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In this dissertation several results in Steinhaus graphs are investigated. First
undcr some further conditions imposed on the induced cycles in steinhaus graphs,
the order of induced cycles in Steinhaus graphs is at most [*£2|. Next the results of
maximum clique size in Steinhaus graphs are used to enumerate the Steinhaus graphs
having maximal cliques. Finally the concept of jumbled graphs and Posa’s Lemma

are used to show that almost all Steinhaus graphs are Hamiltonian.
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CHAPTER 1

INTRODUCTION

How many edges must a graph of order n have if it is required to contain a
path of length {7 A cycle of length at least I? A complete graph A’ of order {?
These questions are special cases of the so called forbidden subgraph problem: given
a graph F, determine ex(n; F), the maximal number of edges in a graph of order n
not containing /. The forbidden subgraph problem is a prime example of the rather
large family of extremal problems in graph theory.

Therefore, we may ask the following question which is quite a different approach
by comparing the forbidden subgraph problem: for a given class of graphs of order n
with a certain graph parameter, say the number of edges or the maximum degree, is
at most some number f, then can we find a largest number 7 such that at least one
graph in the given class contains a complete graph K7 of order »7 a path of length
r? a cycle of length r? etc. Thus these problems also could be considered examples
of extremal problems which are quite different from forbidden subgraph problems.

A Steinhaus graph is constructed by a certain rule which is called the Steinhaus
property. Unlike many classes of graphs, one can not so easily specify the number
of edges in the Steinhaus graphs since the edges are determined by the Steinhaus
property. In [Ha], Harborth finds the upper bound for the number of edges in a
Steinhaus graph. By aid of this upper bound, people have been investigating the
above problems in the class of Steinhaus graphs. For example, the upper bound for
the order of cliques in Steinhaus graphs, the upper bound for diameter of Steinhaus
graphs etc. In Chapter 2, we define Steinhaus graphs and present recent results in
Steinhaus graph theory. In Chapter 3, we define a simple induced cycle in Steinhaus

graphs and ask the above problem about the upper bound for the order ol simple



induced cycles in Steinhaus graphs. In [BrDeDu], Brigham, Deo and Dutton find
the upper bound for the order of cliques in Steinhaus graphs. From this result, in
Chapter 4 we give the number of Steinhaus graphs which have a clique of maximal
order and list them. Moreover, we present more general results and discuss the same

problems in the complements of Steinhaus graphs.

An important application of probability to mathematics occurs in the theory of
random graphs. One of the basic questions in random graph theory is {0 determine the
asymptotic proportion of graphs possessing a given property. Though the properties
of random Steinhaus graphs have been investigeted by Brand and other authors, few
results have been known by using the standard methods in random graph theory
because Steinhaus graphs have complicated structure. But the recent work of Brand
and Jackson [BrJa] gives rich results in the random Steinhaus graph theory. They
show that the theory of random Steinhaus graphs is first order complete and identical
with the first order theory of random graphs. There are many important properties
possessed by almost all Steinhaus graphs which can not be expressed by a first order
sentence for examples, cycles and clique numbers etc. In Chapter 2, we define quasi-
random graphs, pseudo-random graphs and generalized Steinhaus graphs. In Chapter
3, we present the results of Brand, Thomason and other authors, and prove that

almost all Steinhaus graphs are Hamiltonian.



CHAPTER 2

PRELIMINARIES
2.1 Introduction

The purpose of this chapter is to introduce basic concepts and results of graph
theory (see [Be], [B2] and [Go]). In section 2.2 we give some basic concepts of graphs.
In section 2.3 we define Steinhaus graphs and generalized Steinhaus graphs and give
some results of the Steinhaus graph theory. Finally, in section 2.4 we state the two
basic models of the theory of random graphs and state well known results in the

random graph theory and define some pseudo-random graphs.

2.2 Basic concepts of graphs

Intuitively speaking, a graph is a set of points and a set of line segments joining
some of the points. Formally, a graph GG is an ordered pair of disjoint sets (V, I) such
that F is a subset of unordered pairs of V. The set V is the set of vertices and F the
set of edges. For the sake of convenience in most cases, we consider a graph with n
vertices and take V = {1,2,---,n} to be the vertex set. An edge {z,y} is said to join
the vertices z and y and is denoted by zy. If 2y € E, then z and y are adjacent and
the vertices z and y are incident with the edge zy. As the terminology suggests, we
do not usually think of a graph as an ordered pair, but as a collection of vertices some
of which are joined by edges. If z is a vertex of a graph G = (V, F), then instead
of x € V we usually write z € . The order of G is the number of vertices; it is
denoted by {G|. The same notation is used for the number of clements of a set: [X|
denotes the number of elements of the set X. The size of (G 1s the number of edges;

it is denoted by e(G). The number of edges in a graph of order n js at least 0 and at



most (;’) A graph of order n and no edges is called an empty graph and is denoted
by E™; a complete graph K™ has order n and (’;’) edges.

The set of vertices adjacent to a vertex x € GG is said to be the neighbor of z and
denoted by I'(z). The degree of z is d(z) = |I'(z)|. We consider I'(l/) to be the set of
neighbors of the vertices in the subset U/ of V.

The minimum degree of the vertices of a graph G is denoted by 6{(i) and the
mazimum degree of a graph G by A(G).

We say that a graph G' = (V', E’) is a subgraph of G = (V,E) if V' C V and
E' ¢ E. In this case we write ' C G. If & contains all edges of 7 that join two
vertices in V’ then G’ is said to be the subgraph induced by V' or simply we say that
G’ is the induced subgraph of the graph G and is denocted by G[V’]. We shall often
construct new graphs from old ones by deleting some vertices. f W C V|, then G—W
is the subgraph of G obtained by deleting the vertices in W and all edges incident
with them. There is another method to construct new graphs from old ones. Consider
a graph G = (V, E) and form a new graph G = (V, E} where an edge ay € F if and
only if zy is not in E. We call G the complement of G.

A path is a graph P of the form
V(P)={zo,21,...,mi},  E(P) = {zoz1, 2122, ..., mim1 1}

This path P is usually denoted by zozy...z;. The vertices 2o and z; are the end
vertices and [ is the length of P. We say that P is a path from zq to ; or an z¢-z;
path. Most paths we consider are subgraphs of a given graph G. A walk W in G
is an alternating sequence of vertices and edges, say xg, 1,21, Q2,...,q, 2, where
o; = z;1%;,0 < ¢ € I. In accordance with the terminology above, W is an zoay
walk and is denoted by zgz; ...z; the length of W is {. This walk W is said to be
a trasl if all its edges are distinct. Note that a path is a walk with distinct vertices.
A trail whose end vertices coincide (a closed trail) is said to be a circuit. If a walk

W = xozy ... 2 1s such that I > 3,29 = z; and the vertices z;, 0 < 7 < [, are distinct



from each other and zo then W is said to be a cycle. For simplicily this cycle is
denoted by z;z;...2;. The symbol P! denotes an arbitrary path of length /.

A cycle containing all the vertices of a graph is said to be a Hamslton cycle of
the graph and a Hamilton path of a graph is a path containing all the vertices of the
graph. A graph containing a Hamilton cycle is said to be Hamiltonian.

Given two vertices z,y, their distance d(z,y) is the minimum length of an z-y
path. If there is no z-y path then d(z,y) = oo. The diameter of a graph is the
maximum of the distances between all pairs of vertices.

A graph is connected if for every pair {z,y} of distinct vertices there is a path from
z to y. Note that a connected graph of order at least 2 cannot contain an isolated
vertex. A maximal connected subgraph is a component of the graph.

A clique of a graph is a maximal complete subgraph.

A graph G is said to be bipartite with vertex classes V; and V; if V(G) = V3 U Vy,
W1 N'V; = B and each edge joins a vertex of V) to a vertex of V;.

Let G = (V, E) be a graph of order n. Let V be the set {1,2,....n}. Consider
the n by n matrix A = (a;;), where each row (and each column) of A corresponds
to a distinct vertex of V. Let a,; be equal to 1 if vertex ¢ is adjacent to vertex j in
(7 and a; ; be equal to 0 otherwise. Note that a;; = 0 for each ¢ = 1,2,...,n. This
matrix A = (a;;) is said to be the adjacency matriz of G. The adjacency matrix
of G is clearly a symmetric (0, 1)-matrix, with zeros down the main diagonal. The
adjacency matrix contains all the structural information about (¢ and thus can be

used as a representation for G.

2.3 Steinhaus graphs

Steinhaus graphs are named in honor of Hugo Steinhaus [Ste] who defined a
triangle of plus (+) signs and minus (—) signs in terms of an initial row according
to the following procedure. If a given row is of length &, then the following row is of

length k& — 1. Moreover, the i** entry of this row is + if the ¢** and (i 4 1)* entries of



the preceding row are the same. Otherwise, this entry is —. Thus, [or example, the

triangle generated by — —+ — 4 is

|
+
{4+ 4+ 1+

Since there are 2" sequences of plus and minus signs of length n, there are 2" trian-

n+1

> )ent.ries. Steinhaus

gles generated by these sequences and each such triangle has (
asked if there exists for each n, such that (n;-l) is even (i.e. n = 0,3 (mwod 4)), a
triangle with the same number of plus and minus signs.

In [Ha], Harborth called these triangle Steinhaus triangles and answered Stein-

haus’ question with the following theorem.

Theorem 2.3.1 For every n = 0,3 (mod 4) there exists at least four Steinhaus

n+1

> ) plus and minus signs.

triangles with %(

Harborth [Ha] also changed the notation by replacing + with 0 and — with 1
and hence a Steinhaus triangle is formed by addition mod 2. We illustrate this by

replacing the 4+’s with 0’s and —’s with 1’s in the above example.

[ I
— -
— D - =
_—0 O = O

Thus if e; ; is the entry in the ¢** row and j** column of a Steinhaus triangle, then
for 1 <2 <y,
i—1 i—1 ‘
Ui = Gi—1,5~1 + Qi1 = Z ay ;—k (mod 2)
k=0 k
Any triangle of zeros and ones where @;; = aj—1,j-1 + @¢i—1,; (mod 2} is said to

have the Steinhaus property. Now we are ready to introduce Steinhaus graphs.



A Steinhaus matrix generated by the sequence of zeros and ones, {a;;)7_, is a
symmetric n by n (0, 1)-matrix, A = (a;;) with the diagonal entries zero and the
upper triangular part of A the Steinhaus triangle generated by (e ;)7_;. Thus if

(@1,5)3=; is the first row of a Steinhaus matrix, then for 1 <z,; < n,
ai; =0,a;; = a;;
and for 1 <2 < j < n,
i1 ‘
i = @imyjo1 + Gim1 g = Y aij-x (mod 2).
k=0 k
A graph G with n vertices is said to be a Steinhaus graph if the adjacency matrix

n

of G is the Steinhaus matrix generated by a sequence (ay ;)

Tz of zeros and ones and

the matrix is said to be the Steinhaus matriz of G. The first row (a1,;)%, in the
Steinhaus matrix is said to be the generating string of the Steinhaus graph G and
the graph G is said to be generated by the string {(a1;)}-,. From now, we denote the

Steinhaus triangle by (a;;)i<i<j<n if there is no confusion.

Example 2.3.2 Consider the generating string (a1,;)}_, = (01010110). The Stein-

haus matrix associated with this string is

/010101 1 0)
1 0111101
010000 11
11000010
010000 1 1
11000010
10111101
\0 1. 1.0 10 1 0/

Let G be a Steinhaus graph with n vertices generated by the string {a,;)%_,. The
partner of G, P((), is the Steinhaus graph generated by the string (@, —it1,.)",. For
example, the partner of the graph generated by the string (01010110} is generated
by the string (01010110) (see Example 2.3.2). A Steinhaus graph (7 is said to be

doubly symmetric if the Steinhaus matrix of G is equal to the Steinhaus matrix of the



partner of G, P(G). For example, the string (01010110) generates doubly symmetric
graph (see Example 2.3.2}.

Note that it follows from the Steinhaus property that if G is doubly symmetric,
then the Steinhaus matrix of G is symmetric with respect to both diagonals; that is
Gi; = Gpjpaip—it1 Tor 1 <2<n, 1 <3< n.

In {Mo], Molluzzo formed graphs from Steinhaus tringles. These, however, are the
complements of what we have defined to be Steinhaus graphs.

Now we list two basic results of Steinhaus graphs.

L)
Ki

(1) All Steinhaus graphs with n vertices except the empty graph /
[My1].

are conuected

(2) Every Steinhaus graph with minimum degree at least three is two-connected

[My2].

More on Steinhaus graphs can be found in [BrDuj, [My3] and {My4].

Recently, Brand and Morton developed the following generalization of Steinhaus
graphs. Let s : N — N — {1} be a function. A generalized Steinhaus triangle of
order n and type s is the upper triangular portion of an n x n array A = (a; ;) whose
entries satisfies

s(i)~1

@ij = Z Cryij®i1,j—r (mod 2)

r=0
where 2 <7 <n—1,714+s(i) -1 <7 <n,¢,; €{0,1} and ()15 = 1. Asin

the case of Steinhaus graphs, we define ¢;; = 0 for 1 <: < n and set «;; = «;,; for
i > j. A graph with such an adjacency matrix is referred to as a generalized Steinhaus

graph. Properties of generalized Steinhaus graphs are investigated in {BrMo].

2.4 Random graphs

The theory of the evolution of random graphs which grew from the paper of

Erdés and Rényi, [ErRe2] (see [Bo3] and [Pa]), is a striking example ol the use of the



probabilistic method in mathematics. We will not be concerned with the history of
the theory but will only state the two basic models and some well known results. For
more background and results see [Bo3], [Lu} and {Pa].

In the first model we consider, the sample spaces §), consisting of all labeled
graphs G of order n. Specifically, for each positive integer n and number p = p(n)

with 0 < p < 1, the probability of a graph G € Q,, with m edges is given by
P(G) = p"(1 —p)&) ™.

It is often convenient to view the set of pairs of vertices of GG as a sequences of (;‘)
Bernoulli trials and consider p as the probability of an edge. This model of random
graph theory is referred to as either Model A in [Pa], or G(n, p) in [Bod].

