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The study seeks to determine the effect upon the F-
statistic of violating the assumption of homogeneity of
regression slopes in the one-way, fixed-effects analysis of
covariance model, The study employs a Monte Carlo simulation
technique to vary the degree of heterogeneity of regression
slopes with varied sample sizes within experiments to determine

the effect of such conditions, One hundred and elchty—three

——
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51mulatlons were e _USEe0.ec

The simulation procedure involved-setting. the number. of...

treatmgﬁfﬁggg&%gtlons (k. =2, 3, or 5), samplewslzes (n = ?Qid
56: ...... LO. 100, and 200), and regression coefficients. The re-
gression coefficients were set at differing degrees of |
heteroyenelty varylng from equal slopes to sets of SlOpgg_Wlth
.values as dlfferent as l and .9, For each sample size, a

~ set of concomitant values, Xij' was generated by the computer
with a N(0, 1). In a given simulation, the values of the

criterion variable, Yij’ were computer generated using the

model
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The eij terms were randomly generated by the'computer using
a random number generator. The F value was calculated by
analysis of covariance. This F~producing procedure was re-~

pllcated 2000 times for a given set of condltlons. The

........

ZOOO F—statlst1cs were used to produce an emplrlcal dlS—*
tribution which was compared sgraphically and analytlcally yith
the appropriate F-distribution. |

The data which constituted the basis for the findings
were the empirically obtained significance levels, called
"actual significance levels," for each simulation. These
levels were compared to the nominal (thecretically expected)
significance levels, .20, .10, .05, and .0l. By using a
95 per cent confidence interval about the nominal level,
these actual significance levels were determined to be
significantly deviant from their corresponding nominal levels.,
equal sample sizes within an experiment,. the empirical F-
dlstrlbutlons closely approximate the normal theory F-dis-

s, PR Y

trlbutlons for all but the most heteroeeneous regre551on

slopes. Also, the crltlcal or tabled value of F a55001ated

e A =

with the nomlnal 51gn1flcance level 15 actually a conservatlve

slopes is violated., This phenomenon is observed from the

pattern of empirically derived proportions which are con-

sistently less than the expected proportions,



Another pattern emerges, however, when considering ex-

periments in which there are unequal sample sizes, For

51mulatlons in which the smaller samples were palred with the

smaller slopes Wlthln an_experiment,. the. actual 81gnlileance
levels whlch dlffer 51£n1flcantly from the nomlnal levels
yield a e081t1ve blas almost without exceptlon. That is, the

actual levels are greater than the nominal levels for these

“simulations. If, however, the smaller slopes are matched with

the larger samples within an experiment, the bias is again
negatlve. -

The follow1ng conclusions appear to be apprOpr1ate:

1. For equal sample_sizes within an experiment, the one-
way, fixed- effects analysis of covariance model is robust to
v1olat10n of the homogeneoue regression slones assumptlon.
under all but the most heterogeneous slopes. As the degree of
heterogenelty ef the slopes 1ncreases, the}test becomes more_ﬁ.
conservative with respect to making a Type I error.

| 2. With une@ual sample sizes within an experiment, no
generallzatlon can be made, The dlrectlon of ‘bias in such W
experiments with heterogeneous repre551on coefficients cannot
bemgre@ieted, and consequently the effect on Type I error

cannot be determined.
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CHAPTER I
INTRODUCTION

The proper application of a statistical technique such
as the analysis of covariance depends upon the satisfaction
of certain assumptions. Exact satisfaction of these theo-
retical assumptions is never achieved in a practical situation.
The question then arises as to the extent to which these as-
sumptions may be violated without seriously affecting the
results obtained throuszh applicatibn of the statistical
technique. |

The analysis of covariance, one of the mbst widely used
statistical techniques, has approximately five such as-
sumptions, depending on the form in which they are stated.
Among these assumptions is the aséumption of homogeneity of
regression slopes (10, p. 586). This assumption implies that
the regression of the criterion variable Y on the covariate X
is the same for all treatment populations. In most situations
this assumption is seldom reported to be satisfied, and the
actual meeting of this assumption is subject to question in
many research studies (7, p. 3%). Knowledge regarding the
extent to which the covariance technique is robust with respect
to this assumption would tendlto validate many past studies

and justify the use of this method in many future studies where

1



precise satisfaction of the assumption is not possible.
Knowledge to the contrary should have an opposite effect.

A review of the literature on this subject points out
the remarkable degree to which the analysis of variance model
can teolerats departure from the assumption of the model (1, 2,
5). This fact has led researchers to feel n§ longer con-
strained fo transform data to achieve normal distributions.
and equal variances for all treatment groups. Winer (10,

p. 219) states that such transformations are no longer con-
sidered important in the light of the robustness of the
analysis of variance model,

The robustness of the analysis of variance model natu-~
rally leads to a guestion of the robustness.of the covafiance
model., Should the results of this study support the robustness
of the covariance model, then many studies, past and future,
in which the assumption of homozeneity of regression slopes
are not strictly satisfied will be validated, O©On the other
hand, should the results lend support to a strict satisfaction
of the assumption, the résults of many research studies
employing analysis of covariance, in the behavioral sciences
as well as other disciplines,:will be made suspect whenever

the assumption is not met.

Problem
The problem of this study was the effect of violating

the assumption of homogeneity.of regression slopes upon the



P-gtatistic in the one-way fixed-effects analysis of covar-

iance model,

Purpose
The purpose of the study was to emoloy a Monte Carlo
simulation to vary the degree of heterogeneity of regression
slopes with varied sample sizes within experiments to deter~

mine the effect of such conditions.

Rationale
Wilson and Carry contend that:

With the availlability of computer programs,
there is considerable misuse of analysis of covariance
in educational research., One of the most frequent
and flagrant misuses is the failure to test for '
homogeneity of regression, . . .+ There is little
evidence that the test of homogeneity of regression
has been used in educational research except as a
nuisance parameter in analysis of covariance, It
is a nuisance (1) because the analysis of covari-
ance may be invalidated unless the hypothesis of
homogeneity of regression can be accepted, and (2)
it is not the main hypothesis of interest in the
research (9, p. 86).

Cochran states that:

Although the effects of failures in these
assumptions on the analysis of covariance as such
do not appear to have been investigated, much of the
related work on the analysis of variance carries
over-~for instance, that on the effects of non-
normality or inhomogeneity of variance in e.. (3,
p. 277). . ot

Winer, however, points out that:

Evidence from the usual analysis of variance
indicates that F-tests in the analysis of covariance
are robust with respect to the violation of the two
assumptions, normality and homogeneity of the



residual variance. The effect of nonhomogeneity
of within-class regression. , . has not been
studied (10, p. 586).

Kirk substantiates this view when he reports that:

In general, tests of significance in the analysis
of covariance are robust with respect to violation of
the assumptions of normality and homogeneity of the
residual variance, Little is known concerning the
effect of violations of the assumption of homogeneity
of within-group regression coefficients (&, p. 469),

The Model
A one-way fixed-effects analysis of covariance model re-
quires that the fellowing assumptions be mades

1. The criterion variable Yi is expressed as a linear

J
combination of independent components: an overall mean, # 3
a treatment effect, rj; a linear regression on X, B(Xij - X..)3
and an error term, e 5 (6, p. 15).

2. The treatment effects are constants rather than
random variables (6, p. 15).

3. The X's are fixed over all replications and are
measured without error (8, p. 309},

L, The eij's are normally distributed with a mean of
zero and a variance, oez, which is constant across treatment
groups (6, p. 135),

5. The regression of ¥ on X after removal of. . .

treatment differences is linear and independent of treat-

ments. . « (8, p. 309),



Assumption one leads to the expression of the criterion
variable Y as

= u + Tj + B(Xij - X..) + e.

Y. . .
1J 1J

where Xij is the concomitant variable (covariate) and X,. is
the grand mean of the X values,

Implicit in assumption five is the assumption of homo-
geneous regression slopes.,

The over-riding question which sets the direction of this
investigation is:

What is the effect of violating the assumption of homo~

geneity of regression slopes (assumption five) upon the

Festatistic of the analysis of covariance under certain

experimental conditions? :

This question becomes an inquiry as to, under the null
condition, how the empirically derived distributions of F-
ratios obtained under the conditions of this study.compare
with the theoretical F-distributions,

The null condition incorporates the assumption that treat-
ment populations have identical distributions on the devendent
(eriterion) variable and identical distributions with respect
to the concomitant variable, This simulates the condition in
which the analysis of covariance is employed to increase pre-
cision in a "true" experiment where subjects are randomly

assigned to treaiments,




Definition of Terms
For the purposes of this study the following definitions
were formulated:

Nominal siznificance level--The nominal significance

level, a, is the percentage of F-ratios which exceed the tabled
value of F associated with k-1 .and N-k-1 degrees of freedoﬁ,
1og Fk—l, Nek-1. This tabled F associated with « is the point
on the central T distribution above which 100a per cent of F-
ratios will occur when all assumptions of the analysis of

coveriance are met,

Actual sisnificance level--The actual significance level,

a' , is the percentage of F-ratios which exceed the tabled
value of F'l—a Fk-l, Neloed * in an empirical distribution.
Robust--A statistical model is robust with respect to a
violation of an assumption to the degree that the model can
tolerate violation of the assumpfion without seriously affecting
the results, Specifically, the degree to which the actual
significance level fails to deviate significantly from the
nominal significance level determines the robustness of the
F-statistic with respect to violation of the assumption,

Significant difference betiween nominal and actual signifi-

cance levels--An actual significance level is said to differ

significantly from a nominal significance level when it fails
to fall within a ninety-five per cent confidence interval about

the nominal level.



Monte Carlio simulation--A Monte Carlo simulation is a

procedure in which random samples are drawn from populations
having certain parameters and then a particular statistic is
computed. The process is repeated until an empirical sampling
distribution of the statistic is obtained. When a certain
number of repetitions have yielded the empirical sampling |
distribution, this distribution is then compared with the
normal theory distribution to determine the degree to which it

departs from the normal theory distribution (6, p. 19).

