq wr wkh u � & sodqh ri wkh zluh duud|1 Zh zloo dwwhpsw wr vwxg|

wkh phujlqj ri qhljkerulqj zluhv1 Dq lqlwldoo| xqlirup vkhoo lv dvvxphg lq pdq| u�} sodqh
Ud|ohljk0Wd|oru lqvwdelolw| fdofxodwlrqv1 Dq u � & fdofxodwlrq frxog eh xvhg wr ghwhuplqh

zkhq wklv vkhoo lv iruphg +dqg li lw lv iruphg, dorqj zlwk lwv ghqvlw| dqg whpshudwxuh sur�oh1

Wkxv d fdofxodwlrq ri wklv w|sh zrxog pruh dffxudwho| ghwhuplqh wkh lqlwldo frqglwlrqv iru

wkh UW fdofxodwlrqv1 Ixuwkhupruh/ wkh fkdudfwhulvwlfv ri phujlqj iru duud|v ri gl�huhqw zluh

qxpehu ru zluh gldphwhu pljkw hoxflgdwh wkh gudpdwlf nqhhv vhhq lq wkh srzhu fxuyhv1

Lq wklv fkdswhu zh suhvhqw rxu phwkrg iru prgholqj wkh u � & sodqh ri wkh zluh duud|1

Zh glvfxvv vhyhudo fdofxodwlrqv wkdw looxvwudwh wkh ehkdylru ri wkh phujlqj zluhv1 Ilqdoo|/

zh uhfrqvlghu wkh 453 zluh duud| vkrwv vwxglhg lq wkh suhylrxv vhfwlrq wr ghwhuplqh li wkh

ehqg lq wkh srzhu fxuyh fdq eh dwwulexwhg wr phujlqj fkdudfwhulvwlfv lq wkh u� & sodqh/

;15 Frpsxwdwlrqdo Vhwxs

Wkh u�& fdofxodwlrq lv dffrpsolvkhg e| wudqvodwlqj wkh u� } phvk wr odujh udglxv vr wkdw

hvvhqwldoo| sodqdu frruglqdwhv duh rewdlqhg1 D furvv vhfwlrq ri wkh zluh +�jxuh ;04, lv d

odujh �elf|foh wluh� zudsshg durxqg wkh }0d{lv1 Vlqfh zh duh frqfhuqhg zlwk wkh phujlqj

ri qhljkerulqj zluhv/ zh vkdoo rqo| frqvlghu d vlqjoh zluh zlwk pluuru erxqgdu| frqglwlrqv1
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(2D)  16 Mar 1998 pbfaz 120 wires

-0.05 0 0.05 0.1 0.15
Z

100

100.025

100.05

100.075

100.1

100.125

100.15

100.175

100.2

R

(2D)  16 Mar 1998 pbfaz 120 wires

Iljxuh ;04= Vlqjoh zluh lq �u � �� sodqh1

Wklv fdq eh uhsuhvhqwhg e| kdoi ri d zluh dw rqh erxqgdu| zlwk d phvk zlgwk htxdo wr kdoi

wkh jds glvwdqfh +�jxuh ;05,1

Ehfdxvh zh duh lqwhuhvwhg lq vpdoo glvsodfhphqwv ri wkh zluh wrzdugv wkh zluh duud|

d{lv/ zh �uvw frqvlghu d �sodqdu� duud| ri zluhv1 Wklv dssur{lpdwhv wkh flufxodu duud|

zkloh 7}@R@U@oo@+ � 4 idluo| zhoo1 Odwhu zh ehqg wkh erxqgdulhv lq voljkwo|/ surgxflqj

wkh dssursuldwh �zhgjh� jhrphwu|1 Hvvhqwldoo| zh zloo eh vwxg|lqj d vhjphqw ri wkh zluh

duud| lq {| frruglqdwhv vlqfh zh duh qrw suhvhqwo| lqwhuhvwhg lq iroorzlqj wkh zluhv grzq wr

frqyhujhqfh rq wkh d{lv1

Wkh v|vwhp lv gulyhq e| d ordg yrowdjh ghwhuplqhg e| d 40G duud| uxq iurp ODVQH[1

Wklv yrowdjh gulyhv wkh  x{ dw wkh xsshu erxqgdu|/ uDw / dffruglqj wr Idudgd|*v Odz=

C

Cw
uDw @ � 4

5�
Y,J@_ +w, +;14,

Vlqfh odujh glvwruwlrqv ri wkh phvk zrxog rffxu gxulqj h{sdqvlrq/ zh uxq wkh sureohp

lq sxuh Hxohuldq prgh1
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(2D)  16 Mar 1998 pbfaz 120 wires

0 0.05 0.1 0.15 0.2
Z

100

100.025

100.05

100.075

100.1

100.125

100.15

100.175

100.2

R

(2D)  16 Mar 1998 pbfaz 120 wires

Iljxuh ;05= Frpsxwdwlrqdo phvk

;16 Lqlwldo H{dpsohv ri U0w Fdofxodwlrqv

Dv dq lqlwldo whvw fdvh zh frqvlghu d 53 wlphv suh0h{sdqghg 43 �p Wxqjvwhq zluh iurp d

4;3 zluh duud|1 Zh vhw wkh frqgxfwlylw| wr eh dq duwl�fldoo| kljk ydoxh +lghdo PKG, dqg

wxuq r� udgldwlrq1 Ghqvlw|/ fxuuhqw ghqvlw|/ dqg pdjqhwlf  x{ frqwrxu sorwv duh vkrzq lq

�jxuhv ;06 wr ;091 Wkhvh sorwv duh wdnhq dw derxw 3137: �v lqwr wkh fdofxodwlrq zklfk zdv

lqlwldwhg dw 314 �v1 Gxulqj wklv wlph wkh zluh kdv pryhg dssur{lpdwho| 4 pp wrzdugv wkh

d{lv1 Wklv lv vpdoo frpsduhg wr wkh lqlwldo udglxv ri wkh zluh duud| +53 pp,1

Dv �jxuh ;06 lqglfdwhv/ wkh g|qdplfv ri wkh zluh lq wkh duud| lv txlwh gl�huhqw wkdq wkdw

ri d vlqjoh zluh ]0slqfk1 Ehfdxvh ri pdjqhwlf suhvvxuh/ orz ghqvlw| pdwhuldo lq wkh zluh

jds lv surshoohg wrzdugv wkh d{lv1 Wkh uhvxowlqj zluh wdnhv rq d whdugurs vkdsh1 Fohduo| d

vlqjoh zluh lq dq duud| grhv qrw uhpdlq udgldoo| v|pphwulf

Qh{w zh frqvlghu d pruh uhdolvwlf h{dpsoh1 Zh frqvlghu d vlqjoh 43 �p zluh lq dq 4;3

zluh duud|1 Wkh zluh lv suh0h{sdqghg 53 wlphv lq udglxv dqg/ dv ehiruh/ wkh SEID0] ordg

yrowdjh lv dssolhg wr wkh xsshu erxqgdu|1 Wkh sureohp lv lqlwldwhg dw wJ @ 3=4 �v1 Lq wklv

fdvh erwk udgldwlrq gl�xvlrq dqg uhvlvwlylw| duh wxuqhg rq1 Ghqvlw|/ fxuuhqw ghqvlw|/ dqg
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( 2D )  0 2 No v 1 9 9 7  tto t = 4 .6 2 6 0 5 6 e -0 2 , c y c le = 10 0 0 0 0