In the second basic model, the sample spaces §,, ,, consist of all labeled graphs G
of order n and size m = m(n), that is with m(n) edges. In this model the probability

of each graph G is given by

This model is referred to as either Model B in [Pa] or G{(n, M(n)) where M(n) =m
in [Bo3]. This Model B seems to be much more difficult to analyse than Model
A. Nevertheless, the two models are closely related, as indicated by the following
theorem.

A set of graphs A is called convex if G € A whenever Gy and (&, are in A and
the subgraph relation Gy C G C G, is satisfied.

Let @@ be a property of graphs and consider the set A, of graphs of order n that
possess property . If P(A,) — 1 as n — oo then we say that almost every graph

has property Q.

Theorem 2.4.1 ([Bo3|, [Pa]) We assume that pn? — oo and (1 — p)n* — oo where
p = p(n), with 0 < p < 1, is the probability of an edge. Suppose A, is a sel of graphs

of order n with property Q and & > 0 is fived. Furthermore, assume that if m = m(n)
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is any sequences of integers such that

(1 -e)p(’;) <q<( +e)p(§),

then P(A,) — 1 as n ~ oo in model B, that is, almost every graph has property
Q. Then also, in Model A, almost every graph has property Q). Now suppose A, is
a conver set, and in Model A almost every graph has the property (). Then if we set

m = Lp(;')J, in Model B almost every graph has property Q.

From now, we will be using Model A only. A very useful property of graphs from

which many results easily follow is property F.

Definition 2.4.2 ([BlHa]) A graph G = (V| E) has property Py if whenever Wy, W,
are disjoint sets of at most k vertices each then there is a vertez z € V — W, U W,

joined to every vertex in Wy and none in W,

In Model A, if p is fixed then almost every graph has P, ([BlHa], {Pa]). From this
it follows [BlHa] that if Q is any property giving a first order sentence, then either Q
holds for almost every graph in Model A and Model B or fails for almost every graph
in Model A and Model B.

In particular, in Model A with p and & fixed, we have [Pa)

¢ Almost every graph has diameter two.

¢ Almost every graph is k-connected.

¢ Almost every graph contains a subgraph of order ¥ as an induced subgraph.
¢ Almost every graph is nonplanar.

e Almost every graph is locally connected.

An important property possessed by almost every graph which can not be ex-

pressed by a first order sentence is given by the following theorem.
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Theorem 2.4.3 ([Po2], [Bo2] p.140) In Model A, with p = c(logn)/n almost every

graph is Hamiltonian when ¢ s somewhat larger than 1.
Now let us give the definition of (p, @)—jumbled graphs.

Definition 2.4.4 ([Th2]) A graph is said to be (p, a)-jumbled if p, @ are real numbers

satisfying 0 < p < 1 < a and if every induced subgraph H of G satisfies
| o) = o)) | < alH]
where e(H) is the number of edges in H.

Equivalently, if d(H) is the average degree inside H we may say
| d(H) - p(|H| - 1) | < 20

holds for every induced sugraph H. We think of a (p, a)-jumbled graph as behaving
somewhat like a random graph where each edge is chosen with probability p. Note
that if G is (p, a)-jumbled then every induced subgraph is (p,a)-jumbled and the
complement of (G is also (1 — p, a)-jumbled. Observe too that the clique number of G
is at most 1+ 2a(1 — p)~! and the independence number is at most 1+ 2ap~! [Th2].

Here are some examples of jumbled graphs.

Example 2.4.5 ([Th2])

(1) let G € G(n,p), that is, the edges of G are chosen with probability p. Then G

1
2

is almost surely (p, 2(pn)?)-jumbled provided prn — oc and (1 — p)n — oc.

(2) Choose a graph in G(n, p), select a subset X of the vertices, with [ X| = L(pn)!z"J ,

and join each pair of vertices in X. Then G is almost surely (p, (p'n.]lf)-jumbled.

We close by mentioning a result of Chung, Graham and Wilson. In [CGW], the
authors show that the equivalence of a set of graph properties possessed by almost

all graphs in G(n, %) in the sense that any graph possessing any of one of them must
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possess all the others. Such graphs are called quasi-random. They followed in the
spirit of the seminal paper of Thomason [Th2]. Let us list 7 equivalent properties
which give a quasi-random graph {[CGW}). Each of the properties will contain oc-
curences of the asymptotic “little-oh” notation o(-). Let {z,} and {y.} be sequence

of real numbers. The little-oh notation 1s defined as usual:
Ty = O(yn)

means that there is a sequence {k,} of positive terms such that &, — 0 and a constant
N so that

|$n| < knYn

for all n > N. For example, if z,, = o(1), then z,, — 0.

Let G = {V, E) denote a graph with vertex set V and edge set £. We use the
notation G{(n) ( and G(n,e€))} to denote that G has n vertices (and e edges). For X C
V, we let e(X') denote the number of edges in the induced subgraph X of (7, Further,
if G = (V', E’) is another graph, we let N5(G’) denote the number of (labelled)
occurrences of G as an induced subgrapk of G and Ng(G’) denote the number of
occurrences of G' as a (not necessarily induced) subgraph of G. Let A = (a,,) be

the adjacency matrix of G. For v,v' € V, define s(v,v") = {y € V' : a,,, = auwy}.

Py: For all graphs M(s) on s vertices,

NE(M(s)) = (14 o(1))nr27(3).

Py:  e(G)> (1 +0(1)%, Ng(Cy) < (1+o(1))5
where C; is the cycle with t edges.
Py e(G) > (1+0(1))%, A =(1+0(1)2, A =o(n)
where A;’s are the eigenvalues of A so that |A;] > [Az] 2 ... > A,

Py: For each subset S C V, e(S) = 3|S]* + o(r?)
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For each subset § C V with |S] = [2], e(S) = ({5 + o{1))n?

Zv,v‘ |S('U.J,U’) - %i = O(ns)'

= on?)

ZU,‘U'

IT(e) NT()| - §

where I'(v) and I'{(v') are the neighbors of v and v’ respectively.

In Chapter 5, we will prove that almost all Steinhaus graphs are Hamiltonian. To

do this, we will use Py among the properties in order to have a good condition on the

number of edges in Steinhaus graphs.



CHAPTER 3

INDUCED CYCLES IN STEINHAUS GRAPHS
3.1 Preliminaries

Steinhaus graphs have several interesting properties which are not shared by all

graphs. For examples,

(1). The diameter of all Steinhaus graphs with n vertices except P, ™ is at most

[z(n+2)] ({BDD]).

(2). The order of a large clique in any Steinhaus graph with n vertices is at most

[3(n +3)] ([BDD]).

(3). The larger component of the complement of a Steinhaus graph has diameter at

most two ([Dy2]).
(4). A Steinhaus graph is bipartite if and only if it has no triangle ({Dy3}).

More on the properties of Steinhaus graphs are found in [BrDuj, [Dy5]. Also, it
scemns reasonable that the size of a large induced cycle in any Steinhaus graph with
n vertices might have an upper bound similar to {2). In section 3.2, we investigate
the maxtmum size of an induced cycle in Steinhaus graphs where the induced cycles

are simple in the following sence:

Definition 3.1.1 Let G be a Steinhaus graph. An induced cycle C' = x,2,...2; of

G is said to be simple if 3 = 1, 2, = n and z; < x; whenever i < j,

Let G be a Steinhaus graph and C' be a simple induced cycle in G. Tor our
convenience, we decompose the Steinhaus graph G with the simple induced cycle C

in G as follows: Let ®¢ = {A; : A; C C} be the partition of C such that each A; is a

14
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maximal subset of C' which consists of consecutive vertices and the largest vertex in
A; is joined to the smallest vertex in A;y1. Thus each induced subgraph A; in Gis a
path. Let ®¢ = {B; : B; C G — C} be the partition of G — C such that each B; is
the largest subset of G — C which consists of consecutive vertices. Then ®=% U &¢
is said to be the cover of the Steinhaus graph G with the simple induced cycle C in
G. Let us give an example of the cover of a Steinhaus graph with a simple induced

cycle.

Example 3.1.2 Let G be the Steinhaus graph which is generated by the string
01000001111, Then C'={1,2,3,4,5,11} is a simple induced cycle of (7. The cover
of G with C is given by A, = {1,2,3,4,5}, A; = {11} and By = {6,7,8,9,10}.

In section 3.2, we will classify all simple maximal induced cycles in Steinhaus
graphs. Before we begin the next section, let us mention the following simple lemma

and some facts about Pascal’s triangle.

Lemma 3.1.3 Let G be a doubly symmetric Steinhaus graph with generating string
(a1),. Then ay,=0.

1=1"

Proof. If a1 = 1, then a¢y,.1 4+ a2, =1 (mod 2). Se G is not doubly symmetric.
[ |

We now present some facts concerning Pascal’s triangle modulo two that will be
needed in section 3.2. The rows of the triangle are labelled R, Rs, ... and so the k*
element of R, is (::D (mod 2) if 1 € k¥ < n. A Pascal triangle is said to be of

dimension n if the triangle consists of the n rows Ry, Ry,..., R, and is denoted by

(@i;)1<jci<n- More on the properties of Pascal triangles are found in [Dy5].
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Example 3.1.4 Here we give the Pascal triangle of dimension 6.

R1~+
Rz—)
R3—>
Ry —
R5—)
R —

Lemma 3.1.5 Let (a;;) be the Pascal triangle of dimension n. If an; =1 for all

[ e
— 0 O k=
o O - =
oo e

1
11
j > 3(n+4)] then n is a power of 2.

Proof. We will use induction on n. Since a,,; = (’;:D = (:‘_‘;) = apn-j+1 (mod 2),
tnno; = 1 for all j > |3(n+4)]. Let n = 2" + k for some 0 < k< 2™, We want
to show that k is equal to 0. Suppose that k is greater than or equal to 1. Then the
Pascal triangle of dimension k satisfies the condition in lemma. So k is a power of 2

by induction. Since a,; =1for1 <j<n-— |5(n+4)] +1, k is equal to 2m=1 Then

anis1 = 0. This gives a contradiction since £ < [2(n +4)]. This prove lemma. B

Lemma 3.1.6 Lel an; = 1 for some 1 < j < n. Then n is odd if and only if
anj-1 =0 and ap ;11 = 0.

n—1

Proof. Since a, ; = 1, (j-»l) is odd. By Luscas’ Theorem, we have the following fact:

fact. (?::) is odd if and only if if when j — 1 has a 1 as its i-th binary digit, so does

n-— 1.

Suppose that n is odd. Since (’?'

3—}) is odd and n — 1 is even, 7 — | is even by the

above fact. By applying the above fact to the 0-th binary digits of j —2,j and n—1,
(;‘j) and ("‘;1) are even. So @, j-1 = Gn,j41 = 0.

Conversely, suppose that n is even. So n — 1 is odd. Therefore n.— 1 has 1 as its
0-th binary digit. Now, j — | has either 0 or 1 as its 0-th binary digit. [{ j —1 has 0
as its 0-th binary digit, then j has 1 as its 0-th binary digit. So (') is odd by the
above fact. If j — 1 has 1 as its 0-th binary digit, then j — 2 has 0 as ity binary digit.

So (;‘:,j) is odd also by the same fact. Thus either a, ;1 =1 or @y ;41 = 1.1
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3.2 Simple maximal induced cycles in Steinhaus graphs

Let G be a Steinhaus graph with n vertices and (e, ;) be the Steinhaus matrix of
G. Let C be a simple maximal induced cycle in G and #=®¢ U @ be the cover of G
with C. In particular, in C, the largest vertex in A; is joined to the smallest vertex
in Aiyr.

Now we give a series of lemmas in order to estimate the size of B; in ®¢ =
{B;:i=1,2,...,t}. Let a; be the smallest vertex and §; be the largest vertex in A;
respectively. Note that «; is the vertex 1 and 3; is joined to a;y; for each 1 <7 <4,
Also, B; = {Bi+1,8i+2,...,ai;1—1}. Let a; be the size of A;. Then b; =a; 1 ~a;—1
1s the size of B; respectively.

Let us observe the following simple facts about strings in the Steinhaus triangle

by using the above notations.
1. Since A; is the path ;e + 1... B;, the string (aq,,j)ai<j<p 18 (010...0) for each

i. Thus for all a; < s < ¢ < B,

. 1 ffs'=s5+1;
" =1 0 otherwise.

2. Foreach 1 <: <1, the string, the transpose of (@, Joi<k<s;, 14 the transpose

of (00...01). Therefore, (@a; ;)airs~ai+1<j<ais, 13 (10...0).
3. Since §; is joined to @iy, the string (ag, ;)aiy1 <i<pig, 15 (10...0).

4. Either a, or g, is equal to 1. (Otherwise, the entries ay ,—1 and a,, are equal to

1 since a1, = 1, a2, = 0. Then C is not a cycle.)

We will use the above facts in the following lemmas, but we will not often mention

these facts.

Lemma 3.2.1 For each i, b; > max{a; — 1,a;41 — 1}.
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Proof. Without loss of generality, we assume that a; is greater than or equal to a;41 by
considering its partner, P(G), of G. Suppose that b; is less than max{a;— 1, @41 —1}.
Consider the string in fact 2. So the entry ag,_s,-1,6; is equal to 1 by the Steinhaus
property. Since b; < a; — 1, the entry ag,_s, 1,5 is in the subtriangle generated by the
string (aq;,j)ai<j<g;- Therefore, B; — b; — 1 4+ 1 = 3; by fact 1. We have b; = 0, which

gives a contradiction. W
Lemma 3.2.2 If a; is equal to a;4q then

ho>d @ if a; 1s a power of 2;
= a; + 1 otherunse.

Proof. First, b; is at least a¢; — 1 by Lemma 3.2.1.

Suppose that b is equal to @; — 1. Then the string {@a,;)a<j<sy, in the of
row in the Steinhaus triangle is clearly (010...0). Since b; is equal to @; — 1, the
entry Goppq-1,8,; 15 €qual to 1. Since (@a;yy,j)aii<icsipn 0 the aff) row is equal to
(010...0), the string (@a,,,1,j)api—1<i<fiy; 1 (001...1) by the Steinhaus property.
But the triangle (ax,;)ai<kaiys —1.8+1<j<k+a; 15 the Pascal triangle of dimension 2a; — 1.

