Ny

s
N Ef
A 7-5':‘?

PROPERTIES OF BICENTRIC CIRCLES

FOR THREE-SIDED POLYGONS

THESIS

Presented to the Graduate Council of the
University of North Texas in Partial

Fulfillment of the Requirements

For the Degree of

MASTER OF ARTS

By

David J. Heinlein
Denton, Texas

August, 1998



Heinlein, David J., Properties of Bicenptric Circles

for Three-5i . Master of Arts (Mathematics),
August, 1998, 93 pp., appendix, bibliography, 2 titles.

We define and construct bicentric circles with respect to
three-sided polygons. Then using inherent properties of
these circles, we explore both tangent properties, and

areas generated from bicentric circles.



Ny

s
N Ef
A 7-5':‘?

PROPERTIES OF BICENTRIC CIRCLES

FOR THREE-SIDED POLYGONS

THESIS

Presented to the Graduate Council of the
University of North Texas in Partial

Fulfillment of the Requirements

For the Degree of

MASTER OF ARTS

By

David J. Heinlein
Denton, Texas

August, 1998



TABLE OF CONTENTS

LIST OF ILLUSTRATIONS ...ttt iieraenennnsan
Chapter
1. INTRODUCTION ... it it ittt at st tsvrovosennenss
1.1 The Outer Radius ........c..i it iinmnnnaanss
1.2 The Inner Radius ......... ...t iineannan..
2. THE CENTER DISTANCE ...... 0ttt erennononnans
2.1 The Isosceles Triangle ...... .. ciieeeuenenn.
2.2 The General Triangle .........¢ oo,

3. BICENTRIC CONSTRUCTION ..........¢iiiirnenaan

4.2 Tangential Circles ........ e,
Minimum and MaxXimum . ........vvmmeeeeonennnn
5. GENERATED AREAS ... ittt ittt et osoesomenneneenes

5.1 Introduction ... .. ittt e e e e

--------------------------------------

P44

Page

iv



T 71
2 72
e I I R T T T T S 73
73
S e i e e s i e et e e 74
T T T T 75
e 75
L e e e e e e s e e e 76
e 76
1 i i ittt i s s a ettt 77

iv



Figure Page

T 29
0 29
O 30
e 31
S 31
A 32
< 32
St 33
S 33
D 34
3 35
Q. ittt ittt it et ettt e s, 36
d.3 it it s st r et e et asasnessnnn 36
T 37
2 41
L 42
T A R T R T I T T T AN 47
R 49
L 51
R 53
L 57
D 2 e e e e et e e e 58
L 58
T T T S T 59



D e e it e e e e e e e e e 70
B it i e et e ettt a e e e 71
F i e e e et e e e e a e e e 72
e 72
L 73
10 i e e e e i e e 74
L 74
L e e e et i e e e e s 75
O 75
1 76

vi



CHAPTER 1

INTRODUCTION

1.1 The Outer and Inner Radiug of a Triangle

From elementary geometry, we know that every triangle, T,
has two circles associated with it. One which circumscribes
T, and one which can be T T
inscribed within T.
Figure 1.1. / | PN
Unless otherwise / 1ﬂfﬂﬂ/ f >n
specified, we | |
will assume that Fﬁii;'"'“'mwm_ !
every triangle, T, \ /
has sides Z 2> Y 2 X. \\ //

We now define the Figure 1.1
the outer and inner

radii for T.

Definition 1.1.1 The Outer radius, R, is defined to be the

radius of the circle, which circumscribes T. A commen

methdd for evaluating R, involves the Law of Sines.



method for evaluating R, involves the Law of Sines. For our
purposes however, it would be convenient to find a formula
for R which can be expressed as a function of side lengths

X, ¥, and Z only.

Proposition 1.1. Let T be a triangle with side lengths

Z 2 Y > X. Then the Outer radius, R, is given by,

R = XY2Z i
\/4X2Y2 _ (Xz +Y2*22)2
XYZ .
Note: It can be shown that R = — where A ig the

area of T.

Proof:
We will begin this
proof by making

geveral observations

about Figure 1.2.

. ~ ’
\“H.__ R __//

Figure 1.2



(1) cosiw = Z_ZR
(2) w = [e, Isosceles
(3) lc+ /lw = /d, Isosceles
(4) {d+ [ = La
(5) le + /b = ([f, Isosceles.

Adding (3) and (4), then rearranging we find,
(6) lc+ /fw=/ta - /Lf.

Using (2} and (5) we have,

(7) Lw+ tb = [F .

Then by adding (6) and (7) we get:

2.w

la - Lc - Lb,

(8) Jw = la - Lc - Lb
> .

Using the fact that

la + (b + Lc = 180°,



we see that together with (8),

lw ta - 90° .

Using (1) we find that,

VA
2cos (Za - 90°%)

Applying the subtraction formula for cosines,

cos(A - B) = cos(A)cos(B) + sin{(A)sin(B}, to (9) we obtain,

VA
2sinfa

1}

(10) R

Remark: Though we have assumed the center of our circle
lies outside of our triangle, a similar proof shows
we have the same equality, regardless of the

position of the center.

Note: Repeating this method for the two other sides of T,
along with the opposite angles, will establish the

Law of Sines.



To find / a, we use the Law of Cosines,

2% = X? + Y? -2XYcosla .

By solving we find,

2 2 _ 2
la = arccos| X+ ¥ Z ]
2XY

Therefore by (10) we have,

Z

(11) R =

: X*+y?-32
2sin[arccos ————— ]
2XY

Finally by applying to (11), the trig identity

sin(arccos&] = 1 - €2, [&]| <1,

our equation becomes,




Simplifying yields the desired result,

XYz
J4x2yz - (X2+Y2_ZZ)2

When we restrict T to take a specific form, such as an

Isosceleg, Equilateral, or Right Triangle, we find,

Isosceles: Let base = B, let sides = S, then

Eguilateral: Let sides = S, then

R = 53

3

Right Trjangle: Let X2 + Y2 = 22, then



Definition 1.1.2 The Inner radius, denoted r, is defined

to be the radius of the circle which is inscribed within T.

Figure 1.3.

As with the case for
R, we would also
like to find a

formula which will

give r strictly in Figure 1.3

terms of the side

lengths X, Y, 2.