0 0 .0 5 0 .1
Z

1 0 0 .1

1 0 0 .1 5

1 0 0 .2

R

rh o
0 .0 4 8 4 7 5 6
0 .0 3 1 1 6 7 4
0 .0 2 0 0 3 9 1
0 .0 1 2 8 8 4 1
0 .0 0 8 2 8 3 8 3
0 .0 0 5 3 2 6 0 8
0 .0 0 3 4 2 4 4
0 .0 0 2 2 0 1 7 2
0 .0 0 1 4 1 5 5 9
0 .0 0 0 9 1 0 1 5 5
0 .0 0 0 5 8 5 1 8 4
0 .0 0 0 3 7 6 2 4 4
0 .0 0 0 2 4 1 9 0 6
0 .0 0 0 1 5 5 5 3 3
0 .0 0 0 1

( 2D )  0 2 No v 1 9 9 7  tto t = 4 .6 2 6 0 5 6 e -0 2 , c y c le = 10 0 0 0 0

Iljxuh ;06= Frqwrxu sorw ri � +j@ff, dw w@137: �v1

( 2D )  0 2 No v 1 9 9 7  tto t = 4 .6 2 6 0 5 6 e -0 2 , c y c le = 10 0 0 0 0

0 0 .0 5 0 .1
Z

1 0 0 .1

1 0 0 .1 5

1 0 0 .2

R

jt
0

-1 .7 8 5 7 1
-3 .5 7 1 4 3
-5 .3 5 7 1 4
-7 .1 4 2 8 6
-8 .9 2 8 5 7
-1 0 .7 1 4 3
-1 2 .5
-1 4 .2 8 5 7
-1 6 .0 7 1 4
-1 7 .8 5 7 1
-1 9 .6 4 2 9
-2 1 .4 2 8 6
-2 3 .2 1 4 3
-2 5

( 2D )  0 2 No v 1 9 9 7  tto t = 4 .6 2 6 0 5 6 e -0 2 , c y c le = 10 0 0 0 0

Iljxuh ;07= Frqwrxu sorw ri mw +43|D@fp2, dw w@137: �v1
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( 2D )  0 2 No v 1 9 9 7  tto t = 4 .6 2 6 0 5 6 e -0 2 , c y c le = 10 0 0 0 0

0 0 .0 5 0 .1
Z

1 0 0 .1

1 0 0 .1 5

1 0 0 .2

R

b
1 0
9 .3 2 1 4 3
8 .6 4 2 8 6
7 .9 6 4 2 9
7 .2 8 5 7 1
6 .6 0 7 1 4
5 .9 2 8 5 7
5 .2 5
4 .5 7 1 4 3
3 .8 9 2 8 6
3 .2 1 4 2 9
2 .5 3 5 7 1
1 .8 5 7 1 4
1 .1 7 8 5 7
0 .5

( 2D )  0 2 No v 1 9 9 7  tto t = 4 .6 2 6 0 5 6 e -0 2 , c y c le = 10 0 0 0 0

Iljxuh ;08= Frqwrxu sorw ri uDw +PJ � fp, dw w@137: �v1

udgldwlrq frqwrxu sorwv duh vkrzq lq �jxuhv ;09 wr ;0;1

Wkh ghqvlw| frqwrxuv vkrz wkdw pdwhuldo lv rkplfdoo| khdwhg dqg eorzq lqwr wkh jds1

Gxh wr pdjqhwlf suhvvxuh/ wklv orz0ghqvlw| pdwhuldo lv dffhohudwhg wrzdugv wkh d{lv pruh

udslgo| wkdq wkh �fruh� ri wkh ruljlqdo zluh1 Krzhyhu/ dv pruh dqg pruh pdwhuldo froohfwv

ehwzhhq wkh zluhv/ wkh pdjqhwlf �hog olqhv rshq dqg pruh fxuuhqw fdq  rz lq wklv jds

uhjlrq1 Wkh fxuuhqw ghqvlw| sorwv lq �jxuh ;0: vkrz wklv jds uhjlrq wr hyhqwxdoo| fduu|

kljkhu fxuuhqw ghqvlw| wkdq wkh zluh1 Dffruglqjo|/ pdwhuldo lv uhslqfkhg ehwzhhq wkh jds

+�jxuh ;09,1 Dv d �qdo revhuydwlrq/ zh vhh udgldwlrq whpshudwxuhv +�jxuh ;0;, ri durxqg 53

hY zklfk duh frqvlvwhqw zlwk h{shulphqw1

Djdlq zh vhh dq hqwluho| gl�huhqw vhw ri g|qdplfv wkdq zlwk wkh vlqjoh zluhv lq wkh u�}
sodqh1 Ehfdxvh ri wkh frqqhfwlrq ri pdjqhwlf �hog ehwzhhq wkh zluhv/ wkh| gr qrw pdlqwdlq

f|olqgulfdo v|pphwu|1 Pdwhuldo lv vzhsw grzq ehwzhhq wkh zluhv/ edulqj wkh ghqvh fruh wr

wkh pdjqhwlf �hog1 Wklv dlgv lq wkh khdwlqj dqg h{sdqvlrq ri wkh hqwluh zluh1 Frqyhuvho|/

rxu 40G u � } sodqh uhvxowv vkrz d orz ghqvlw| frurqd wkdw pdlqwdlqv lwvhoi durxqg wkh

zluh1 Zh dovr vhh pdwhuldo froohfwlqj ehwzhhq wkh zluhv dqg iruplqj vhfrqgdu| slqfkhv zlwk
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0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26

t = 0.031 µs

0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26

t = 0.018 µs

0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26
rho

3.14E-02
1.98E-02
1.25E-02
7.89E-03
4.98E-03
3.14E-03
1.98E-03
1.25E-03
7.91E-04
4.99E-04
3.15E-04
1.99E-04
1.26E-04
7.92E-05
5.00E-05

t = 0.041 µs

Iljxuh ;09= Ghqvlw| frqwrxu sorwv iru d 43 �p zluh lq d 4;3 zluh duud|1

0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26
jt

0.00E+00
-2.14E-01
-4.29E-01
-6.43E-01
-8.57E-01
-1.07E+00
-1.29E+00
-1.50E+00
-1.71E+00
-1.93E+00
-2.14E+00
-2.36E+00
-2.57E+00
-2.79E+00
-3.00E+00

t = 0.041 µs

0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26

t = 0.031 µs

0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26

t = 0.018 µs

Iljxuh ;0:= Fxuuhqw ghqvlw| frqwrxu sorwv1
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0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26

t = 0.018 µs

0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26

t = 0.031 µs

0 0.025 0.05
100.1

100.12

100.14

100.16

100.18

100.2

100.22

100.24

100.26
Tr

1.93E-02
1.81E-02
1.69E-02
1.57E-02
1.45E-02
1.33E-02
1.22E-02
1.10E-02
9.76E-03
8.57E-03
7.37E-03
6.18E-03
4.99E-03
3.79E-03
2.60E-03

t = 0.041 µs

Iljxuh ;0;= Udgldwlrq whpshudwxuh frqwrxu sorwv

fxuuhqw ghqvlw| ehlqj �vzlwfkhg� iurp wkh ruljlqdo zluh1

;17 453 Zluh Duud| Vkrwv

;1714 DOH 0 Duelwudu| Hxohuldq Odjudqjldq

Zh zloo eulh | h{sodlq wkh xvh ri wkh DOH ihdwxuhv ri Wudf0LL lq wkh zluh duud| sureohp1