By Lemma 3.1.5, 2a; — 1 is a power of 2, which gives a contradiction,

Suppose that a; is not a power of 2. Assume that & is equal to «;.
Case 1. @, p3+1 is equal to 0.

I @agyr-1,851 18 0, (Gaiys=2.5)aess ~2<i<hip: 10 the ol row is (001...1) by the
Steinhaus property with the af%, row. By the same arguement in the above,

2a; — 1 is a power of 2. This gives a contradiction.

If Goipr=1,8i41 is 1, (a0:+1—1’j)0'e+1—15j5.5i+1 in the agil row is (001 ...1) by the
Steinhaus property. By the same arguement in the above, 2¢; 1s a power of 2,

which gives a contradiction.

Case 2. aq, .41 15 equal to 1.

If @o,yy-1,8,4, 15 equal to 0, then 2a; is a power of 2 by the same arguement as

in Case 1. This gives a contradiction.
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Similarly, if @a,,,-1,6,4, 15 €qual to 1, then 2a; + 1 is a power of 2. This gives a

contradiction also.

By combining both cases, we prove lemma. N

Lemma 3.2.3 If |aiy1 — ai] is equal to 1, then

B> max{a;, ai+1} if min{a;,a;41} is @ power of 2;
' = | max{e;,aip1}+1 otherwise.

Proof. Without loss of generality, we can assume that ; is greater than a1, by
considering its partner, P{G).

First, b; is greater than or equal to a;4; by Lemma 3.2.1.

Suppose that b; is equal to a;41. Assume that a4y is not a power of 2. The string

(Casi)ai<i<pia, 10 the at* row is (010...010...0) where ag;g,41 = 1.

Case 1. @a.,-184 is equal to 0.
By Steinhaus property with du,-284 = 1 Gop-184: = 0 and the o
row in the Steinhaus triangle, the string (Gauy:-2,j)ai:—2<i<siy, 8 (001...1).
Then (ax ;)a;<k<ans ~2,8+1<i<k+a; 16 the Pascal triangle of dimension a;41 + b

satisfying the condition in Lemma 3.1.5. So aip1 + b = 2a:4y Is a power of 2,

which gives a contradiction.

Case 2. Qo -1,0:4; 15 €qual to 1.
Again, by the same arguement in the Case 1, (@aiys-1,5)aipi—1<i<pip 0 the
(g1 — 1) row is (001...1). So a; + b; = 2¢;41 + 1 is a power of 2 by Lemnma

3.1.5, which gives a contradiction.

By combining both cases, we prove lemma. B

From Lemma 3.2.2 and Lemma 3.2.3, we observe the followings:
Let {A;:e=1,2,...,t+1}U{B;:1= 1,2,...,t} be the cover of ( with a simple

induced cycle C with [A;q| = 1.
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First, if b; is greater than or equal to a; for all 1 <i <t then it ic clear that the
order of C is at most [3(n + 2)].

Second, if b; is less then a; for some 7, we can not guarantee that the order of C
is at most |1(n + 3)]. It is the case from Lemma 3.2.1 and Lemma 3.2.3 that there
exists 7 such that b; is equal to either a; — 1 = a;41 where a;41 is a power of 2 or
a; — 1 where a;41 < a; — 2.

Thus we give better estimations regarding the second observation in the following

two lemmas.

Lemma 3.2.4 Suppose that a; is equal to aipq + 1 and that b; is equal to a1 for
some i. Let a1 be a power of 2 which is greater than 1. Let k be the smallest number

such that k> i+ 1, ar>2and forallit +1 <1<k —1
ay = 441

and
ar 7& ag_1.

Then either

k-1 k-1
Sa <Y b
i=: {=t

or
k k
Z: ap S E b[.
=i {=t
Proof. First, since a4, is equal to @itz and a1y is a power of 2, by Lemma 3.2.2 we
have b1y > a;y1. Observe that if by = ¢iy1 +1 then ;42 > ai42 + 1. By continuing
this process, we have inequality
k=2 k-2
Z a; g Z b; =+ 1.
= {=¢
Suppose that we have the inequality

k-1 k-1
Z a; > E b;.

{=¢ t=1
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Then from the above inequalities, we have b = a; for all i + 1 <1< k£ —2. Since
the a,’s are all the same and a power of 2, the string (da;j)aygj<enyy N the ot row
is (010...0110...0) for i+ 1 <1< k—1. Then we have bi_1 >> ai_,. Otherwise,
we have by_; = ax_1 — 1. Therefore the vector (Ga,_,.i)as_s<j<on 11 the Qup TOW is
(010...010...0), which is impossible by Lemma 3.1.6. Hence b;_; = ai.1. Moreover,
we have b, > a; by the same argument as above.

Next, we want to show that by is greater than or equal to ax + 1, which gives the
inequality

k k
Z a; S Z b;.
(=i =1

Assume that b is equal to ay.

Case 1. ap > ap_1.

First, if ax > ag_1 +2 then by > ax—1 +1 by Lemma 3.2.1. This is impossible
because by = ax. Therefore, ¢ must be equal to ax_y+1. So the entry aq, 1,5, 1S
1. By applying the Steinhaus property to the ot row in the Steinhaus triangle,
the string (Gay_,-1.j)ax_1-1<j<f_, in the (ag_1 — 1) row is (01... 1) because
ap_y is a power of 2. Since the string (@ra,)ux_s<i<or—1 1 the of* column is

(00...01), the entry Gq,_,-24,_, is equal to 0, which gives a contradiction by

fact 3.

Case 2. ap < @x-1.

Since the string (ag,_. j)8,_,<j<oy,; ID the Bi* | row s (00...010...0) and ay is
less than a;_q, we get the Pascal triangle (@:,;)g,_; <i<ap,j<kar_ +1 ©f dimension
ar_1 + 2 such that the entry ag, g.+1 is 0. Since this entry a,, g,+1 is I an even
row in the above Pascal triangle, Lemma 3.1.6 implies that the entries aa, g.+;
are either all 0’s or all 1’s where j = 2,3. In both cases, b, > a; + 1. This gives

a contradiction.

By combining both cases, we prove lemma. il
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Lemma 3.2.5 Suppose that a; is greater than or equal to a;pa +2 and that b; is equal

to a; — 1. Let k be the smallest number such thatk > 142, forall i +1 <{<k -1
a1 2

and

2§ak_1§akw-l.

Then either

k=1 k-l
Yy b
{=t =i

or

k k
Za; < Z by.
=i I=1

Proof. First, by Lemma 3.2.1, we have b,y > @;3; — 1. Moerover, b;,1 > 4,41 by the
following argument. If bi4y = @iy — 1 then we have aq,, 5., = 0,00, 8,41 = 1
and aq,,,8,,+2 = 0. But the entries are in the Pascal triangle (a1 )a, <i<aiyy i<itaiss
of dimension a; + b; + 1. But by Lemma 3.1.6, a; + b; + 1 = 2a; must he odd, which
gives a contradiction.
Next, if b; is equal to ¢; for some 1 +1 < 7 < k-2, then b;41 > a;41 by the same
argument as above. Therefore, by continuing this process we have inequality
k-2 k-2
j{:cu 5;2{:b;4—1.
=i [
Since ay > ai-1 + 1, we have by, > az_; by Lemma 3.2.1. Therclore, we have

inequality

k-1 k-1
Z a <> b+ 1

1=t =t

If ax > ax—1 + 2 then we have by > ax_; + 1 by Lemma 3.2.1. Therefore, we

have inequality

k-1 k-1
<y b
{=: 3

=1
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and this inequality gives the proof of theorem. So we assume that ¢ is equal to

ax—1 + 1. Suppose that we have the inequality

We want to show that by is greater than or equal to a; + 1, which gives the

inequality
k k
Z a; 5 z b;.
{=i {=t
Assume that b is equal to a;. Then by the ineqality in the above, i.c.

R

b + 1,

H:M.L

we have b = ¢; for all ¢ +1 <1 < k — 1. Therefore, the string (aa,;)o<i<ar,
in the af* row is (010...0110...0) for each {. Since the entry a,,_.,5 = 0, the
StTing (@ay—1,5)ax~1<i<gy in the (g — 1)* row is (001...1) by the Steinhaus property
along with the at* row. Thus we have the Pascal triangle (@m.j)on_1<m<ar—1,m<; Of

dimension a; whose at* row is (11 .. .1). Hence a; is a power of 2. Since

ay — ﬂk~1|
is equal to 1 and bi_; is equal to ax._y, we conclude that ai_y is a power of 2. This
gives a contradiction.

This proves that by is at least ax + 1. W

Now we prove the following theorem.

Theorem 3.2.6 Let G be a Steinhaus graph with n vertices and lct (' be a simple

mazimal induced cycle in G. Then the order of C is less than or equal to |222].

Proof. Let {A; : i =1,2,...,t+1}U{B; : ¢t =1,2,...,t} be the cover of the
Steinhaus & with the simple induced cycle C.

Without loss of generality, we assume that a; is greater than or equal to a; by
considering its partner P(G). Then g; is equal to 1 otherwise the entry a; ,_; is equal

to 1. So C' contains a cycle of length 3, which gives a contradiction.
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It is enough to show that
t t
Y oa; < dobi+2
i=1 i=1

because this inequality gives

t+1 i+1 t
23ra) € e+ b+
i=1 i=1 =1
= n+3.

Since the order of the simple induced cycle C is L/%] a;, we have the inequality
1
C1< L5(n+3))
This prove theorem.

Sublemma. Let g; be equal to 2 and b; be equal to 1. Let 1o be the simallest number

such that 10 > i+ 1,4a;, >2and ¢; =1foralli+1 <5 <o 1. Then

o1 io—1
PIRIED IR
ge=t j=t

Proof of Sublemma. Consider the subtriangle generated by string (aq, t)a;<k<si,
in the Steinhaus triangle of G. Note that if b; < 2 for all ¢ < j <ip — 1, then
the generating string in the above subtriangle is (0110...0) by the Steinhaus

property. Thus for a; < s < 8, the pair {@, 41, @s 542} 18

(0,1) iff s — a; is odd;
(1,1) iff s — o4 15 even.

(a3,3+1 ’ as,s-{—?) = {

Assume that we have the inequality

io—1 fo—1

Z aj > Z bj.
1= 7=

Then b; = 1 for all i +1 < j < 4o — 1. Since a;, = 2 and bj—1 = 1, we
have (aaeo—lmoaaa.‘0~1.m0+1) = (1,1). Thus a;, — o; — 1 is even. This gives a

contradiction because «a;, — &; is even. [
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Now, we claim the following inequality which we asked.

Proof of Claim. Iftisequal tol, then ay < b +2. Alsoif t = 2, it is not fifficult
to show that
a1+a2§bl+bg+1

by considering all cases. From now we assume that ¢ > 3.

Ifa; < 2foralll < j <1t then we are done by Sublemma. Therefore, we

assume that there exists j such that a; > 3.
Suppose that 7 is the largest number such that
Da <) b+l
j=1 j=1
We want to show that ¢ is equal to t. Suppose that ¢ is less than ¢.

If there is no 7 > 1 such that a; = 1, then we have

by applying Lemma 3.2.4 or Lemma 3.2.5 sucessfully, which gives a contradic-
tion by the choice of :. Therefore, there exists a smallest number & such that

k>141and a, =1.

First, if a;,...,ar- satisfy the conditions in Lemma 3.2.4, then a4 < bpy
and the string (aa,,j)a,<; in the af row is (000...1...) because ay_; is a power
of 2. Thus by > 2, which gives a contradiction by the choice of i.

Next, suppose that a;,...,ax_; satisfy the conditions in Lemma 3.2.5. Note

that b;_; > ax—1 by Lemma 3.2.5. If there is some kg > & such that ag, > 2

then

3 S
Sa<Yy
i=i 1=
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for some s > jp by Sublemma, which gives a coniradiction by the choice of ¢. If

a; =1 for all £ <7 <t then 2 is equal to ¢, which gives a contradiction.

Finally, if ¢ < 2 for all 7 < I < ¢, then by applying Sublemma, we have a

contradiction by the choice of 2.

By considering all cases, we prove the claim. O

By the claim, we prove theorem. W The proof of Theorem shows that if ¢ > 2 then

the order ol any induced cyecle €' can not achieve the upper bound. Therefore, we get

the following:

Corollary 3.2.7 Let G be a Steinhaus graph with n vertices and C be a simple in-
duced cycle in G. If the order of C is |3(n + 3)] then C is either {1,2,..., |3n +
Dj,n} or {l,n—{(n+1)],...,n}.

Now, we give an example of simple induced cycle which achieves the bound in the

theorem. Let G be the Steinhaus graph with generating string (a1 ;)1<;<n given by

a]‘j:{ 0 ifj=13...,[%];

1 otherwise.

Then G has the induced cycle {1,2,...,[%],n} of order |(n + 3)].

We close by mentioning the size of maximal induced cycles in Steinhaus graphs.
The question is that “Does the order of any induced cycles in Steinhaus graphs have
a reasonable bound like in Theorem 3.2.67". But if n < 30, it is not difficult to show
that the maximum size of an induced cycle in Steinhaus graphs with n vertices is %

Thus we give the following conjecture.

Conjecture. The size of any induced cycles in a Steinhaus graph with » vertices

is at most L%J



CHAPTER ¢4

CLIQUES IN STEINHAUS GRAPHS
4.1 Introduction

In this chaper, we investigate the classification of all Steinhaus graphs which
contain cliques of large size. In section 4.2, we give some results (sec [Ha], [BDD]) in
Steinhaus graphs. Based on these results, we give definitions to classify several Lypes
of cliques in Steinhaus graphs and their classification. Also, we discuss maximal types
of cliques in Steinhaus graphs. In section 4.3, we discuss the classification of Steinhaus
graphs with n vertices which contain cliques of size w(n) = [2£2] for n > 27. Also
we investigate the number of Steinhaus graphs which contain cliques of size w(r). In
section 4.4, we generalize the results in section 3 by counting the number of Steinhaus
graphs which contain a clique of size near w(n). Finally, in section 4.5, we investigate

similar results as in section 4.3 and section 4.4 on the complement of Steinhaus graphs.

