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Abstract

Analytical solution of one-dimensional, transient heat conduction with
distributed heat source is obtained to predict the transverse temperature
distribution and heat generation rate per unit volume of the composite conductor.
The solution indicates that the temperature distribution and the heat generation
rate depend on three dimensionless parameters; the dimensionless external
disturbance wy, the dimensionless interface temperature 6%, and the
dimensionless parameter ¢ which depends on the thickness and the thermal
conductivity of the superconductor. Results of the transient and steady-state
solution are presented. It is shown that the heat generation rate per unit volume
of the composite Q/Q, is directly proportional to the current in the stabilizer. The
dimensionless total internal generation rate w; in the superconductor is shown to
reach a maximum at Q/Q; = 0.5 because w; depends on two competing factors, the
current in the superconductor and the electric field strength which is
proportional to the current in the stabilizer. The result of the present analysis

reduces to a known steady-state solution in the absence of an external

disturbance. Limitations of the present analytical model are discussed.
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Introduction

Cryogenic stabilization is important for the design and operation of
superconducting magnets and is a subject of continuous and ongoing research.
Essential to cryogenic stabilization of superconducting magnets is the prediction
of heat generation rate per unit volume of the composite conductor. An example
is the well known equal-area theory of Maddock, James, and Norris [1]. The heat
generation rate per unit volume of the composite conductor is usually calculated
by assuming that (1) the current in the superconductor is equal to the critical
current with all the excess transferred to the stabilizer, and (2) the critical
current decreases linearly with temperature [2]. A more realistic model was
proposed by Wilson [2] to calculate the heat generation rate by taking into account
of the effects of finite thermal conductivity and thickness of the superconductor.
The effect of finite thermal conductivity on heat generation rate is even more
pronounced for high-temperature superconductors in view of its relatively low
thermal conductivities. The solution reported by Wilson is for steady-state
condition and is in the ébsence of an external disturbance. In this paper, we shall
revisit the problem of heat generation rate in a composite conductor by
considering the more general case of transient condition and in the presence of a
constant thermal disturbance. We treat the problem as one-dimensional and
obtain closed-form solution which predicts the transverse temperature
distribution in the superconductor and the heat generation rate per unit volume of
the composite conductor. It should be noted that most of the papers on stability
deal with the propagation of normal zone in the longitudinal direction and
assume that the temperature of the composite conductor is uniform in the

transverse direction [3-5]. The only exception is the two-dimensional model

reported by Chyu and Oberly [6]. However, their solution is numerical and




therefore does not providé information on what are the relevant dimensionless
(scaling) parameters. In this paper, we begin by deriving the governing
equations. Then the results of steady-state and transient solutions are presented.
Finally, we discuss the limitations of the present model with particular emphasis

on its application to high-temperature superconductors.
Analysis

The objective is to determine the transverse temperature distributions and
heat generation rate in composite conductors caused by current redistribution as
a result of a constant thermal disturbance. @ The geometry is shown in Fig. 1
together with the assumed linear relationship between critical current density
and temperature. We assume that the characteristic time of current diffusion is
short compared to that of thermal diffusion so that the current distribution is
completely determined by the temperature distribution [2]. We assume that the
length of the thermal disturbance in the axial direction is much larger than the
thickness of the superconductor in the transverse direction so that the problem
can be treated as one-dimensional in space by neglecting the edge effect. The
governing equation in the superconductor is

10T W a2T
=—+
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where a is the thermal diffusivity, k is the thermal conductivity, T is temperature,

t is time, X is the transverse coordinate, and the heat source per unit volume of

the superconductor W is composed of two parts,




W = Wy + Wi(T) @)

where Wq is the externally imposed heating rate per unit volume of the
superconductor and represents a constant thermal disturbance, and W;(T) is the
internally generated heating rate per unit volume of the superconductor as a
result of current redistribution in the superconductor and the stabilizer. If it is
further assumed that the current density in the superconductor is equal to the
critical current density corresponding to the local temperature with all the excess

current transferred to the stabilizer, then the internal generation rate is [2]
WiT)=EJ(T)=EJ(T)=E J(T) (T,- T)/ (T, - Ty 3

where T; is the temperature at the interface of the superconductor and the
stabilizer, J is current density, J. is the critical current density, T, is the critical
temperature of the superconductor, and E is the electrical field strength developed
in the composite conductor as a result of current flow in the stabilizer. E is
assumed to be uniform' across the entire conductor. The initial and boundary

conditions are

t=0, T=T, 4)
X=0, %Tx‘= 0, and

X:a,T:Ti. (5)