Xs wr qrz/ zh kdyh ghvfulehg fdofxodwlrqv grqh xvlqj sxuh Hxohuldq prwlrq lq wkh U � �

sodqh1 Lq wklv prgh wkh julg uhpdlqv �{hg +�$y }o�_ @ 3, dqg wkh  xlg lv iuhh wr pryh dfurvv

}rqh erxqgdulhv1 Zkhq wklv rffxuv/  xlg txdqwlwlhv vxfk dv pdvv dqg hqhuj| duh dgyhfwhg1

Rqh gudzedfn wr wklv phwkrg lv wkdw qxphulfdo �gl�xvlrq� rffxuv dv pdwhuldo lv dgyhfwhg

wkrxjk wkh }rqhv1 Lq wklv fdvh/ zkhq wkh zluh pryhv d glvwdqfh htxdo wr vhyhudo zluh udgll/

odujh hqhuj| huuruv +A43(, ehjlq wr dsshdu1 Vlqfh zh zlvk wr hyhqwxdoo| iroorz wkh zluh

grzq wr d{lv/ wklv lv xqvdwlvidfwru|1

Wkh vhfrqg prgh wr uxq Wudf0LL lv sxuh Odjudqjldq1 Lq wklv fdvh wkh  xlg lv dwwdfkhg wr

wkh }rqhv +qrghv, dqg wkh phvk lq wxuq pryhv zlwk wkh julg yhorflw| +�$y }o�_ @
�$y s,��_,1 Wklv
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zdv wkh prgh xvhg wr uxq wkh 40G dqg 50G u� } sodqh fdofxodwlrqv1 Zlwk sxuh Odjudqjldq

prwlrq/ hqhuj| huuruv duh w|slfdoo| vpdoo +� 3=4(,1 Xqiruwxqdwho|/ dv phqwlrqhg hduolhu/

erzw|lqj phvk glvwruwlrqv fdxvh wkh uxqv wr whuplqdwh suhpdwxuho|1 Wklv idfw zloo suhyhqw

wklv prgh iurp ehlqj xvhg lq rxu zluh duud| sureohpv1 Zlwk orz ghqvlw| pdwhuldo ehlqj

vzhsw udslgo| grzq ehwzhhq wkh zluh jds lq wkh U� � sodqh/ wkh phvk zrxog erzwlh ehiruh

dq| dssuhfldeoh zluh prwlrq kdg rffxuuhg1

Wkh wklug prgh lq zklfk wr uxq Wudf0LL r�huv vrph uholhi iurp wkhvh sureohpv1 Lw lv

DOH 0 Duelwudu| Hxohuldq Odjudqjldq1 Lq wklv prgh wkh phvk lv pryhg lq d xvhu0gh�qhg

idvklrq1 Iluvw/ d Odjudqjldq vwhs lv wdnhq1 Wkhq wkh pdwhuldo lv dgyhfwhg dffruglqj wr wkh

uhodwlyh yhorflw| ehwzhhq julg dqg  xlg=

�$y oe, @
�$y s,��_ ��$y }o�_

Wkh gl!fxow| lv wr ghyhors d vfkhph ri dvvljqlqj �$y }o�_1 Lq wkh fdvh ri wkh zluh lq wkh U��
sodqh/ zh fkrvh wr pryh wkh phvk zlwk wkh fhqwhu0ri0pdvv ri wkh zluh1 Lq wklv zd|/ wkh

zluh pd| h{sdqg dqg glvwruw zlwklq d vhw ri }rqhv wkdw duh lq wxuq udslgo| prylqj udgldoo|

lqzdug1 Wklv plqlpl}hv wkh �furvvlqj� ri }rqhv sureohp zkloh doorzlqj xv wr iroorz wkh

ryhudoo prwlrq ri wkh zluh iru d orqj wlph1 Wklv duudqjhphqw lv vkrzq lq �jxuh ;0<1

Lq dfwxdo sureohpv zlwk DOH lw lv srvvleoh wr iroorz wkh pryhphqw ri wkh zluh iru xs

wr 4 fp ri pryhphqw wrzdugv d{lv zlwk vpdoo hqhuj| huuruv + ? 4(,1 Vlqfh wkh lqlwldo zluh

duud| udglxv lv 5 fp/ wklv suredeo| lv wkh olplw ri rxu sodqdu dssur{lpdwlrq1 Lq wkh ixwxuh

zh zloo h{whqg wklv DOH phwkrg wr d zhgjh jhrphwu|1 Ghwdlohg uhvxowv ri DOH uxqv zloo eh

ghvfulehg lq wkh qh{w vhfwlrq1

;1715 Uhvxowv zlwk 43 dqg 4; >6 Zluhv

Zh qrz uhylvlw rxu vwxg| ri wkh h�hfw ri ydu|lqj lqlwldo zluh gldphwhu lq dq duud| ri �{hg

zluh qxpehu1 Zh frqvlghu 453 zluh duud| vkrwv zlwk wzr gl�huhqw zluh gldphwhuv/ 43 dqg

4; �p1 Dv lq wkh suhylrxv U � � uxqv zh zloo h{dplqh d vlqjoh zluh lq d sodqdu duud|

xvlqj pluuru erxqgdu| frqglwlrqv1 Wkh zluh zloo eh suh0h{sdqghg 43 wlphv dqg lqlwldwhg dw

wJ @ 3=4 �v1
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Iljxuh ;0<= DOH uxq zlwk Wudf0LL1 Wkh phvk pryhv zlwk wkh FP yhorflw| ri wkh zluh1
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Iljxuh ;043= FP yhorflw| dqg srvlwlrq iru 4; �p zluh1
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Rqh reylrxv gl�huhqfh ehwzhhq wkh wzr fdvhv lv wkh zlgwk ri wkh fxuuhqw vkhdwk1 Iru

wkh 4; �p zluh wklv lv dssur{lpdwho| �U @4 pp zkhuhdv iru wkh 43 �p zluh lw lv vpdoohu

0 �U @425 pp1 Wklv pd| eh lpsruwdqw dv wkh zlgwk ri wkh {0ud| sxovh lv jryhuqhg e| wkh

zlgwk ri wkh vkhoo wkdw lv ehlqj dffhohudwhg wrzdugv wkh d{lv1 D vlpsoh hvwlpdwh ri wkh sxovh

zlgwk lv jlyhq e| ^56`

� J�|
%3o@+

� �U

yr�e,,

Gxulqj wklv wlph nlqhwlf hqhuj| lv frqyhuwhg wr wkhupdo hqhuj| zklfk lv wkhq udgldwhg dzd|1