4.2 Preliminaries

It 1s natural to expect that if a Steinhaus graph contains a clique of large size,
then the Steinhaus graph must have many edges. Conversely, if a Steinhaus graph
has many edges then the Steinhaus graph may have a clique of large size. Harborth
investigated the upper bound for the number of edges in Steinhaus graphs, where he

showed that the upper bound is given by the following theorem.

Theorem 4.2.1 ([Ha]) The largest number of edges in Steinhaus graphs with n
vertices s

[n(n —31) + IJ-

27
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From this theorem one may expect that the order of any cliques in Steinhaus not
so large. In [BDD], Brigham, Deo and Dutton find the maximum size of cliques in

Steinhaus graphs by the following method.

Lemma 4.2.2 ([BDD]) No clique in any Steinhaus graph contains two pairs of con-

secutively numbered vertices.

Lemma 4.2.3 ([BDD]) No cligue in any Steinhaus graph contains lwo pairs of ver-

tices such that the vertices in each pair are numbered with a difference 2.

Here, we use the notations C, T and CT in [BDD]. It is possible for a clique
to contain one pair of consecutively numbered vertices. If there is such a pair, we
call it a configuration of type C. Similarly, there may be one pair ol vertices whose
numbers differ by two, and if such a pair exists, we call it a configuration of type
T. Both configurations may occur in the same clique. If they do, they must either
be separated in labelings by at least two nodes or they must overlap by occurring as
nodes either ¢, ¢ + 1 and ¢ + 3 or ¢, 2 + 2 and ¢ + 3. This latter case is designated a
configuration of type CT, and if it occurs, there can be no other ' or T. A vertex
configuration is a vertex which occurs in a clique which is not in any of the three
types C, T or CT. Consideration of the above two lemmas leads to the conclusion
that in any clique of a Steinhaus graph the labelings for any two configurations must
be separated by at least two vertices which are not in the clique. We include the proof
of the following theorem which can be found in {BDD], because it is an essential tool

to get for later results.

Theorem 4.2.4 ([BDD}} The size of a largest clique in any Steinhaus graph is given
by
w(n) = [(n +3)/3]

forn > 2.
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Proof. First, a bound will be placed on the number of C, T, CT and vertex configura-
tions which can appear in a clique of an order n Steinhaus graph. Fach configuration
1s assumed to occupy a single vertex position, and n is reduced by the number of
vertices in the configuration less one. If n' represents this reduced value of n, then
the total number of configurations in a clique is at most [n]. The number of vertices
in the clique is then the number of configurations plus the number of clique vertices in
the configurations which exceeds one, called the clique exess. Results arc summarized
in the following two tables. The first lists the excess numbers for each of the four

possible configurations.

nodes in clique nodes in
unit | configuration | node exess | configuration | clique exess
node 1 0 1 0
C 2 1 2 2
T 3 2 2 2
CT 4 3 3 2

The maximum number of vertices possible in a clique depends on the types of
configurations in the clique. In all events this number can be comiputed by the
following formula where a total excess refers to the sum of the corresponding excesses

for all configurations in the cligue:

number of vertices < [(n — m}/3] + total clique excess, where m is

the total vertex excess.

The following table shows this computation for the five possible combinations of

configurations which can occue in a clique:

Combination | the number w(n) of vertices in the clique
No C, T or CT win) < [n/3] +0 = [n/3]
C,noT w(n) < {(n-1)/3]+1 = '(n+2)/‘3—
T, no C w(n) < {(n—2)/3|+2=[(n+1)/3]
ot w(n) < [ 3) 3+ 2= (i 4 D)3
Cand T wn) < [(n=3)}/31 +2=[(n+3)/3]
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This establishes the results as an upper bound. It is not difficult 1o see that this
bound is achieved for the Steinhaus graphs generated by the sequence 0101101---. il

From the above Theorem 4.2.5, it is easy to get the following useful corollary.

Corollary 4.2.5 Let G be o Steinhaus graph with n vertices. Let G have a clique
Q={n <y2<ys<...<yun} of sizew(n) = [(n+3)/3] in G. Then Q satisfies
one of the followings:
(1) n=23k+1 for somek > 2.
In this case maXycicwiny{¥i—vi1} = 3. So Q contains either a (1 configuration
or C and T configurations.
(2) n=23k+2 for somek > 2.
In this case maXocicu(n){¥i — ¥i-1} 15 either 3 or 4.
If maxocicwny{¥i — ¥i-1} = 3 then Q contains a C configuration.
If maxocicum){yi — yi-1} = 4 then Q contains either a CT configuration or C
and T configurations.
(3) n=3k+3 for somek > 2,
In this case maxggiSw{n){y; — yi_1} is either 8, 4 or 4.
If maxocicwiny{yi — ¥ic1} = 3 then @ contains a T configuration.
If maxacicw(n){¥: — Yic1} = 4 then Q contains a C configuration.
If maxycicwm) {¥i — vi-1} = 5 then Q contains either a CT configuration or C

and T configurations.

We will use Corollary 4.2.5 to classify all cliques of size w(n) in ' as the main

tool in the following section.
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4.3 Classification of maximal cliques

Let GG be a Steinhaus graph with n vertices which has a clique of size w(n). Then

(G may have several cliques of size w(n). But G satisfies

ey <
252_1%?3%”){% vi-ih <5

for any clique @ = {31 < y2 < y3 < ... < Yy(m)} in G by Corollary 4.2.5. But we

want to express all cliques @ = {y1,72,¥3,. .., Yu(n)} Of size w(n) such that

— Y1} <3
pnax {yi = yi-a} <

because if @ satisfies the above inequalty then it will be easy to classify all cliques of
size w(n). Thus the first goal in this section is to show that at least one clique @ of
size w(n) in G satisfies

i—Yir ) <3
erl.rﬁn){y Yir} <

Let us define several types of cliques which may occur in Steinhaus graphs.

Definition 4.3.1 Let G be a Steinhaus graph with n vertices. A clique Q(G) =
{n1 <y2 < ... <ym} in G s called a mazimal clique type of G if Q(() satisfies the

following conditions:

(a) Q(G) is contained in a mazimal cligue in G.

(b) i —yi1 <3 foralli > 2.

(c) the size of Q(G) is largest among all possible cliqgues in G satisfying (a) end (b).
(d) ym — 31 ts also largest among all possible cliques in G satisfying («}, (b) and (c).
Next, we will describe all maximal clique types precisely.

Definition 4.3.2 Let G be a Steinhaus graph with n vertices. Let Q(G) be a mazimal

clique type of G where Q(G) = {y1,¥2,--->Ym}-



32

(a) Q(G) is said to be of type [ in G if yi=y;-1 + 3 for all 1 > 2.

(b) Q(G) is said to be of type I in G if either y; = y3 + 2 and y; = y;_; + 3 for all

12300 Yy =Yma +2andy; =i+ 3 foral2< e <m—1.

(¢) Q(G) is said to be of type Il in G if either y; = y1 +1 and y; = yi_1 + 3 for all
123 o0ryn=ynatlandy, =y +3 forall2<i<m-1,

(d} Q(G) is said to be of type IV in G if there is unique ¢ such that either

yi-1+1 ifj=¢;
Yi=19 ¥i1+2 fi=1+1
Yi-1 +3 otherwise

or

yi-1+2 fj=1;
yi=1q ¥im1+1 fj=1i+1
Yi—1 +3 otherwise.
(e) Q(G} is said to be of type V in G if either yo = y1 + 1, Yy = Y1 + 2 and
yi =g t+t3 forall3<i<m—lory, =1 +2, ym = Yym-1+1 and y; = y;_1+3

Jorall3<i:<m-—1.

Let & be a Steinhaus graph with n vertices. Then G seems to have several possible
distinct maximal clique types ) of G. Note that if G has a maximal clique type then
its partner P(G) has a clique of same size and same type. Now we give several

examples of maximal clique types of G.

Example 4.3.3 1. Let GG be the Steinhaus graph which is generated by the string

(0001101101). Then G has the clique {1,4,7,10} which is of type 1 in G.

2. Let G be the Steinhaus graph with generating string (011011011011). Then

{1,3,6,9,12} is a maximal clique of type II.

3. Let G be the Steinhaus graph with generating string (01001001001). Then

{1,2,5,8,11} is a maximal clique of type III.
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4. Let G be the Steinhaus graph with generating string (0161101010101). Then
{1,2,4,7,10,13}, {1,4,5,7,10,13} and {1,4,7,8, 10,13} are maximal cliques of
type IV.

5. Let G be the Steinhaus graph with generating string (0100100100101). Then

{1,2,5,8,11,13} is a maximal clique of type V.

Now, we want to classify a largest clique @ of size w(n) in a Steinhaus graph with
n vertices and show that ¢} must be one of the above maximal types for » sufficiently
large.

Let G be a Steinhaus gragh with generating string (a; ;)”,. Through this chapter
we assume that if G is a Steinhaus graph with n vertices then G has the generating
string (a1,;)% ;. Then the entry a;; in the Steinhaus triangle is given by

AN [
LFEDYD (E B )ﬂu—k (mod 2)

k=0
foralll <I<2-1.

Thus we have two useful facts from the above identity.
Fact I. If a;; = aij43 (mod 2) then aiys 43 = @ij42 + Gijps  (mod 2).

Fact II. If{ > 0 then a; p ;49 = @ij + @; ;42 (mod 2) by Lucas Fheorem ([Sta]
p.53).

By using the above facts, we will decide the positions of configurations in the

cliques by the following lemmas.

Lemma 4.3.4 Let QQ be a cliqgue in a Steinhaus graph G. Then Q does not contain
{t,+3,i+4,i + 7} for anyi.

Proof. Assume that @ contains {7,7+ 3,7+ 4,7 + 7}. Then we have

Qiit3 = Qiip7 = Qipq,i47 = 1.
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This gives a contradiction by Fact II. Hence @ does not contain {7,7+ 3,7 +4,7 + 7}.
| |

Lemma 4.3.5 Let Q) be a cliqgue in a Steinhaus graph G. Then @ docs not contain
{i,1+3,i+ 8, + 11} for any:.

Proof. Assume that @ contains {i,z + 3,7 4+ 8,7 + 11}. Then we have a;;13 =
Gii+11 = Qiysi+11 = 1. This gives a contradiction by Fact II. Hence @ does not

contain {7,274+ 3,7 +8,s+11}.

The next lemma is a generalization of Lemma 4.2.2 and Lemima 4.2.3.

Lemma 4.3.6 Let () be a clique in a Steinhaus graph G. Then Q@ does not contain
{i,i+24,5,j+ 2} foranyj > i+ 1 and 1 > 0.

Proof. Suppose that @ contains {z,¢+2', 7,7 +2'} for some j > ¢ +2{. Then we have

ai; =1,6; ;42 =1 and @, ;; = 1. This gives a contradiction by Fact 1I. 1

Clearly from the above lemma, we get Lemma 4.2.2 and Lemma 4.2.3 when { = 0,1
respectively.

From the above lemmas, we will find nice classifications of cligues of size w(n).
More precisely, if a Steinhaus graph with n > 27 has a clique of size w(n)} then at

least one of its cliques of size w(n) in G is a maximal clique type of G.

Lemma 4.3.7 Let G be a Steinhaus graph with 3k + 1 vertices for any k > 8. If
has a cligue Q = {y1,y2. ..., Y42} Of size w3k + 1) = k+ 2 in G then Q) is either of
type 1V or of type V in G.

Proof. By Corollary 4.2.5, @ satisfies maXsci<cwm){ti — ¥i-1} < 3. Morcover, Q
contains either a CT configuration or C and T configurations.

If Q contains a CT configuration, it is obvious that @ is of type IV from Corollary
4.2.5.



35

If @ contains configuration C and T, by Lemma 4.3.5, either y, = y; + 1 or
Ye+2 = Yrp1 + 1. We want to show that either y2 = y1 + 1 and yi42 = Yoy + 2 or
y2 = y1 + 2 and yri2 = Yeg1 + 1.

Assume that y» = y; + 1 and yre2 = Y41 + 3. Then there exists an 7 such that
Y = ¢i—1 + 2 for some 3 <: < k+ 1.

If y;.1 2 8, then we have a,,_, ; = 1 for j = yi_2, %41 because () is a clique. Since
Yi+t — Yi—2 = 8, by Fact Il we have ay,_,484,,, = 0. This gives a contradiction because
yi-3 +8 = y; and ay,,,,, = 1.

If ;.1 < 8 then i — 1 must be 3, so y2 = 2,y3 = 3,5 = 10 and ys = 13. Then we
have ay; = 1 for 7 = 5,13. Thus 1013 = 0 by Fact II. This gives a contradiction by
Ay ye — 10,13 = L.

Thus, we have yiie = yr+1 + 2, which gives that @ is of type V in G,

If we assume that y3 = y; + 3 and yxi2 = yry1 + 1 then we have a contradiction

by considering its partner, P((G), by the same arguement in the above. I

Lemma 4.3.8 Let G be a Steinhaus graph with 3k + 2 vertices for any k > 8. Let
@ = {y1,¥2,¥3,- - -, Yk+2} be a clique of size w(3k +2) =k +2 in G. Ify;y =1 and
Y2 = 3k + 2 then Q s of type Il in 5.

Proof. By Corollary 4.2.5, ) satisfies one of the following,
(1) mangegHz{yi —yi1} =3
(2) mangegkw{ya —yim1} = 4.

Case 1 maXa<i<it2{¥i — ¥i—1} = 3.

By Corollary 4.2.5,  contains a C configuration. Thus we have a pair {y;, yi41}
in ) such that y;4;3 = y; + 1. By Lemma 4.3.5, 1 is either 1 or & + 1. Therefore
Q@ is of type 11l in G.
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Case 2 maX2$§£k+2{yi - y:’—l} = 4.

By Corollary 4.2.5, ¢} contains either a CT configuration or C and T configu-

rations.

In both cases, we have three pairs {y;, ¥i+1}, {ys,¥;41} and {yi y141} in @ such
that yi41 = ¥ + 1, ¥j41 = y; + 2 and yp4q = ¥ + 4. Without loss of generality,

we can assume that j is greater than ¢ by considering its partner P(G).

