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Abstract 
A new method for mitigating unexpected impact of 

a redundant manipulator with an object in its environ- 
ment is presented. Kinematic constraints are utilized 
with the recently developed method known as Full 
Space Parameterization (FSP). System performance 
criterion and constraints are changed at impact to re- 
turn the end effector to the point of impact and halt 
the arm. Since large joint accelerations could occur as 
the manipulator is halted, joint acceleration bounds 
are imposed to simulate physical actuator limitations. 
Simulation results are presented for the case of a sim- 
ple redundant planar manipulator. 

1 Introduction 
In many standard robot tasks, the robot must be 

able to touch objects in its environment without dam- 
aging itself or the objects. Examples of such tasks 
are peg-in-hole insertions [lo], biped walking [13], and 
surface following [12]. The work in this paper con- 
cerns the problem of trajectory planning for redun- 
dant manipulators whose end effectors have contacted 
an unexpected surface. 

Much of the work that has been done with respect 
to impact has approached the problem with the goal 
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of minimizing the force of impact (see [2],[9]) or relat- 
ing the force of impact to the manipulator configura- 
tion at impact (see [ll]). Work on modeling impact 
has been presented in [9], [ll], [12] and [14]. Some of 
the research that has been done to utilize the benefits 
of redundancy to improve impact conditions can be 
found in [3], [7], and [ll]. 

Our work is fundamentally different from the ap- 
proaches which are built around the force of impact. 
These methods for the most part are based on control- 
ling the dynamics of the system, whether or not it has 
redundancy. In contrast, we deal with impact from a 
completely kinematics-oriented viewpoint. Also, our 
method does not assume that the time or location 
of impact is known before it occurs as assumed in 
[7], [Illand [13]. Although our approach to impact 
mitigation can easily be implemented for nonredun- 
dant systems, we are more interested in applications 
to redundant manipulators (for a review of some ap- 
proaches to redundancy resolution see [5], [SI). The 
goal is to utilize the manipulator redundancy to miti- 
gate the post-impact behavior of the system since we 
consider that the impact is unexpected. The method 
which we use to perform the inverse kinematics calcu- 
lations is the recently developed Full Space Parameter- 
ization (FSP). A thorough treatment of this method 
can be found in [l], [4], and [SI. As has been done in 
much of the previous work on impact, we will treat 
impact as a transition between one type of motion 
and another. In our case, the transition will cause a 
switching from one set of constraints to a second set to 
be used in the optimization of a cost function. Since 
we are using kinematics rather than dynamics, we will 
be looking at impact mitigation on the level of joint 
behavior rather than focusing on directly controlling 
the force of impact at the end effector. 

One of the dominating goals of our approach is to 
minimize the distance that the end effector moves into 
the surface which it has contacted. As discussed in [3], 



this approach is similar to minimizing the post-impact 
forces since the less the end effector penetrates the 
object, the smaller the resulting forces will be. 

Before impact, the manipulator is free to move 
about the workspace using whatever motion criterion 
and task constraints are desired. When impact oc- 
curs, we wo’uld like the manipulator to discontinue its 
trajectory and halt the end effector at the point of 
impact. In order to produce realistic behavior after 
impact, each joint must obey acceleration limits. This 
will prevent the joints from using unacceptably high 
accelerations to return the end effector to the point 
of impact and halt all joint motion. The presence of 
redundancy will allow for minimal displacement of the 
end effector (using nullspace motions) while the joints 
slow to a stop. 

The remainder of the paper is organized as follows. 
Section two will present a basic discussion of the FSP 
method. Section three gives the criterion and con- 
straints that will be used on the manipulator after 
impact has occurred. Also, the complete algorithm 
that is used to halt the manipulator after impact is 
given and discussed. Section four presents the results 
of simulated impact for a simple redundant planar ma- 
nipulator. 

2 Overview of Full Space Parameteri- 
zation 

For any robotic manipulator system, the forward 
kinematics are usually described by the equation 

f = F(f) (1) 
where 5 is the location of the manipulator in the world 
coordinate system, f is the vector of joint angles mea- 
sured in local coordinate frames, and F(.) is the trans- 
formation function. In general, desired motions are 
expressed as trajectories in end effector space. These 
trajectories are broken up into finite steps of length 
Af .  The relationship between end effector steps A5 
and joint space steps Af is found by differentiating 
and linearizing Eq. 1 

Af  Af - = Jat- At At 
where J A ~  is the linearized system Jacobian. In the 
work that follows, a uniform time step of 0.0333s will 
always be assumed. The equation with which we will 
be working is then 

A5 = JAf. (3) 
In order to carry out trajectories, the robot must be 
given motions in terms of joint space variables. This 
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task requires some type of inverse transformation to 
be made to convert from the known quantity A5 to 
the desired quantity Af. 