Wkxv li wkh gl�huhqfh ehwzhhq vkhoo zlgwk shuvlvwv xqwlo frqyhujhqfh/ wklv frxog h{sodlq zk|

wkh duud| ri 43 �p zluhv surgxfhv d vkruwhu {0ud| sxovh zlgwk wkdq wkh duud| ri 4; �p

zluhv1

Lq wkh fdvh ri UW lqvwdelolw| jurzwk/ wkh zlgwk ri wkh vkhoo lv ghwhuplqhg e| wkh vphdulqj

ri pdvv iurp wkh exeeoh0vslnh fkdudfwhulvwlf ri wkh lqvwdelolw| ^64`1 Wkhq wkh sxovh zlgwk lv

jlyhq e| � J�|
%3o@+

� wrR�&e � wK�KK,e1 Lw lv srvvleoh wkdw wklv vfdoh lv ehlqj ghwhuplqhg lqvwhdg

e| wkh lqlwldo gldphwhu ri wkh zluhv dqg wkhlu uhvxowlqj g|qdplfv1 Krzhyhu/ pruh frqfoxvlyh

uhvxowv zrxog uhtxluh d U� � fdofxodwlrq wkdw lv fduulhg rxw wr frqyhujhqfh rq d{lv1 Wkhvh

zloo eh shuiruphg lq wkh qhdu ixwxuh1

;1716 Kxvvh|0Urghulfn Ghqvlw| Sur�oh

Dv phqwlrqhg hduolhu/  xlg lqvwdelolwlhv ehfrph d grplqdqw h�hfw lq ]0slqfkhv1 50G vlpx0

odwlrqv ri zluh duud| ]0slqfkhv duh fduulhg rxw lq wkh u}0sodqh e| dvvxplqj wkh zluhv kdyh

phujhg lqwr d f|olqgulfdo vkhoo1 Dq lqlwldo shuwxuedwlrq/ ydu|lqj dv h�&5 / lv dssolhg wr wkh

sodvpd vkhoo dqg wkh Ud|ohljk0Wd|oru lqvwdelolw|/ zklfk jurzv dv � @
s
nj lq wkh olqhdu

skdvh/ lv vwxglhg1 Wkurxjk fdofxodwlrqv ri wklv w|sh/ h{shulphqwv pd| eh ghvljqhg zklfk

plqlpl}h UW jurzwk dqg wkxv surgxfh pd{lpxp frpsuhvvlrq dqg [0ud| srzhu1

Jhqhudoo| vshdnlqj/ wkh fkrlfh ri lqlwldo vkhoo sur�oh lv duelwudu|1 Krzhyhu/ U � � uxqv

fdq surylgh wkhvh lqlwldo frqglwlrqv +l1h1 �> We> W�cWo> E� dv ixqfwlrqv ri u, iru 50G u}0sodqh

UW fdofxodwlrqv1 Lq �jxuh ;049 zh vkrz wkh �� � dyhudjhg� ghqvlw| iru wkh 4; �p zluh

glvfxvvhg lq wkh suhylrxv vhfwlrq1 Qrwh wkdw wkh sur�oh lv Jdxvvldq dw hduo| wlphv +gxh wr

xqlirup h{sdqvlrq xqghu rkplf khdwlqj, exw hyroyhv lqwr d vkdsh zlwk d vkdus erxqgdu|

zlwk dq h{srqhqwldoo| ghfd|lqj wdlo1
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Iljxuh ;044= Ghqvlw| frqwrxuv iru 4; �p zluh1
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t=0.204 µs

Iljxuh ;045= Fxuuhqw ghqvlw| frqwrxu sorwv iru 4; �p zluh1
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Iljxuh ;046= Ghqvlw| frqwrxuv iru 43 �p zluh1
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Iljxuh ;047= Fxuuhqw ghqvlw| frqwrxuv iru 43 �p zluh1
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δ ∆
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g

Iljxuh ;048= Kxvvh|0Urghulfn ghqvlw| sur�oh1
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Iljxuh ;049= �0dyhudjhg ghqvlw| frqwrxuv iru 4; �p zluh fdvh1
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Wklv sur�oh lv frpprqo| vhhq lq u0} sodqh fdofxodwlrqv rq f|olqgulfdo vkhoov dqg zdv

fdofxodwhg dqdo|wlfdoo| e| Kxvvh| dqg Urghulfn ^63`^64`1 D vnhwfk ri wklv lv vkrzq lq �jxuh

;048 Lw frqvlvwv ri wzr vfdohv1 Wkh �uvw lv ghwhuplqhg e| wkh uhvlvwlylw|=

� @

u
�w

7�

dqg wkh vhfrqg lv ghwhuplqhg e| wkh vrxqg vshhg dqg dffhohudwlrq=

� @
f2r
j

Xvlqj irufh edodqfh zh pd| rewdlq d vlpsoh uhodwlrq ehwzhhq wkh wzr vfdohv

��j � E2

;�

�

�
@

E2

;��f2r
@

S�
S

+;15,

zkhuh S� � E2

;�
lv wkh pdjqhwlf suhvvxuh dqg S lv wkh sodvpd suhvvxuh1 Iru dq lpsorglqj

vkhoo
S�
S
 41 Lq wkh fdvh ri wkh 4; �p zluh ghqvlw| sur�ohv vkrzq lq �jxuh ;049 zh �qg

urxjk djuhhphqw zlwk htxdwlrq ;15 +
�

�
/
S�
S
� 43� 53,1
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Fkdswhu <

WUDF0LLL

Wudf0LLL lv d 60glphqvlrqdo uhvlvwlyh PKG frgh ghyhorshg e| wkh odwh Mlp Hggohpdq1 Doo wkh

 xlg dqg pdjqhwlf �hog htxdwlrqv jlyhq lq Fkdswhu 4 duh vroyhg1 Wudf0LLL xvhv whwudkhgudo

hohphqwv lq d Fduwhvldq +{|}, jhrphwu|1 Olnh Wudf0LL/ wkh pdjqhwlf yhfwru srwhqwldo lv

wuhdwhg dv d ixqgdphqwdo yduldeoh wr hqvxuh u�E @ 31 Suhvhqwo| wkh frgh uxqv rqo| lq sxuh

Odjudqjldq prgh exw vrph dwwhpsw zdv pdgh wr lqfoxgh Hxohuldq prwlrq1

Iru rxu sxusrvhv khuh zh zloo frqvlghu d vlpsoh ]0slqfk xqghujrlqj d nlqn lqvwdelolw|1

Vlplodu uhvxowv zhuh �uvw suhvhqwhg e| Mlp Hggohpdq dw wkh 4<<6 GSS DSV phhwlqj1 Wklv

h{dpsoh zloo vhuyh wr looxvwudwh vrph ri wkh sk|vlfv ri wkh ]0slqfk zkloh dw wkh vdph wlph

looxvwudwlqj wkh ihdwxuhv ri Wudf0LLL1

<14 Ghulydwlrq ri Htxloleulxp Frq�jxudwlrq

Zh zloo qrz ghulyh wkh htxdwlrqv iru wkh htxloleulxp frq�jxudwlrq ri d ]0slqfk xqghu

vshfl�f frqglwlrqv ^4`^5<`1 Zh ehjlq zlwk rxu htxdwlrq ri prwlrq +D15,1 Iru wkh vwhdg|

vwdwh +
G�$y
Gw

@ 3, zh kdyh

3 @ �u +se . s�, .
�$
M ��$E +<14,

Wkh vhfrqg whup pd| eh uhzulwwhq zlwk d yhfwru dqg Dpshuh*v odz=
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�$
M ��$E @ � 4

7�

�$
E �

�
u��$E

�
@ �u

�
E2

;�

�
.