Suppose that ¢ contains a CT configuration. Then y; = y;4; + 2. By Lemma
4.3.7, () satisfies eitheri =1 and I <4orl=1:¢—1.

First,if: = 1 and { = 3 we have a41; = as11 = 1. Then we have 0,7 = 0 by Fact
I1. Since as;8 = 1 we have asg = 1. On the other hand, we have ;4 = ¢y 8= 1.

Thus asg = 0 by Fact Il. This gives a contradiction.

If : =1 and [ = 4 then we have a413 = 0 by Fact I. Thus a4;; == 0. On the
other hand, we have a3 7 = 0 by Fact I again. Thus we have ¢, = 0. But

a711 = 1, which gives a contradiction.

Next, if [ = ¢ — 1 then ay,_, .., = ay, = 1since § + 1 = ¢ + 2. Note that

W42
vi = ¥i-1 +4 and yi-y = yi_2 + 3. By Fact II, we have a,,_, -1 = 0. Then
Ay 1414 = 1, 50 @y, 41,5, = 1. Thus we have ay;_,,,_, = 0 by applying Fact 11

to ay,_,.4 and ay,_ 41, This gives a contradiction.
In both cases, @ does not satisfy (2).

H @ contains C and T configurations, then y; > y + 2. By Lemma 4.3.7,
t=1and ! =47+ 1 =2 Then j <[+ 1, otherwise § > I + 2 so  contains
either {y1, ¥4, yj—2, Y41} or {91, 94,9, ¥j+3}. But ya —y1 = yj4) — g2 = 8 and
Yi+3 — ¥; = 8. This is impossible by Lemma 4.3.6.

Pinally, if j = {4+ 1 then a3y, 41 = agy,41 = 1. Thus az,, , = 0 by Fact 1I,

which gives a contradiction.

In any case, ¢} does not satisfy (2) also.
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This proves the lemma. |

Lemma 4.3.9 Let Q@ = {y1,¥2,¥3,- -, Y42} be a cligue of size w(3k +3) = k+ 2 in
a Steinhaus graph G with 3k + 3 vertices. If y1 = 1 and ygyo = 3k + 3, then G has

either a cliqgue of type II, a cliqgue of type IIl or a cliqgue type IV in G of size k + 2.
Proof. By Corollary 4.2.5,  satisfies one of the followings.

(1) maXocicu(ak+a){¥i — Yi-1} = 3.

(2) maxecicw(@ria){yi — yi-1} = 4.

(8) maXecicw(seta)i¥i — vi-1} = 5.

Case I maxXycicw@rta){yi — ¥i-1) = 3.

@ contains configuration T by Corollary 4.2.5. Then there is a pair {y;, %41} in
() such that y;4q = y; +2 for some 1 <7 < k+1. We want to show that either
t=lore=k+1.

Suppose that ¢ is neither equal to I nor ¥+ 1 ie. 2 <2 < bk, Without loss
of generality, we can assume that ¥4y > 3(k + 1)/2 by considering its partner
P(G). Then Q contains {y; — 6,y; — 3,y + 2, y: + 5} because y;yy = y; + 2 and
Yir2 = ¥i + 5. This gives a contradiction by Lemma 4.3.7. Hence either ¢ = 1

ort=k<+1. Thus @} is of type Il in G.

Case 2 maXocicuw@k+3) 1y — Yi-1} = 4.

By Corollary 4.2.5, @ contains either a C configuration, a CT configuration or

C and T configurations.

Subcase 2.1 ) contains a C configuration.

In this case, @ has two pairs {yi, ¥i41},{¥j,¥;j+1} such that

Yir1 =¥ +1



38

and
Yi+vr =y t4.

We can assume that 7 is less than 7 by condering its partner P({). First
by Lemma 4.3.5, ¢ is either 1 or j ~ 2. Then by Lemma 4,3.7, 2 = 1 and
J = 3. By applying Facts I and II, G has the generating string 01a(001)*
where a = 0,1 and (abc)* means the sequence abcabeabe. .. that abe is
repeated k times. If @ = 0, then {2,3,6,.-.,3k + 3} is a clique of size
k + 2, which is of type III in G.

If o =1, then {1,3,6,---,3k+3} is a clique of size k + 2, which is of type
ITin G.

In this case, G has either a clique of type I, size k + 2 in &' or a clique of
type 111, size & + 2 in G which is different from Q.

Subcase 2.2 ) contains either a CT configuration or C and T configurations.

In both cases, @ has two pairs {yi, yi+1}, {¥;, ¥54+1} such that
Yis1 = i +4
and

Yie1 =y + 4

Thus @ contains {y:;,y: + 4,y;,y; + 4}, which gives a contradiction by
Lemma. 4.3.8.

Case 3 maxXygicu(skta){¥i — ¥i-1} = 5.

By Corollary 4.2.5, @ contains either a CT configuration or C and T configura-
tions. In both cases, (7 has three pairs {yi, %41}, {¥;, ¥541} and {y, yr41} such

that

Yiel = ¥i + 1,

Yitr = Y5 +2
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and

Y1 = Yo + 5.

Without loss of generality, we assume that z is less than or equal to 7 — 2 by

considering its partner P(G).

Subcase 3.1 () has a CT configuration.

Since ) contains a CT configuration, j is equal to ¢ + 2. Moreover, { is
equal to either 1 or k£ + 1 otherwisc @ contains {y_1, ¥, ¥iy1, %142} and
Wi = -1+ 3%+ =y + 5 and yip2 = Y41 + 3. This 1s impossible by
Lemma 1.3.6.

First, if [ = k& + 1 then @ satisfies that y; is equal to either y;.2 or yi4a
otherwise ¢} contains {¥it1, ¥i+4, ¥i—1, Y141}, which is impossible by Lemma
4.3.8. In any case, (al,jx)?f‘;f = 0(101)*7! by ypy, = 3k — 2. For example,
if [ = ¢+ 2 then asry14,,,41 = 0 for 0 < r < k — 2 by Fact 1. Then
(@r 41,5 )ps<cocyin, = (L101) for all 0 < 7 < k — 2. From these entries, it is
not difficult to show that (a1, )1<ji<ar2 = 0(101)%-1.

Now, we want to find the entries a; 34-1, @ 3 and aj 3x41 in the Steinhaus
triangle of G. By using the entries a; 3543 where :'=1,1,7,10,13,16,19 and
part of (3k — 5} column which is (@i ar_s )" = 0(101)*~2 in the Stein-
haus triangle of G and by applying Fact II several times to the above {acts,
we have (@i 3p43)5°y = (1,0,0,1,0,0,1). By those entries we can find the

generating string ol G such that

41,351 = 1:
1,3k = 0,
41 3k4+1 = 1,

a1 3k42 = 1
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and

Q) 3k43 = L.
Therefore, @y, 3041 = @y, 3043 = 1. By Facl 11, we have ay,, siqs =
Oz ey = U, which is impossible.

If { =1, we have the same rcsult by the same argument in the above,

Subcase 3.2 () has C and T configurations.

et us remind some facts from Lemma 4.3.5, Lemma 4.3.6 and Lemma
4.3.7;

(a) @ does not contain {z,z + 3,2 + 4,z + 7} by Lemma 4.3.5.

(b) @ does not contain {z,z + 3,z + 8,z + 11} by Lemma 4.3.6.

(¢) @ does nol contain {z,z + 8,y,y + 8} by Lemma 4.3.7.

Suppose that y; is equal to either 4, or ypys.

Then either the subgraph G — {1,2,3,4,5} has the maximal clique of type
V {y2,¥3,- .., Ysep2} Withsize b+ 1 or G— {3k —1,3k,...,3k+ 3} has the
maximal clique of type V {y1,¥2,...,yr+1} with with size £+ 1 by Lemma
4.3.8. Hy = yryo, then {1, y2,. .., vup1} = {1,2,5,...,3k—2}. Therefore
(a1 h<jrcsr—n = (0(100)*2101) by Steinhaus property. Note that s si_s
15 0, agsp_p 15 1, arp3p—5 15 1 and agzr—2 18 1. We want to show that as k42
and a1z a2 are equal to 1. First, since a17,3543 15 1, agaiys 1s 0 by applying
Fact IT to ag -5, Since agapss is 1, @saryq 18 1. Next, since agospys is 1,
a12,3k+3 15 O by applying Fact II to aggsr_s. Also, by applying Fact II to
a5 3x—5 and as 3g43, G133k+3 18 1. Therefore, aq1;3142 is 1. By applying Fact
IT to asspt2 and @12 3k+2, as k-2 is 0, which is impossible. If 4; = wq, this
gives a contradiction by the similar argument in the above.

Suppose that y2 <y < yi.

If y; = y1 then either y = e and y; = yi or v = yrandy; = yYrp

by (b) and (c). When v, = yz_1 and y; = yz, we want to show that
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A7y = 1, @74,-1 = Q114,-1 = 0, which gives a contradiction by Fact
- 2y —_ — — r ‘ AH ‘2 —
IL. Since @iy, = @11y, = 1, @134, = 0 by Fact IL. Since asy,,, = 1,

@54, 4—1 = 1 by fact Il. Since a5, _, = a54,_, = 1, @5,4,_,+1 = 0, therefore,

a7y, = 1 by Fact 1. Since a1, = a14,,, = a2y, = Gy, = G5y, =
Asgpp = 1, Grg,—1 = @py,—1 = 0 by Steinhaus property. Since a4, , =
O24p_q = 1, U541 = Gy -1 = 1, by Fact II. Thus ary, = 1. So a7, 1 =0
since agy, = 1. Finally, from above it is easy to get that as,_1 = 0
and as,, ) = agy,—1 = 1. Since a4y, | = asy,_, = 1 and ag,, , = 0,
08.4y—1 = 1, @g9qy,—1 = 0 and ay9,,-1 = 1 by Fact II. Therefore by Fact 1
and Steinhaus property, a1, -1 = 0. Similarly, we will get a contradiction
by the same process in the above when y; = ¥ and y; = yry.

If i > ¥y and y; > yr then ¥ = Y2, ¥i = ys—1 and y; = yr41 by (2). Since
3rt1yps = B3r41yp = |y 3,494, = 0 by Fact Il for r = 0,1,.... Since
@3r410,4p; = 1 for r =0,1,..., G has the generating string 0(011)}*(11) by
the yi* column and applying Fact I several times. Thus G has the clique
{1,3,4,7,...,3k + 1} of size k + 2 which is of type IV.

If y; > y2 and y; < i, then y; is either yx or yiqq by (a), (b) and (c). Say,
Yi = Yrg1. Then cither v = yr_o, ¥ = yr_1 Or ¥ = Yr—1, 11 = yi. First, if
¥i = yu—2 and y1 = yr—1, we want to show that ay, 110 = €y 110000 =

0. which gives a contradiction since Ay s = Cypoat Ly T Qu_a+lyp4, —

0. Since Qypak—2 = Qyp_gypy — 1, Qyp_a+lygy = (. Since T
Quy_y yug2 = 11 Ay _ayp+l — 0. SO'J Oy s+l g = 0 since Cyp_avn41 — 1 and
apply to get ay, 4,42 = 1. Next, if y; = yr.1 and y = ¥, we want to
show that a,,, , =1 for y3_¢ <7 < yp_s, which gives @y, _, .. = 0. It is
impossible. Note that ay, _; y.0 = @y, = Land @y q1 40, = G240y, =
0. Since Qyp_gyxp2 = 1 and Cyy_o+2,yk42 — 0, Ay syp—stl = Cyp_g+204+1 =

0. By Fact 1, we get the claim.

Finally, if y; = yx, we have the same conclusion by the above argument.
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By combining all cases, we prove lemma. i

Theorem 4.3.10 Ifn > 24, then at least one of the largest cligues of size w(n) in a

Steinhaus graph G with n vertices must be of

type IV or type V ifn=3k+1;
type 11, type IV or type V if n=3k+ 2
type 11, type 111, type IV or type V if n = 3k + 3.

Proof. Let Q = {y1,¥2,¥3," ", Yu(n)} be a clique of size w(r) in G.

Casel n=3k+1.

It follows from Lemma 4.3.8 that ¢} is either type IV or type V in G

Case2 n=3k+2.
If y1 =1 and yu(n) = 1, then @ is of type IIl in G by Lemma. 4.3.9.

If @ does not contain either 1 or 3k + 2, then consider the induced subgraph
of G which is either G — {1} or G — {n} having a clique of size w(3k + 1). By
Case 1, @) is either of type IV or of type V in G.

Case 3 n =3k +3.

If y1 = 1 and yyu(n) = n, then G has either a clique of type 11, a clique of type
II or a clique of type IV in G by Lemma 4.3.10.

Otherwise, consider the induced subgraph of G which is either G—{1} or G—{n}
having a clique of size w(3k + 2). Then by Case 2, ) is either of type 1II, of
type IV or type V in G.

By combining three cases, we prove theorem. li

Now, we are able to get the number of the largest cliques in the Steinhaus graph

with n vertices from Theorem 4.3.11.
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Before to get the number, we introduce two notations for our convenience. The
following notations give simple expressions in the generating string of (¢ with n ver-

tices if we know the generating string of the induced subgraph of (¢ which is either

G — {1} or G~ {n}.
(1) (exB)=a+p (mod 2) where a, 2 =0,1.

(2) ax(ay;)} means the generating string (b, )7+ such that by ; = a3, lor 2 <1 < n,

b1 n41 = a where a = (0, 1.

(3) (a@1:)}*a means the generating string (b;, 1)n+l such that &, ; = ¢y for 2 <¢ <mn,

b1,ﬂ+1 = where o = 0, 1.

As examples of the above notations, we give the following fact.

Fact IIL.

(1) 0+0(101)F = 0(011)* * 0 for any k.
(2) 1x0(101)F = 01(001)* for any k.
(3) 1%0(011)F =01(101)* for any k.

(4) 0%0(100)**(101)

{ 00(111000) 5"

[]) if k is odd;
01000(111000)7= (1

( 10) if k is even.

000(111000)" () if & is odd;
011000111000)" (10) if & is even.

:r-‘ g
hJ

(5)  0x0(010)*-1(011) =
01(000111)*5(001)  if k is odd;
00111 000111)" (001) if & is even.

