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ABSTRACT 

Criteria for progressive debonding at the fiber/mattix interface with friction along the 
debonded interface are considered for fiber-reinfoxed ceramic composites. The energy-based 
criterion is adopted to analyze the debond length, the crack-opening displacement, and the 
displacement of the composite due to interfacial debonding. The analytical solutions are identical 
to those obtained from the mismatch-strain criterion, in which interfacial debonding is assumed 
to occur when the mismatch in the axial strain between the fiber and the matrix reaches a critical 
value. Furthermore, the mismatch-strain criterion is found to bear the same physical meaning as 
the strength-based criterion. 

INTRODUCTION 

Bridging of matrix cracks by fibers, which debond from and slip frictionally against the 
matrix, is an importanz toughening mechanism in fiber-reinforced ceramic composites [1,2]. To 
analyze the tougiiening effect, a criterion for progressive debonding at the fiberhanix interface 
accompanied by friction along the debonded interface is required. The loading stress on the fiber 
to initiate deboilding (or the debond stress for a frictionless interface), ad, has been analyzed by 
using either the energy-based [3-61 or the strength-based criterion [7-91. The effect of constant 
friction along the debonded interface on progressive debonding was analyzed recently by Nair 
[lo] using the energy-based criterion and by Budiansky et al. [ 113 using the strength-based 
criterion. It is noted that rehement is required in Nair's analysis regarding the work done by 
load. An altanative debonding criterion was proposed recently in which debonding is assumed 
to occur when the mismatch in the axial strain between the fiber and the matrix reaches a critical 
value [12]. Based on this assumption, the solutions for progressive debonding have been 
obtained [13]. A question is raised as to whether the solutions obtained from the three 
debonding criteria mentioned above agree with each other. 

The purpose of the present study is to address the above question. First, using the energy- 
based criterion, solutions for progressive debonding with a constant friction along the debonded 
interface are obtained by modifying Nair's analysis [lo]. These solutions are then compared to 
those obtained from the mismatch-strain criterion. Finally, the physical meaning of the approach 
using the strength-based criterion is examined and compared to the mismtch-strain criterion. 

THE ENERGY-BASED CRITERION 

A unidirectional composite subjected to a tensile load in the direction parallel to the fiber axis is 
considered Matrix cracking occurs perpendicular to the loading direction and is bridged by 
intact fibers, which exert a bridging stress, 00, to oppose mk-opening. This problem can be 
modeled by using a representative volume element shown in Fig. 1. A fiber with a radius, a, is 
located at the center of a coaxial cylindrical shell of matrix with an outer radius, by such that 
a2/@ corresponds to the volume fraction of fibers, Vf, in the composite pig. la). m e n  the 
interface remains bonded, the composite is subjected to a tensile stress, VfOa and has a 
displacement, Ubonded, in the axial direction (Fig. lb). In the presence of interfacial debonding, 
the bridging fiber is subjected to a tensile stress, ob, and the matrix is stress-free at the crack 
surface (Fig. IC). Interfacial debonding and sliding occur along a length, h, with a frictional 



stress, z, and the end of the debonding zone and the crack surface are located at z=O and z=h, 
respectively. The half crack-opening displacement, ~ 0 ,  is defined by the relative displacement 
between the fiber and the matrix at the crack surface (Fig. IC). Also, compared to the composite 
without interfacial debonding (Fig. lb), the composite with interfacial debonding has an 
additional displacement, Zldebond, in the loading direction (Fig. IC). 

Udebond . 40 . 