4

7�

�$
E � u�$E +<15,

Wkh �uvw whup lq htxdwlrq <15 lv uhihuuhg wr dv wkh pdjqhwlf suhvvxuh whup zlwk s� � E2

;�
dqg wkh vhfrqg whup lv fdoohg wkh pdjqhwlf whqvlrq whup1 Lq rxu fdvh wkh vhfrqg whup

ydqlvkhv dv
�$
E @ E� +u, e!1 Zulwlqj s @ se . s� zh kdyh

3 @ �us�u
�
E2

;�

�
@ �Cs

Cu
� E�

7�u

C

Cu
+uE�, +<16,

Lqwhjudwlqj ryhu u zh rewdlq

]
Cs

Cu
gu @ �

]
E�

7�u

C

Cu
+uE�,gu

s +u, @ sJ �
] o

f

E�

;�u2
C

Cu

�
u2E2

�

�
gu +<17,

Vlqfh rxu f|olqgulfdo sodvpd h{whqgv wr u @ uJ zh kdyh s +uJ, @ 3 dqg zh pd| zulwh

sJ @

] oJ

f

E�

;�u2
C

Cu

�
u2E2

�

�
gu +<18,

frpelqlqj wklv zlwk htxdwlrq <17 zh rewdlq rxu suhvvxuh sur�oh htxdwlrq

s +u, @

] oJ

o

E�

;�u2
C

Cu

�
u2E2

�

�
gu +<19,

Qh{w zh vroyh rxu suhvvxuh htxdwlrq iru d vshfl�f frq�jxudwlrq1 Li zh dvvxph wkdw M5 /

rxu fxuuhqw ghqvlw|/ lv frqvwdqw wkurxjkrxw wkh sodvpd +u ? uJ, dqg }hur rxwvlgh wkh sodvpd
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zh rewdlq/ e| Dpshuh*v odz/

E� @
5uL

u2J
+u ? uJ,

@
5L

u
+u A uJ, +<1:,

Vxevwlwxwlqj htxdwlrq <1: lqwr htxdwlrq <19 dqg lqwhjudwlqj ryhu u zh rewdlq d sduderolf

suhvvxuh sur�oh iru wklv frqvwdqw fxuuhqw ghqvlw| fdvh1

s +u, @
L2

�u2J

�
4� u2

u2J

�
+<1;,

<15 Nlqn Lqvwdelolw|

Dv glvfxvvhg lq Fkdswhu 8 dq d{ldoo| v|pphwulf shuwxuedwlrq ri Ehqqhww Htxloleulxp zloo

surgxfh vdxvdjh prghv zklfk jurz h{srqhqwldoo|1 Vlploduo|/ li wkh sodvpd froxpq lv shu0

wxuehg dv d nlqn/ wklv lqvwdelolw| zloo jurz dv zhoo1 Wkh uhdvrq ehklqg wklv lv wkdw pdjqhwlf

�hog olqhv +E�, rq wkh frqfdyh vlgh zloo eh forvhu wrjhwkhu wkdq rq wkh frqyh{ vlgh1 Wkxv

wkh pdjqhwlf suhvvxuh rq wkh frqyh{ vlgh lv kljkhu wkdq rq wkh frqfdyh vlgh1 Wklv zloo lq

wxuq fdxvh wkh shuwxuedwlrq wr jurz1 Wkh jurzwk udwh iru wklv prgh lv jlyhq e| ^7`

�2 @
E2
�n

2

7��
oq

�
nuJ
5

�

iru orqj zdyhohqjwk +� U, dqg dvvxplqj dq lghdo sodvpd zlwk qr pdjqhwlf �hog hqforvhg

lqvlgh wkh ]0slqfk +Ehqqhww Htxloleulxp,1 Xvxdoo| zh pd| pdnh d vlpsoh hvwlpdwh ri wkh

jurzwk udwh zlwk

� � y�n

zkhuh y� @
s
E2@7�� lv wkh Doiyìq yhorflw|1

<16 Frpsxwdwlrqdo Vhwxs

D ]0slqfk lv lqlwldol}hg zlwk d sduderolf ghqvlw| sur�oh1 Wkh erxqgdulhv duh lghdo frqgxfwruv

dqg d vols yhorflw| frqglwlrq lv dssolhg wr hlwkhu hqg ri wkh slqfk1 Wkh fxuuhqw/ pdjqhwlf
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�hog/ dqg suhvvxuh duh jlyhq e|

Yduldeoh u ? uJ u A uJ

m5
L2J
�u2J

3

E�
5uLJ
u2J

5LJ
u

s
L2J
�u2J

�
4

4� %
� u2

u2J

�
%L2J
�u2J

Lq wklv vshfl�f fdvh LJ @ 43 PD/ uJ @ 5 pp/ We @ W� @ 433 hY / dqg % @ �
2D 1 Wkh

ghqvlw| dqg hqhuj| zloo eh jhqhudwhg xvlqj wkh suhvvxuh sur�oh frqglwlrq dqg wkh Lghdo Jdv

Odz +] @ D @ 4,1

Wkh nlqn zloo eh vhhghg zlwk d kholfdo yhorflw| shuwxuedwlrq jlyhq e|

y5 @ yJ frv +�,

y+ @ yJ vlq +�,

� @ n{� !

Lq wklv h{dpsoh � @ �
�
%
2 � 4

�
dqg yJ @ 4 fp@�v1 Wkh yhorflw| zloo eh dssolhg dorqj wkh

fhqwhu olqh ri wkh slqfk1 Wkh jurzwk udwh fdq eh hvwlpdwhg e| � � y�n @ 58 4@�v1

Wkh lqlwldo yhorflw| �hog dqg suhvvxuh frqwrxu sorwv duh vkrzq lq �jxuhv <04 dqg <051 Zh

zloo hqforvh rxu ]0slqfk lq d er{ ri ohqjwk htxdo wr wkh shuwxuedwlrq zdyhohqjwk/ O% @ � @ 7

fp1 Wkh zlgwk dqg khljkw +O%> O+, zloo eh htxdo wr 4 fp1

<17 Nlqn Prgh Uhvxowv

Lq �jxuhv <06 wkurxjk <09 zh vkrz wkh jurzwk ri wkh nlqn prgh lq wkh zluh1 Wkh zluh

xqghujrhv �w � < h0iroglqjv gxulqj lwv 3=6: �v uxq1 Gxulqj wklv wlph lw jurzv qrqolqhduo|/

vhhnlqj d vkruwhu zdyhohqjwk1 Wklv �qdo zdyhohqjwk lv � @ 4=9 fp dqg lv suredeo| ghwhu0

plqhg e| wkh uhvroxwlrq ri rxu phvk +45/333 whwudkhgudo }rqhv frqvwuxfwhg iurp d 43�43�43
kh{djrqdo }rqhv,1 Wkh slqfk lv vwdelol}hg e| wkh sur{lplw| ri wkh zdoov dv zhoo dv urwdwhg

wrzdugv lwv fruqhuv1
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Iljxuh <0:= Suhvvxuh dqg yhorflw| glvwulexwlrq iru ]0slqfk1