011(000111)*"
000111(000111)

r"\

0 ) if k18 odd;

7(01) if k is even.

{on
(6) 1%0(100)*71(101) {
(7)  1%0(010)*"%{011) = {

n[*

(8) ax*(Rx*fB)=[(axp)x* R]*a for any generating string R.

Lemma 4.3.11 Let Q be a clique in a Steinhaus graph. If Q@ contains {2,0 + 3,7 +
6,1+ 9}, then (a;;)itl,s is either 1{101)% or 1(011)%.
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Proof. First, by Fact I, we have the following identities,
Qi itd + Giits = 1 (mod 2)

and

@iip7+ aiips =1 (mod 2}.

Suppose that (a;it4, @iits) 7 (Giitr) Giivs)-

H (@44, @ii15) = (1,0) and (@47, @iies) = (0, 1), then (aiys,iyr, @iysizs) = (0,0).
Thus we have a;y6,44+9 = 0, by Fact II. This gives a contradiction.

If (a;iv4; @iirs) = (0,1) and (a;:47, @iigs) = (1,0), then {@iysiyr, @iyaivs) = (1,1),

which gives a contradiction because ;4649 = 0, by Fact II again. R

Before we prove the next theorem, we want to observe two facts. Let G be
a Steinhaus graph with n vertices which has a maximal clique type of G, @ =
{?Jl, Y2440, yw(n)}'

First, G may have several different cliques of size w(r) but they are of same type
in G. If they are not of type IV, it is not difficult to show that G has only one
maximal clique type of size w(n) by Lemma 4.3.7. If they are of type 1V, there are

two pairs {y;, ¥i41} and {y;,y;41} such that if § = ¢+ 1 then
yier =yi+1, Y =yi+3

and if 1 = 7 + 1 then

yi+1 =i+, yi=y;+3.

Both are not cliques at same time in G.

Next, to find the number of all Steinhaus graphs which have a clique of certain
type, first we will choose one of maximal clique types of and find all Steinhaus graphs
which have the chosen maximal clique type. Then by adding their partners, we will

get the number of all Steinhaus graphs which have a clique of the given type.
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Theorem 4.3.12 The number of all Steinhaus graphs with n > 25 vertices which

have a largest clique of size w(n) is

4 ifn=3k+1;

19 ifn=3k+2;
60 ifn=23k+3, k odd;
63 ifn=3k+3, k even.

Proof. Let Q be a clique of maximal type, size w(n), in a Steinhaus graph G with n

vertices.

Casel n=3k+1.
By Theorem 4.3.11, @ is either of type IV or of type V in G.

If Qis of type IV in G, say Q = {1,4,7,---,31 4+ 1,3: +2,3i + 4,---,3k + 1}
for some 0 < ¢ < k — 1, then by Lemma 4.4.12, G has the generating string
0{101)*. So its partner, P(G), has the generating string 0(011),

If Q is of type V in G, say @ = {1,2,5,---,3k — 4,3k — 1,3k + 1}, then by
Lemma 4.4.13 again, G has the generating string 0(100)*~(101). So its partner,
P(@), has the generating string 0(010)*~1(011).

By counting both types, we have 4 distinct Steinhaus graphs which have a clique

either of tpye IV or of type V with size w(3k + 1).

Case 2 n=3k+2.

By Theorem 4.4.11, @ is either of type IIL, of type IV or of type V in G.

Subcase 2.1 @ is of type lIl mn G.
Since Q is of type IIl in G, it is clear that @ is either {1,2,5,8,.--,3k+2}
or {1,4,7,---,3k+1,3k+2}. I Qis {1,2,5,8,--,3k+2}, then G has the
generating string either (01201)(001)*! or (01a01)(101)*! by applying
Lemma 4.3.12 to G — {1} where a = 0,1.
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If Qis {1,4,7,...,3k + 1,3k + 2}, then G is one of the partners of the

above Steinhaus graphs. In fact, the generating string of ' is given by

either 0c:(011)* or 00a(101)*111 if k is even
cither 0aS11{011)** or 0aB(101)¥7111 if & is odd

where o, 3=0,1 and e+ 3 =1 (mod 2).

Since none of them are doubly symmetric and they have different partners,
we have 8 distinct Steinhans graphs G which bave a clique of type III with
size w(3k +2) in G.

Subcase 2.2 Q) is of type IV in G.

Since @ is of type IV in G, @} is contained in either {1,2,3,...,3k+1} or
{2,3,4,...,3k +2}.

If @ is contained in {2,3,4,...,3k+2} then by applying Case 1 to G—{1}
and @, G has the generating string which is either a*0(101)* or a*0(011)*
where o = 0,1. By Fact IIL (2) and (3), 1 * 0{101)* and 1 % 0(011)* are
of type Il in . Thus we have 2 distinct Steinhauns graphs G' which have
a clique @ of type 1V with size w(3k + 2) in G where () is contained in
{2,3,4,...,3k +2}. By adding their partners P(G) which have a clique of
type IV where the clique is contained in {1,2,3,...,3k + 1}, we may have
4 Steinhaus graphs G which have a clique of type IV, size w(3k 4 2) in
(. But by Fact 1I1. (1), we have only 3 distinct Steinhaus graphs & which

have a clique of type IV with size w(3k + 2) in G.
Subcase 2.3 ()} is of type Vin G.

By the same arguement in Subcase 2.2, if ) is contained in {2,3,4,...,3k+
3} then (7 has the generating string either a * 0(100)*~'(101) or « *
0(010)*7*(011) where « = 0,1. By Fact IIL (4) - (7), they all are of
type V. Therefore we have 4 distinct Steinhaus graphs ¢ which have a

clique @ of type V with size w(3k + 2) in ¢ where ) 1s contained in
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{2,3,4,...,3k + 2}. Since none of them are doubly symmetric, by adding

their partners we have 8 distinct Steinhaus graphs.

Thus by combining three cases, we have 19 distinct Steinhaus graphs G' which

have a clique of type V with size w(3% + 2) in G.

Case 3

n =3k 4+ 3.

Again, by Theorem 4.3.11, we can assume that @ is either of type II, type III,

type IV or type V in G.

Subcase 3.1 @ is of type [T in 7.

Since () is of type Ilin G, Q is either {1,3,6,...,3k+3} or {1,4,7,...,3k+
1,3k +3}. If Qis {1,3,6,...,3k + 3}, then by Lemma 4.3.12, (as;)7%4? is
either 1{101)*=! or 1(011)*~1. By applying Fact II several times, G has a
generaling string which is either 0a1(011)* or 0a1(001)* where o = 0, 1.
Since none of them are doubly symmetric, by adding their partners we

have 8 distinct Steinhaus graphs G which have a clique of type II with size

w(3k + 3) iu G.

Subcase 3.2 () is of type Il in G.

Since @ is of type IlI, @ is contained in either {1,2,3,...,3k + 2} or
{2,3,4,...,3k + 3}. Suppose that Q is {1,2,5,...,3k + 2}.

If & 1s an odd number, the generating string of G is either 01a01(001)*-14,
01a01(101)*~' 3, 0ay11(011)*~' 8 or 0ay(101)*~18 by Subcase 2.1 where
a,f,v = 0,1 and e+~ =1 (mod2). First, when the generating
string of G is 01a01(001)*~' 3, its partner, P(G), has the generating string
0(3+1)(axF+1)3(8+1)[(5+1)8(8*1)]*1 3 which has a cligue of type I1I, size
w(3k +3) in P(G). Since none of them are doubly symmetric, there are 8
distinct Steinhaus graphs which have a clique of type III. When the gener-

ating string of G is 01a01(101)*1 3, its partner, P(G), has the generating



43

string 0(8*1)(axf*1)[3(B8+1)B]*. But when o, 8 = 1, the generating string
is (011)*+! which has a clique of type II by Subcase 3.1. Also when 5 =0
and either a = 0 or a = 1, the generating string is either 010(011)*~1010 or
(011)*010 respectively which is the same generating string as given above.
Since the remaining generating strings are not doubly symmetric, there
are 2 more Steinhaus graphs which have a clique of type 111. When the
generating string of G is Oca{a * 1)11{011)*143, its partner, P(G), has the
generating string 0(a* #){a* B+ 1)[(8+1)}(8*1)B]*. But when o, = 1, the
generating string is 010(110)¥~1111 which has a clique of type Il by Subcase
3.1. When g = 0 and either @ = 0 or a = 1, the generating string is either
001(110)* or 010(110)* respectively each of which is doubly symmetric.
Since the remaining generating string is not doubly symmetric, there are
4 more Steinhaus graphs which have a clique of type III. Finally, when the
generating string of G is Oa(a * 1)(101)¥-1113, its partner, P(G), has the
generating string 0(oxx3)(cx Bx1)(8x1)(B*1)[BAA(B*1)(B+1)( #*1)|k-D/23,
Since none of them are doubly symmetric, there are 8 Steinhaus graphs
which have a clique of type III. By combining all cases, we have 22 distinct
Steinhaus graphs which have a clique of type III with size w(34 + 3) if &
is odd.

If k£ is an even number, the generating string of G is either 01a01(001 )13,
01a01(101)*~'3, 01a11(011)*? 8 or 00(101)*~1113 by Subcase 2.1 where
a, 8 = 0,1. When the generating string of G is 01a01(001)*!3, its part-
ner, P(G), has the generating string 0{a x 3 % 1)28(8 * 1){(3 * 1)3(8 *
1)}*-13. Since none of them is doubly symmetric, we have 8 Steinhaus
graphs which have a clique of type III. When the generating string of G is
01a01(101)¥~ 3, its partner, P(G), has the generating string 0(cx * 8)(a *
A*1){B(3*1)3]F. But when a, 8 = 1, the generating string of (7 is (011)%+1,

which is of type Il by subcase 3.1. When a = 1 and 3 = 0, the gener-
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ating string of G is (011)*010, which is the same generating string in the
above. Since the remaining generating strings are not doubly symmetric,
there are 4 more Steinhaus graphs which have a clique of type IIl. When
the generating string of G is 01al1(011)*13, its partner, P((), has the
generating string O{ax 3 x 1)(a* B)(8* 1)(8 x 1)[B(B* 1)(# * 1)} 5. But
when o = 0 and 8 = 1, the generating string of G is 010(110)*1111,
which is of type Il by Subcase 3.1. When o = 0 and # = 0, the gen-
erating string of G is 010(110)*, which is doubly symmetric. Since the
remaining generating strings are not doubly symmetric, there are 5 more
Steinhaus graphs which have a clique of type III. When ihe generating
of G is 00a(101)*71(118), its partner, P(G), has the generaling string
0 + B)(ax B+ 1)BB(B * 1)(B + 1)(B+ 1)BABIED2(B+ 1)(A % 1)(8*1)8.
Since none of them are doubly symmetric, there are 8 more Steinhaus
graphs which have a clique of type IlII. By combining all cases, we have 25
distint Steinhaus graphs which have a clique of type III with size w(3k+3)

if & 1s even.

Subcase 3.3 ) is of type IV in G.

Since @ is of type IV in G, @ is contained either in {1,2,3,...,3k + 1},
{2,3,4,...,3k + 2} or {3,4,5,...,3k + 3}.

First, suppose that @ is contained in {1,2,3,...,3k+1}. Then by Case 1,
the generating string of G is either 0(101)* o * # or 0(011)* * a + # where
a,f = 0,1. Assume that the generating string of G is 0(101)* ¥ a * §3.
When o = 1 and # = 0, the generating string of G is 010{110)* which
is of type III by Subcase 3.2. When «,8 = 1, the generating string of
G is 010(110)*~*111 which is of type II by Subcase 3.1. Assume that the
generating string of G is 0(011)* * a * 5. When a = 0 and 3 = 1, the
generating string of G is 001(101)F which is of type II by Subcase 3.1.
When a = 1, the generating string of G is 0(011)*1 x 3 which is of type IIJ
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by Subcase 3.2. By considering their partners, we have 6 distinct Steinhaus
graphs which have a clique of type IV with size w(3k + 3).

Next, suppose that @ is contained in {2,3.4,...,3k + 2}. By Case 1
and Fact III. (8), the generating string of G is either « * [0(101)* x 8] =
O(a* B)axBx ) axBx)ff+x(a+xBf)xa or ax*[0(011) % 8] =
O[{a* Ao * B} ax* B * 1) x (a* B)*a. If o is not equal to B, then the
generating string of G is either 01(001)* * & or 01(101)%  ¢r, which is of
type III by Subcase 3.2. If « is equal to 8, then the generating string of
G is either 0{011)* * 0 * & or 0(001)% * 0 * & where o = 0,1. When « is
equal to 1, 0(011)*01 is of type II by Subcase 3.1 and 0(001)*01 is of type
IT because its partner has generating string 001(101)* and apply Subcase
3.2. When « is equal to 0, 0(011)*00 is of type IV which appeared in the
above and 0(001)*00 is of type IV which appeared in the above because
its partner has the generating string 0(011)¥00. Thus we do not have any

new Steinhaus graphs which have a clique of type IV in this case.

By combining both cases, we have 6 distinct Steinhaus graphs which have

a clique of type IV with size w(3k + 3).

Subcase 3.4 @ is of type V in G.

Since @ is of type V in G, @ is contained in either {1,2,3,...,3k + 1},
{2,3,4,...,3k + 2} or {3,4,5,...,3k + 3}.

First, suppose that () is contained in {1,2,3,...,3k+41}. Then by Case 1.
the generating string of G is either 0(100)*~1(101)*ax 3 or 0(010)*1(011)*
o *  where o, 3 = 0,1. By considering their partners, we have 16 distinct
Steinhaus graphs which have a clique of type IV with size w(3k + 3).
Next, suppose that ¢} is contained {2,3,4,---,3k + 2}. By Casc 1 and
Fact IIL. (8), the generating string of G is either « x [0(100)*"1(101)
B] or « % [0(010)*71(011) * B8] where o, 8 = 0,1. Note that if G has a
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generating string o * [0(100)*~*(101) * 3] then the partner of G, P(G),
has the generating string « * [0(010)*~! * (a * 3)]. Thus in this case we
have 8 distinct Steinhaus graphs which have a clique of type 1V with size
w(3k + 3).