Proposition 1.2 Let T be a triangle with side lengths

Z 2 Y 2 X. Then the Inner radius, r, is given by,

X+Y-2|2%-(Xx-Y)?
2 (X + Y)? - 2°

2A

. r = e—-
Note: It can be shown the we also have, LX+Y+Z)'

where A is the area of T.

Proof: To prove this formula we will divide T into pieces



then sum the areas of these pieces.

Connecting the
center of the in
circle to the
vertices of

T, we form three

triangles, xsy, X e

Xsz,
and zsy. Let
A[T] = Afxyz], dencte

the area of T. 8o,

Figure 1.4.

Figure 1.4

Alxyz] = A[xsy] + Alxsz] + Al{ysz],
(sq) (xy) , (st) (x2z) (sp) (yz)
2 2 !
_ rz ry . rX
2 2 2 '
_ riX+Y+ 2)
> .
Next, it can be shown
that h, Figure 1.5 can be
expressed as: e
7

Figure 1.5




So,

VA b4 2 Z% + ¥Y? - x%%
= .__,_.h = —— Y— -
AlT] 27 2 N 2z
Thus,
r(X+Yy+2 _ Z Yg_(ZZ+Y2~X22
2 2 2z ’
Solving for r yields our desired result,
p - ErY-X| XP-(Z-Y)?
2 (Z + Y)? - X

The equation for the inner radius r, may also be
further simplified when we restrict T to take a specific

form, such as an Isosceles, Equilateral, or Right Triangle.

Isosgeles: Let base = B, and sides = S, then

_B‘ZS-B
r | e—
2\ 25 + B



Equilateral:
Right Triangle:

Let Sides = 8, then
r = S5/3
6
Let X2 + Y2 = Z2,
X+Y-~-2

2

then

10



CHAPTER 2

THE CENTER DISTANCE

2.1 nter Distance

In thig chapter we discuss one of the fundamental
relationships between a triangle T, and the inner and outer

circles which are naturally associated with T.

Definition 2.1.1: Let C, and C, be nested circles of radii R
and r respectfully. Let C, lie entirely within C,, then the

Center Distance, denoted D., is defined to be the distance

between the centers of C, and C,.

Theorem 2.1.2 Let Cy and C; be nested circles having radii

R and r respectfully, and suppose r s ¥R. Then there exists
an Isosceles Triangle T with outer and inner radii R and r,

if and only if D, = R* - 2Rr.

Proof: Suppose there exists a Isosceles triangle T with

outer and inner radii R, and r.

11



Forming the right

triangle as shown

in figure 2.1, we o /
4 ‘ x'j
have, / /
/ /
x'I *'f
/ s /
! I
f Lo - !
| 7 y
I\ ,’/
\ /!
B \\ a"fll \'-
(r + R+ D)2+ (=) = g2, \ T
() N / Y
2 LN |
{f ."‘-.J—
c\\bx___. B
Figure 2.1

Expanding then solving the quadratic for D,

~2(r + R) +45% - B?
C—- 2 ’

where we have taken the positive root.

Squaring both sides we have,

2_p2
D.f - 4548 - {y458%-B*(r+R) + (r+R)?,

12
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Replacing R and r, with S, B terms on the right,

2 BZ_BS+B_2 2s -B __SB* | 54
¢ 4 4§ '28+B 28+B 4g? - g*

Multiplying top and bottom of the right by 4(4S2 - B?), then

simplifying,

2 51 - 2BS® + B?8?

Dc = r
482 - B2
_ St ~ BS?(2S - B)
45% - B2 (28 + B} (2S - B)

Rewriting we have,

4 2 o
p? - 2s - Bs? /25-B
45° - B J452-B? \/25+B
- s* _ 52 B | 2s5-B
4s% - B? Jasz-gZz 2 N 25+B’

Writing S and B in terms of R and r, we have,
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Next suppose that C, R
and C; are nested .
circles of radii R /
and r respectfully, and f
that D.? = R® - 2Rr. (

See Figure 2.2. \

Define an Isosceles \\

Triangle T' as follows: .
Let T' have base B' and R

sides S' satisfying,

Bf =2«r(2R -r-2D,)
and
s’ = J2R(R + r - D)

Since R > D, for all 0 < r < %R, both B' and S' are well

defined. By making the substitution

B' and §' reduce to,

B' = 2/T({2€- 1), ana s/ = S/rE-r)

E ~-r



15

We will suppose that
T' has outer and

inner radii R', and

r'. Then show e ; 1 \\\
/ Is B
B R
R' =R, and r' = r. // ; ' \
.l'! s ,"I s y
Thereby establishing f e \

that there exists an |

///;;;ﬂhwﬁ“
s

isosceles triangle \ ) )\ /
)' kS
r " /
which has outer and \\ B 1 // L/
. . . \ I __.\_h...".":;-\.‘_,_l__,,-'______' ___________ //
inner radii R, and r, L B’ o
as shown in Figure 2.3. Figure 2.3 i
To show that the outer radius R' = R, we have that,
R = .___jii____
48 - p”

Substituting S* and B' into the equation yields

2R(R + r + DJ

R' =

Ji2R(R+r+D,)) - 4r(2R - r - 2D_)

Since we have assumed that D/ = R® - 2Rr,



le

R' can be written as,

Rl - R(R+ r + D)

J(R +r+D)(R+r+ Dc)-

Simplifying yields the desired results,

R’ = R
Now we must show that r' = r. By squaring the inner radius
formula for T',
2 B 25’ - B’

4 25’ + B!

Substituting in S' and B' we have,

2Eyr(28 ~r) _ Zm

2 - Ar2E-1)) §-r |
; - .
2€w/r§<f€r 2R )

Upon simplifying this reduces to,
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P17 - pioe -y 2VERESEII(E-E ),
2y r(28 - r)y (g +& - r)

Simplifying yields

12 _ - _r
r r(2g r)(2£_r).

Simplifying and taking the square root of both sides

egtablishes the desired results,

End of proof.
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Theorem 2.1.3 Let T be a triangle with outer and inner

radii R, r. Then D,/ = R® -2Rr.

Proof: The proof of //ﬁ N
Theorem 2.2.3 closely
parallels the proof of
Theorem 2.2.2.