If we assume that the thermal conductivity of the metal stabilizer is much larger

than that of the superconductor (which is applicable to high-temperature ceramic




superconductors) and that the thickness of the superconductor (a) is not small
compared to that of the stabilizer (b), then we do not need to solve the heat
conduction equation in the stabilizer. Substituting Eqs. 2 and 3 into Eq. 1 and the
resulting equation can be solved by Laplace transform [7]. After some

manipulation, the solution turns out to be

0= [cosh(ﬁx)](1+ Wby )_ wobg
cosh(p) Q/Q:) Q/Qc

w (-D" exp’—(N2 + B2 )1] cos(Nx)

+ 2(W0¢9g + BZ)nz:‘,O N(ﬁz " NZ) 6)
where N = (2n+1)x/2 and the dimensionless variables are defined as,
0= (T,-T)/(T,-Typ, )
x=X/a, (8)
T=at/ a2 €)
B2 = E J(T}) a2/ [k(T. - Tpl, (10)

0y = (To- Tg) / (Te- T, an




wo = Woh/ Q. (12)

The parameter A = a / (a + b) is the superconductor fraction in the composite and
the critical generation rate Q; (the heat generation rate per unit volume of the

composite when most of the current is in the stabilizer) is defined as
Q. =p Jg2(T) A2/(1- 1), - (13

where p is the electrical resistivity of the stabilizer. The parameter Q in Eq. 6 is
the internal heat generation rate per unit volume of the composite conductor
(superconductor plus stabilizer), which is unknown and needs to be determined.

The parameter Q can be expressed in terms of the electric field strength E and the

current density Jo(T(),
Q =AE Jy(Ty. (14)
Using Eqgs. 10, 13, and 14, it can be shown that
B2=(Q/Q)9, (15)
where
¢ =Qca(a+b)/[k(T,- Tyl (16)

There is an additional condition that must be satisfied as a result of current

redistribution, which is that the sum of the current in the superconductor and the

stabilizer must be equal to the total current,




jz J(MdX+bE/p=adyTy). an

Employing the dimensionless parameters defined previously, it can be shown that

Eq. 17 is equivalent to

f;"d’”(Q’Qc)@feg- e

Substituting Eq. 6 into Eq. 18 resulted in the following relationship between 8¢ and
Q/ QC)

tanh(®) ,

0g = — taih(ﬁ) (19)
= Y0 |_2wq0S
B Q/ch g

where

D" exp[~—(N2 + Bz)'c] sin(N)

([32 + NZ)NZ 20

s=Y
n=0

We have now completed the formulation of the problem. For given values of wy,
By, and ¢, we want to calculate 6 as functions of 1 and x and Q/Q. and f as
function t by solving Egs. 6, 15, and 19 simultaneously. Numerically, it is easier
to carry out the calculations in a slightly different manner. Instead of wy, 6,

and ¢, one can use wy, Q/Q., and ¢ as inputs, then § can be calculated explicitly

from Eq. 15. Then 8, can be calculated by using Eq. 19. Finally, the




dimensionless temperature 6 is calculated by using Eq. 6. The calculations are

straightforward because no iteration is involved.

There is a simple relationship between the heat generation rate per unit
volume of the composite and the current in the stabilizer (I;). Substituting the

electric field strength E = pdJ; into Eq. 14, it can be shown that
Jst /Jdo(Te) =(Q/Qc)a/b,or
I4./1=Q/Q,. (21)
Thus, the fraction of curi‘ené in the stabilizer is equal to the fraction of the heat

generated in the composite conductor. Another interesting parameter is the total

internal heat generated per unit volume in the superconductor,

W, = [ Wi(T)dX /a. 22)

Since the total heat generated in the composite is equal to the sum of the heat

generated in the superconductor and the stabilizer, it follows that
Qa+b)=W,a+pJu)?b. (23)

Substituting Eq. 21 into Eq. 23 and solve for the dimensionless parameter wy,

W= WA/ Q. =(Q/Q)(1-Q/ Q) (24)
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Both Eqs. 21 and 24 appear to be quite simple and depend only on the heat
generation rate per unit volume of the composite Q/Q.. However, because Q/Q,
depends on wy, ¢, and 6, so do I/Iy and w;. Equations 21 and 24 are applicable to

both the transient and steady-state situations.