By combining both cases, we have 24 distinct Steinhaus graphs which have

a clique of type IV with size w(3k + 3).

From the above Subcases, the number of all Steinhaus graphs which have a

clique of size w(3k + 3) is

63 if &k is even.

{ 60 if k is odd;

By combining all cases, we prove theorem. il

Before we close this section, we list all generating strings of Steinhaus graphs of

order n > 27 which have a clique of size w(n).

()

(IT)

n=3k+1.

type IV:  0(101)* 0(011)*

type V: 0(100)*1(101) 0(010)*-1(011)
n=3k+2.

(1) kis odd.

type IIL:  01(001)* 01101(001)*~* 01{101)* 01001(101)*!
00111(011)*=* 01(011)*  001(101)*~'(11) 010(101)*~1(11)

type IV:  00(110)* 0(001)*0 0(101)*0

type V:  0(100)*-1(1010) 0(100)*-*(1011) 0(010)*~1(0110)
6(010)41(0111)  00(111000)*F (110} 000(111000)** (10)
01(000111)*F-(001} 011(000111) = (01)
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(2) ks even.
type IIL:  01(001)* 01101(001)*- 01(101)* 01001(101)¢-!
00(011)* 01(011)* 000(101)*~! 001(101)-111
type IV: 00(110)* 0(001)*0 0(101)*0
type V:  0(100)*-1(1010) 0(100)*-1(1011) 0(010)*-*(0110
\

0(010)*~1(1011) 01000(111000)*7*(110)  011000(111000)*5(10)
00111(000111)*7*(001) (000111)% (01)

n=3k+3.

(1) kis odd.

type IL:  001(011)% (011)*' (001)%! 011(001)*
00(011)*1 0(101)*(11) o0(011)*(01) 01(110)*1

type III:  01(001)¥0 01(101)*0 01(001)*1 00(010)*1
011(010)* 010(011)*-1(010) 0110(100)*-1(11) 001(L00}Y*~1(101)
010(011)* 000(101)* 001(110)* 010(110)*
001(116)%-1(111) 010(001)* 001(101)*~1(110) 00L(101)*~'(110)
00111(000111)*5°0  01000(111000)**1 010(101)*~1(110)
01011(000111)%°0 00100(111000)*7*1 010(101)*~1(111)

type IV: 0(101)%(00) 0(101)¥(01) 0(011)*(06) 000(100)*
0000(111000)*2"(11)  0111(000111)*3*(00)
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type V: 0(100)*-1(10100) 0(100)*-1{10101) 0(100)*~1(10110)
0(100)¥-*(10111) 0(010)*-*(01100) 0(010)*~'(01101)
0(010)¥-1(01110) 0(010)*-1(01111)  00(111000)F (1100)
01(000111)*5(0011) 01(000111)*%(0010)
00(111000)*7(1101)  000(111000) " (100)

011(000111)3*(011) 011(000111)*F (010)  000(111000)F(101)
0001(011110100001)'(00) if k = 41 +1;
0110100001(011110100001)'(00) if k = 41+ 3.

0011110100001(011110100001)! H(1I011) i k=414
0100001(011110100001)}(11011) if k = 41 + 3.

011110100001) (01110) if k = 41 + 1;
(000010101111)'(000010101110) if & = 41 + 3.

010100001(011110100001)" 1(01111011) if k=4l +1;
00001(011110100001)'(01111011) if & = 4/ + 3.

0111(010000101111)'(00) if & =41+ 1;
(010000101111)"* if k =41+ 3.

00001(011110100001)°1 if k = 41 + 1;
01110100001(011116100001)° if £ =41+ 3.

)y
01011(110100001011}'0 if k = 41 4+ 1;
01100001011(110100001011)'0 if k = 41 + 3.

001(000010111101)(001) if & = 41 + 1;
010111101(000010111101)/(001) if k = 41 + 3.

(2) kis even.

type II:  001(011)* (011)*+' (001)**' 011(001)*
00(011)*1 0(101)%¥(11) 0(011)*¥(01) 01(110)*1

type ITL:  (010)*** (011)*(010) 01(001)*1 00(010)*1
011(010)* 00001¢101)*~"1 01101(001)*='1 O01110(010)*~'1
010(011)*-19010 001(010)* 010(011)* 010(101)*
010(110)* 011(110)* 001(110)* 011(110)*'(111)
010(001)* 000(101)*-*(110) 000(101)*-1(111) 001(101)*-1(110)
001(101)%-1(111) 00100(111000)*3°(1110) 01011(000111)*F(0001)
01000(111000)*7*(1110) 00111(000111)*F*(0001)
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type IV:  0(101)*(00) 0(101)*(01) 0(011)*(00) 000(100)*
0(000111)5(00) 0(111000)%(11)

type V: 0(100)*~*(10100) 0(100)¥*(10101) 0(100)*~*(10110)
0(100)*-1(10111) 0(010)*~(01100) 0(010)*~*(01101)
0(010)*-1(01110) 0(010)*~(01111) 011000(111000)*F (100)
(000111)3(100) (000111)%(010) 011000(111000)*3*(010)
01000(111000)*7*(1100) 00111(000111)"7*(0011)

00111(000111)*5%(0010) 01000(111000)*5(1101)

0(011110100001)'(00) if & = 4/;
0100001(011110100001)}(00) if k = 41 + 3.

0110100001(011110100001)"-1(11011) if k = 4
0001(011110100001)'(11011) if k=4l + 3.
)

0110100001(011110100001)-1(01110) if k = 4I;
0011110100001(011110100001)*-1(01110) if & = 41 + 3.

0100001(011110100001)" 1(01111011) if k= 41
0(011110100001)/(01111011) if k = 41 + 3.

{
{
{
{ 0(010000101111)/(00) if k = 4f;
{
{

0101111(010000101111)/(00) if k = 4l + 3.

01(011110100001)'1 if k = 4I;
00100001(011110100001)'1 if k = 41 + 3.

01(110100001011)'0 if k = 4;
00001(011110100001)'(0110) if k = 4 + 3.

(000010111101)'(001) if & = 4;
0111(010000101111)'(01001) if k = 41 + 3.

4.4 The number of Steinhaus graphs which have a clique of large size

In Theorem 4.3.13, we showed that the number of all Steinhaus graphs with n vertice
which have a clique of size w(n) has period 6. In other word, W (2, 0) = W(n + 6,0},
where { is a nonnegative integer and W(n,l) is the number of all Stcinhaus graphs
with n verlices which have a largest clique of size w(n) — I. So, it is natural to ask

the following question:

W(n,l) £ W(n +6,1)
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for a fixed ! and large enough n.

A series of lemmas will give the answer of this question.

Lemma 4.4.1 Let G be a Steinhaus graph with generating string (oy;h<j<n. Let
Q(G) = {y1,¥2,Y3,- - -, Ym} be a clique of type V in G which is contained in a largest
cliqgue Q) in . Let 7 > 3 be a positive integer. Let k be the smallest integer such that
2> fym 22 + i+ 8 theny +7 € Q.

Proof. Without loss of generality, we can assume that y; = 1 by considering the
induced subgraph G - {1,2,3,...,51 — 1} of G.

Suppose that y,, + j € Q. Then by Fact I, we are able to find all entries a; ,,+;
in Steinhaus triangle where 2% +1 < i < y,, — 2 — 1. Using these entries, we are able

to find a;,,, where 28 41 <7 < 2% 4+ 7. Moreover, there exists an ¢ such that

for some 1 <z < 7.

On the other hand, since Q(G) is of type V in G, the first row in the induced Stein-
haus triangle on the subgraph G — {y. + 1,...,n} of G is either 0(010)¥=~9/3(011)
or its partner 0(100)¥=-4/3(101). This gives a contradiction by the same argument

in the above. 1

Lemma 4.4.2 Let G be a Steinhaus graph with n vertices.
Let Q(G) = {y1,Y2,¥3, .- ., Ym } be a mazimal clique type of G which is not of type
Vin G. Under the same conditions on j,k,y, and Q in Lemma /.4.1, we have one

of the followings:
(1) w+ij¢Q.

(2) QU {ym + 3} is a clique.



Proof. Suppose that y,, + 3 € @. Then by the same argument in Lemma 4.4.1, we
conclude that Q U {y,. + 3} is a clique. B

Now, we are ready to prove the following theorem.

Theorem 4.4.3 Let | be a fized nonnegative integer. Let (G be e Steinhaus graph
with n vertices which has a largest clique of size w(n)—1. Then at lcast one of largest

cliques in G must be one of maximal clique type of G if n is large enough.

Proof. Let Q(G) = {y1,y2,Y3,---,Ym} be a maximal clique type of 7. Suppose that
a clique ) contains Q(G) where Q = {1,232, %3,...,Zym)—1} 18 of sizc w(n) — I in G.
We want to show that @ = Q).

Suppose that @@ # Q(G). Since the size of @ is w(n) — I, we have the inequality

oz — 1Y <3l
25&11&)?(1)_1{;1:1 zip — 1} <3

Let x be the smallest integer in ) which is greater than y,,. Then 4 < z—y,, < 31+1.
Let 7 be the integer 2 — y.,. Since n is large enough, ¥, is also large enough to satisfy

the conditions in the lemmas.

Case 1 Q(G) is of type V.
By Lemma 4.4.1, ¥, + 7 = z ¢ Q. This gives a contradiction.

Case 2 Q(G) is not of type V.

Since ¥ + 7 € Q, Q(G) U {yn + 3} is not a clique by Lemma 1.4.2. On the
other hand, we can show that QU {y. +3} — {ym + 4} is a clique of size at least

w(n) — . Thus Q(G)V {ym + 3} is a maximal clique type of (¢ which contains
@{G). This gives a contradiction by the choice of Q(G).

By combining two cases, we prove theorem. B

To prove that the question in this section is true, we need the following lemmas.
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Lemma 4.4.4 Let G be a Steinhaus graph wuth n vertices which have a largest clique
of size w(n) —I. Then there exists ezactly one mazimal clique type of (3 size w(n) —1

where 1 is a fired nonnegative integer and n is large enough.

Proof. Suppose that G has two maximal clique types of G. then by combining two
maximal cliques, G has another maximal clique which is larger than two maximal

cliques by applying Fact I and II, which is impossible. |

Lemma 4.4.5 Let Q(G) = {y1,%2,¥3,, ..., Yu(n)} be a type I of G, size w(n). Then

45
k=j

the two subtriangles generated by (aix)it> and (a;4)}L° in the Steinhaus triangle of

G are same if y1 K1 < J <Yy endi =3 (mod 6).

Proof. By Lemma 4.3.13, the y{* row in the Steinhaus triangle of ' is cither
0aB(101)= =073 or 0a4(011)*(M-0/3 where a, 3 = 0,1. Then the (111 + 6)** row is
either 0aB(101)(*-19/3 or Da3(011)(#(™)-10)/3 regpectively. B

Now, we are ready to prove the following theorem.
Theorem 4.4.6 Let | be a fired nonnegative integer. Then we have the following:
W(n,l)=W(n+6,])
if n is large enough.

Proof. Let I'(n,{) be the collection of all Steinhaus graphs G with n vertices which
have a maximal clique type of G, size w(n) — I. To prove the theoremn, we want to
find a bijection function from I'(n,!) to ['(n + 6, {). Here, we observe some fact about
Steinhaus triangle. In fact, there are several ways to generate the same Steinhaus
triangle. For example, 1 < j < n, we may denote (ay;,az;,-..,a;; ) (¢ q1y---,850)
as a generating string of G with the Steinhaus triangle (a;;). In partucular, when

7 = 1, we have the standard generating string.
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Let G be a Steinhaus graph with n vertices which has the unique maximal type
clique Q(G)={y1,¥2,¥3: - - - Yu(n)—1} Of size w(n) — . Consider the Steinhaus triangle
(ai;) of G and the generating string (@14, -y 4 )@y 415« <> Gy n) of G. From
this generating string, we will construct a Steinhaus graph G’ with » 4 6 vertices. It

suffices to construct a string which is the generating string of G'. Define the string

(blpyls R byny:)(byl?yﬁl: s 1b§1|ﬂ+6) by

_ ey Hl<i<ysandy <y <ys
“ 7] aij-s otherwise

It is clear that the Steinhaus graph G’ with the above generating string has a largest
clique of size w(n +6) — { which is the same type of G’ as Q(G) of G by Lemmma 4.4.5.
Moerover, 1t is not difficult to show that the above contruction gives a one to one

correspondence between I'(n,!) and T'(n + 6,1). N

4.5 Maximal clique in the complements of Steinhaus graphs

In [Dy2], Dymacek study several properties of complements of Steinhaus graphs.
In this section, we investigate the results in previous sections on the complements of
Steinhaus graphs.

For each positive integer n, it is obious that the largest size of cliques in the set
of all the complements of Steinhaus graphs is n, which can be obtained by the empty
graph E™ with the generating string consisting of zeros.

Let [ be a fixed nonnegative integer. Let W(n,{) be the number of all steinhaus
graphs with n vertices such that their complements have a maximal clique of size
n — {. Now we give a nice expression of clique of large size in the complement of

Steinhaus graph.

Lemma 4.5.1 Let I be a fired positive integer. Lel G be a Steinhaus graph with n
vertices which has the Steinhaus triangle (a;;). Let Q be a clique in the complement

of G. Then the size of Q isn—1if and only if Q@ = {2,204+ 1,1 +2,...,.n —I+:—1}
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and (1,824,834, - -, @i2dy D)0V (1, @inmtging, - - - @i n) is the generating string of G

for some 1 <i<!+1 ifn is large enough.

Proof. Suppose that the size of Q is n — I. Since n is large enough, @ contains a
set A of size at least n/l which consists of consecutive vertices. First, assume that
J is the largest vetex in A and k is a vertex in § which is greater than j. Since
k — 7 1s far less than n/l, all entries in the Steinhaus triangle of the induced subgraph
AU{j+1,7+2,7+3,...,k} are zero. By applying this arguement continuously, we
conclude that @ consists of consecutive vertices. If 7 is the smallest vertex in Q, G
has the generating string in the above.