Limitations

This study was limited to experimental conditions simulated
with the following conditionss |

1. The treatment effects, Tj' are such that er = 0Oy

2. The number of treatment groups considered include
only k = 2, 3, and 5;

3, Only selected sets of regression_slopés with varying
degrees of heterogeneity were useds;

4, Only selected sample sizes were employed;

5. Selected combinétions of slopes with sample sizes

were used,

Basic Assumptions
The random number generator was tested, as described in
the chapter on procedures, to verify the characteristics of
uniform or normal distribution and independence of numbers in

the sequence. Iowever, since this procedure is not infallible,



it 1s assumed that the generator produced numbers which are

randomly sampled,

Hypotheses
Tc set the direction of this study and investigate the
following question, the subseguent hypotheses were formulated:
Questions What is the effect of violating the assumption
of homogeneity of regression slopes upon the F-test of the
analysis of covariance under certain experimental conditions?
Hypothesis 1, Actual significance levels will not differ
significantly from nominal significance levels for regression
slopes as heterogeneous ass
(a) By = .3, B, = .7, for k
-levels of ,010 and ,050,
(o) By = .4, B, = .6, for k
levels of .100 and .200,

2, and nominal

2, and nominal

(c) By = .3, B, = .5 B3 = ,7, for k = 3, and
nominal levels of ,010, .050, ,100, and .200,

() By = .3, By = by By= .5, B, = .6, B = .7,
for k = 5, and nominal levels of ,010 and . 050,

(e) By = by B, = by By = .5, B, = .6, B,
for k = 5, and nominal levels of .100 and ,200,

I
-
(o)}

Hypothesis 2. For a given set of regression slopes, for
all sample sizes, there will be no significant difference be-
tween the actual significance levels and the nominal signifi-

cance levels,
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CHAPTER II
SURVEY OF RELATED RESEARCH

Kendall (5, p. 245) admonishes researchers that the
analysis of covariance "is not a mill which will grind out
results automatically without care or forethought on the part

of the operator." He depicts the covariance technigue as "

a
rather delicate instrument which can be cailed into play when
precision is needed," but "requires skill as well as enthusi-
asm to apply to the best advantage."

The question of the “delicacy” of statistical techniques
such as covariance has intrigued researchers for decades,
Pearson (7), in 1931, published his work on the effect of non-
normal variation on the F-test of analysis of variance, In
1935, Bartlett (3) reported his work on the effect of non-
normality of distributions on the t distribution,

The list of studies of the robustness of the general
linear model in analysis of variance has continued to grow
since the Pearson study.
| Studies by Atiqullah (1, 2) and Norton (6) exemplify two
primary directions robustiness studies have taken. Atiqullah

has utilized a mathematical analysis approach to his study of

11



12
the robustness'of the F-test., Norton, following the example
of Pearson, has employed an empirical approach which is some-
times called a Monte Carlo simulation.

Nortbn investigated the effects of non-normality and of
heterogeneity of variance upon the Fedistribution. In his
procedure he constructed "card populations" of 10,000 cases
each from which he drew samples using electric tabulating
equipment. In each phase of his work Norton selected 3000 or
3333 sets of k random samples of n cases each, computed F-
ratios, and thus obtained an empirical sampling distribution
of 3000 or 3333 F's., The values of k were 3 or 4 and the
values of n used were 3, 5, 6, and 10, The empirical dis-
tributions thus obtained were each compared with the appropriate
normal-theory F-digstribution., Norton concluded that so long
as the distribution of criterion measures is homogeneous in
both form and variance for the various treatment populations,
and as long as it is neither markedly peaked nor flilat, the
Fedistribution seems insensitive to the violation of assumptions
of distribution and variance.

Box (4) analytically studied the effect of group-to-group
_inequality of variance upon the F-statistic in the analysis of
variance, He verified the conclusions of Norton's study, which
was restricted to equal numbers within treatment groups. How-
ever, with unequal groups Box reported that inequality of

variances across groups does seriously affect the F-distribution.
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Atiqullah's mathematical analysis work on the "robust-
ness of the covariance analysis of a one-way classification"
led him to conclude that "unlike the analysis of variance F-
test, the analysis of covariance F-test 1s found to be appreci=-
ably affected by non-normality even in balanced classifications"
(1, p. 365)., He states that the distribution of the con-
comitant variables determines the degree of sensitivity to
non-normality. In addition he concludes that "the violation
0of the assumption of no treatment-slope interaction does not
seem to have serious effect on the F-test in large samples,
but a much more serious effect appears to be that of a quadratic
component of regression on the F-test" (1, p. 365).- Atiqullah's
work employed asymptotic results requiring the number of treat-
ment groups to approcach infinity. As such, the results of his
investigation are less specific and less useful., Peckham points
out that "the assumptions réquired for tThis analysis are such
that 1ittle light is shed on the practical effects of the bias
in typical research applications" (8, p. 28),

Violation of the assumption of homogeneous regression
slopes has been investigated under certain conditions in a
computer simulation study by Robinson (9)., Robinson generated
normal bivariate populations with identical means and standard
deviations but with different regression slopes. He restricted
his investigation to three treatment populations within an ex-
periment, samples of equal size chosen from each population,

and five combinations of five regression combinations., He
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concluded that'“as sample size increased, the deviations from
expectancy increased in size, thus indicating a definite trend
toward over-estimation of Type I error® (9, pp. 36-37).

Peckham claims that a Monte Carlo simulation done by him
"could e considered a first step in a comprehensive in-
vestigation to determine the limits of conditions under which
the fixed-effects analysis of covariance is robust with respect
to violation of the assumption of homogeneous slopes and other
violations" (8, p. 61)., In his study Peckham simulated the
combination of regression slopes with varying numbers of treat-
ment groups (k = 2, 3, and 5) and varying sample sizes (n =
5, 10, and 20}, For each experiment simulated the sample sizes
were equal, while the regression slopes were allowed to take on
increasing degrees of heterogeneity., His conclusion was that:

+ + » the one-way fixed-effects analysis of covari-

ance is robust to violations of the assumption of

homozeneous slopes in the randomized experiment ex-

cept when those violations btecome extreme., As the

degree of heterogeneity increases, the analysis be-

comes more conservative with respect to making a

Type I error, The robustness is maintained when

the number of treatment groups and the sample sizes

are varied (8, p. 60).

Ag a result of his findings Peckham suggested that other
conditions "“should be studied singly or in combination with
each other and with heterogeneous regression slopes, . ."

(8, p. 61}, Among these conditions he recommended that in-

vestigation should include unequal sample sizes within an

experiment (8, p., 61),
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The approach taken in this study is similar to Peckham's.
Unlike Peckham's investigation, the present study utilizes un-
equal sample sizes within simulated experiments and includes
larger sample sizes than those employed by Peckham., 4s such,
this study is an extension of Peckham's work, Care was taken
to follow many of Peckham's conventions pertaining to conditions
set on parameters and interpretation of resulis so as to in-
crease the comparability of the results. The study of Box
(4) cited previously points up the danger of generalizing to
unequal groups from results restricted to equal groups.
Possible discrepancies between Peckham's study with small
samples and the previously cited vork of Atiqullah with large
groups, together with the results of Zox, seem to Jjustify
further investigation using unequal groups and larger samples,

The present study uses a Monte Carlo simulation approach
to the investigation of the effects of violation of the re-
gression slopes assumption in analysis of covariance. The
sample sizes were varied, with samples of 20, 30, 40, 100, and
200 used to give simulated experiments with unequal groups.
Regression slopes were systematically varied to yield differing
degrees of heterogeneity within experiments, The number of
groups was also varied, with experiments involving two, three,

and five groups being simulated,
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Summary

Some possibly crucial theoretical and methodological
questions remain concerning the robustness of the analysis
of covariance model, Very little investigation has been made
of situations where more than one assumption is violated. The
state of the art concerning interpretation of heterogeneous
regressions needs to be extended to the poini, according to
Wilson and Carry, "where we can test hypotheses in true ex-
reriments when heterogeneity of regression is predicted and
interpreted; where it spells success for the experiment rather
than defeat” (10, p. 88).

The present study attempts to answer a question con-
cerning the violéﬁion of one assumption, As such, it should
be considered one step in a comprehensive investigation in
which the ultimate goal is a fuller and surer application of

covarilance,
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CHAPTER III
PROCEDURES

A one-way fixed-effects analysis of covariance model re-
quires that the fellowing assumptions be madet

1, The criterion variable Yij is expressed as a linear
combination of independent components; an overall mean, g; a
treatment effect, SO linear regression on X, B(Xij - X0
and an error term, eij (4, p. 15). |

2. The treatment effects are constants rather than
random variables (%, p. 15).

3. The X's are fixed over all replications and are
measured without error (5, p. 309),

4, The eij's are normally distributed with a mean of
zero and a variance, aez’ which is constant across treatment
groups (4, p. 15).

5. The regression of Y on X after removal of. . , treat-
ment differences is linear and independent of treatments (5,
. 309).

Implicit in assumption five is the assumption of homogeneous
regression slopes,

The over-riding question which set the direction of this

investization wass
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What is the effect of violating the assumption of

homogeneity of regression slopes upon the F-statistic

of the analysis of covariance, one~way fixed-effects

with one concomitant variable, under cartain specified

experimental conditions?

This question became an inguiry as to, under the null
condition, how the empirically derived distributions of F-
ratios obtalned under conditions described in the following
two paragzraphs compared with the central F-distributions. In
particular, how did the actual significance levels compare with
nominal significance levels?

The null condition incorporates the assumption that the
treatment populations have identical distributions on the
dependent {criterion) variable and identical distributioné
with respect to the concomitant variable, This simulates the
condition in which the analysis of covariance is employed to
increase precision in a "true" experiment where subjects are

randomly assigned to treatments. For purposzs of this study

these conditions were simulated by setting E(Y.j) + f.j =0

and ayz = MBX = 1, where
n. T 12
X-v - x.
. J (%43 ",
W, o= Z n
J i=1

with the values of the concomitant variable chosen to conform
as closely as possible to the normal distribution with variance
one.

Specifically, the experimental conditions referred to in

the original question can be further delineated as follows:
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. equal means were set on the dependent vari-
atle Y and the concomitant variable X across
treatment groups (this simulated random
assignment to treatment groups):

. the number of treatment groups was varied;

. the number of observations was varied with-
in each sroup within an experiment (i.e.
equal and unequal sample size within an
experiment);

. the regression slopes were varied within
an experiment,

The conditions of equal sample sizes and unequal sample
sizes within an experiment were studied in combination with
heterogeneous regression slopes. Specifically, sample n's of
20, 30, and 40 were chosen as representative of situations
encountered in educational reseérch. Combinations of these
sample sizes were taken with combinations of regression co-
efficients with a mean of .5. The conditions for éach of the
simulations are specified in Appendix A, The number of treat-
ment groups included were k = 2, 3, and 5. Sample sizes of
100 and 200 were included with equal n's only within an ex-
periment, Simulations occur in sets of five, the only differ-
ence between simulations of a given set being the regression
slopes, which were set at differing degrees of heterogeneity,
ranging from equal slopes of .5 to simulations involving slopes
as different as .1 and .9,

The first simulation in each set of five has equal re-
gression siopes. This provided a check on the simulation

process gince no assumptions were violated, Further evidence
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for validation of the simulation process was gathered and
reported in Table VII in Appendix B, These data include the
values of the statistics, obtained in each simulation, corre-
sponding to population parameters over all replications of the
experiment., While the values for the means, variances, and
regression coefficients showed ‘large random variations froﬁ
reﬁlication to replication, the means of these statistics over
all replications in a simulation yielded a close approximation
to all parameters.