Before presenting the results, it is interesting to point out a special case of
the general solution given by Eq. 6. Since the argument in the exponential term
is negative, a steady-state solution always exist as T becomes large. Under steady-

state condition, Egs. 6 and 19 are reduced to

_| cosh(Bx) wobg | Wobg
: "~[ 2osh® ](“ Q/Qc) Q/Q =
0g = tanh(®)/B —. (26)
- 0
(1-Q/Q¢)+[1 tanh(B)/B](Q/Qc)

If there is no external thermal disturbance (wy=0), then the steady-state solution

becomes

0 = cosh(Bx) / cosh(B), 27

8y =tanh(B)/B/(1-Q/Q.) . (28)

Equations 27 and 28 are identical to the solution reported by Wilson [2], who
calculated the steady-state, transverse temperature distributions and heat

generation rate and applied the results to determine the cryogenic stability of a

composite conductor.
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Results and Discussions

The results of the previous analysis will be presented in two parts. The first
part describes the numerical results of the steady-state solution and the second
part describes the results of the transient solution. Instead of By, we will define a

dimensionless parameter 6*
6" = (T;- Tg) / (T, - Ty) . (29)
The relation between 6, and Q* is
6" =1-1/8, (30)

The results will be expressed in terms of 0*, which is the parameter employed by

Wilson [2], so that a direct comparison can be made.
Steady-State Solution

In this case, the exponential terms in Eqs. 6 and 19 approach zero as 7
becomes very large. Figures 2 to 4 show the calculated 8" as a function of Q/Q. (or
I¢/1p) for various values of ¢§. When there is no external disturbance (wg = 0), the
result is shown in Fig. 2 and it is identical to that reported by Wilson [2]. The case
of ¢ = 0 corresponds to the special situation where the superconductor is at a
uniform temperature because the thermal conductivity k approaches infinity. It
can be seen from Fig. 2 that 6" = 0 (T; = Ty) at I/Ig= 0 and 8" = 1 (Tj = To) at Iy/Ip =

1. This means that, in the absence of a external disturbance, all the current is in
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the superconductor when Ti = Ty, and all the current is in the stabilizer when T; =
T.. The situation is different when there is an external disturbance (wg > 0) as
shown in Figs. 3 and 4. Except for ¢ = 0, it can be observed that 6" < 0 (T} < Tg)
when Ig/Ig=0 and 8* < 1 (T; < T,) when Ii/Iy= 1. In order to maintain all the
current in the superconductor in the presence of an external disturbance, the
interface temperature T; must be smaller than the generation temperature T,.
This is because the external disturbance causes current redistributi(')n within the
superconductor even though all the current is still in the superconductor. On the
other hand, when all the current is transferred to the stabilizer, Figs. 3 and 4
show that the interface temperature T; is less than the critical temperature T,.
This result is incorrect physically because if the interface temperature is less
than the critical temperai;ure, then a portion of the superconductor (near the
interface) is still capable of carrying a certain amount of current and
consequently not all the current is in the stabilizer. This unrealistic result arises
because the analytical model could not account for the situation when the
temperature of the superconductor exceeds the critical temperature. This can be
explained by examining Eq. 3 which is the assumed internal generation rate in
the superconductor. When T is greater than T., the internal generation rate
becomes negative which is obviously incorrect. When T; is slightly smaller or
equal to T, at I;/Ip = 1 as shown in Figs. 2 to 4, the bulk of the superconductor is at
temperatures greater than T, and Eq. 3 fails to describe the physical situation

correctly. We shall discuss this further in a later section.