I 
Fig. 2. A representative volume element for the fiber bridging problem: (a) prior to loading, (b) 

loading without interfacial debonding, and (c) loading with interfacial debonding. The 
half cracking opening displacement, w, and the displacement of the composite due to 
interfacial debonding, Udebond, are also shown. 

in the fiber and t he matrix 

When the interface is bonded, the equilibrium axial stresses in the fiber and the matrix, af and 

(1) 

om, satisfy both the equilibrium and the continuity conditions, such that 

Vf Of + VmOm = Vf 00 

where V, (=l-Vf) is the volume fraction of the matrix, and Ef and Em are Young's moduli of 
the fiber and the matrix, respectively. Combination of Eqs. (1) and (2) yields 

Of = Vf Ef 00 (for bonded interface) (3a) 
EC 

am= V E  f o 0 (for bonded interface) (3b) 
EC 

where E, = VfEf + VmEm. 
For a frictional interface, both of and om can be approximated to be independent of the radial 

coordinate [4,5], and Eq. (1) is satisfied. The axial stresses in the fiber and the matrix at the end 
of the debond length, afd and omd, can be obtained from the stress transfer equation, such that 

Omd =- 2 h V f ~  (4b) 
avm 

Solutions of Ofd and a d  are contingent upon the determination of h. With constant friction, 
the axial stress distributions in the fiber and the matrix, of and %, along the debond length are 
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Displace- 

In the debonded region, the axial displacements resulting from the axial stresses described by 
Eqs. (5a) and (5b) are 

(OQSh) 

The half crack opening displacement, ~0 (=wpwm at z=h), becomes (Fig. IC) 

In the absence of interfacial debonding, the axial displacement in the composite, wc, within a 
length, h, is (Fig. lb) 

(8) hVf 00 
E, 

wc(h)=- 

Hence, the additional axial displacement of the composite due to debonding, Udebond (=wf(h)- 
wc(h)), becomes (Fig. IC) 

Solutions of ~0 and webond are also contingent upon the determination of the debond length, h, 
which is solved using the energy-based criterion as follows. 

The debond length and related solutions 

Based on the energy-based criterion, the following energy terms are involved. (1) Ue, the 
elastic strain energy in the composite, (2) US, the energy due to sliding at the debonded interface, 
(3) Gi, the energy release rate for interfacial debonding, and (4) W, the work done by the applied 
stress. The equilibrium debond length, h, can be determined by using the energy balance 
condition when the fiber is subjected to a loading stress, 00, the debond length is assumed to 
advance a distance dh, and the corresponding energy changes are due, dUs, dGi and dW. The 
energy balance condition requhes that 

The above condition has been used by Nair [lo] to derive the debond length; however, 
refinement of the derivation of dW is required. To determine the debond length, the present 
study summarizes the results for due, dUs and dGi, and derives dW. However, a complete 
analysis of the debond length can be found elsewhere [14]. 
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The results for due, dUs and dGi are [ 10,14]: 

With the bridging stress, 00, on the fiber, the work done due to interfacial debonding is 
~=lUZ2CToUdebond. The change in the work done is hence 

It is noted that instead of using Mebond, uo was incorrectly used in Nair’s analysis in deriving 
dW. Substitution of Eq. (9) into Eq. (14) yields 

Substitution of Eqs. (ll), (12), (13), and (15) into Eq. (10) yields 

The stress required for initial debonding, Od, can be obtained from Eq. (16) by letting h a ,  
such that 

The solutions of uo and Udebond can be obtained by substituting Eq. (16) into Eqs. (7) and (9), 
such that 

(18a) 

In the absence of interfacial bonding (Le., Gia),  equations (18a), and (18b) become 
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Equations (19a) and (19b) are identical to the displacements derived in the MCE [ 151 and the 
ACK [16] models, respectively. While Mebond is considered in the ACK model [16], uo is 
considered in the MCE model [ 151. 

matrix crack by fibers is given by [11,17] 
The steady-state increase in toughness, AG, of the composite due to frictional bridging of the 

where u* is the displacement of the composite due to interfacial debonding when the loading 
stress on the fiber, 00, reaches the fiber strength, as. Substitution of Eq. (18b) into Eq. (20) 
yields 

(21) 
aVfVm2Em2 

AG = 3EfEC2r (os3 - Od3) 

Hence, in order to achieve toughening effect (Le., AGM), the fiber strength, as, must be greater 
than the initial debond stress, Od. 