The specifications for each of the simulations are given
in Table V, Appendix A, Simulations 1-5, 31-35, and 81-85
are replications of Peckham's work (&, pp., 49-50). Other
simulations in this study extend Peckham's study both to larger
sample sizes and %o a consideration of unequal sample sizes
within an experiment, Simulations 21-30, 61-70, and 121-1730
represent extension of Peckham's étudy with equal n's to larger
samples, n = 30 and n = 40,

Table V also describes simulations which extend sample
sizes to large (n = 100 and n = 200) samples (simulations
136-165), As such, this set of simulations is also an extension
of Peckham's study to larger samples.

For each sample size, n, a set of concomitant variable
values, X's, was chosen (See Table VI, Appendix A), Each set
of X's was chosen so as to be approximately normally dis-
tributed with a mean of zero and a variance approximately one.

These sets of concomitant variable values were generated by
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the IBM 360 Model 50 computer system at North Texas State
University. The I3M subroutine GAUSS was utilized 1o generate,
for each n, a set of random numbers with the mean and variance
approximaﬁely zero and one, and the distribution approximately
hormal. (See Appendix D on the application of the random
number generator for more detailed explanation). The values
generated were then transformed linearly to produce values
with mean exactly zero, the variances and distributions
remaining the same, The sets of X's generated for each n were
used for all replications involving the given n.

In a given simulated experiment, a set of conditions was
set for the treatment populations involved. Within each
treatment pepulation the sample size, nj. and a regression
slope, Bj' was set.

The values of the critepion variable, Y, were then gener-
ated from the concomitant variable, X, uéing a2 random error
term, eij' This general procedure is justified by the following
comments,

The general linear model for a one-way analysis of co-
variance, fixed-effects model, is

= u+ r, + BJ(X:L;] - X)) F e, (6,_ p. 584)

Y.. .
13 J 13
where
Y.. = criterion score for an individual;
= the general elevation of the criterion scores;

T3 = the treatment effect for treatment j;
o . - - - -
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= the concomitant variable score for an individual;j

X..

-1

X.. = the over-all mean of the concomitant variable;
eij = +the error term for an individual,

Under the null hypothesis, which was assumed, the means
of the treatment groups on the adjusted criterion, pu+ 5o
were assumed to be equal (1, p. 146). Without loss of gener-
ality these means were set equal to zero. Thus the model
became

Y-- = s X.a - x.. + ec---
Further, the over-all mean of the concomitant variable, X..,
was set equal to zero when the X values were selected, This
procedure was justified by considering the concomitant vari-
able as z standard score with a mean of zerc. For simplifi-
cation without loss of generality, standard scores {( u = 0,
o = 1) were used throughout the study for both dependent and
independent variables, Therefore, the model finally took the
form

Y.. =
S
This formula was used to generate an individual'’s Y score

X.., + . s
BiXis * o435

using his X score, a regression slope, and random error term.
lFor a given sample from a treatment population, the Bj was set
and set of X's constructed for the sample size was used. The
random error terms were generated by the computer and the
corresponding Y values were calculated,

The error terms were generated by the computer such that

they had a mean of zero and normal distribution, One of the
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assumptions for analysis of covariance is that these error

terms will have a constant variance across treatment populations.
This was found, under violation of the homogeneous regression
slopes aséumption and the specified conditions of this study,

to be impossible,

For each simulated experiment all assumptions were met,
with the above noted exception, except for the assumption of
homogeneous regression slopes. These slopes were set at
differing degrees of heterogeneity.

The simulation process was accomplished using a FORTRAN
computer program (Appendix E)} in which the experimental con-
ditions and parameters were set by the investigator.

The following conditions and parameters were set for
each simulationt

1., The number of treatment populations, k;

2, The expectation of the dependent variable, Y
(criterion), within each population, E(Yij). which was set
equal to zero;

3. The variance of the dependent variable within each
population, which was set equal to one, (i.e. ayz =1);

4, The slope, Bj’ of the regression of Y on X within
each populations

5. The size of the samples to be taken from each
population;

6. The fixed set of concomitant variable, X, values,

sizes, for each ohservation within each population,
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The computer program then performed the sampling from
each population and computed the F-statistic. This process
was repeated for a given set of conditions and parameters
2000 times, thus yielding 2000 F-statistics. These F-ratios
were then used to obtaln an empirical F-distribution which was
compared to the theoretical F-distribution,

Consequently, for each simulation (each set of conditions
and parameters) a frequency distribution of 2000 F-ratios was
obtained. This empirical distribution was plotted by the
computer (Appendix C), superimposed upon the theoretical F-
distribution. The computer also output frequencies for
computation of actual significance levels for compafison with
nominal levels of ,200, ,100, .050, and ,010, {See Table II,
Chapter IV),

Actual significance levels were judged to be significantly
different from their corresponding nominal levels if they did
not fall within the 95 per cent confidence limits presented

in Table I established originally by Peckham (4, p. 44),

The Computer Installation
The computer system of the North Texas State University
Computing Center was utilized in this study. Primary equip-
ment used was an IEM 360 Model 50 Computer System with
262, 144 bytes of memory, disk storage facility with six drives,

four ﬁagnetic tape drives,and a Calcomp 663 drum plotter.
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TABLE I

NINETY-FIVE PER CENT CONFIDENCE LINMITS
FOR PROPORTIONS CORRESPONDING TO
NOKMINAL SIGNIFICANCE LEVELS

Number of ‘ Proportions
Sample Points Limits
.20 .10 .05 .01
2000 Upper .218 14 . 061 ,016
Lower .1813 .087 L 041 ,006--

The Random Number Generator

A random number generator was employed by the computer
to generate the error terms of the model, It was also used
to select the values of the concomitant variable, The term
"random number" used in the context of this study should be
understood to be “pseudorendom number." Pseudorandom number
sequences generated internally by the computer are not random
in the true sense, because they are completely determined by
the starting data and have limited precision, Thus, according
to Naylor (3, p. 57), the pseudorandom numbers must be sSub=
mitted to a number of statistical tests used to detect non-
randomness, If they pass the tests, these pseudorandom
numbers can be treated as "truly" random numbers even though

they are not.
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The IBM subroutine RANDU was used tc generate random
numbers assumed to be from a uniform distribution., Tests of
uniformity, oscillatory nature, and independence of the pseudo-
random numbers were applied with acceptable results. Detailed
explanations of these tests are presented in Appendix D.

Normal random deviates with mean of zero and variance
1 - sz were obtained from the uniformly distributed variates

produced by RANDU using the trigonometric transformations

]

%
Xy (=2 logerl) cos 2nr,

n-

(=2 logerl) sin 2#r,.

%2
The ry and r, are two uniformly distributed independent random

variates defined on the interval (0, 1). The transformed

values Xy and x2 are two random variates from a standard
2

.
5

J
to give a variance of 1 - sz. According to Muller, "this

normal distribution. These values were multiplied by 1 - 8

method produces exact results and the speed of calculation
compares fairly well with the Central Limit approach subject
to the efficiency of the special function subroutines" (2,

p. 382).

Summary
Summarizing the procedures utilized in this Monte Carlo
simulation, we have the following:

1, The model used was

T.. = B.X,.
1] BJXlJ + eij.
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2. Each éimulated experiment involved setting the number
of treatment populations, sizes of the samples to be selected
from each population, and regression coefficients for each
treatment population, The number of treatment populations
were two, three, and five, The sample sizes were 20, 30, 40,
100, and 200, The regression slopes were set at differing
degrees of heterogeneity from equality to sets of slopes with
values as different as .1 and ,9.

3. The simulations, totaling 183, occur in sets of five
with the exception of the last three, differing within a set
only with the regression slopes set at increasing degrees of
heterogeneity,

4, TFor each sample size a set of concomitant variable
values was generated by the computer with mean of zero,
variance of approximately one, and an approximate normal dis-
tribution, These values were fixed for all replications in-
volving a given n,

5. In a given simulation, k, n.

J

having been set, the values of the criterion variable, Yij'

were generated by the computer using the formula for the model,
Y.. = X, . s

13 BJ 13 13
The eij terms were randomly generated by the computer using

» and B (i =1, ¢«vs k)

+ e

a random number generator with mean set equal to zero, variance

2, and distribution normal.

equal to 1 - Bj
6. The computer calculated the value of F using analysis

of covariance, This process (steps 5 and 6) was replicated
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2000 times for a given set of conditions and parameters. Thus
the only changes from replication to replication within a given
simulation were the values of the eij which were randomly
generated, and the values of the criterion, Yij’ which was a
function of eij'
7. The 2000 F-statistics were used to produce an empirical

F-distribution which was compared graphically and analytically

with the appropriate theoretical F-distribution.
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CHAPTER IV
FINDINGS

A comparison of fhe actual significance levels with the
nominal significance levels of ,200, .100, .050, and .010 ob-
tained on the 183 simulations of this study are presented in
Table II, The number of groups and their sample sizes are
also presented along with the regression coefficients for each
simulated experiment, Graphic comparisons of the empirically
derived distributions with the theoretical disfributions are
contained in Appendix C, A complete summary of simulation
results is found in Table V of Appendix B,

The data in Table II are arranged in sets of five with
varying degrees of heterogeneity of the regression coeffi-
cients. The first gsimulation in each set gives the results of
the simulations with all assumptions satisfied including
equality of regression slopes. These simulations serve as a
verification of the simulation process as the discrepancies
between the nominal and actual significance levels are well
within sampling error limits with only three exceptions. This
indicates that the simulation process performed accurately.
Additional data confirming the accuracy of the simulation pro-
cess can be found in Appendix D, The only set of simulations
not containing five simulations is simulations 181-183, which
include two simulations with non-symmetric slopes.,