<18 Dgglwlrqdo Fdofxodwlrqv

Qh{w zh frqvlghu d voljkwo| gl�huhqw duudqjhphqw1 Zh xvh wkh h{dfw vdph suhvvxuh sur�oh

exw wkh frpsxwdwlrqdo er{ lv rqo| d kdoi zdyhohqjwk orqj1 Wr uhgxfh wkh h�hfwv ri wkh zdoov

lq vwdelol}lqj/ dv zhoo dv urwdwlqj/ wkh sodvpd froxpq wkh zdoov duh pryhg rxw iduwkhu1 Rxu

]0slqfk zloo qrz eh frqwdlqhg lq d 4 � 5 � 5 fp frpsxwdwlrqdo er{1 Zh zloo shuwxue rxu

]0slqfk lq wkh {} sodqh zlwk wkh iroorzlqj frvlqh yhorflw| glvwulexwlrq

y5+u, @ yJ frv +n{. !, iru u ? uJ

Lq wklv fdvh zh zloo wdnh n @ � +� @ 5 fp, dqg ! @
�

5
1 Wkh duudqjhphqw lv vkrzq lq �jxuh

<0:1

Wr prqlwru wkh jurzwk ri wkh nlqn prgh zh zloo h{dplqh wkh nlqhwlf hqhuj|1 Lwv jurzwk

zloo eh jlyhq e|

NH � h{s +5�w,

ehiruh qrqolqhdu h�hfwv dulvh1 Wkxv d orj sorw ri wkh nlqhwlf hqhuj| zloo uhyhdo wkh jurzwk

;4
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Iljxuh <0;=

udwh1

Frqwrxu sorwv ri ghqvlw| duh vkrzq lq �jxuhv <0; wkurxjk <0441 Djdlq zh vhh wkdw wkh

hqgv ri wkh ]0slqfk duh dwwudfwhg wrzdugv wkh fruqhuv dqg wkh hqwluh froxpq lv urwdwhg ex|

d 78J dqjoh1

Zh pd| urxjko| hvwlpdwh wkh jurzwk udwh wkurxjk wkh Doiyìq vshhg1 Xvlqj wkh odujhvw

ghqvlw| frqwrxu +� @ 3=366 j@ff, dqg wkh pdjqhwlf �hog mxvw rxwvlgh wkh sodvpd +E� @ 43

PJ, zh �qg wkdw � @ y�n @ 7< 4@�v1 Xvlqj wkh sorw ri orj+NH, +� 5�w, yv1 wlph lq

�jxuh <045 zh �qg d jurzwk udwh ri � � 78 4@�v1 Hyhq zlwk wklv fuxgh hvwlpdwh zh vhh wkdw

Wudf0LLL lv lq idluo| jrrg djuhhphqw zlwk wkh dqdo|wlf wkhru|1

<19 Wkh Zluh Duud| ]0Slqfk

Mlp Kdpphu dqg Glplwul U|xwry kdyh uhfhqwo| ghulyhg dqdo|wlf jurzwk udwhv lq wkh olqhdu

uhjlph iru wkh fdvh ri d sodqdu duud| ri zluhv ^65`1 Wklv w|sh ri frq�jxudwlrq zdv prghohg

zlwk 50G U�� sodqh fdofxodwlrqv lq fkdswhu ;1 Wkh lqvwdelolw| jurzwk fdq eh vhsdudwhg lqwr
wzr prghv 0 d wudqvyhuvh prgh dqg wkh wudglwlrqdo UW prgh1 Dowkrxjk rxu �er{� jhrphwu|

;5
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surgxfhg vrph dqqr|lqj h�hfwv zkhq wu|lqj wr prgho d vlpsoh ]0slqfk +l1h1 urwdwlrq wrzdugv

wkh gldjrqdo, / lw lv lghdoo| vxlwhg iru wkh sodqdu 60G duud| sureohp1 Zlwk wkh dgglwlrq ri

pluuru erxqgdu| frqglwlrqv dw hlwkhu hqg ri wkh er{/ d vlqjoh zluh ru pxowlsoh zluhv lq d

sodqdu duud| pd| eh vwxglhg1 Lq wkh ixwxuh/ fdofxodwlrqv ri wklv w|sh zloo eh shuiruphg

dqg frpsduhg wr wkh dqdo|wlf wkhru|1 Kdylqj hvwdeolvkhg djuhhphqw zlwk wkhru|/ wkh ixoo

sureohp 0 wkh 6G zluh duud| lq wkh SEID0] h{shulphqw 0 zloo eh wuhdwhg1

;8



Fkdswhu 43

Vxppdu| dqg Frqfoxvlrqv

Wklv wkhvlv ghvfulehv d vwxg| ri ydulrxv dvshfwv ri ]0slqfkhv zlwk Wudf0LL dqg Wudf0LLL1

Iluvw/ prgl�fdwlrqv zhuh pdgh wr Wudf0LL wr doorz prgholqj ri ghqvh kljk ] pdwhuldov olnh

wkrvh xvhg lq wkh zluh duud| ]0slqfk h{shulphqwv1 Wklv lqfoxghg dgglqj udgldwlrq gl�xvlrq/

d 70skdvh HRV dqg frqgxfwlylw| prgho/ dqg d qhz lpsolflw srorlgdo �hog vroyhu1 Wkhq/

xvlqj wkh SEID0] flufxlw sdudphwhuv/ wkh zluh duud| ]0slqfk dw wkh ] dffhohudwru dw VQO

zdv vwxglhg1 Lq fkdswhu 8 wkh ehkdylru ri d vlqjoh zluh lq wkh duud| zdv h{dplqhg1 Lq

fkdswhu 9 zh orrnhg dw wkh jurzwk ri wkh �vdxvdjh� lqvwdelolw| lq vlqjoh zluhv1 Fdofxodwlrqv

lq wkh U� � sodqh/ wkh furvv vhfwlrqdo ylhz ri wkh zluh/ zhuh shuiruphg lq fkdswhu ;1 Wklv

ghprqvwudwhg wkh g|qdplfv ri wkh zluh dv lw lv lq xhqfhg e| qhljkerulqj zluhv zkloh ehlqj

dffhohudwhg wrzdugv wkh d{lv1 Lq fkdswhu < Wudf0LLL/ d 60G PKG frgh zdv lqwurgxfhg dqg

xvhg wr looxvwudwh wkh �nlqn� lqvwdelolw|1

Vhyhudo frqfoxvlrqv pd| eh gudzq iurp wklv vwxg|=

41 Wkh zluh uhpdlqv vrolg zhoo lqwr wkh fxuuhqw sxovh dqg kdv d fruh0frurqd vwuxfwxuh1

Udgldwlrq  rz wkdw rffxuv gxulqj uhslqfklqj ri wkh frurqd lv uhvsrqvleoh iru phowlqj

wkh zluh1

51 Gxulqj wkh h{sdqvlrq skdvh ri wkh zluh/ wkhuh lv olwwoh vdxvdjh lqvwdelolw| jurzwk1

61 Iru wkh fdvh ri wkh 453 zluh duud| dw �{hg udglxv/ vdxvdjh jurzwk grhv qrw ydu|

dssuhfldeo| zlwk lqlwldo zluh udglxv1

;9



71 40G uxqv lqglfdwh wkdw/ frqvlvwhqw zlwk h{shulphqw/ wkh 4 pp jds ohqjwk lv dq lp0