Let T be arbitrary, see

Figure 2.4.
Figure 2.4
We want to show that Pl N
i \\\
there exists an
o
Isosceles Triangle, T', / :
! ] ,'II II'. \
with outer and inner radii ) R ; : '
: | N )
R™, and r", and that K ; : /
R' =R, ¥' =71 \\ e //
= R, = 1. i N
See Figure 2.5. \\_ ] ”Tr) ///
._\\.‘ ‘ : / ///
SRS

Figure 2.5h%



Define T' as follows.

such that,

Let T' have base B', and sides 8',

B,

]

2Jr(2R-r - 2JR(R - 21))

o/ - YZ@R-r-2yRR-22)) (R-yR(R - 21))

R~-r-yR(R-2r}

To show that the outer radius R' = R we make that
substitution,
¢ = r + 2yR(R~-2r).

Then B' and 8!

can be

written as,

B = 2JT(2R-¢) S’ = yIr (2R - ¢) (2R + r - 0)

Substituting B!

and S8

(2R - r -~ ¢)

into our Isosceles formula for R!',

R’ = 5"

487 - B’zf

19



we have,
(re(2Re-¢)(2Ro-¢+ra)2
, (2R, - ¢ -~ 1,)?
R =
. (2R, ~ 2R, - ¢ + 1,)?
Tl 0 ¢ ~ 45 (2R - ¢)
(2R, - ¢ - r.)?
Simplifying we have,
R = {2R-0+1)?
4(2R-¢ - )
Letting,
¢ =r+2/R(R-2r),
then simplifying yields,
R’ = R.
To show that the inner radius r' = r, we sguare both sides

of our formula for r!',

o2 B’z(zs’ —B’)
4 Vo5’ + gfl”

20
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Making the substitution,

¥ = (R - JyR(R-2r}),

B' and 8' can be written,

B' = 2Jyr(2v-1), 8 = Yyr(2¥- 1)

¥Y-r

Substituting for B' and 8' we have,

2VJ/r(2¥ - r} _ zm

r;z _ 4({r{2¥ - r)) ¥ - r
4 2YJr(2¥ - r) N Zﬁm
¥ - r

F(2w - r)(z,/r(zw- ry(¥-v+r))
2Yr(2¥ - r) (¥ +V¥ - r)

Simplifying and taking the square root of both sides

establigheg the desired result,

Thus by Theorem 2.1.2, there exists an Isosceles triangle

which and.outer and inner radii, R, and r, therefore,

D? = R? - 2Rr.



CHAPTER 3

BICENTRIC CIRCLE CONSTRUCTION

3.1 The (Center Radiug Method

In addition to evaluating the distance between the
centers of the circumscribed and inscribed circles for a
triangle T, the Center Distance, D., is also useful in
constructing triangles when both the inner and outer radius

are known.

Clearly there is no difficulty with constructing
triangles within a circle of radius R, nor is there any
problem with constructing triangles around a circle of
radius r. Suppose however we are asked to construct a
triangle which has both a fixed inner radius r, and a fixed

outer radius, R.

The problem encountered here is that we must be able to
gsatisfy both the fixed inner and outer radius with the same
triangle. The following method, the Center Radius Method,

is useful in constructing such a triangle.

22
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Cente adius Method

In chapter 2 we proved that for any triangle,

DE + r?¢ = {R ~ r}z.

Tools needed: 1. straight edge

2. compass

Step 1) Construct two perpendicular lines.

Step 2) Construct two concentric circles of radius
R and r. We require that r < ¥R as shown in

figure 3.1.

(1
\

Figure 3.1



24

Step 3) Construct a circle with center at (0,r},

having radius (R - r)as shown in Figure 3.2,

Figure 3.2

Step 4) Locate the point of intersection between this
circle and the positive x-axis, label it p,

as shown in Figure 3.3.

Figure 3.3
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Step 5) Construct a circle of radius r centered at p.

See Figure 3.4.

,./,;f?-'-" \
//}/ R-r \{\\
/| ) " \\,‘
/ \ ) [}r _\_\\\ J \
( \ ( 'i \J F ;{j |
|\ \\\ \\\ ;E; -. //"' ' // p ; R
\ ? P
\\\_ [ ,//'/
Figure 3.4

Step 6) By a standard right triangle we have,

P? + r* = (R-r)?. (Figure 3.5).

et

Figure 3.5



Step 7}

26

The center of C,, is placed a distance p from

the center of C. (Figure 3.6).

Figure 3.6

Let g be an arbitrary point on C,, and construct a

Step 8)
line segment through points p and q, as shown in

Figure 3.7.
TN

/ \

V)

\U/

o

-
— e

Figure 3.7_



Step 9)

Step 10)

27

Construct a perpendicular to this line segment
which passes through g, and label the points of

intersection with C as h, and k. See Figure 3.8.

— L

Figure 3.8

Construct an arc of the circle whose center is h,
and which passes through g. Label the point of

intersection with C;,, s. See Figure 3.10.

\
\
K
\\‘\.\

—

—_ J—

Figure 3.9
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Step 11) Construct a line segment which passes through h,

and 8. Let j be the point of intersection with C,

as shown in Figure 3.10.

o //'
c______“___

Figure 3.10

Step 13) Construct line segments hj and hk

N
AN

e >

— -

Figure 3.11
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Since segments hj and hk are tangent to C, we have that

segment kj is also be tangent to C,. See Figure 3.12.

Abmmu“___”fj
Figure 3.12

Thus our triangle is
circumscribed by C and inscribes
C,. Now since for fixed R and r,
our construction of T depends
only on the point g, there exist
an infinite number of triangles
which share inner and outer

circles C and C,. See Figure 3.13.

Figure 3.13
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.2 T nter Distance Method

Suppose we are given a circle C of radius R, and a point
pe C. The natural gquestion to ask is; can we construct a
circle centerxed at p, called C,, such that C;, can be
inscribed within a triangle, T, while T is inscribed within
C? The answer is yes, and we will call thisg method of

construction the Center Distance Method.

Tools needed: 1. straight edge

2. compass

Let C be a circle of radius R, and let pe C, as shown in

Figure 3.14.

Figure 3.14



Step 1)

Step 2)

Construct a diameter of C which passes through p,

as shown in Figure 3.15.

Figure 3.15

Construct a perpendicular to this diameter which

passes through 0. See Figure 3.16.

Figure 3.16

31
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Step 3) Construct the line segment and midpoint, m, as

shown in Figure 3.17.

Figure 3.17

Step 4} Consruct a perpendicular bisector to this segment,
and lable the point of intersection, r, as shown in

Figure 3.18.