32
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TABLE II

COMPARISON OF ACTUAL SIGNIFICANCE LEVEL
WITH NOMIMNAL SIGNIFICANCE LEVEL IN :
SIHMULATED EXPERIMENTS

Simulation Number

%S
4 Actual Significance
= Levels Corresponding to
o Sample Sizes, Regression Nomimal Significance
© n. Coefficients, Levels of
% J B.
o J ,200 ,100 .050 .010
§ .
g
=
2z
112 {20,20 v54e5 L2040 ,1045 ,0465 ,0120
212 120,20 A, .6 .1870 ,0990 ,0490 ,0090
312 20,20 e30.7 ,1895 ,0895 ,0490 ,0105
42 20,20 .2,.8 L1620% ,0735%,0365%,0050% -
512 120,20 .1,.9 J1495% | 0595%,0220%, 0040%*
6[2 120,20 e5545 .1915  ,0920 .0460 ,008%
712 120,30 My o6 2160 ,1065 ,0565 ,011°F
812 120,30 3.7 . .2255% ,1195%,0595 ,0140
9l2 120,30 .2,.8 .2210% ,1085 ,0560 .0085
2 120,30 .1,.9 .2240% ,1190%,0630%,0110
2 {20,40 e 5445 .1990 ,1000 ,0525 ,0075
2 {20,40 A, L6 ,2140 ,1050 0480 ,0110
2 20,80 03,7 2hé5%  1270%,0735%,0235%
2 120,40 2, .8 .2500% ,1350%,0785%,0160
2 120,40 1,.9 J2345% ,1295%,0720%,0200%
2 130,40 «5,45 .2025 ,0965 0445 ,0150
2 [30,40 M, L6 1955 L0940 .044s5 L0090
2 30,40 03047 .1895 ,1005 ,0495 ,0115
2 130,40 .2,.8 .1870 ,0980 ,0485 ,0100
2 130,40 .1,.9 1880 ,0920 ,0420 ,0070
2 130,30 e5445 .2020 ,0940 ,0410 ,0115
2 130,30 My .6 .2000 .1040 ,0530 ,0085
2 130,30 234047 2050  .0990 0450 ,0065
2 130,30 .2,.8 1855 ,0850%,0375%,0080
2 130,30 .1,.9 1510 L0665 .0290 .nohn
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L
> o Actual Significance
E % Levels Corresponding to
2 |2 Sample Sizes, ‘Regression Nominal Significance
; 5 nj Coefficients, Levels of
o] L) : .
1o J .200  .100 .050 ,010
o« £
~ [1H]
3 o
£ B
o =
(924 =
26 |2 | bo,40 +5945 .2070 .,0910 ,0440 ,0115
27 |2 | 40,40 A, .6 ,2075 ,1055 ,0445 ,0100
28 |2 | 40,40 3007 ,1910 ,0990 ,0510 ,0070
29 |2 | k0,40 .2,.8 .1755% ,0785%,0365%,0060
30 {2 | 40,40 .1,.9 .1600% ,0705%,0300%,0040%
31 |3 | 20,20,20 «51e5445 .2000 ,0990 ,0510 ,0105
32 |3 | 20,20,20 My a5,.6 L1925  ,0920 ,0445 ,0095
33 13 | 20,20,20 v3,.5,.7 L1600% ,0755%,0360%,0100
3L 13 | 20,20,20 2,.5,.8 L1670% ,08L5%,0385%,0080
35 13 | 20,20,20 v1,65,.9 LLU75% 0720%,0345%,0075
36 {3 | 20,20,30 + 5905145 1980 .1010 .0555 ,0%%:
37 13 | 20,20,30 Bya5,.6 .2250% ,1175%,0575 ,0110
38 {3 | 20,20,30 v 3305007 L1940 ,0990 .0490 ,0085
39 {3 | 20,20,30 e2,.5,.8 ,2210% ,1150%,0635%,0145
Lo |3 | 20,20,30 «1,.5,.9 .2020 ,1060 ,0375 .0110
41 13 { 20,20,40 «55¢5445 .1960 ,1010 ,0510 .0120
42 |3 | 20,20,40 A,.5,.6 ,2195% ,1165%,0600 ,0140
43 13 | 20,20,40 e34:50 07 .2385% ,1190%,0635%,0130
B [3 | 20,20,40 224925, 48 2270% ,1150%,0635%,0165%
4s 13 | 20,20,40 1,.5,.9 2125  ,1160%,0660%,0185%
46 t3 1 20,30,30 +5105545 .1910 L0940 ,0450 ,0085
47 13 | 20,30,30 My 05,06 L2070 .1050 .0555 ,0145
ng {3 | 20,30,30 e31¢54.7 .2070 ,1055 ,0525 ,0110
49 |3 | 20,30,30 v2,45,.8 .1805% ,0895 ,0495 ,0090
50 {3 | 20,30,30 e1,.5,.9 .1920 ,1035 ,0475 ,0150
51 {3 | 30,40,40 «5425,45 .1985 ,1015% ,0470 ,0115
52 {3 | 30,40,40 Ly.5,.6 .1965 ,0965 ,0520 ,0145
5313 | 30,40,40 e39:54.7 .2005 ,1020 ,0495 ,0075
54 (3 | 30,40,40 «2445,.8 1965  ,0950 ,0455 ,0090
55 {3 1305449 .1735% ,0880 ,0415 ,0040%

30,40,40
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TARLE IT--Continued

Simulation bumber
Number of Groups,k

Lintnlnun Wiwwwilw Wwwww WWWW  WWWWWw Wil

Actual Significance
Levels Corresponding to
Sample Sizes, Reegression Nominal Significance
nj Coefficients, Levels of
B. .
N 200 ,100 .050 .010
30, 30,40 Ss 95945 2055 ,1030 ,0480 ,0080
30, 30,40 M,.5,.6 .1955 ,0975 .0550 ,0125
30,30,40 30 .54.7 .2080 ,1075 .,0530 ,0110
30, 30,40 2,.5,.8 L1965 ,1080 ,0560 ,0085
30,30,40 1,.5,.9 1960 ,0930 ,04ks5 ,0075
30, 30,30 Sse5se5 - L2040 ,1005 ,0465 ,0115
30, 30, 30 L,.5,.6 .2110 ,10%50 ,0520 ,0090
30,30,30 «3ve50.7 L2040 ,1080 .0505 ,0065
30,30,30 ¢29455.8 L1705% ,0855%,0405%,0085
30, 30,30 e1ye5549 .1590% ,0805%,0445 ,0105
L0,40,40 e59¢5ye5 .2020 ,1035 ,0530 ,01Z20
Lo,40,40 By .5,.6 .1890 ,08%0 .0420 ,0065
Lo,40,40 e 3045047 .1895 ,0885 ,0400%,0115
40,40,40 2145, .8 L1628%  0830%,0400%,0085
Lo,h0,40 1,45,.9 L1665% ,0775%,0360%,0080
20,40,40 25165445 .2215%% 1080 0490 ,0095
20,40,40 By .5,.6 .2020 ,0975 0455 ,0070
20,40,40 03,0547 2120 ,1135 ,0620%,0125
20,40,40 2105, .8 .2055 ,1120 ,0605 ,0150
20,40,40 v1ye5,.9 .1990 ,1100 ,0570 ,0160
20,30,40 TS T ) .1930 ,0885 ,0455 ,0085
20,30,40 A,.5,.6 2070 ,1050 ,0540 ,0140
20,30,40 e3re50.7 .2235% 11h45% 0700%,0165%
20,30,40 e21:54.8 .2210% ,1210%,0595 ,0155
20,30,40 1,.5,.9 L2210% ,1215%,0590 ,0150
20,20,20,20,20 e 51650055 45,.5 .2025 ,1010 ,0555 ,0090
20,20,20,20,20 My b4,.5,.6,.6 .1795% ,0950 ,0500 ,0115§
20,20,20,20,20 3, b4,.5,.6,.,7 .1975 .0975 .0510 .0105
20,20,20,20,20, | .2,.4%,.5,.6,.8 ,1730% ,0965 ,0455 ,0085
20,20,20,20,20 v1ie3045,.7,.9 .1685% _0815% 04l ,0100
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o % Actual Significance