sruwdqw vfdoh1 Lq wkh 453 zluh fdvh/ wkh sodvpd h{sdqgv wr mxvw derxw kdoi wkh jds

glvwdqfh1 Wklv lqglfdwhv wkdw uhslqfklqj/ dqg wkxv d jurzwk ri wkh vdxvdjh prgh/

frxog rffxu1

81 50G U�� sodqh fdofxodwlrqv vkrz wkdw wkh fxuuhqw vkhdwk ri wkh vpdoo gldphwhu zluhv

lv qduurzhu wkdq wkdw ri wkh odujh gldphwhu zluhv1 Vlqfh sxovh zlgwk vfdohv dv vkhdwk

zlgwk/ wklv frxog srvvleo| h{sodlq zk| duud|v zlwk d vpdoohu lqlwldo zluh udglxv kdyh

d qduurzhu {0ud| sxovh zlgwk1

91 50G U � � sodqh vlpxodwlrqv vkrz wkdw wkh zluhv gr qrw uhpdlq dv zhoo0gh�qhg lqgl0

ylgxdo ]0slqfkhv wkdw duh ehlqj dffhohudwhg wrzdugv wkh d{lv1 Krzhyhu/ hyhq wkrxjk

wkh Kxvvh| Urghulfn sur�oh lv uhsurgxfhg/ wkh| gr qrw irup d xqlirup sodvpd vkhoo

dv dvvxphg lq 50G UW fdofxodwlrqv1

:1 Wr prvw dffxudwho| dqg frqfoxvlyho| vwxg| wkh jurzwk ri lqvwdelolwlhv lq wkh zluh

duud| ]0slqfk/ 60G fdofxodwlrqv duh qhfhvvdu|1 Wkh txhvwlrq ri zkhwkhu lqglylgxdo

zluh ehkdylru +l1h1 phujlqj dqg vdxvdjh prghv, ru �vkhoo� ehkdylru +UW prghv, duh

wkh ghwhuplqlqj idfwru lq ]0slqfk shuirupdqfh frxog eh uhvroyhg1

4314 Ixwxuh Wdvnv

Dv qrwhg lq wkh suhylrxv fkdswhuv/ vhyhudo prgl�fdwlrqv duh qhhghg lq wkh Wudf0LL dqg

Wudf0LLL frghv1 Wkhvh lqfoxgh=

41 Frqyhuvlrq ri �vsolwwlqj� urxwlqhv lqwr ixoo| lpsolflw urxwlqhv vroyhg zlwk LFFJ1 Wklv

zloo juhdwo| uhgxfh wkh qrlvh vhhq lq 50G shuwxuedwlrq sureohpv

51 Lqfoxvlrq ri �zhgjh� jhrphwu| lq wkh U � � sodqh1 Wklv frpelqhg zlwk wkh DOH

phwkrg ghvfulehg lq fkdswhu ; vkrxog doorz uxqv wr eh fduulhg rxw xqwlo frqyhujhqfh

rq d{lv1

61 Xsgdwlqj Wudf0LLL wr lqfoxgh pdq| ri wkh sk|vlfv urxwlqhv douhdg| lq Wudf0LL1 Wkhvh

lqfoxgh udgldwlrq gl�xvlrq/ THRV/ dqg 70skdvh frqgxfwlylw|1

;:



Lq dgglwlrq wr wkhvh fkdqjhv/ vhyhudo vwxglhv duh sodqqhg zlwk Wudf0LL dqg Wudf0LLL lq

wkh qhdu ixwxuh=

41 Wkh fulwlfdo fxuuhqw sureohp +ghvfulehg lq Fkdswhu 7, zloo eh h{dplqhg xvlqj wkh 50G

jhrphwu| ri wkh SEID0] dssdudwxv1

51 D vwxg| ri UW jurzwk lq wkh 5G U � � sodqh zloo eh shuiruphg xvlqj d whvw sduwlfoh

xqghu wkh lq xhqfh ri wkh yhorflw| �hog iurp d zluh duud| uxq1 Li pdwhuldo +wkh whvw

sduwlfoh, lv ehlqj fduulhg dzd| iurp uhjlrqv zkhuh
C�

Cu
? 3/ wklv zloo uhgxfh wkh jurzwk

ri wkh UW prgh zklfk lv jlyhq e| � @

u
j
4

�

C�

Cu
1

61 Wudf0LL zloo eh ehqfkpdunhg zlwk vlqjoh zluh h{shulphqwv vrrq wr eh shuiruphg dw

wkh Qhydgd Whudzdww Idflolw|1 Wkhvh h{shulphqwv zloo surylgh ghwdlohg ghqvlw| sur0

�ohv dorqj zlwk lqirupdwlrq vxfk dv h{sdqvlrq yhorflw| dqg wkh dprxqw ri pdwhuldo

sduwlflsdwlqj lq wkh frurqd1 Frpsdulvrq ri Wudf0LL zlwk wklv w|sh ri gdwd zrxog khos

lq ydolgdwlqj wkh HRV dqg frqgxfwlylw| prghov xvhg lq wkh frgh1

71 Xvlqj Wudf0LLL/ wudqvyhuvh dqg UW prghv wkdw ghyhors lq sodqdu duud|v ri zluhv zloo eh

vwxglhg1 Lqlwldoo| wkh lghdo fdvh lq wkh olqhdu uhjlph zloo eh frqvlghuhg dqg frpsduhg

wr wkhru|1 Wkhq/ zlwk Wudf0LLL xsgdwhg zlwk wkh sk|vlfv sdfndjhv xvhg wr prgho ghqvh

sodvpdv/ d vwxg| ri wkh dfwxdo SEID0] zluh duud| ]0slqfk pd| eh shuiruphg1

;;



Dsshqgl{ D

Lqwurgxfwlrq wr WUDF0LL

Wudf0LL lv d wzr glphqvlrqdo d{lv|pphwulf uhvlvwlyh pdjqhwrk|gurg|qdplf frgh ghyhorshg

e| wkh odwh Mlp Hggohpdq1 Lw vlpxodwhv doo wkuhh vsdwldo frpsrqhqwv +u/ }/ dqg d}lpxwkdo, ri

wkh pdjqhwlf �hog dqg  xlg yhorflw| yhfwruv/ dqg wkh sodvpd lv wuhdwhg dv d vlqjoh  xlg zlwk

wzr whpshudwxuhv +hohfwurq dqg lrq,1 Lq dgglwlrq/ lw fdq rswlrqdoo| lqfoxgh d vhoi0frqvlvwhqw

h{whuqdo flufxlw wr prgho fdsdflwru edqn hqhuj| vrxufhv1 Uhfhqw prgl�fdwlrqv ri wkh frgh

lqfoxgh wkh dgglwlrq ri d 60W udgldwlrq prgho/ d 70skdvh htxdwlrq ri vwdwh dqg frqgxfwlylw|

prgho/ dqg dq lpsolflw vroyhu iru srorlgdo +E5 > Eo, pdjqhwlf �hog gl�xvlrq1 Wkhvh fkdqjhv

doorz wkh ghwdlohg vwxg| ri �ehu dqg zluh duud| ]0slqfkhv iru kljk ] pdwhuldov1

D14 Htxdwlrqv Vroyhg lq Wudf0LL

Frqwlqxlw| Htxdwlrq

C�

Cw
.u � +��$x , @ 3 +D14,

Prphqwxp Htxdwlrq

C+��$x ,

Cw
.u � +��$x �$x , @ �u+Se . S�, .