COMPARISON WITH MISMATCH-STRAIN CRITERION 

A simple debondirig criterion has been proposed such that debonding occurs when the 
mismatch in the axial strain between the fiber and the matrix reaches a critical value [12]. Based 
on this criterion, solutions for progressive debonding with friction along the debonded interface 
have been derived [13] which are reviewed and compared with the present results as follows. 

When the bridging stress reaches the initial debond stress, Oi, debonding initiates at the crack 
surface, and the critical mismatch strain, a, is 

Od &d =- 
E€ 

During subsequent loading (Le., OO>O~>, debonding extends underneath the surface, and the 
mismatch strain at the end of the debonding zone remains a, such that 

where Ofd and %d are the axial stresses in the fiber and the matrix at the end of the debonding 
zone which satisfy the mechanical equilibrium condition described by Eq. (1). Combination of 
Eqs. (l), (22), and (23) yields 

(24) vfE€oo +vmEmod 
EC 

ofd = 

The debond length, h, can be obtained from Eqs. (4a) and (24), such that 

Equation (25) is identical to the results obtained from both the energy-based CEq. (16)J and the 
strength-based [ 113 Criteria. Both uo and Mebond have also been derived using the mismatch- 
strain criterion [13], and they are identical to those obtained in the present study. 
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THE STRENGTH-BASED CRITERION 

For the strength-based criterion, debonding occurs when the interfacial shear strength, zs, is 
reached. A difference has been noted between debonding at the crack surface and debonding 
underneath the crack surface [18]. Whereas the matrix is stress-free at the crack surface, it is 
subjected to axial stresses underneath the crack surface due to the stress transfer from the fiber to 
the matrix. Hence, the magnitude of the interfacial shear stress induced by a loading stress od 
on the fiber at the crack surface is different from that induced by an axial stress a in the fiber 
underneath the crack surface. Assuming that the axial stresses at the end of the debonding zone 
are afd and %d respectively in the fiber and the matrix, the relation between afd and Od can be 
derived using the strength-based criterion and this is shown as follows. 

At the end of the debonding zone, the interfacial shear stress can be analyzed using the 
following procedures. First, tractions of EfOm&?Zm and Omd are imposed on the fiber and the 
matrix, respectively (Fig. 2a). This would result in a uniform axial strain %dEm in the 
composite, and no interfacial shear stress is induced. Then, a traction of ofd-EfOmd/Em is 
imposed on the fiber, and this would induce the interfacial shear stress (Fig. 2b). Combining the 
above two prwedms, the tractions imposed on the fiber and the matrix are Ofd and e d  
respectively (Fig. 2c). Hence, the interfacial shear stress at the end of the debonding zone is 
equivalent to that if a traction of afd-Ef%d/& is imposed on the fiber done at the crack 
surface. To satisfy the debonding condition at the end of the debonding zone, the following 
relation is hence required: 

(26) Efamd ad afd -- = 
Em 

It is noted that Eq. (26) can also be obtained by combining Eq. (22) with Eq. (23). Hence, 
the strength-based criterion yields the same results as those using the mismatch-strain criterion. 

Fig. 2. The procedures in deriving the interfacial shear stress at the end of the debonding zone: 
(a) tractions of EfOmdEm and Omd are imposed on the fiber and the mamx, 
respectively, at the end of the debonding zone resulting a uniform axial strain in the 
composite, (b) a traction of Ofd-EfOmdEm is imposed on the fiber, and the interfacial 
shear stress is induced, (c) combination of the above two procedures results in the 
condition of tractions at the end of the debonding zone. 

CONCLUSIONS 

Using the energy-based criterion, progressive debonding at the fiber/matrix interface with 
friction along the debonded interface is analyzed for fiber-reinforced ceramic composites. It is 
noted that the displacement texm involved in calculating the work done by load is the 
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displacement of the composite due to interfacial debonding not the crack opening displacement. 
The present results for progressive debonding are identical to those obtained from the mismatch- 
strain criterion, in which interfacial debonding is assumed to occur when the mismatch in the 
axial strain between the fiber and the matrix reaches a critical value. Also, the mismatch-sttab 
criterion is found to have the same physical meaning as the strength-based criterion. 
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