= S* Levels Corresponding to

212 Sample Sizes, Regression Neminal Significance.

Tk n. Coefficients, Levels of

5 Jo : Bs

el k= d .200  ,100 ,050 ,010

o |

— | ©

EI'E

~ S

|62 B ¥

865 120,20,20,30,30 e 55455455 45,45 1.2070 .1065 ,0560 .0120

875 (20,20,20,30,30 Ly b, ,5,.6,.6 [ ,2165  ,1210%,0635%,0165%

88{5 ! 20,20,20,30,30 23y .4,15,.6,,7 1.,2200% ,1105 ,0575 ,0115

89{5120,20,20,30,30 2y00,.5,.6,.8 [.1980 .1125 ,0620%,0125

90{5 {20,20,20,30,30 »1,.03,.5,.7,.9 | .1885 ,0985 ,0505 ,0110

91{5 |} 20,20,20,30,40 «51e5:45545,45 | .1965 ,1060 ,0565 .0070

92{5120,20,20,30,40 byl ,5,.6,.6 |,2230% ,1175%,0590 ,0145

9345 120,20,20,30,40 3y ey 05,06,.7 | 42230% ,1145%,0615%,0110

oLt s 120,20,20,30,40 2y 4,.5,.6,.8 | ,2225% ,1210%,0605 ,0135

955 {20,20,20,30,40 14030050 474.9 [ 2145 L1105 ,0620%,0100

96151 20,20,30, 30,30 «5545445,45:.5 1.1975 .,0960 ,0460 ,0115

97({5 i 20,20,30,30,30 My k,.5,.6,.6 | 02015 ,0965 ,0470 L0130

98| 5 | 20,20,30, 30,30 3y 44,.5,.6,,7 {.2100 ,1135 ,0610 ,0130

99{5 | 20,20,30,30,30 2, .8,.5,,6,.8 {.1910 ,0955 ,0440 ,0115
100} 5} 20,20,30,30,30 1ve3,05,.7,.9 | L1945 ,1075 .0570 ,0130
10t| 5] 20,20,30,40,40 +5545545545,.5 | .2135 ,1060 ,0540 ,0065
10251 20,20,30,40,40 Ay by .5,.6,.6 | ,2185% ,1135 ,0615%,0135
103[ 51 20,20,30,40,40 e3v ey 05,.6,.7 | .2305% ,1260%,0615%,0145
104 5] 20,20,30,40,40 2y .4,,5,16,.8 | ,2285% ,1215%,0695%,0150
105} 51§ 20,20,30,40,40 e1403,.5,.7,.9 | .2165  ,1175% 0685% ,0185%
106f5]20,20,40,40,40 +54¢51.5:45,.5 | .1960 ,0980 ,0530 ,0075
107{51{ 20,20,40,40,40 Ay b, 05,.6,.6 1.2130 0 ,1160%,0595 ,0130
108{ 5{ 20,20,40,40,40 3y Hy05,.6,.7 1 .2045 L1090 ,0630 ,0110
109{ 5] 20,20,40,40,40 e2y.4,,5,.6,.8 (| .,2335% ,12040%,06L5%, 0135
110} 5 20,20,40,40,40 1ee3145,07,.9 | 42090 ,1095 ,0605 ,0215%
111] 51 20,30,30,30,40 «5545,45,.5,.5 1 ,1800% ,0940 ,0510 ,0095%
112} 51 20,30,30,30,40 e By 05,.6,,6 | L2260% 1130 ,0565 L0130
11351 20,30,30,30,40 3v.8,.5,.6,.7 1 .2150  .1075 0535 ,0095
114] 51 20,30,30,30,40 e24.4,.5,.6,,8 11,2095 ,1030 ,0530 ,0135
115t 5} 20,30,30,30,40 1,.3,:5,07,.9 [ 1995 ,1115 ,0615%,0120
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—~
E a Actual Significance
g 15 : Levels Corresponding to
2 18 Sample Sizes, Regression Nominal Significance
o © Nn. Coefficients, Levels of '
S | J B. |
B |° J .200  ,100 ,050 ,010
o &
r— 4]
S5 KL
= £
= |3
#)] =
11615 | 20,30,40,40,40 «51e55¢5145,.5 .2060 ,1035 ,0485 ,0075
117(5 | 20,30,40,40,40 | .4,.4,,.5,.6,.6 .1910 ,0970 ,0455 ,0080
11815 | 20,30,40,40,40 | .3,.4,.5,.6,.7 .2220% ,1070 ,0590 ,0110
119{5 | 20,30,40,40,40 2y 4,.5,.6,.8 2060 ,1085 ,0595 ,0145
120{5 | 20,30,40,40,40 e1ye3005047409 .2080 ,1120 ,0525 ,0130
121¢5 | 30,30,30,30,30 e 512554545, 45 .1935 ,0850%,0415 ,0115
12215 30,30,30,30,30 Ay b, L.5,.6,,6 .1980 ,0960 ,0490 ,0160
123{5 | 30,30,30,30,30 | ,3,.4,.5,.6,.,7 .1815% ,0935 ,0445 L0065
12415 | 30,30,30,30,30 2y by.5,.6,.8 .1760% ,0855%,0440 ,0095
i2515 | 30,30,30,30,30 13 e3005,:70.9 .1595% ,0755%,0395%,0090
126 |5 { 40,40,40,40,40 ¢5145465445,.5 .2005 ,1070 ,0530 ,0140
12715 | 40,40,40,40,40 My 4, ,5,,6,.,6 .1950 ,0980 ,0455 ,0085
12815 | 40,40,40,40,40 3y M, .5,.6,.7 1885 ,0985 .0435 ,0100
12915 | 40,40,40,40,40 2y ethy.5,.6,.8 LA745% L0945 ,0480 .0095
13015 | 40,40,40,40,40 21se30055.074.9 1615% ,0780%,0350%,0070
1315 | 30,30,40,40,40 e5145145445445 .1820% ,0855%,0425%,0080
13215 | 30,30,40,40,40 Ay by L5,.6,.6 .1950 ,0995 ,0515 ,0100
133 5 30.30,&'0,“’0'@0 03l !L"! -Sll6i c? 119“'5 00935 -O}-I'25 -0095
1345 | 30,30,40,40,40 | .2,.4,,5,,6,,.8 .1955 ,0970 ,0490 ,011.0
1355 { 30,30,40,40,40 | .1,.3,.5,.7,.9 .1685% ,0830%,0375%,0065
13612 | 100,100 e5,.5 .2000 1045 ,0480 ,0095
13712 | 100,100 M, .6 1945  ,0920 ,0440 ,0105
13812 100,100 23, .7 .2025 L0945 ,0455 ,0095
139{2 {100,100 .2,.8 .1780% ,0885 ,0395%,0075
1402 100,100 .1,.9 LL545%  0660%,0285%,0025%
14112 t 200,200 ¢51e5 .2135 ,1100 ,0%25 ,0060
14242 200,200 M, .6 .1865 ,0965 ,0430 ,0090
143§2 | 200,200 3.7 (1945 ,0975 0455 ,0075
1thhi2 | 200,200 .2,.8 .1725% ,0880 ,0435 ,0080
145(2 | 200,200 e1y.9 .1390% ,0585%,0260%,0040%
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TABLE II--Continued

-

2 ré Actual Significance

E 5 Levels Corresponding to
Z |e Sample Sizes, Regression Nominal Significance

o 5 nj Coefficients, Levels of

o]

E o By ,200 ,100 ,050 ,010
|t

S 1o

E |2

A B

a_|2

146|3 100,100,100 e51 4555 .2000 ,0975 ,0470 .0100
14713 {100,100,100 By oGy.6 1885 .0995 .0485 .0095
148(3 [100,100,100 3105547 .1800% ,0880 ,0390%,0045%
14913 100,100,100 2,.5,.8 .1820% ,0855 .0455 ,0105
15013 1100,100,100 1,05,.9 JA415% ,0750%,0330%,0080
151{3 1200,200,200 e 514555 2085 ,0965 ,0445 ,0110
152{3 |200,200,200 My .5,.6 .1805% ,0860%,0445 ,0110
153}3 {200,200,200 e 3545447 .1820% ,0954 ,0515 ,0085
15413 [ 200,200,200 2345448 .1780% ,0830%,0425 ,0130
155(3 [ 200,200,200 elye5,.9 ,1530% ,0670%,0285%,0095
15615 1100,100,100,100,100].5,.5,45,.5,.5] .2090 ,1140 ,0545 ,0120
15715 1100,100,100,100,100!,4,,4,,5,.6,.6{ .1905 .0985 ,0500 ,0125
15815 1100,100,100,100,100(.3,.4,.5,.6,,7| .1805% ,0915 ,0L05 ,0095%
159{5 {100,100,100,100,100/,2,.4,.5,.6,.8| .1660% ,0805%,0375%*,0065
160{5 |100,100,100,100,100|.1,.3,.5,.7,.9| .1615% ,0870 ,0L25 ,0095
1615 1200,200,200,200,200{,5,.5,.5,.5,.5] .1990 .1020 ,0435 ,0075
16215 {200,200,200,200,200 {.4,.4,.5,.6,,6} ,2030 .0990 ,0435 ,008%
16315 1200,200,200,200,2001,3,.4,.5,.6,.7| .1755% ,0835%,0460 .0090
16415 1200,200,200,200,200{.2,,4,.5,.6,.8] .1595% ,0810%,0435 ,0100
165]5 1200,200,200,200,200{.1,.3,45,47,91 ,16L0% .0805%,0360%,0065
16612 | 30,40 e54y45 .2025  ,0965 ,0445 ,0105
167]2 | 30,40 .6, 0 1810% ,0805%,0325%,0075
168(2 | 30,40 7543 «1570% ,0735%,0335%,0035%
1469(2 | 30,40 .8,.2 .1500% ,0625%,0300%, 0040%
1702 | 30,40 .9, .1 .1235% ,0450%,0190%, 001 5%
17112 120,40 25445 .1990 ,1000 ,0525 ,0075
17212 | 20,40 .6, .4 .1790% ,0750%,0305%,0075
173{2 (20,40 e 7343 .1670%.,0710%,0350%,0075
17412 | 20,40 8,2 J1190% L 0475%,0160%,0005%
17512 20,40 .9,.1 .0705% ,0255%,0075%, 0000%



39

TABLE II-~Continued

Simulation Number
Number of Groups,H

Actual Significance
Levels Corresponding to

Sample Sizes, Regression Nominal Significance
nj Coefficients, Levels of
ﬁ.
J 200  .100 .050 ,010

17613 120,20,40 ¢5565445 .1960 ,1010 ,0510 .0105
17713 120,20,40 6,05, .4 .1880 ,0930 .0425 ,0075
17813 }20,20,40 : e7ye5s43 L1710% ,0750%,0385%,0080
17913 [20,20,40 28y.5,4.2 L1275% ,0600%,0220%,0050%
1801{3 |20,20,40 c9,45,.1 LA145%  0l55%, 0200%,0030%
18113 120,20,20 -4, 0,4 .1635% ,0755%,0305%,0035%
18213 120,20,20 1,.1,.9 LLL20% L 0630%,0345%,0070
18313 |20,20,20 e1y.2,.7 .1720% _0820%,0420 ,0100

*Actual significance levels which differ significantly from

their corresponding nominal significance level,.

The actual significance levels, proportions of F-ratios which

empirically
the nominal
between the

" proportion,

exceeded the tabled F values, may be compared with
significance levels by observing the discrepancy
observed proportion and the theoretically expected

the nominal values of ,200, .,100, .050, and ,010.

These deviations of the actual levels from the nominal levels

are to be interpreted within the framework of the 95 per cent

confidence intervals presented in Table I of Chapter III, The

95 per cent confidence intervals for nominal significance levels

of .200, ,100, .050, and .010 are fron .183 to ,218, .087 to

114, 041 to ,061, and .006 to 016, respectively., These
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confidence intervals provide a means of determining whether
the actual significance level deviations from the nominal
level can be attributed, within certain probability limits,
to sampling error or to. the experimental conditions,

Several patterns are apparent from the data given in .
Table 1II, First, for equal sample sizes within an experiment,
the empirical F-distributions closely approximate the normal
theory F-distributions for all but the most heterogeneous
regression slopes, The number of significant discrepaﬁcies
is greater as the nominal significance level increases from
,010 to ,200, No attempt is herein made to explain this
phenomena,

Second, for equal sample sizes within an experiment, the
critical or tabled value of F associated with the nominal
significance level a is actually a conservative value of F
when the assumpfion of homogeneity of regression slopes is
violated. This is observed from the pattern of negative bias
of the empirically derived proportions which are consistently
less than the expected proportions,

A third pattern emerges, however, when considering ex-
periments in which there are unequal sample sizes. Simulations
involving unequal sample sizes do not lead to the same con-
clusions as with equal sample sizes. All simulations involving
unequal n, with the exception of simulations 166 through 183,
were set in such a way so as to matech the smaller samples

within an experiment with the smaller regression slopes, In
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these cases thé actual significance levels which differ signif;
icantly from the nominal levels almost without exception yield
a positive bias in contrast to the negative bias obtained with
equal n. That is, the actual levels generally are greater
than the nominal levels for these simulations involving un-
equal n, Results from simulations 1-165, with the smaller and
larger samples matched with the smaller and larger slopes
respectively, indicated that as the samples within an experi-
ment vary from very unequal n to slightly unequal n to equal
n, the bias varies from positive to zero to negative bias.

If, however, the smaller slopes are paired with the larger
samples as in simulations 166-180, the bias is negative. The
fact that the direction of bias with unequal n cannot be pre~
dicted with the same degree of certainty as with equal n leads
to caution in interpreting results of experiments with unequal
sample sizes.,

In simulations where the sample sizes are unequal but
only slightly unequal in absolute terms, such as simulations
16-20, 46-60, 71-75, 96-100, and 111-120, the violation of the
assumption of homogeneous regression slopes resulted in only
.a few significant deviations from the nominal levels. In
simulations 17-20, where no significant differences between
nominal and actual significance levels were found, reversing
the slopes to yield simulations 167-170 caused all but one of
the actual significance levels to be significantly different

from the nominal significance levels,
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In simulations 181-183, which involved one simulation
with slopes symmetric about zero.and two simulations with non-
symmetric slopes, it was found that viclation of the assumption
of equal regression slopes led to substantial deviations, some
significant with positive bias and some with negative bias,
from the nominal significance levels, |

Two hypotheses were made to provide direction for this
investigation, The first hypothesis is made up of five sub-
hypotheses concerning the degree of heterogeneity of regression
slopes possible (with different numbers of groups) without
significantly effecting the results at the different nominal
significance levels, The hypotheses were originally formulated
with respect to simulations 1 through 165,

Hypothesis 1{(a), that actual significance levels do not
diffef significantly from nominal significance levels for
regression slopes as heterogeneous as (31=.3,ﬁ32=.? at any of
the four levels considered, For unegual n, however, signifi-
cant differences were found in simulations 11 through 15
(n, = 20 and n, = 40) at the .05 and .01 levels for By = 3
BZ = .7, Thus the hypothesis must be rejected in the general
case.