The FSP method has been specifically designed to 
optimally solve the inverse kinematics problem for r e  
dundant systems in the presence of applied constraints 
and behavioral criterion. For a redundant system, J 
will have fewer rows n than columns m, and the num- 
ber of vectors Af which satisfy Eq. 3 will typically be 
infinite in number. This infinite set of solution vectors 
forms a subspace of a larger space which is spanned 
by m - n + 1 linearly independent solution vectors jk 
each of which satisfies the equation 

A f  = Jijk. (4) 
The vectors ijk can easily be found by inverting square 
submatrices Jk of the Jacobian J and inserting a 0 into 
the components of jk corresponding to the columns 
of J that were removed to form Jk. The proof for 
existence of and algorithms for the determination of 
the m - n + 1 linearly independent solution vectors ijk 
can be found in [l], [4], and [6]. 

Once the m - n + 1 solution vectors jk have been 
found, the solution space, S, of Eq. 4 is given by (see 
[GI) 

If the manipulator motion is to be in the nullspace, 
then the condition C t i  = 1 must be replaced by the 
condition Ctj = 0. The specific solutions optimiz- 
ing a criterion Q (Af(ti)) and satisfying a set of r 
constraints Cj = 0 are found by minimizing the La- 
grangian 

(6) 
where p and Vj  are Lagrange multipliers. If the general 
criterion can be expressed as 

(7) 

where B(f) is a matrix, and the constraints Cj can be 
written as 

--T- PJ t -  1 = O, j = [l,r] 

then the optimality conditions become 

-.T- 
pl t = 1, j =  [l,r] 

(9) 



with 

8, Hk = A F B j k ,  k = [I, m - n + 11 (10) 
G ,  Gj j=j i rBTBj j ,  i , j =  [ l , m - n + l ]  (11) 
5, ej = 1, i = [ l , m - n + l ]  (12) 

Solving the'se equations gives (see [6]) 

fi = A-' (act- 6 (1 + ETG-lB)) (13) 

,U = - (1 + fiT6 + ETG-'B) / a  (14) 
f = -G-l (pE+L?fi+B) (15) 

for non-nullspace motion, and for nullspace motion 
Eqs. 13 and 14 are replaced by 

where 

and B is a matrix whose columns are p'. 

3 Constraints and Algorithm 
In order to use FSP and a kinematics approach to 

impact mitigation, appropriate constraints and crite- 
rion must be developed to produce the desired system 
behavior after impact has occurred. In this paper we 
would like the trajectory after impact to evolve such 
that the end effector is slowed and returns to the point 
of impact while all of the joints stay within specified 
acceleration bounds and are slowed to a halt. In order 
to produce a realistic behavior, bounded acceleration 
constraints are imposed on the joint motions. Using 
this criterion and the bounded acceleration constraint 
when impact has been detected, the arm will be slowed 
and then the end effector will be returned to the point 
of impact. 

3.1 Minimizing End Effector Distance 

The types of criterion which can be developed for 
a manipulator and used with FSP can be divided into 
two categories: those that are specified in terms of 
joint space tasks and those that are specified in terms 
of work space tasks. Minimizing the distance between 
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the end effector and the point of impact falls into 
the second of these categories. This second category 
brings up an unfortunate shortcoming of inverse tech- 
niques in general and FSP in particular, namely that 
a closed form solution is not available if the quantities 
on both sides of Eq. 4 are variable. In order to gen- 
erate the m - n + 1 vectors j j ,  AE must be known. 
However, since we want to minimize a quantity which 
involves a variable size for AE, we cannot explicitly 
know A f  before calculating the J j  vectors when using 
this criterion. 

In order to avoid the problem mentioned above, AE 
is created by setting its value equal to the distance 
between the point of impact and the position of the 
end effector. If any of the components of AE are larger 
than a maximal value, the entire vector is scaled by 
the largest value so that the largest component is then 
0.01. A least norm criterion is then applied to the joint 
motions. This method is described more completely 
below. 

3.2 Bounded Acceleration 
To produce motions which are realistic, each joint 

of the manipulator must be subject to a finite change 
in velocity. In other words, for each step of the trajec- 
tory, a bounded acceleration constraint must be satis- 
fied. To determine an appropriate formulation for the 
bounded acceleration constraint, consider a discretiza- 
tion of vector acceleration: 

where k signifies the end effector motion which is to be 
calculated in the current time step and k - 1 signifies 
the motion made in the previous time step. If At is 
a fixed scalar value, the bounded acceleration for a 
joint, i, may be written as 

(23) 

where cf and c i  are constant scalars representing the 
upper and lower velocity change limits. The imposed 
constraint for either the upper or lower limit is 

where cLll corresponds to the appropriate upper or 
lower acceleration limit for joint i. Expressing the 
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constraint in the form C = p T f -  1 = 0 gives 

where g$ is the ith component of vector j j .  