Figure 3.18
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Step S) Let |r| = r. Since through m passes a
perpendicular bisector, we have by the SAS

postulate, that d(r,p) = R-r. See Figure 3.19.

Figure 3.19

Step 6) Construct a circle of radius r, centered at p. See

Figure 3.20.

Figure 3.20
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Now since |p|’= R® - 2Rr, this circle is properly spaced.
Furthermore, since p wag arbitrary, we can construct

properly spaced circles about any point within C. See

Figure 3.21.

Figure 3.21



CHAPTER 4

TANGENTIAL CIRCLES
4.1 Introduction

In this section we define generated circles and explore
the properties of properly spaced tangential circles.
Unless otherwise gpecified all circles are assumed to be
properly spaced. Let C = {{(x,y)|x’ + ¥ < R’}, and

let pe C, i.e. p = (pl,pz)-

Definition 4.1.1 We say that a circle C, is generated by a

point p€ C, see Figure 4.1 if C, is the circle given by,

2 _ 2
(X_Pﬂz + (Y*FQJZ = r;, where r_ = EimMJEL”

P 2R

Figure 4.1
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4.2 Tangential Circles

Definition 4.2.1 Let p,g¢ C, and let C, and C; resp., be

the circles generated by p and q. We say that the two
circles, C, and C; are
tangent within a circle
of fixed radius R, if
and only if

fp - gq| = ¥, + r,.

This is shown

in Figure 4.2.

Figure 4.2

Definition 4.2.2 We define

T, as the set of all g€ C

s.t. C; is tangent to C,.

Figure 4.3
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Proposition 4.2.3 Let R > 0. Let p,q € C, and let C, be

the circle generated by p. If g = {(q;,q;), then

geT, = gqp =4R2»qf—¢pﬁ—2R¢3R2—2uﬂqr

That is,

T, = {qeC| g’ = 4R*-g*-|p|*-2R{3R*-2|p|q, }.

Proof: Let p € C, and let C, be the circle generated by p.

W.L.0.G. rotate p to lie along the positive x-axis, and let

d = (di,q,)€ T,, as shown in Figure 4.4.

"Figure 4.4



Then we have both,

2 2 2
- - (r +r)
cosf = iQI P Eo..d
2p{rb+rd
cosf = 4@ P
r +r,
Thus,
2pl(q, - p) = lal* -p* - (r +r)?%.
Since |q|* = R* - 2Rr,,
r; + 2(R+r,)r + (%f+2pqi—R2-p2) = 0.

Solving this quadratic in g,

r, = -(R+r)) + J(R+r)? - (r,2+2pqg, -R*-p?).

Using the equalities,

2. | |2
r = R°-lq|

2 2 .2
q 2R r |q| - q]_ +Q2!

we have,

q,’ = 4R?-q®-p?-2R{3R?*-2pq,.

38
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Thereby establishing the claim that,

T, = {geC| @, = 4R*-q*-p?-2R{3R*-2pq, }.

With this result we are now ready to define the minimum and
maximum tangential circles to a circle generated by an

arbitrary point pe C.

Definition 4.2.4 Let R > 0. Let pe C, and let C, be the
circle generated by p, having radius r,. Let a€ T,. We say

that C, is the minimum tangential circle if r, < r, for all

ge T,. Similarly if be T,, then C, is the maximum tangential
cirgle if r, > r, for all ge T,.

The following Theorem establishes a fundamental result

with respect to the minimum and maximum tangential circles.
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Theorem 4.2.5 Let R > 0. Let C = {(x,¥v)|x*+ y® < R’}. Let
pe C, let C,be the circle generated by p. Let g€ T,. Let
Tnins YESP, Iy, denote the minimum and maximum radii V C..
Let a,be T, s.t. r, = ry,, and ry,= I, then a and b lie on

the diameter of C which contains p.

Claim 1: 1If q,te C, then |gl< [t] if and only if

ry < Xg4.

The proof is trivial since,

R? - |qf?

= Yg e C.
9 2R d

Proof: Let pe C, and let C, be the circle generated by p.

W.L.O0.G we may assume that through rotation p = (p,0), where
0 < p <R. Let a,be T,, let a = (a,0), a > 0, let b = {b,0),

b <« a.

Let q,te T. So, |9 |= r, + x,, {t] = r, + r..
Thus |g| - |t| = r, - r.,. The claim here is
that r; = r,. If not, say W.L.0.G. that

r

qa > Y- Then by claim 1, {g| < |t|. This

is a contradiction since, then rg - r, > 0,
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while |g| - |[t| < 0. Therefore if p = 0, r, = r,, Vq,te T,
and r,, = Imx. Thus, I, = ry, and r, = I, and a and b lie

on the diameter of C which contains p. See Figure 4.5,

Figure 4.5

Case_2: 0 < p < R,

Let o,9 represent the angles as shown in Figure 4.6.
Due to symmetry about the diameter, we need only define
0 < o,0 < m.

Let pe (0,R), let q,te€ Tps let o = a4, let 6 = 6.



Figure 4.6

Clagim 2: If o, > 6,, then r; > r..

Proof: If oy > O, then 180° - &, > 180° - q.
Since cos(x) is strictly decreasing on [0,n},

we have, cos (180° - O.) < cos {180° - o).

By the law of cosines we have,

2 _ 2 _ 2
cos (180° - 0) p* +|p - e|® - |¢t]

= ;, and
¢ 2plp - t|

2 _ 2 _ 2
cos (180° - o) = R *lp-ql* - g
‘ a 2plp - q

42
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Thus,

p?+|p-t]? - [t]* . p’+|p-gl®-|ql®
2plp - t| 2p|lp - qf

Since C, is tangent to both C, and C,, we have

that [p-t| = r, + r,, and |p-q| = r, + x,.
So,
pf* (r, v x)? - fel® PP r iz, v r)? - gl !
ZID(Ib +r.) ZF)(Ib +.rq)

The claim is that r, > r,. To show this suppose on the

contrary that r, < r,.

ote: [We need not consider r, = r, since we have

assumed oy > 6,.]

By claim 1, |qg| > [t].
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Thus,

p’+lp-t]" - |t . p’+ip-q|®-|q]*
2p|p - t| 2p|p - g

Since C, is tangent to both C; and C,, we have

that |p-t| = r, + r,, and |p-q| = r, + r,.
So,
p?+ (r, +r)? - [t . p2+(rp+rq)2—|CI|2’
2p(rp+rt) 2p(rp+rq)

The claim is that r, > r.. To show this suppose on the

contrary that r, < r..