The (b) part of the first hypothesis, for k = 2, states
that there are no significant differences between actual and
nominal significance levels for slopes as heterogeneous as
Bl = 4 and BZ = .6 at the ,20 and .10 levels, This sub-
hypothesis was retained since no significant deviation from

the nominal level was found as the hypothesis stated,
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The third sub-hypothesgis, 1 (¢), was rejected., This
hypothesis stated that, for k = 3, there is no significant
difference between nominal and actual significance levels for
slopes as different as{31 = ,3, Bz = ,5, and Bj = ,7 for
nominal levels .20, ,10, ,05, and .01, However, for equal n's
of 20, 30, and 40 four out of twelve actual significance levels
were significant for this set of slopes., For n's of 100 and
200, six out of sixteen actual significance levels for this
set of regression slopes and the less heterogeneous set of
Bl = U, Bz = ,5, and B3 = ,6 were found to be significantly
different from the nominal levels. For egqual n's of 20, 30,
and 40 a less heterogeneous set of slopes then hypofhesized,

By = .4, B, = .5, and B3 = ,6, yielded no significant
deviations from the nominal levels, For unequal n's eight out
of twenty-eight actual significance levels for the Bl = W3,

62 = .5, and 63 = ,7 hypothesized were significantly different
from the nominal levels,

The (d) part of the first hypothesis stated that there is
no significant difference between actual and nominal levels of
significance for regression slopes as heterogeneous as B4 = 3,
By = b, By=.5 B, =.6 and Bg = .7 with k = 5 at the ,01
and .05 nominal significance levels., This sub~-nypothesis was
rejected. However, for equal n no significant differences

were found for the hypothesized slopes although one was found

fOI‘Bl.z 2y BZ = ,}-L, 63 = .5, Bu' = .6, and BS = .8, For
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unegual n five out of sixteen actual significance levels were
found to be significantly different from the nominal levels at
the .05 level, TFor equal and unequal n the ,01 level yielded
only threé significant deviations for any set of regression
slopes and two of these three occurred with the extremely
heterogeneous slopes B, = .1, By = 3 B3 = 5y By = 7
and 35 = .9.

For the last part of the first hypothesis it was stated
that there is no significant difference between actual and
nominal significance levels for k = 5 and regression slopes
as heterogeneous as Bl = 4, 62 = 4, 63 = ,5, Bll- = ,6,
and BS = ,6 at nominal levels of .20 and ,10. For equal n
the hypothesis can be retained since only one significant
actual value was found, However, six of sixteen actual signifi-
cance levels for unequal n differed significantly from the
nominal levels for the hypothesized slopes, Thus the sub-
hypothesis was rejected.

Hypothesis two stated that for a given set of regression
slopes, for all sample sizes, there will be no significant
difference between the actual significance levels and the
nominal significance levels, Observation of Table VII of
Appendix 3 led to this hypothesis being rejected, It can be
seen that for k = 2 and eight simulations for regression co-
efficients less heterogeneous than Bl = ,3 and ﬁ}z = ,7 no
actual significance levels are significantly different from

corresponding nominal levels. The number of actual significant
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levels differing significantly from nominal levels increases
from six to sixteen to twenty-seven as the slopes vary from
By =23 By=.7% By=.2, B,=.8to B, = .1, B, = .9.
For ¥ = 3 and twelve simulations the number of actual
significance levels which differ significantly from nominal
levels follow a similar pattern, The frequency is 1, 6, 16,
22, and 21 as the slopes vary from Bi = <50 By = .5, B3 = .5
?o Bl = ,1, 82 = .5, t33 = .9, For k = 5, involving thir-
teen simulations, the frequency of significant differences
are 4, 10, 13, 18, and 18 as the slopes vary from equal slopes
°f .5 %0 By = .1, By, = .3, By =.5 B, =.7, and Bs = 9.
Table III presents data for chi-square test of homogeneity

of the probability distributions for populations of F-ratios
TABLE III

CHI-SQUARE TESTS FCR HOMOGENEOUS DISTRIBUTIONS WITHIN
POPULATIONS OF DIFFERENT SAMPLE SIZE BY DIFFERENT
SETS OF REGRESSION SLOPES OF FREQUENCY OF
P
F-RATIOS EXCEEDING o Fy . .

k =2
Regression Coefficients

+55¢5 My L6 0347 .2,.8 .1,.9

20 33 98 98 73 Ly

Sample 30 82 106 90 75 58
Sizes Lo 88 89 102 73 60
(equal n) 100 96 88 91 79 57
200 | 105 86 91 87 52

Chi-sgquare = 14,49 af = 16 P > .5
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k=3
Regression Coefficients
n5'|5; .5 01’[’!.5’16 03|:5lb7 'leSi‘B '1!'5!l9
20 102 89 72 77 69
Sample 30 93 104 101 81 89
Sizes 4o 106 84 80 80 72
(equal n} 100 ol 97 78 91 66
200 89 89 103 85 57
Chi-square = 18,55 df = 16 P > .25
k=5
Regression Coefficients
'5! '5! '5' .LJ" 'Hl '5’ ‘3' ’LI" '5! '2l I'Ll'l'5 'll'j"_SP
'5'.5 » 1.6 .6;.? .6..8 .7'09
20 111 100 102 91 89
Sample 30 813 98 89 88 79
Sizes Lo 106 91 87 g6 78
{equal n) 100 109 100 81 75 85
200 87 91 92 87 72
Chi-square = 10,47 df = 16 p > .6

exceeding .95Fk-1, N-k-1 fTrom different sample sizes across

different regression coefficients, The null hypothesis that

the frequencies are distributed the same across sets of
regression slopes for all sample sizes was retained in each

cage, k = 2, 3, and 5. These results indicate that the fre-

quency of F-ratios exceeding .95Fk:1. N-x~-1 follows the same

rattern for each sample size,
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Finally, the relationship between size of k, or the
number of treatment groups, gnd the frequency of actual signifi-
cance levels differing significantly from nominal levels was
considered, Chi~-square tests of independence between sample
size and levels of significance were performed for both equal
sample sizes and unequal sample sizes, Table IV, exhibits the

contingency tables for these tests. The first contingency
TABLE IV

CHI-SQUARE TESTS FOR THE IKDEPERDENCE OF ACTUAL LEVELS
CF SIGNIFICANCE DIFFERING SIGNIFICANTLY :
FROM NONMINAL SIGWIFICANCE LEVELS
AND SAMPLE SIZES

Levels of Significance

.200 .100 .050 .010
20 | 8 .6 5 2
Sample 30 6 7 4 1
Sizes 40 6 5 6 1
{equal n) 100 8 3 5 2
k=2,3, 5 200 | 9 7 3 1
Chi-square = 5.37  df = 12 5S> .9
20, 30 7 B L 1
Sflmple 20,460 | 8 9 9 5
Sizes 30,40 3 2 1 1
(unequal n) _
hi-square = 2,44 arf = 6 p > .8

table emploved only equal n experiments while the second used

experiments with unegual sample sizes for combinations of 20
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and 30, 20 and 40, and 30 and 40, In each case the chi-square
statistic led to the hypothesis of independence being retained,
Thus, there seems to be no relationship between size of sample
and the frequency of actual significant levels differing from

nominal significance levels significantly at different nominal

levels of significance,



CHAPTER V
SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS

Under certain experimental conditions, the effect of
violation of the assumption of homogeneity of regression slopes
upon the F-test of the one-~way fixed~effects analysis of covar-
iance model was investigated. A computer simulation was
employed to control certain parameters and to vary the re-
cression slopes systematically within an experiment., Both
equal sample sizes and unequal sample sizes and varying numbers
of treatment groups were used.

In each of the simulations an empirical distribution of
F-ratios was compared with the theoretical distribution. This
was done by a comparison of actual significance levels with
the corresponding nominal significance levels of ,20, .10, .05,
and ,01, Graphical comparisons of the two distributions were
also made in each simulation,

In each simulation the null condition was assumed, com-
bined with a particular set of experimental conditions.
| The following conclusions appear to be appropriate:

1., For equal sample sizes within an experiment, the one-
way fixed-effects analysis of covariance model is robust to

violation of the homogeneous regression slopes assumption under

b9



50

all but the most heterogencous slopes., In agreement with
Peckhan's study (1, p. 52) with smaller samples, as the degree

of heterogeneity of the slopes increases the test becomes more
conservative with respect to making a Type I error. Conse-~
quently, if in an experiment with equal sample sizes a researcher
rejects the null hypothesis at the a level under conditions of
heterogeneous regression slopes, there is less than an a prob-
ability of rejecting a true null hypothesis,

2, VWith unequal sample sizes within an experiment no
generalization can be made. The direction of bias in such
experiments with heterogeneoué regression coefficlents cannot
be predicted and conseguently the effect on the Typé I error
cannot be determined.

Each of these conclusions seems to extend across all
sample sizes and numbers of treatment groups considered.