3.3 Impact Mitigation Algorithm 
The algorithm which is currently being used to slow 

the manipulator arm and halt the end effector at the 
point of impact is shown in Fig. 1. The first step after 

Figure 1: Algorithm for halting robot after impact. 

impact is to calculate the distance between the end ef- 
fector and the point of impact. Immediately after im- 
pact, this distance will be almost negligible. However, 
the joint velocities will almost definitely be too large 
for the manipulator to be halted in one time step. If 
any of the components of A5 are larger than 0.01 (cho- 
sen to produce a smooth trajectory), A5 is rescaled so 
that the largest component is 0.01 in magnitude. Next 
the joint motions which would produce this work space 
motion are calculated with a least norm criterion and 
no acceleration bound constraint. The components of 
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Af are then checked to see if any of the joint motions 
would violate the bounded acceleration constraint. If 
none of the acceleration bounds are violated, the joint 
motion is passed out to the manipulator to be per- 
formed. If some of the joints did violate their acceler- 
ation bounds, then Af must be recalculated using the 
bounded acceleration constraint on those joints. This 
iteration process cannot be avoided since the joint ac- 
celerations cannot be known until the joint motions 
are calculated for the given A5. 

When acceleration bounds are imposed on some of * 

the joints, the possibility exists that the desired A5 
value cannot be produced. In this case, the original 
value of Ag is rescaled so that the largest acceleration 
is inside its bound, and A5 is recalculated based upon 
this restricted Ag vector. If the end effector has not 
returned to the point of impact, and the joint velocities 
are not all zero, then iterations through the algorithm 
shown in the flow chart are made until these conditions 
are met. 

. 

4 Results of Simulations 
In order to test the impact algorithm, simulations 

were performed with a simple redundant planar ma- 
nipulator that has four rotational joints. A planar 
object has been placed in the workspace of the ma- 
nipulator. The impact behavior of the manipulator as 
discussed below was created by specifying a trajectory 
that passed through the planar object. Images of the 
starting and initially desired final configurations along 
with the planar object (seen as a line) are shown in 
Fig. 2. Values of f2deg/s2 were used for the acceler- 
ation bounds to exaggerate the post-impact behavior. 
Joint and end effector motions for a typical impact 

Figure 2: Starting and ending configurations for the 
simulated manipulator defining the desired trajectory. 

trajectory are shown in Figs. 3 and 4. The motions 
of both the joints and the end effector show a decay- 
ing oscillatory behavior that occurs due to the dual 
requirement that joint motions and distance between 
the end effector and the point of impact be minimized. 
Just after impact, (time step 35) the joints cannot stop 
or reverse direction quickly, so the end effector moves a 
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Figure 3: Joint motions for typical impact trajectory. 

Figure 4: End effector motions for typical impact tra- 
j ec tory. 

small distance away from the point of impact, then as 
the joints are slowed, the end effector begins to move 
back toward the point of impact. As the manipulator 
reaches the point of impact, the joints again cannot 
immediately halt, but their accelerations are smaller, 
and the overshoot is not as great. The end effector 
is returned to the point of impact after only a short 
period of oscillation. 

The joint velocities associated with this trajectory 
are shown in Fig. 5. These plots also show the oscil- 
latory behavior of the trajectory as the arm is slowed 
and halted. The nonsmooth appearance of these plots 
is partly due to the discretized nature of the algo- 
rithm and partly to the acceleration limits on the 
joints. If any of the joints reach their limits, the others 
must compensate and the joint velocities demonstrate 
a nonsmooth behavior. 

Plots of the norm of the error in end effector po- 
sition and the norm of the joint motion are shown in 
Figs. 6 and 7. The selected threshold point for an 
acceptably small value of the distance from the end 
effector to the point of impact is l.0e-4. The selected 

Figure 5: Joint velocities for typical impact trajectory. 

value for an acceptably small norm of the joint motions 
is 1.0e-6. These plots also exhibit oscillatory behav- 
ior after impact. However, the oscillations are out of 
phase from each other which illustrates the competi- 
tion between decreasing distance from the end effector 
to the point of impact and decreasing norm of the joint 
angle motions that leads to the demonstrated oscilla- 
tory behavior in the previous figures. 

. . .  . . .  

. . .  
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Figure 6: Norm of the error in end effector position. 

5 Conclusion 
An approach to - impact mitigation for manipula- 

tors with joint acceleration constraints has been pre- 
sented. Using this constraint with the Full Space Pa- 
rameterization method has lead to a preliminary algo- 
rithm which utilizes the manipulator redundancy to 
slow down the end effector after an unexpected im- 
pact and return it to the point of impact. In the cur- 
rent system, the manipulator follows a planned trajec- 
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Figure 7: Norm of joint velocities. 

tory before impact under a least norm criterion on the 
joint motions. At the point of impact, the originally 
planned trajectory is discontinued, and the motion of 
the end effector is specified with the intention of keep- 
ing it as close to the point of impact as possible sub- 
ject to the bounded acceleration constraint. Without 
the constraint of bounded acceleration, the end effec- 
tor would move to the point of impact immediately, 
exhibiting unrealistically large actuator accelerations 
which would not be possible with a real robot. The 
behavior of the redundant manipulator after impact 
has been illustrated and discussed using a simulation 
of a simple planar manipulator. The competition be- 
tween the minimization of end effector displacement 
and the slowing down of all joints under the accel- 
eration bound constraint is clearly illustrated which 
leads to an oscillatory motion before the system set- 
tles at the point of impact. Future work will include 
investigation of other optimization criterion to further 
improve the overall mitigating effect possible with the 
use of redundancy. 
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