Note: [We need not consider r, = r, since we have

agssumed oy > ©,.]

By claim 1, [g| > [t|. Using the inequality,

2 2

+ (I:p+rt)2-|t]2 P +(rp+rq)2—|qr|2

2p(rp+rt} 2p(rp+rq)

P

r

we have,



(ry+r)p? + (ry+r ) (r+r)? - (r

p g p+rq)|t|2

< (rprr)p? o+ (rrr) (ryvry)’

p Tt - {rp+rt)|q|2,

)

2 _
= (rq—rt)p + (rp+rq)(rp+rt)(rt r,

< (rprr)|t]? - (r,+r,)|ql®,

2

~ (rg-r)p® +r |al?-r |t}?+ (ry«r,) (r,+r) (r,-r)

2 _ 2
< r(iel* - gl®.

Since by assumption |g] > |t],

2

- (rg-rop? +rdgl?-r |t|*+ (r+r) (r,+2) (r,-1)
< 0;
= rlgl®+ (ry+r) (ry+r) (r,-r)

< (rt—rq)p2 +r| tl%.
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Since all circles are properly spaced, we have,

2 _ 2 _
@] = R 2Rr_,
2 _ 2 _
p° = R 2RI%,
tt|> = R* - 2Rr

.
Substituting in these equations and simplifying,

2
r

- 21‘ +r r2 - r r2
pLe Ip fod pt

+ r? - r.r’
P9 Tate

t—4q

< 2Rrbrq— 2Rrhrﬂ

-r)+r(r2—r2
a P t

+ -
q) rqrt(.rt rq)

Here we arrive at our contradiction since, if r, < r, then
the L.H.S is greater than zero, while the R.H.S is less than

zero, which is impossible.
Therefore if «, > 6,, then ry > ;.

Furthermore the Theorem is proved since m > o, > 6, > O,
implies that the maximum and minimum radii of all circles
tangent to C, occur when o = m, and 6 = 0, respectfully.

Thus r,, = r,, and r,., = r,, are s.t. a,b lie on the diameter

of C which contains p.



47

Proposition 4.2.6 Let R > 0. Let pe C, and let C, be the

circle generated by p, having radius r,. Then if we let
d =2R, h=R +1r, + |p|], and k = R + r, - |p|, the radii of
the minimum and maximum tangential circles to C,, r,, and

T..x¢+ AYe given by,

Proof:

We first consider r,,, using
Figure 4.5. For convenience

and W.L.0.G. rotate p to lie

along the horizontal axis and
let r;, = r,-. Let D, = a,

lp| = p. So we have,

D, = p+1r,+r,. Figure 4.7

Squaring both sides we see that,

2 2 2 2
= + + +
D, D 2p§) r, 2pra+2aga+ra.



Since C, is properly spaced we know that,

D}? = R*-2Rr,_.

Thus we have that,

R? - 2Rr, = p? +2prb-rzbz+-2pra4-2rpra+ rz.

Rearranging we see that,

2

Solving the quadratic for r.,

r; + (2R + 2r, + 2p)r, + p? + 2pr, + r,? - R* = 0.

.- ~2(R+rp+p)+\/4(R+rp+p}2—4(p2+2prp+r§vR2)

a 2
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Simplifying we see that,

r, = -(R+r_+p) +¢2R(R+rb+p)

a

If we let d = 2R, and h = R + ¥, + P, ¥, = Ly, this

equation reduces to,

.. = ydb - h.

Now consider r,, as shown in

figure 4.8. o J. o
w b 0 p v

Let T, = r,, and let D, = |b|.

From this we can see,

Figure 4.8

n
il
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p+tr,tv = R = v = R - I, P
and,
w+r, +|bl = R = w = R-1, - |b.
We also see that,
w+2r, + 2rp+v = 2R,
Thus we may write,
[R-r,-|b|] +2r,+2r, + [R~r,-pl = 2R.
Simplifying we have,
|b| = r, + r, - p.
Squaring both sides,
2 2
b? = r, +2rprb +r, - 2pr, -2prp + p2.

Since C, is properly spaced,

b? = R® - 2Rr,.
So we have,

rz o+ 2(R+r,-plr, + (pz-Zprb-Rz) = 0

Sclving the quadratic for r,, then simplifying,

r, = -(R+1,-p +‘/2R(R+rp—p)

Again letting d = 2R, and k = R + ¥, - p, and 1, = ¢

max ¢

we see,

r.. = ydk - k.



Example 4.2.7 If T is an acute Isosceles triangle with
sides Y and base X, show that r,, =Y - h.

Where h = R + D, + .

Seclution: Forming the Right triangle as shown in
Figure 4.9 we see,
(1) h? = v - (i;)z -~ h = —;sz——xz
The outer radius R, and r,, are given by,
2)° R= Y?



Using (1) and (2},

min

we

13

have,
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Example 4.2.8 Let pce C. Let C, be the circle generated by

p. If the two tangent circles as shown in Figure 4.10 lie
along the diameter of a circle of radius R, show the shaded

area, A, can be expressed as,

a = u{ 10R? + 3r% - 2|p|* - 2y/d [p¥? + K7 ] ),

Where,

it

lpl, &

If

2R,

R + r, + p, and

k =R + r,

'
o]

Figure 4.10

Solution:

Since all three tangent circles are centered along the
diameter it must be the case that these circles are the
minimum and maximum tangential circles to C,

By proposition 4.2.5, the radii of the wminimum and maximum
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By proposition 4.2.5, the radii of the minimum and maximum

tangential circles are given by,
Yoin = ydh - h, ro.. - vdk - k.

The total area then is given by,

A = m{yfdk-k? + n(r)? + n(/dk - k)%,

Combining and expanding each term we see,
= (dk - 2kydk + k? + r} + dh+2h/dh + h?) .
Letting h =R + r, + p, k =R + r, - p, d = 2R,

A = n(2R(R+rb—p)—2Ja k3% + (R+rb-p)2+r§

+ 2R(R+r,+p) -2/d h3? + (R+rp+p)2).

Simplifying yields our desired formula,

a = n10R? + 352 - 2p2 - 2/ [n¥2 + k32 ] ).