Further investigation should be made of the relationship
between sample size and regression slope in an attempt to
derive some general statement about the interaction of the
two when the regression slopes are unequal,

Additional studies should be done on the effect of violation
of the homogeneous regression slopes assumption in a covar-
iance model with more than one covariable or with multi~factor
experimenis, Other studies involving the effects of violation
of additional assumptions upon the analysis of covariance model

are suggested by Peckham (1, pp. 61-62).
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APPENDIX A

SIMULATION CONDITIONS, PARAMETERS,
AND CONSTANTS



TABLE V

STMULATIONS BY NUMBER WITH THEIR CONDITIONS

(Y = = ’ 2 - =
E(*.j) X.j 0 oy MS, =1
Simulation Number of| Sample Sizes Regression
Number Groups, kK nj Coefficients Bj
1 2 20,20 ' 2555
2 2 20,20 L, .6
3 2 20,20 e 3y a7
L 2 20,20 ' 248
5 2 20,20 1,.9
6 2 20, 30 <5445
7 2 20,30 A, .6
8 2 20,30 3507
9 2 20,30 «2,.8
10 2 20,30 1,.9
11 2 20,40 5,45
12 2 20,40 M, .6
13 2 20,40 e 357
14 2 20,40 12, .8
15 2 20,40 el,.0
16 2 30,40 5545
17 2 30,40 A, .6
18 2 30,4 «3407
16 2 30,40 W 2448
20 2 30,40 e1,.9
21 2 30,30 +51eb
22 2 30,30 Ly .6
23 2 30,30 - 3447
24 .2 30,30 2.8
25 2 30,30 : «ely.9
26 2 40,40 + 5545
27 2 40,40 Ay, .6
28 2 40,40 N T4
29 2 40,40 v2,.8
30 2 40,40 W 1,.9

52



TABLE V-~Continued
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Simulation | TNumber of |Sample Sizes Regression
Number - Croups, k nj Coefficients Bj
31 3 20,20,20 +54e50e5
32 3 20,20,20 B,.5,.6
33 3 20,20,20 355807
3L 3 20,20,20 2,.5,48
35 3 20,20,20 01’t5!l9
36 3 20,20,30 eS5r1e5145
37 3 20,20,30 M, .5,.6
38 3 20!20!30 -3|05' t?
39 3 20,20,30 2y45,.8
L!’O 3 20;2()'30 -1..5’ -9
L1 3 20,20,40 v 55 e5545
42 3 20,20,40 My 5,46
11.3 3 20,20,“’0 |3' l5|a?
LI 3 20,20,40 «2y¢5,.8
1.1-5 3 20,20,11-0 v1445,.9
46 3 20,30,30 v 5145145
b7 3 20,30,430 Ay .5,.6
48 3 20i30130 + 3y -5:-?
49 3 20!30330 02' l5|08
50 3 20,30,30 1445449
51 3 30.40'}4’0 n5y 05|35
52 3 30,40,40 H,05,.6
53 3 30,40,40 3105047
S4 3 30,40,40 +2y.5,.8
55 3 30,40,40 1405,,9
56 3 BO!BOILI'O 05’ -5|¢5
57 3 30,30,40 MHya5,.6
58 3 30,30,40 350547
59 3 30,30,40 2545548
60 3 30f30iu'0 -1'-5, -9
61 3 30, 30,30 +5545545
62 3 30'3()!30 0“’!'5!'6
63 3 30,30,30 e3345,.7
64 3 30,30,30 «2445548
65 3 .1,.5,.9

30,30,30



TABLE V--Continued
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Simulation Number of | Sample Sizes Regression
Humber Groups, k nj Coefficients 3j
66 3 40,40,40 e5545045
67 3 "40,40,40 .L[.’ « 5y .6
68 3 40,40,40 «35 5,47
69 3 40,40,40 2,.5,.8
70 3 LJ'O,LPO.“O ;1:-5l .9
val 3 20,40,40 *51 65445
72 3 20,40,40 Hy.5,.6
?3 3 20,“'0,40 e 3, 053 o7
74 3 20,40,40 2,.5,.8
75 3 20,@0,”0 -1'o5r¢9
76 3 20,30,40 «5545545
77 3 20,30,40 - by .5,.6
28 3 20,30,40 3165547
79 3 20,30,40 «2y45,.8
80 3 20,30,40 1,.5,.9
81 5 20,20,20,20,20 +51:5145,¢5,45
82 5 20,20,20,20,20 Ay b, L8, .6, .6
83 5 20,20’20’20|20 .3; -}'\L' 05' -6’ o?
8L K 20,20,20,20,20 02,.4,.5,,6,.8
85 5 20,20,20,20,20 «1y03,05,.7,.9
86 5 20,20,20,30,30 *5145105545,.5
87 5 20,20,20,30,30 My 4, 5,,6,,6
88 5 20,20,20,30,30 300k, .5,,6,,7
89 5 '20,20l20o3os30 -2! -L"vn5a -6! -8
90 5 20,20,20,30,30 215¢34.5,.7,.9
91 5 20,20,20,30,40 «55051 45,054 45
92 5 20,20,20,30,40 H,.04,.5,,6,,8
93 5 20,20,20,30,40 «3144,.5,.6,,7
gL 5 20,20,20,30,40 «2,.4,.5,.6,.8
95 5 20,20,20,30,40 1y403,.5,.7,.9
96 5 20,20,30,30,30 2591655 45,45545
97 5 20,20,30,30,30 My b, 5,,6,,6
98 5 20,20,30,30,30 3y o4, .5,,6,17
99 5 20,20,30,30,30 2,.4,.5,,6,,8
100 5 20,20,30,30,30 14231405,.7,.9



TABLE V-~Continued

Simulation { Number of | Sample Sizes Rezression
Humber Groups, k _ 1'11j  Coefficients ﬁj
101 5 20,20,30,40,40 -Sv '5! t5t 051 -5
102 5 20,20,30,40,40 My b, .5,.6,.6
103 5 20,20,30,40,40 3yl 05,.6,.7
104 5 20,20,30,40,40 W2yelt, . 5,.6,38
105 5 20,20,30,40,40 1,03,05,07,49
106 5 20,20,40,40,40 251 ¢54455¢5445
107 5 20,20,40,40,40 My b 5,,6,.6
108 5 20,20,40,40,40 03y 4, 05,.6,.7
109 5 20,20,40,40,40 2y 8,.5,.6,.8
110 5 20,20,40,40,40 ely:3,055,47549
111 5 20,30, 30,30,40 #5355 ¢554595
112 5 20,30,30,30,40 A, 4,.5,.6,.6
113 5 20,30,30,30,40 e31 4y 05,.6,.7
114 5 20,30,30,30,40 e2,.4,.5,.6,.8
115 5 20, 30,30,30,40 e1,.3,051.7449
116 5 20!30'1""'0'}‘1'0!&0 '5' '5? '5! '5! 05
117 5 20,30,40,40,40 A, 4, .5,.6, .6
118 5 20,30,40,40,40 o3y by 05,06, .7
119 g 20,30,40,40,40 2, 8,.5,.6,.8
120 5 20!3()!1{'0!”0?40 'li'B! '5! l?! '9
121 S 30,30,30,30,30 4510659 ¢5445,.5
122 5 30,30,30,30,30 My b4, 05,.6,.6
123 5 30,30,30,30,30 3y e, 05,.06,.7
124 5 30,30,30,30,30 2,.4,.5,.6,.8
125 5 30,30,36,30,30 +13433e55:74.9
126 5 40,40,40,40,40 455451455555
127 5 LO,40,40,40,40 A, 4.5, ,6,.6
128 5 ho,40,40,40,40 23y B, 05,.6,.7
129 5 40,40,40,40,40 2, 4,.5,.6,.8
130 5 L0,40,40,40,40 el9e31e5547,49
131 5 30,30,40,40,40 #5151 ¢5545545
132 5 30,30,40,40,40 oy 4, 05,.6,.6
133 5 30,30.“’0,’-”0,“’0 !3! ou'! 05’ '6| o?
134 5 30,30,40,40,40 2y 4,.5,.6,.8
135 5 30,30.“’0,40,“’0 '1!'3i '5’ 0?! l9
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Simulation Number of | Sample Sizes Regression

Number Groups, k _ nj Coefficients Bj
136 2 100,100 «5)45

137 2 100,100 My

138 2 100,100 3987

139 2 100,100 v2,.8

140 2 100,100 1,.9

141 2 200,200 e5s45

142 2 200,200 My

143 2 200,200 3.7

144 2 200,200 «2, .8

145 2 200,200 .1,.9

146 3 100,100,100 e 5145945

147 3 100,100,100 Wy 5,

148 3 100,100,100 23165507

149 3 100,100,100 «2,,5,.8

150 3 100,100,100 15949

151 3 200,200,200 «5545445

152 3 200,200,200 A,.5,.6

153 3 200,200,200 3955547

15k 3 200,200,200 e2545,.8

155 3 200,200,200 15:5049

156 5 100,100,100,200,100{.5,45,+54+55+5
157 5 100,100,100,100,100].4,.4,.5,.6,.6
158 5 100,100,100,100,1001.3, 4,.5,.6,.7
159 5 100,100,100,100,100(.2,.4,.5,.6,.8
160 5 100,100,100,100,1001.,1,.3,.5,47,4+9
161 5 200,200,200,200,200] .5, 4554505545
162 5 200,200,200,200,200].4,.4,.5,.6,.6
163 5 200,200,200,200,200(.3, 4,.5,.6,.7
164 5 200,200,200,200,200|(.2, .4,.5, .6, .8
165 5 200,200,200,200,200(.1,.3,.55.7,.9
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Cliocice of Concomitant Variable Values

The values of X, the concomitant variable (covariate),
were fixed for a civen sample size n., This necessitated the
selection of five sets of ¥ values of sizes corresponding to
the five sample sizes used in the study., Each set was used
each %ime its corresponding sample size was specified for a
civen simulation. The setfs were generated by the computer
using the subroutine RANDU with the same trisonometric trans-
formations explained in Chapter III, page twenty-seven., Para-
meters specified for the generation were that the resulting
samples of random numbers should be from a normal distribution
with zero mean and variance equal to one.

Several sets of each size were generated initially, The
set havinz the best combined standard deviation and prob-
ability of being from a normal distribution was selected from
the several for each sample size. The probability of being
from a normal distribution was obtained using a Kilmogorov-
Smirnov test for goodness-~cf-fit, The five sets were then
each transformed linearly in such a manner so as to give means
exactly zero., Table VI gives the five sets used along with
thelr statistics. It can be noted that each standard de-
viation is greater than or equal tc .99 and each set has a
probability ereater than .95 of beinz from a normal distri-
bution, The samples can be seen to be generally symmetric

also, Since these sets remained fixed throughcut each



repliéation within a simulation it was felt that these

approximaticns to the parameters were satisfactory,.
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APPENDIX B

SUMMARY DATA FROM SIMULATIONS



The simulation constants, parameters, and statistics of
the 183 simulations are summarized in Table VII, Table VIII
presents a comparigon of significance levels among simulations
with like coefficients.

Included in Table VII are the constants set, namely the
number of treatment groups, k, and sample sizes, nj. The
parameters set for each simulation were the regression slopes,
Bj. Statistics obtained for each simulation were regression
slopes, Bj’ means of the dependent variable, Mj' and standard
deviations of the dependent variable, SDj. Also presented in
Table VII are the appropriate F values with their corresponding
nominal sienificance levels, a, and actual significance
levels, a’.

Values of the actual significance levels which are sig~
nificantly different from the nominal significance levels are
marked with one or two asterisks, One asterisk indicates that
the actual significance level is significantly smaller than
the nominal level. An actual significance level which is
significantly larger than the nominal level is denoted by two
asterisks,

Table VIII presents data for comparison of the actual
significance levels with the corresponding nominal signifi-

cance levels for simulations with like coefficients,

63.