Another important feature which can be observed from Figs. 2 to 4 is that
when ¢ > 3, a relative minimum appears in each of the curve in these figures.

For example, when ¢ = 5, Q/Q, increases with decreasing 6 for Q/Q.; < 1.5 and

increase with increasing 8" for Q/Q. > 1.5. The portion of the curve with negative
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slope is most likely unstable because as the interface temperature T; is reduced,
the superconductor should be able to carry more current and therefore less

current is transferred to the stabilizer.

Typical temperature distribution in the superconductor is shown in Fig. 5
where the dimensionless temperature 6 is plotted against x for various values of
Q/Q. (or I/Ig) with wo= 0.2 and ¢ = 5. As Q/Q, is increased, the temperatures in
the core of the superconductor increases and approaches T, (6 = 0). However,
when Q/Q, is greater than 0.8, & becomes negative and T becomes greater T..
This is again the result of employing Eq. 3 which is not valid when the

temperature of the superconductor exceeds the critical temperature.

It is interesting to find out how the dimensionless total internal generation
rate w; varies with the dimensionless temperature 8* and the heat generation
rate per unit volume of the composite Q/Q.. Figure 6 shows the plot of w, versus
Q/Q, (or I4/Ig) calculated by Eq. 24. The total internal generation reaches a
maximum at I /Iy = 05 The reason that w; has a maximum is because the
internal generation rate depends on the product of two competing factors, the total
current in the superconductor and the electric field strength. When the total
current in the superconductor is large, the electric field strength is small because
the current in the stabilizer is small. When the total current in the
superconductor is small, the electric field strength is large because the current in
the stabilizer is large. This characteristic is clearly demonstrated in Fig. 6 and by
Eq. 24. Figures 7 and 8 show the variation of 6* with w, for various values of ¢.

Again, w; reaches a maximum at some value of 8* which depends on the values of

¢ and wg.
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Transient Solution

Figures 9 and 10 show the results of the transient solution calculated by
Egs. 19 and 30. It appears that the steady-state is approached when t=1. This
means that the time required to reach steady-state is t = a2/a. This characteristic
time for transverse heat conduction in the superconductor can be compared to
that of current diffusion in the stabilizer. The characteristic time of current
diffusion in the stabilizer is ty = pgL2/p, where |y (= 4r x 10-7 H/m) is the
permeability of free space, and L is the characteristic length in the longitudinal

direction. The ratio of the two characteristic times is
t/tg = pa2/ opgl? (31)

The thermal diffusivity for high-temperature superconductors at 77 K is o = 10-6-
10-7 m2/s, and the resistivity of silver at 77 K is p = 3.65 x 102 Q-m. In the
analytical model, we assumed that L is much larger than a so that edge effect can

be neglected and the problem can be treated as one-dimensional. If I/a = 10,

t/tg =0.58x102>> 1.

Then the time required for current redistribution in the stabilizer is much shorter
then that required for the transverse temperature in the superconductor to reach
steady-state. Steady-state current in the stabilizer and the electric field strength
can be assumed to establish instantly. But, as one can see that the margin is

relatively small. If L/a > 10 is required, then t / ty; will no longer be much greater

than 1, and the error introduced by the one-dimensional model will increase.




Summary

Closed-form solution of transient heat conduction with distributed heat
source is employed to predict the transverse temperature distribution and heat
generation rate per unit volume of a composite conductor subjected to a constant
thermal disturbance. The heat source includes a constant external disturbance
and an internal generation term which is a function of temperatt.ne distribution
in the superconductor (Eq. 3). It is shown that the dimensionless temperature
distribution 6 (Eq. 6) and the heat generation rate per unit volume of the composite
Q/Q depend on the three dimensionless parameters 6, §, and wy. Results of the
transient and steady-state solution are presented in Fig. 2 to 10. It is shown that
the heat generation ra'te i)er unit volume of the composite Q/Q, is directly
proportional to the current in the stabilizer (Eq. 21). The dimensionless total
internal generation rate w; in the superconductor is shown to reach a maximum
at Q/Q. = 0.5 (Fig. 6) because w; depends on two competing factors, the current in
the superconductor and the electric field strength which is proportional to the
current in the stabilizer. It is demonstrated that steady-state is approached when
the dimensionless time t becomes greater than 1. In the absence of an external

disturbance, the steady-state solution reduces to that reported by Wilson [2].