��$
M ��$E

�
.u �T +D15,

Hohfwurq0Hqhuj| Htxdwlrq

;<



C +�%e,

Cw
@ �Seu � �$x . �M2 � So@_ .u � +Ne � uWe, . �e� +W� � We, +D16,

Lrq Hqhuj| Htxdwlrq

C +�%�,

Cw
@ �S�u � �$x .�$x � u �T.u � +N� � uW�, . �e� +We � W�, +D17,

Idudgd|*v Odz
C
�$
E

Cw
@ �u��$H +D18,

Rkp*v Odz
�$
H @ �

�$
M ��$x ��$E +D19,

Dpshuh*v Odz
�$
M @

4

7�
u��$E +D1:,

D15 Dgglwlrqv wr Wudf0LL

Zh eulh | vxppdul}h wkh prgl�fdwlrqv pdgh wr Wudf0LL=

D1514 Wkh 60W Udgldwlrq Gl�xvlrq Prgho1

Wkh �60W� prgho lv d vlqjoh jurxs prgho iru udgldwlrq wkdw lv jlyhq e| ^;`

C+dW e
o ,

Cw
@ �u � �$I, . Sou � �$x .u � ��$x dW e

o

�
. df���

�
W e
e � We

o

�
zkhuh wkh  x{ lv jlyhq e|

�$
I, @ �

S
�u

�
dW e

o

�
��- .

5
��uW e

o

��
6W e

o

dqg wkh udgldwlrq suhvvxuh lv gh�qhg dv

So � 4

6
dW e

o
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Wkh prgho dvvxphv rswlfdoo| wklfn pdwhuldo exw lv  x{ olplwhg lq iuhh0vwuhdplqj olplw=

f

6��-

��u �dW e
o

��� fd

5
W e
o

����$I, ���$�fd
5
W e
o

Wkh gl�xvlrq sduw ri wkh prgho lv vroyhg lpsolflwo| zlwk Lqfrpsohwh Fkrohvn| Frqmxjdwh

Judglhqw +LFFJ,1Wkh Sodqfn dqg Urvvhodqg rsdflwlhv +�� dqg �-/ uhvshfwlyho|, duh sur0

ylghg wkurxjk wdeohv iurp wkh vxshu wudqvlwlrq duud| +VWD, prgho ^68`^57`1

D1515 Vrolg0Oltxlg0Ydsru Frqgxfwlylw| Prgho

Iru wkh vrolg dqg oltxlg skdvhv/ d vlpsoh frqgxfwlylw| lv fdofxodwhg1 Wklv lv edvhg rq wkh

Prww0Mrqhv prgho lpsohphqwhg lq FDOH ^55`1 Phow dqg erlo whpshudwxuhv iurp Olqgh0

pdqq*v odz duh fdofxodwhg wr ghflgh zklfk skdvh lv dssursuldwh1 Wkh ydsru frqgxfwlylw|

+
4

��
@ �� @ �e� . �e?, lv fdofxodwhg xvlqj wkh lghdo jdv Vdkd htxdwlrq1

Wkhupdo frqgxfwlylw| lq wkhvh wkuhh skdvhv lv fdofxodwhg iurp wkh Zlhghpdqq0Iudq}

odz zklfk uhodwhv wkhupdo wr hohfwulfdo frqgxfwlylw|=

N

�
@

�2

6

�
n�
h

�2

W

D1516 Ohh0Pruh Frqgxfwlylw|

Vroylqj wkh Erow}pdqq htxdwlrq zlwk wkh Ihupl0Gludf hohfwurq glvwulexwlrq/ wkh wudqvsruw

frh!flhqwv �z dqgNz +hohfwulfdo dqg wkhupdo frqgxfwlylw|, duh fdofxodwhg +lq wdexodu irup,

dv ixqfwlrqv ri +�@We> $e� ,1� lv wkh fkhplfdo srwhqwldo/ $e lv wkh f|forwurq iuhtxhqf|/ dqg �

lv wkh hohfwurq uhod{dwlrq wlph ^43`1

D1517 Txrwlgldq Htxdwlrq ri Vwdwh +THRV,

THRV lv d vhoi frqvlvwhqw dqdo|wlf prgho zklfk lv ydolg ryhu d odujh udqjh ri ghqvlwlhv dqg

whpshudwxuhv ^44`1 Wkh hohfwurq sduw ri wkh HRV xvhv Wkrpdv Ihupl hohfwurq htxdwlrq ri
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vwdwh1 Xvlqj wkh iuhh hqhuj| +lq wdexodu irup, wkh txdqwlwlhv

%�> f��> S�> ]
W> �

duh fdofxodwhg dv ixqfwlrqv ri
�
�> We> ]>D

�
= ]W lv wkh fkdujh vwdwh ri wkh dwrp1 ] dqg D duh

wkh dwrplf qxpehu dqg dwrplf pdvv/ uhvshfwlyho|1

Iru wkh lrq sduw ri wkh HRV/ wkh Frzdq Lrq Prgho lv xvhg1 Wkh txdqwlwlhv

%�> f��> S�

duh fdofxodwhg dv ixqfwlrqv ri
�
�> W�> ]>D

�
=

THRV dovr lqfrusrudwhv dq hpslulfdo erqglqj prgho zklfk uhtxluhv ydulrxv erqglqj sd0

udphwhuv vxfk dv xqfruuhfwhg suhvvxuh dqg hqhuj|/ vrolg ghqvlw|/ dqg wkh gl�huhqfh ehwzhhq

xqfruuhfwhg dqg fruuhfwhg exon prgxoxv1

D1518 Lpsolflw Vroxwlrq ri Srorlgdo Pdjqhwlf Ilhog Gl�xvlrq

Wkh Srorlgdo pdjqhwlf �hog
�$
ER @ +E5 >Eo, gl�xvlrq zdv suhylrxvo| fdofxodwhg h{solflwo|1

Wkh lpsolflw vroxwlrq lv d <0srlqw vfkhph edvhg rq wkh yhfwru srwhqwldo Dw1 Lw lv ghulyhg

xvlqj Hggohpdq*v gh�qlwlrqv iru pdjqhwlf �hog=

�$
E R @ � 4

�Y5J?e

L
5J?e

KJ�?_@o+
+uDw,

�$
go

+zklfk iroorzv iurp lqwhjudwlqj
�$
E @ u��$D durxqg wkh }rqh yroxph,/ Dpshuh*v odz dqg

Idudgd|*v odz=
C

Cw
+uDw, @ �u k�l Mw

Wkh uhvxowlqj pdwul{ lv vroyhg zlwk LFFJ1 Wkh lpsolflw vroxwlrq ri srorlgdo pdjqhwlf �hog

doorzv prgholqj ri sureohpv zlwk odujh ydfxxp uhjlrqv +l1h1 wkh furvv vhfwlrq ri d vlqjoh

zluh lq d zluh0duud| ]0slqfk, dv zhoo dv vwdelolw| iru odujh wlph vwhsv1
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