CHAPTER 5

GENERATED AREAS

5.1 Introduction

Let C = {(x,y)|x* + y* < R*}, let pe C. Let C, be the
circle generated by p. Recall that C, is properly spaced if

and only if,

2 _ 2
, - R -Ip[°
P 2R

Definition 5.1.1 Let p€e C, the area generated by p, denoted

A(p}, is given by the area of C,.

We say that two points in C generate non-overlapping

areas, when the following reguirement is met.

Let p= (p;,p;) and gq= (q;,q;) be two pointg in C. Then

the distance from p to q is given by,

d=y(q -p)*+ (q, - p,)*.
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If p generates a circle of radius r,, and q generates a

circle of radius r,, then the respective circles will not

overlap if only if, d 2 r, + .

Thus if 8 = { Py, P2y P3sr-+--+ Pn } 18 any collection of
points in C with non-overlapping areas then the total

area, A{S) generated by S is,
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5.2 The Diameter
In this section we evaluate the area generated by
all points p, lying along a diameter of a circle, C, of

radiug R. See figure 5.1

For convenience we will
choogse the origin of the
x-y plane to correspond

to the center of C, and
our diameter to lie along

the x-axis from [-R, R].

Figure 5.1

Note: The area is symmetric with respect to the four
quadrants. This enables us to evaluate the area in say,
quadrant I, then multiply this result by 4, to give us the

total generated area of the diameter D, denoted A(D).
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Restricting our attention to the T
first quadrant we gee that the N

curve, £, is traced out by circles \\

of decreasing radii as we go from
0 to R along the diameter, see

Figure 5.2.

0 ' ' R

Figure 5.2

In order to evaluate this function in terms cof area we
must determine the height, h, of £ at any point x € [0,R).

Figure 5.3.

¢
Figure 5.3
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To find the h(x), we recall
that £ is composed of points
which lie on circles whose T
centers lie along the positive

x-axis. Therefore there exists

a point p€ [0,R), whose generated
circle lies on f a distance h,
from x. This is illustrated in

Figure 5.4.

0 .

Figure 5.4

Recall that the radius of the circle with center at p, r, is
given by,

2 _ 2
r = R p *
P 2R

So that for some point p € [0,R},

2 212
x - z+hz=(u]_
(x - p) oz

Solving for h®’ we have,
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To maximize the height, h, we differentiate h with respect

to p, then set the result equal to zero.

2
opdht 2[‘R

2 -
p)( 2Py~ 2(x -p)(-1) = O.
dp

2R 2R

Note: For x # 0, the maximum does not occur at the enpoints,
gince h'({x) > 0, and h'(x) < 0 if x > p. Thus the maximum

of h occurs in (0O, x).

Simplifying the right,

opdh _ 1
dp R

(R* - p?)(-p) + 2(x-p) = 0.
Dividing through by non-zerc 2h,

1 2 2

-E(R -p9)(-p) + 2{x-p) = 0.
Rearranging the right side shows,

p® - 3Rp + 2R’x = 0,

a cubic in p.



To solve this cubic, we note that since

2.,.)2 _qp2\3 B
(25 () - - e

for all 0 < x < R, we have three distinct real solutions.

Using Vieta's method of solving the casus irreducibilis,

( —2R2x)

(3R2)3 I ~ 2 _ -Rix  -x
p = = R’, CO8Q = ——————— = = -,
3 e R3 R
Thus,
cos = —_— = = cos |\—].
@ R ¢ R

So the three possible solutions to the cubic equation are,

p, = ZRCOS(%J,
[ 21
= 2R = + =),
P, cos (- 3
® 41
= 2Rcos (= + —).
P, (5 + 5
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Claim: o)

I
o
[}

62

Proof: Suppose on the contrary that p = p;,. For 0 < X < R,

we have

Since cos™'(x)is decreasing on (-1,0] we have,

cos 10 < cos"l(—%J < cost-1
-1 1, %X 1 -1
{(#) = Zcos 0 < Zcost{-=) <« Zcos™-1
R 3
= =< icc:'s"l(——"'{--) < I
3 R 3

Since cos(x) is decreasing on [0,1] we have,

cosZ< cos (icos'l(—f) ) < cos 2
3 3 R

2Rcos%< 2Rcos {%cos'1 (-

o |

)) < 2Rcc>sE
1)

R< p < 3R

which ig impossible since pe [O,R), so p # p;.



Suppose p = p,- Then by (#),

ECOS-“LO + E < icos"l(—"}f) + _%E < _.:,I.'. s l—]_ + _2..1-[_
3 3 3 R 3 3
= 20 Lo Xy 4 20
) R 3
On this interval cos({x) is decreasing, so
= cOos8II < COSs (Ecos'l(n-}f) + E—E) < cos»s—r—I
3 R 3
= 2Rcosm < 2Rcos (—1cos“1(—f) + ~2—E} < 2Rcos &
3 R 3
= -2R < p, < -/3R.
Thus p # p,.
The only possible solution then would be p;.
From (#),
1 -1 4m 1 1 X 41 1 1 4
—cos 0 + — < —-cos ——1} + — < =—co -1+
3 3 ° 3 -z’ 3°9°
= ._323 lcOs_l(—— ) +£<_§E

14
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Since cos(x} is increasing on [m,2n], we have,

3n 1 Xy 4m Sn
= = - — ) < cos=—,
c:os2 scos(3cos ( R) 3) 3
475 1

0 < —cosH(-Z) + =) < =,

< cos {=cos™{ ) 3 ) >
0 < 2Rcos {(=cos™ 1 (-Z) + —43H) <R,

0 < p; < R.

Thus, p = p; is the proper root, and so

2 Reos(2 + A7)
3 3

T
1

fl

2Rcos (l cos ~1(“_X) + ﬂ) .
3 R 3

The radius of the circle with center at P, ¥, is given

by,

- R 3
P

(Rz - (4R%*cos? —%—cos‘l('_x) + i.rf)]

2R
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Therefore the height, h, of our curve at an arbitrary point

X, is given by,

4 -x 4
R?-4r?cosY 2cos T X+ 2E N2 -X 41
h{x) = 3 R 3 ~(x—2Rcos(icos‘1-—+—~— )2,
2R 3 R 3

Thus the area under f is given by the definite integral,

-1 -x 41
R R2—4R20032(-1~cos ALY N .
1 =X
A =f 3 R_3 -(x—2Rcog(—1£ros 2o h2gx
A 2R 3 R 3

To solve this integral make the substitution,

then,

do = = N S | dx = 1
_ 23
1‘"( X)z 3yR X

R

So,

dx = 3JR? ~ x240.
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Now,
0 = lc:c:ns'l(:-f) QAT 30 = cos™ (—2) + 4m
3 R 3 R
= 30 -4n = cos ()
R
= c0os{30 - 4r) = =X
R
= X = =-Rcos38.
Thus
dx = 3yR? - R?cos%30d6 = 3R{1-cos?30d9 = 3Rsin36de.