One of the basic assumption made in the present analysis is that the
characteristic time of current redistribution in the superconductor and the
stabilizer is much smaller than that of temperature redistribution so that heat
conduction in the superconductor is independent of the current diffusion process

in the stabilizer. This assumption is shown to be marginal for high-temperature

superconductors.
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Another basic assumption made in the present analysis is the distribution
of internal heat generation rate described by Eq. 3. It is evident that Eq. 3 cannot
accommodate temperature greater than T, because dissipation becomes negative
when T > T, and Eq. 3 gives unrealistic results. In reality, T can be greater than
T, and the local current density should be reduced to zero if T > T,.. Consequently,
the local heat generation rate should be zero. In other words, W;=0and J =0
when T > T.. This additional constraint will cause complication for analytical
solution but it can be easily handled by numerical solution. We are currently
carrying out the numerical solution. In the numerical solution, we can also
include the more general condition of a time dependent external disturbance
instead of a constant external disturbance used in the present analysis. The
present analytical soh;tion can be employed to validate the results of the

numerical solution under special circumstances.
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Nomenclature

- b o »

1/2 the thickness of the superconductor, m
thickness of the stabilizer, m
electric field strength, V/m

current, A




Wo

Wi

operating curfent, A

current density, A/m?2

critical current density, A/m2

operating current density at T = Ty, A/m?

thermal conductivity of the superconductor, W/m-K

characteristic length in the longitudinal direction for current diffusion
in the stabilizer, m |

heat generation rate per unit volume of the composite conductor, W/m3
critical heat generation rate per unit volume of the composite conductor
(Eq. 13), W/m3

temperature, K

critical temperéture, K

interface temperature between the superconductor and the stabilizer, K
operating temperature before a thermal disturbance, K

time or characteristic time for thermal diffusion, s

characteristic time for current diffusion in the stabilizer, s

heating rate per unit volume of the superconductor (Eq. 2), W/m3
internal generation rate per unit volume of the superconductor (Eq. 3),
W/m3

external heating rate per unit volume of the superconductor, W/m3

total internal generation rate per unit volume of the superconductor
defined in Eq. 22, W/m3

dimensionless external heating rate per unit volume of the
superconductor defined in Eq. 12, W/m3

dimensionless total internal generation rate per unit volume of the
superconductor defined in Eq. 24, W/m3

transverse coordinate, m
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X dimensionless transverse coordinate, X/a

thermal diffusivity of the superconductor, m2/s
dimensionless parameter defined in Eq. 10
electrical resistivity of the stabilizer, Q-m

fraction of superconductor in the composite, a/(a+b)

a dimensionless parameter defined in Eq. 16.
dimensionless time, at/a2
dimensionless temperature defined in Eq. 7

dimensionless temperature defined in Eq. 11

% 0Q

© ® D a4 © > vV T R

dimensionless temperature defined in Eq. 30

Subscripts

st stabilizer




Figure Captions

Fig. 1

Fig. 4

Fig. 6

Fig. 7

Fig. 8

A schematic of the geometry of the model and the assumed relationships

between the critical current density and the temperature.

Variation of 8% with Q/Q, or I/, for various values of ¢ with wy= 0

under steady-state condition.

Variation of 8" with Q/Q, or I /Iy for various values of ¢ with wy= 0.1

under steady-state condition.

Variation of 8% with Q/Q, or L/l for various values of ¢ with wy = 0.2

under steady-state condition.

Variation of 8 with x for various values of Q/Q, or I/I with wy = 0 and

¢=5 under silseady-state condition.

Variation of w; with Q/Q, or I4/I .

Variation of 6% with w, for various values of ¢ with wg = 0.
Variation of 6* with w; for various values of ¢ with wy = 0.1.

Variation of 8* with Q/Q, or I /Iy with wy = 0 and ¢ = 5 under transient

condition.




Fig. 10 Variation of 8" with Q/Q. or I5;/Iy with wy= 0.1 and ¢ = 5 under

transient condition.
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