Conversely, suppose that G has the generating string in the above and {7,7+1,7+
2,...,n—1+1—1} is a clique of size n — ! in the complement of G. Since n is large

enough, this set is maximal clique in the complement of G. i

Theorem 4.5.2 Let | be fized,
Win,) =W(n+1,1)

if n is large enough. Futhermore, W(n, 1) is

. 1 ifl=0;
Wi(n,l) =< 2 ifl=1;
20+ (1 - 1)272  otherwise.
Proof. Let I'(n,) be the collection of all Steinhaus graphs G with » vertices which
have a maximal clique of size n — ! in the complement of G. It is sufficient to find a
bijection fuction between I'(n,{) and T'(n + 1,1).
Let G be a Steinhaus graph whose complement has a maximal clique of size
n —{. G has the generating string {ay;,..., 2, 1)0" (1, @y n t4izrs. .., @in) for
some 1 < ¢ < !+ 1 by Lemma 5.5.1. So, {f,¢ 4+ 1,i4+2,....,n =+ i~ 1} is
the maximal clique in the complement of G. From this string, we construct the

string (@14,. .., @2, )0 (1, 4514441, - - -, @i ) of lenghth n + 1. Clearly, the
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Steinhaus graph with the generating string in the above has the maximal clique
{t;24+ 1,04 2,...,n — {42} of size n — { + 1. It is not difficult to show that this
construction gives a bijection.

Next, we will decide the number W(n, ). Clearly, W(n,0) = 1 and W(n,1) = 2.

Suppose that { > 2. For ecach 1 < ¢ < [+ 1, let W; be the number of the
Steinhaus graphs G in I'(n,!) such that the smallest vertex in the maximal clique in
the complement of G is 1. If ¢ is either 1 or { + 1, then W;=2'"%, If 2 < i <, then
W; = 22 by Lemma 4.5.1.

By combining both cases, W(n,{) =2+ (1 -1)2"-2if i > 2. I



CHAPTER 5
HAMILTON CYCLES IN RANDOM STEINHAUS GRAPHS
5.1 Introduction

Since its introduction by Erdés and Rényi ([ExrRel], [ErRe2]), the theory of random
graphs has been greatly developed and many properties of a random graph have been
studied in detail [Bo4|, [Bo5], [Ma] etc. One of the important questions Erdds and
Rényi [ErRe2] raised in their fundamental paper on the evolution of random graphs
is "is almost every graph Hamiltonian?” A breakthrough was achieved by Pdsa [Po2]
and Korshunov [Kor]. They prove that for some constant ¢ almost every labelled
graph with n vertices and at least cnlogn edges is Hamiltonian.

On the other hand, it would be useful to have a criterion by which 1o decide
whether a specific graph behaves like a random graph, that is, has the property (of
almost every graph) that interests us. Such a criterion gives the concepts of pseudo-
random graphs and quasi-random graphs which is a special type of pseudo-random
graphs. In [Th2], Thomason shows that a (p, a)-jumbled graph behaves like a random
graph with edge probability p.

The properties of random Steinhaus graphs and random generalized Steinhaus
graphs have been investigated by Brand and other authers. The first paper to address
a question of this nature is [Brl] in which Brand answered in the aflirmative Brigham
and Dutton’s [BrDu] conjecture that almost all Steinhaus graphs have diameter two
where Play; = 1] = 1/2. In [BCDJ], Brand, Curran, Das and Jacob generalize this
result to the case where 0 < Pla;,; = 1] < 1. A much more general result is obtained
in [BrJa] in which Brand and Jackson show that the theory of random Steinhaus
graphs is first order complete and identitical with the first order theory of random

graphs. Thus a first order statement is true for almost all graphs i and only if it is
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true for almost all Steinhaus graphs. Moreover in [BrMo], Brand and Morton show
that almost all generalized Steinhaus graphs are quasi-random graphs.

In section 5.2, we investigate if almost all Steinhaus graphs are Hamiltonian.

5.2 Hamilton cycles

Many theorems on Hamilton graphs require a degree condition (see [Be], [Bol]).
But not many graphs satisfy the degree conditions. For example, in {Pa] we see that
almost all graphs G do not satisfy the condition that for every pair of nonadjacent
vertices u and v, d{u} +d(v) > n. Also some theorems on Hamilton graphs require an
edge condition (see [Be|, [Ore]). But not many graphs satisfy the edges conditions.
For example, it is clear that almost all graphs G do not satisfy the condition that
the number of edges of GG is at least I_Ln—_l%(n—_zl + 3}. Therefore it is natural to think
that if we combine an edge condition (sometimes, called a global condition) with a
degree condition then a given graph satisfying both conditions may be [lamiltonian.
From the definition of quasi-random graph G, with n vertices {{CGW]) we find the
following property Py which we use through this Chapter 5 because of its good global

condition:

Py, For each subset S of G, e(S) = 1|S[* + o(n?)

2
where o(n?) means ﬂ;}?}- — 0 as n — oo.

In [CGW], they showed that this property Py gives the following property £:

P3.  All but o(n) vertices of G have degree (1 + o(1))n
where o(1) means o(1) — 0 as n — oo.
In this case we say that G is almost-regular. Note that the property P does not

imply the property Py ([CGW]). Thus we conclude that a quasi-random graph has

a good global condition but does not have a good degree condition. From now we
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assume that the probability of an edge is 1. In [BrMo] and [Pa], we can find that

almost every Steinhaus graph satisfies the desired global and degree conditions.
Theorem 5.2.1 ([BrMo]} Almost all Steinhaus graphs are quasi-random.
Theorem 5.2.2 {[Si]) Let ¢ > 0. Then almost all Steinhaus graphs satisfy
L1 —oyn < d(v) < 2 (1 +¢)
3 e)n v 2( em
for all of their vertices v.

In this section, we present two proofs that almost all Steinhaus graphs are Hamil-
tonian. The first proof follows from a result in [Th2] and the second proof follows the
standard method in the theory of random graphs (see [Bo2], [Po2]) with the above
theorems. Let us give the first proof.

Let G be a quasi-random and Steinhaus graph with n vertices. Lel S be a subset
of G. Then we have

e(S) = 211—|S|2 + o(n?).

Thus

1S _ 1 2y _ 02
c(S)—E(Q)-—Zl.S'I—}*o(n)—o(n )

If S| < o(n) then
1
| e($)-3(5) | < ISP < omlsi
and if |S} > o(n) then

| e(8) = 3(17) | = o(n?) < o(m)IS].

By combining both cases, we show that the graph G is (%,o(u))—jmnb]ed. Thus

almost all Steinhaus graphs are (1,0(n))-jumbled. Since almost all the Steinhaus

graphs ( satisfy the degree condition in Theorem 5.2.2, 6(G) = (1 + o(1))5 where

8(G) is the minimum degree of (7. This gives the first proof by the following theorem.
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Theorem 5.2.3 ([Th2]) Let G be a (p, a}-jumbled graph, and P be a path in (7 of
length 1 > 0 and §(G) be the minimum degree of G. If §(G) > 6ap™ +1, then G has

a Hamillon cycle containing P.

Now we give the second proof.

Let G = (V, E) be a Steinhaus graph with n vertices. Also, assume that (i is a
quasi-random graph with the degree condition in Theorem 5.2.2. Let g be a vertex
in G. Let S be a longest zg-path in G, that is a path beginning at zy: S = zgzy ... 2.
Then the neighbor of zj, I'(21), is contained in {zy,21,...,24_1} since otherwise §
could be continued to a longer path. If z; is adjacent to z;, 0 < 7 < k — 1, then 5’
= Zo%y...T;TpTk—1 ... L;41 18 another longest zo-path. We call S a stmple transform
of S.

Let L be the set ol end vertices (different from z4) of transforms of S and put N
={z;€S:2j1€Lorz;y € L} and R=V — NUL. We are now ready to state

Pdsa’s lemma.
Theorem 5.2.4 ([Bo2], [Pol]) The graph G has no L-R edges.

Corollary 5.2.5 If|L| < n/3 then there are disjoint sets of size |L| and n—3|L]+1,

that are joined by no edges of (4.
Proof. Consider L and R in Theorem 5.2.4. Then we have
|Rl=n—=|NUL|>n-2[|>n—3|l| + 1.
Choose any subset W of R such that the size of Wisn —3|L| + 1.

Let U and W be two subsets of G. Then from Theorem 5.2.1 and Theorem 5.2.2,

we get the following corollaries.

Corollary 5.2.6 Let k be the number of edges belween U and G — W. Then k is
given by
1
k= §|U||W - U]+ o(n2).



Proof. Apply the property Py to the subsets U, W, UUW, U —-W and W - U. I

Corollary 5.2.7 [UUT(U)| 2 3(1 + o(n))n.

Now we give a simple lemma in the vein of Theorem 5.2.10.

Lemma 5.2.8 Let 0 < v < 1/3 be a constant. Then almost all Steinhaus graphs G
are such that if U is a subset of G and |U| < yn then

U UT(U) = 3|U].

Proof. Suppose that there is a quasi-random Steinhaus graph G with n vertices such
that
U UT(U)] < 3|U|

for some 4 and some subset U of G and {U| € yn.

Let W be the complement of U UT'(U). Denote @, & and ¢ by the size of subsets U,
[(U) — U and W respectively. By Corollary 5.2.6, (1 + o(1))2 < a. Also, ¥ = o(n?)
by Corollary 5.2.5.

Since @ < yn and a 4 b < 3a, we have ¢ > (1 — 34)n. Thus we havce
> (1 4+ o(1))(1 - 31).
This gives a contradiction for all n large enough. i

Let G = (V,£) be a Steinhaus graph with n vertices which is quasi-random.
Denote D; by the number of pairs (X, Y) of disjoint subsets of U/ such that | X| = ¢,
Y| =n -3t and G has no X —Y edges. In fact, Corollary 5.2.5 provides an example

of D;. Lemma 5.2.8 gives the following corollary.

Corollary 5.2.9 Let D = {G : D, =0 for every t,1 <t < yn} where 0 < < 3 is
a constant. Then we have

P(D) = o(1)

where D is the complement of D in G.
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Now we give the second proof.

Theorem 5.2.10 Almost all Steinhaus graphs contain a Hamiltonian path. More
precisely, if ¢ and y are arbitrary distinct vertices, then almost every Steinhaus graph

contatns ¢ Hamilton path from x to y.

Proof. Since almost all Steinhaus graphs are guasi-random, we can assume that
the Steinhaus graphs in this proof are quasi-random. Let us introdiuce the following

notation for certain events whose general element is denoted by G.

e Let D be the collection of all Steinhaus graphs such that D, = 0 for every ¢ where

15t§7nand0<7<%.

Let E(W,z) be the collection of all Steinhaus graphs G such ithat the induced
subgraph G[W] of G has a path of maximal length whose end vertex is joined

to x.

Let E(W,z|w) be the collection of all Steinhaus graphs G such that the induced
subgraph G[W] has a w-path of maximal length among the w-paths whose end

vertex 1s joined to x.

Let F(x) be the collection of all Steinhaus graphs G such that every path of maximal

length in (G contains z.

Let H(W) be the collection of all Steinhaus graphs G such that the induced sub-
graph G[W] of G has a Hamilton path.

Let H(z,y) be the collection of all Steinhaus graphs G such that ¢ has a Hamilton

2-y path.

The complement of an event A is A.

Note that by Corollary 5.2.9 we have

P(D)=1- P(D) = o(1).
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Let |[W| =n—2or n—1 and let us estimate the probability of the event DN E(W, z)
and P(D N E(W,z)) where z is not in W. Let G € DN E(W, z) and consider a path
S = zo?1...74 of maximal length in G[W]. (By introducing an ordering in W, we
can easily achieve that S is determined by G{W].) Let L = L(G[W]) be the set of end
vertices of the transforms of the zg-path 5 and let R be as in Theorein 5.2.4 (applied
to G[W]). Recall that |R| > |W|+1—3|L| and there is no L-R edge, so no L-RU{z}
edge either. Since G € D and |RU {z}| > n — 3|L|, we find that |L

> n. As L is

independently of the edges incident with z, we have
P(D A E(W,2)) < P(G € D and  is not joined to L(GIW])) < (+)7),
Exactly the same proof implies that
P(D OE(W,zlw) < (5)0

provided |[W|=n—-2orn—1,z2 € Wand c ¢ W.
Note now that F(z) C E(V — {z},{z}), so

P(H(V)) = P(UyevF(z))
< P(DNU,evF(z)) + P(D)
< S P(DNnF(a)) + P(D)
< :f}‘;(D NE(V - {z},z)) + P(D)
< n(k

n(2)hnl + o(1).

This proves that almost every Steinhaus graph has a Hamilton path.

Now let z and y be distinct vertices and put W =V — {z,y}. By the first part
P(A(W)) < 2n(%)h“f +o1).
Since H(z,y) D HW)N E(W,y) N E(W, z|y) we have

P(H(z,y)) < PHW))+ P(DNEW,y))+ P(DNEW,z|y) + P(D)

1 1
2n(H) 4 2() 4 o(1).

IN
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Thus almost every Steinhaus graph contains a Hamilton path from = to y. il

Corollary 5.2.11 Almost all Steinhaus graphs are Hamiltonian.

Proof. Let ¢ > 0 be given. Choose k such that (3)* < £. Let H([n,i]) be the
collection of all Steinhaus graphs with n vertices which have a Hamilton path from
the vertex | to the vertex ¢ and A([n,]) be the collection of all Steinhaus graphs such
that the vertex 1 is adjacent to the vertex z for 2 < ¢ < n. Then by Theorem 5.2.10

there exists ng > k such that

. 3
P(H([n?z])) >1- 5};
for all n < ngand 2 <: < k.
Therefore, we have
k ) k ‘ & ¢ 1
PN H([n, i)Y A([ne]) > 1= 5~
=2 1=2 i=2 2 2
E €
| — 2 2
7 T3
= ]l-¢

for all n > ny.

This shows that almost all Steinhaus graphs are Hamiltonian. W

We close by mentioning Hamiltonian connected property on Steinhaus graphs.
While almost all graphs are Hamiltonian connected {[Bo2]}, it is still not known that

almost all Steinhaus graphs are Hamiltonian connected.
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