Adjusting our limits of integration we see that,

If x

R then ©= =/,

If x

il
o
o+
oy
®
S
¢)
n

S0 our integral becomes,

5n
2l & - 4 Rcos?0)? 2
a = ° - { -Reos36 - 2Rcosef 3Rsin3ede.
3n
7



Simplifying we have,

3 R?

J(1 - 4cos?8)? - 4 (cos30 + 2cosB)? sin30do

b
R
]
N
oy u|g

Using the trigonmetric identities:

cos36 = 4cos’6 - 3cosH
and
sin36 = 3sin® - 4sin’s,

Our integral can be writen as,

S

2 3
A1=-3TR /(1 < 4c0s%0)? - 4 (4c0s°0 - cos6)?(35in8-4sin’0) db
3n

2

Simplifying we have,

Sn
382 » '
A= f\/(l - 4co0s?0)% (1 - 4cos?8) (1 - 4cos?0) (-sinb) do
3n
T
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We can further simplify the integral as,

5

(1—4cos%ﬁ3(—sin8)de

3R?
S

S|g——olg

To solve we make the substitution u = 2co0s9.

Adjusting the limits of integration,

If 6 = i?, then u = 1,
and
if 8 = 32“, then u = 0.

Thus the integral can be represented by,



Finally multiplying this result by 4 to give us the total

area, A(D), we have,

A(D) = (%)HRZ.
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5.3 The Secant Line

A generalization of the previous diameter example leads
us to examine the area generated by any secant line S,
Figure 5.5 to a circle C, with a fixed radius R. We state

the following as a proposistion.

Proposition 5.3.1 Let C be a circle of radius R, and let S

be a secant line to C, having length A. Then the area

generated by S, is given by,

2
A(S) = %[Dﬁ\/l"dz (1402 + 30 - 2) + (8a® + B - 1) sin~la,
o = A ; O<a<i.
2R

Figure 5.5
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Introduction to proof:

The proof of propesition 5.2 closely parallels that of
the diameter example in section 3, familiarization with that
example is therefore useful. The main difference between
the two is that instead of integrating along the x-axis from
0 to R, we will be integrating along a shifted x-axis
from 0' to w, where w is half the length of S. A second
notable difference ig the lack of reducibility in the
solution of the cubic eguation, which is necessary to
determine the height h, of our curve f, at an arbitrary

peoint x lying along S.

relimina res

Let C be a c¢ircle of

radius R, with it's LT T,
center at the origin, and t// X\J
let S be a secant line to /f S
P
C having length A as shown { e R
. . ¢ R
in Figure 5.6.
\\\
NG /

Figure 5.6
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Let D, be the minimum distance from O to S, let A = 2w. See

Figure 5.7, so we have,

e \\\
7 w h
(1) w? + D2 = R?
2 _ 2 2
— w® = R D]
ST T
0 ¢] \\\\
Next, let p be an / D b
o
arbitrary point on S, see / P
- 0
Figure 5.8. Then \ R
forming a second right
triangle we see that,
g e a C . //
\_x_“_‘ /_//
-\"""——_.__"__
Figure 5.8

2 / _ 2
(2) D5 + |0'-p|? = D.



Figure 5.8

Using (2) we have,

R?- {Dg +|0'-p|?)

2R
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Let C, be the circle generated

by p.

Center distance between C and

C

p?

the radius of (,, denoted r,,

is given by,

see figure 5.9 ,

(R*-D;) - [0~ pl|”

2R

Using (1), we see 1, can be written as,

(3)

2 _ |Of_p|2

2R

If D, represents the

then
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With thege preliminary results stated, we are ready to

prove Proposition 5.2.

Proof:

Let 8 be a secant line to a circle, €, of radius R. Rotate

S parallel to the x-axis, with the center of C placed at the
origin of the x-y plane as shown in Figure 5.10. Figure 5.11
shows the area generated by all properly spaced circles

whose centers lie along S.

e e .'\"--a____ =
e

Figure 5.10

Figure 5.11



Due to the symmetry of
the area generated the
secant line, we will
again be evaluating only
the top right area,
shown in Figure 5.12
then multiplying this by
4 to give us the total

generated area, A{(S).

Let x be an arbitrary point
along S. Here we will
restrict x to lie in the
first quadrant. Let f be
the curve traced out by all
circles with centers along
w, as shown in Figure 5.,13.
Let h be the height above x,

that is h = £f({x) - 0°'.

0

Figure 5.12

OI
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0_.

Figure 5.13



Then for some p on S, we have,

(4) B* + |x-p|* = r?

— - ? w2
h = | r*-x-p

For convenience let 0' = 0.
This will allow us to
integrate £ from 0 to w. This
is illustrated in Figure 5.14,

Also now we have,

x-p| = (x-p).

76

0 pm X w

Figure 5.14

Using (3) and (4), h may be expressed as,

2 _ 2
5) h? - (-w_z._p_)z C (% -p)2.

R

To maximize h, we differentiate (5) with respect to p, then

set the result equal to zero,

2 _ 2 -
20 3o (X2 - P 2p
dp 2R 2R

J-2x-p (-1 = 0.



The left side being equal to zero only 1if,

p® - (w? + 2R%))p + 2Rx = 0.

This cubic in p is found to be casus irreducibilis

since,

2 _ 2 2
(2i2xy+( (w ;2R )3::R4x2*§%{w2+2R2)3 < 0, VY=xe[0,w).

