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Absmract

We investigated new algorithms for image reconstruction in emission tomography which
could incotporate complex instrumental effects such as might be obtained with a coded
—aperture system. Our investigation focused on possible uses of the wavelet transform to
_ handle non-stationary instrumental effiects and analytic continuarion of the Radon
%itransform t0 handle self-absorption. Neither investigation was completed during the
# funding period and whether such algorithms will be useful remains an open question.

e ¥ ﬁﬁgntroducﬁon _ o

Emission tomography involves the reconstruction of an object from its owa internally
emined radiation In medicine, ethission tomography is used to determine the volume
density of'an injected mdioactive pharmaceutical by measuring the flux of gamma rays
emitted in all angles around the patient. Such studics measure biochemical function or
metabolism in specific argans such as the heart , Emission tomography is distinguished
from transmission tomography which uses an external source of penetrating radiation
usually x-rays primarily to determing structure.

Tomographic reconstructions, both emisgion and transmission, are performmed with the
Radon transform, an invertible transform which allows the roconstruction of a function
from its projections or line integrals. However, in real tomographic systems, the collected
data are only approximations of line ititegrals in two significant ways. First, no
instrovaent has a perfect tesponse so that a realistic forward transform would include a
convolution of the projection with the response function of the instroment. Second, in
emission tomography, the object both emits and absorbs radiation so that the correct
Integral in the transform is not a simple projection, but the radiative transfer integral.
These two difficulties place significant constraints on the design of imaging systems and
the intetpretation of data. Understanding the Radon transform in greater generality would
allow a significant improvement in imaging capability. The mathematical technigues
developed would be equally useful in the 3D imaging of any volume emitter of radiation,
for example, a medical patient, a plasma, or radioactive material.

Results

In this project we identified two promising techniques for addressing these two problems.
The first uses wavelet frangforms which are appropriate for deconvolution in precisely
such cases as tomography where the instrument résponse varies across the image
(Beylkin, Coifman, and Rokhlin, 1991). Qur jnvestigation found that because the Radon
tansform is not diagonally dominant, the standard technique of wavelet based
compression eould not be applied. Howover, there are » number of approaches that have
appeared in the literature from investigations at other institutions contemporaneous with
ours (Bhatia, Xarl, and Willsky 1994, Donoho 1994). None of these seems to offer
significant advantages over standard inversion techniques. The central difficulty appears
to be that the back-projection patt of the inverse Radon transform is an cxpansive
operator, Still this area of re¢soarch seems promising,
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_ As for our second problem we showed that the Radon transform formalism can be
4. % jmaintained even when considering the full radiative transfer equation in place of the ling
<A o ilmwgt‘«}l if the standard Radon transform is anglytically continued to complex arguments,
Ak - ‘Inversion of this transform is then an exexcise in complex integration. The integration
may be performed along certain paths, some of which have been derived in the literature
by other methods (Bellini et al. 1979), A general formula for the complex integration is
difficult to derive because of essential singularities arising from the geometry of the
Radon transform itself. For example, define two coordinate systems, one romted by
angle ¢, '

&= xcosf + ysind

1 = xsind -+ ycosd
‘Then an attenuated projection is defined as

L

pEM)= [fEmedn

—- -~ where @ is 4 constant attenuation cocfficient. Taking a one dimensonal Fourier tafisforny ©
. of the projection, -

P@0)=[[ F&me ™ gt
define complex numbers,

A, =kcos¢+§%sin¢

——e = - -

A, =ksing __ia_cos¢

Formally, £ may be recovered as an inverse complex Fourier wransform, that is & path
integral along some specified path. If we choose the path as the real axes of, 4., A, then

solving for k and ¢, we recover the inversion formula from Bellini ct al (1979). In this

case, ¢, is a complex number and a further analytic continuation is necessary: ¥ k and ¢
are to be real numbess, then a possible path is,

A =z + %

~ tl 2 m_

i
by =5

wheret =/ +7Z . But at the origin this path is not analyticby virtuc of an essential
singnlarity. Perhaps an extension to higher dimensions would prove fruitful,

Fyrther work is needed on these technigues and other fast algorithms to fully take
advantage of the advanced capabilities of the next generation of medical imaging
systems,
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