We therefore have three distinct real solutions.
So again we use Vieta's method for solving the casus

irreducibilis,

\J(w2+2R2)3
p = —3 /- and cosQ

1

= cosQ
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Thus,

-1 _sz
¢ = cos

(w2+-2R2F

The three possible solutions to the cubic are,

3 © 2n
-] 2 3 C (— 4+ — )(
p, p7cos |z + =

1
p, = 2p° cos(%-+ y

A proof gimiliar to the one found in our diameter example

shows the proper root to be p,, thus P = p; and we have,
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Define h(x) = f{(x). Then our area, A,, is given by the

definite integral,

A, = [fix)dx.
Q

Substituting in for p, we have,

2 2 _p2
w? —4(%2—8—) cos? %005‘1[ __f_.}i___.] + -%H- 2
(w2+2R2r
\ 3 ’
AT T 2R
0
\ /
y 11
/ \ 2 2
2 2 _p2
- x - 2 (%) cos %cos“l{ $] +4—; ax.
(w2+2R2F
\ \ 3 ),
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Letting w = oR, for some 0 < o < 1.

2 -
(a2R2—4R2(°‘ +2)cos2 Leos | — X [+42] 2
3 3 - 3
« R (0‘ +2)3
A - f NV 3
! . 2R
12
2|2
2 -
- | x - 2R (cx 2) cos —cos“l[ Z ]+-—4—3-r£ dx
e
3
\

By letting,

our integral becomes,
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To solve, make the substitution,

6 = -lcos"% —X ) + -EE.
3 RK3 3
Then we see,
x = -Rk3%cos36 = dx = 3Rk’sin36de.

Adjusting our limits of integration,

If x = 0, then6=-—3~;.
If X = oR, then 8 = icos'l(;(}-)+ 4o
3 k3 3

Cur integral becomes,

3%{a2—4k2c0528y— (<Rk300338~2ch0582

(3Rk3sin36) ao.
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Simplifying under the radical we have,

a:os‘l(_—ﬂt )» An
K373

wl-

_3R?
o2

[J(a2—4k2cosze)2— 4k? (k?cos36+2cos0)?

olg

(k3sin38) | de.

Using the trignometric identities,

cos368 = 4cos’0 - 3cosB
and
sin36 = 3sin®6 - 4sin3e

(1 - 4cos?0) (~-sin@),

we have,

o

feuf )2

[J(a2—4k2cosze)2—4k2(4k2cos3e—3k2cose+2cose)2

(k?-4k2%cos?0) (~ksin®) | do.
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Simplifying,

(k2-4k%cos?0) (-ksin®) | db.

Letting 3k? - 2 = of under the radical, then simplifying,

3 3
2
A = 35 _ [ [\/(cxz—élkzcosze)z— 4k?cos?® (o -4k*cos?8)?
3
w3
(k?~4k%cos?0) (~ksin6) | do.
Simplifying,
1 -if o}, 4o
3R23003 (F)*T
A = . [J(a2—4kzcosze)2(1—4k200828)

3n

2

(k?-4k%cos?0) (-ksin®©) | do.
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Making the substitution,

u = 2kcost = du = -2ksin@ do,

and adjusting our limits of integration,

If 8 = 32”, then u = 0.
If 8 = —ECOSﬂ{:g)+4H, then u = o.'
3 K3

* [The proof that this equality holds for all o, such that

0 « o <« 1 can be found in appendix 1, on page 88.]

So we have,

3R2“ -
a == f\/(ocz—uz)z(l - u?) (k?-u?) du.
0
Simplifying,
2«
A =3—§—~f(0t2—u2) (k2-u?y (1 - u?) du.
o}
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Upon expanding we see,

2
Al :E_}S._
4

cxzsz (1—u2)du—(a2+k2)fu2 (l—uz)du+fu“ (1—u2)du}.
¥ 0 0

Solving each integral we have,

o’ k2

23
> uyl-u? + sint u |)
]
2 2 o
-2 ;k (uyl—uz-Quy(l—u2)3+ sin’? u|)
]
2 o
+Liiﬂn_~u2—u(li- +-E)V(1~11%3 + “E—sin'1u| )].
16 6 8 16 0

_ 3R?
t 4

Evaluating each integral solution from 0 to «, then

combining like terms we have,

2,2
Ot\/l—dz( azk - %(Ot2+k2) y X )

16

+ 0(\/(1—0(2)3(% (o +k2) - —2};1- (4o? +3) ))

—-E(a2+k2)+-3%-]sin*a
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By letting,

we have,

Simplifying and multiplying by 4 yields the desired result,

2
A(S) =-¥E afl-o® {14a® + 3a - 2) + (8a® + 8% - 1) sin~*a.

Where,
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APPENDIX 1

If 0 < o < 1, then

~ o +2 1 1 -o 41
o = 2 3 CcOs E-cos [————53 +-7; .
2

Proof:

We begin with the following equality,

o? + 8 o + 8

Multiplying top and bottom of the left by (o?+2), then
multiplying top and bottom of the right by (1-&?)2, then

rearranging the right.

3 (o +2) _ 3(1-0%)2
(a2 +2) (o +8) (02 +2)3- 2702




Rewriting both sides we have,

1 _o1 (1-0k)?
A
3 0(2+2 3
Dividing both sides by
22}
3 r

then taking the sguare roots of both sides,

1 1 (1—0(2)
EZ) E e T
3 o +2 3 3

Multiplying both sides by 2/3, and top and bottom of the

right by

52
3 r

we have,

2
(a +2)2(1 o)

2 Vs
92 2 .
(a +2y (a +2r "
-Q
3 3

2 1

| o?+8 3(a2+2)%
o? +2 3
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Rewriting both sides,

22
1 3
2
40 +8 -3 3(“ +2)
4 (0 +2) 3
o?+2\3 o +2\3 2
e e A L
_ 1 3 3 3
’ 2
3 (0‘52+2)3—ct2 (C( +2)3
3 3
Further manipulation yields,
0(+22
. ( ()
4 (o +2) -3 2(“ +2)
N 4(a?+2) 3




This is equivalent to,

A1 Q 1 . -1 a
sin — = -~-51n — -
ez O g

3

Taking the sine of both sides and using the fact that,

cos-EE = 0, and sin-%? = -1,
we may write,
o _ 1 _1( o ]
= COS-—— COS ~551n
o +2 (a2+2)3
2
3 3

. 3o, 1 . -1 [ o ]
- SlI’i—z—Sln 3511’1 "—*—3
2
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Using the difference of angles formula for the cosine, we

have,

Using the trigonometric identity,

sint(6) = cosl(-6) - «g:
we see that,
X = cos | == +% cos"l( —« 3} - =
5 of +2 (ﬂ2+2)3 2
3 3
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