TABLE

VII
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SUMMARY DATA FROM SIMULATIONS WITH REGRESSION COEFFICIENTS,
IMEANS AND STANDARD DEVIATICNS OF DEPENDENT VARIABLE,

F VALUES, NOMINAL AND ACTUAL SIGNIFICANCE LEVELS

Simulation{k|n.{B. | B. M. |SD, F |Nominal Actual
Number dp d J J a a'
1 2120 .5 | .4996 {-, 0040 ,9834]1.703] .200 , 2040
201 .5 | .,4975 {-.0037| .986012.846{( ,100 L1045
N A . . . |4,106] .050 L0465
.. [ 3N L] . . . L) [ . L ?03?2 0010 00120
2 21201 .4 1.3935) .0012] ,9907{1.703f ,200  .,1870
20{.6 |.5978 |-, 0041} ,9832]2,845f ,100 0990
L LN ] | E ] » > . L ] ] L] . L”.loé 0050 IOLI'90
asl v e« v e |2 L T 703?2 .010 00085
3 2120{.3 {.3003 -,0102] .9885(1,703} ,200 .1895
20{.7 | .6974 [-.0022]| .9891 (2,846} ,100 . 0895
B R . . . [8.106] ,050 L0490
. LN . [ ] L ] . L] L ] . . - ?.3?2 0010 .0105
i3 2120} .2 [ .2006} ,0089{ ,986111.,.703] ,200 1620%
20! .8 {.8015(-,0010| .9885{2.846] ,100 ,0735%
A e v . L [B,1061 ,050 .0365%
A R A . .17.372| .010 . 0050%
g 2|20f.,1 |.0972 | 0045 ,9840{1.703| .200 Ll495%
20} .9 }.9022 ¢ ,0015] ,9939)2.846] .100 .0595%
eel o [ o e« o} « « «lM,108] ,050 L0220%
A R v . {7.372] .010 L0040
6 2lz20f,5 | , 4905 ,0006| ,986011,690! .200 1915
30, .5 | .5030 |-,0032} ,9948(2,815] ,100 ,0920
. . * . [ . * LJ-.O“'? 0050 .0“’60
N . . e . .{7.207] .010 .0085
7 2120 4 | ,3970 ] .0058] .,9851[1,690f .200 ,2160
30{ .6 {.,6002 1) ,0041] ,9902{2,815] .,100 1065
e LI ] » . [} [ . L] a L ] LI'.O“'? 1050 00565
A O I P e+ 17,2071 ,010 L0115
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TABLE VII--Continued

Simulation k|ln. | B:|B. M. SD. F Nominal Actual
Number J 31 d J J a a’
8 2120 }1.3(.2986| .0108},9897!11,690 200 22 Gk
30 1.71.6993|-.00311,9908}2.815 .100 J1195%%
ve oo le o oo o o fe o 48,047 .050 .0595
‘e 'R [ . » ] . . ' '] '] 7-207 .010 001“'0
9 2120 |.,2].1986| ,0019(,98191.690 ,200 L 221 0%%*
30 [.81].7981 1 ,0036{,992012,815 .100 .1085
eo Joefe o -ofe o o be o o 14,047 .050 . 0560
LR} L] '] L] * [] . [] . L] ] 7020? .010 10085
10 2 120 1.11].,10781 ,00A2(,981211.690 .200 22h 0%
30 {.91(.9010-,0016|,9804 {2,815 100 1190%*
L] L) L . . . . [ . L . L}.O}‘}? 0050 00630**
e L ] ] [ L] . . ] . . . ?.207 aOlO .0110
11 2120 |[.51{.4955!-,0041|,9804 [1,681 .200 .1990
40 |.5{.4900| .0028},9898 2,796 100 .1000
‘e LI . » . . L} . L] * ] LI'-O]-O .050 .0525
[ ] LI | L] [ ] [ ] [ ] [ ] L ] [ ] L] * 7.102 0010 .OO?S
12 2 |20 |4 [,3934}{-,0022(,9920|1.681 .200 2140
4O {.61].5983({-,00491,9950 2,796 .100 .1050
eo Joofe v ofe o o is « o H,010 ,050 . 0480
ve foate v o] o o |e o Li7.102 .010 L0110
13 2 120 |.31.2914| ,0057|,9847 {1,681 200 2Ub g
40 1,7 1.6983| ,0015(.9875]2.796 .100 J1270%%
vo fesde o w e e e e o« 44,010 . 050 L 07735%%
ce feode o ofe o o te o {7,102 .010 L0235%%
14 2 ({20 j.21.18%31{ ,0006(,9892 1,581 200 W 2500%%
40 1.8 11,7982 1 ,0019},9889 {2,796 .100 L 1350%%
eo Joele v ofe o o | . 010 050 .0785%%
LN e ] » L] L ] [ ] ] [ L] L 7!102 0010 90l60
15 2 120 1,1 1,1050| ,00041,9890 |1,681 .200 ) 2 3l 5
40 .9 1.8992 | ,0022(,9876 |2.796 .100 L129g%*
. L ] ’ . . L] . ] ’ . . LJ’.O-]_O 3050 u0720**
o leele o ol o v o o l7.102 .010 L 0200%#
16 2 130 |,5[.4925 |-.0026 11,9911 [1,675 200 2025
B0 .5 L49lh |-,0025},9873 [2,782 .100 . 0965
S O P T P S 1 . 050 0L S
[ ] L] » » [ ] ’ + 1] . . - *70029 0010 30150



TABLE VII--Continued

66

Simulation n. { B. |B. M. SD, F Nominal Actual
Number J y J J J a a’

17 01 .4 {,3988|~-,0005|.9944 1,675 .200 .1955%
0 .6 {.5934 |~,0016].9921 2,782 .100 .0940

* t e L] L] + ] ’ . [ * [ 3-98)+ 0050 001"}4'5

. . e . » [7.029 L0190 .0090

18 30| .3 1.2948{-,0047],9868 11,675 .200 .1895
4o | .7 [.6977 {~.0062(,9916 {2,782 .100 .1005

a4 L ] . . . » ] . . . 3.98“’ 0050 -0’4—95

'e . .« o+ |7.029 .010 L0115

19 301 .2 L1938{-,00651.9967 [1.675 .200 .1870
BOo 1t ,8 1,7986}~,0004],9868 {2,782 .100 .0980

LI ] * L ] » » . . . * . 3!981‘!’ .050 .0485

o | : e «|7.029 .010 .0100

20 30| .1 [.0993| .0016].,9901 |1.675 .200 .1880
401 ,9 1,8995{-.0016},9900 [2,782 .100 .0920.

co| ool v o]e o .+ [3.984 .050 L0420

A R ) .+ |7.029 .010 0070

21 30| .5 [L4ok9 [~,0017].9907 11.681 .200 2020
30 .5 {4953 .0074,9899 (2,796 .100 . 0940

.o e e« vde @ o {s . W |B,010 .050 L0410

. o fo . . . (7,102 .010 .0115

22 30| W4 §.3940! ,01021,9918 (1.681 ,200 .2000
301 .6 |.6024 |~,0009(,9908 |2,796 ,100 1040

el oo fo o . . » + 4,010 .050 .0530

] e * L] . . . ?.102 .010 .0085

23 30| .3 1,29561~,0003{,9938 11,681 ,200 .2050
30| .7 {.6988(~,0051|,9926 2,796 .100 . 0990

. efe » oo o o e . 4,010 .050 .0l 50

i .o o e . . o |7.102 010 .0065

24 30| .2 [.1893[-.0032|.,9942 |1.681 .200 .1855
301 .8(.7992 .0044],988712.796 100 . 0850%
A R N P . o {4,010 . 050 .0375%

‘ . : « o|7.102 L010 .0080
25 30 .1 [.1017( ,0045]1,993911,681 .200 .1510%
30 .9 [.9007|-,0005].9920 {2,796 .100 066 5%
eofe o ele o o e . J|H,010 .050 .0290%

L | L] ] L ] [ ] L] » 7.102 .010 .00“0*



TABLE VII-~Continued
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Simulation| kin.|#8. B. M. SD. F Nominal Actual
Number J17d J J J a a’
26 2140 .5 L4944 | ,00121,9934 [ 1.671 .200 2070
401 .5 {,4949 |-,00031.9900 | 2,772 .100 0910
L .3 . L4 . . . L] » . 3.965 .050 -OLFLPO
, 6.976| .010 L0115
27 21407 4 L3936 | ,0023(,9923 {1,671 .200 .2075
: bo| .6 [.5973 -.0010(,9867 | 2,772 .100 .1055
. as . s . . [ » . - 3'965 -050 '0445
N R . . 6,976 ,010 .0100
28 21401 .3 [,2955 { .0004{,9932 | 1.671 .200 1910
bol ,7 1,6936 | ,00101.9899 | 2,772 .100 . 0990
P [ ] - '] ' [] [ [ » 3'965 0050 00510
. . e 1» 6.976( .010 .0070
29 2140 .2 [,2035 | .0028(,9939 | 1.671 200 1755%
40| .8 {,7993 | .0001 {,9907 | 2,772 .100 .0785%
e e e [] L] * [] . . ] 3'965 '050 '0365*
v § e . | 6,976 010 L0060
30 240 .1 [.0919 | ,0074 {,9887 | 1,671 200 1600%
40| .9 [.8998 | .0005},9893 | 2,772 .100 L0705%
.« » . » . » ’ ] . . 3'965 0050 00300*
A . . | 6.976 .010 ., 00LO%
31 3{20| .5 |, 5042 -,00251,9871 {1,657 .200 .2000
20| .5 L4973 | .00261{,9883 | 2,400 .100 . 0990
20 .5 [\4952 [-,0022[,9837 | 3,162 ,050 .0510
sel eefe o o] o v ote o o | 5,006 010 .0105
32 3120 Ju4 {3924 [-,00341,9836 | 1.657 200 1925
20 .5 L4910 | .00631,9827 | 2,400 .100 .0920
A A v ejle + o) 5,006 .010 . 0095
33 31201 .3 2863} ,0097 |.9794 | 1,657 .200 .1600%
201 .5 [,4924 ,0014 [,9905 | 2,400 .100 . 0755%
20| .7 .6994 =,0024 |,9837 | 3,162 . 050 .0360%
ee] eo e o 0|l e 0 ola . o] 5.006 L.010 . 0100
34 31204 .2 L1934 L,0041 {,9797 | 1,657 .200 .1670%
20} .5 1, 5000 ~,0006(,9881 | 2,400 .100 .0845#%
20| .8 [.8009 }-.0039/,9876 { 3,162 ,050 .0385%
o . e v ele o o1 5,006 .010 . 0080




TABLE VII--Continued

68

Simulation n.iB8: | B M. |SD F [Nominal Actual
Number JpTd J J J a o’

35 20{ .1 |.0909 | ,0046(,9871 | 1,657 .200 Jd475%
20] .5 {4892 |-,00161,9845 | 2,400 100 ,0720%
20| .9 1.9010 |-,0012],9861 | 3,162 050 0345w
. A A e . 15,006 ,010 ,0075

36 20 .5 |.4992 | .00291,9869 | 1.649 .200 .1980
20| .5 [.4985 | ,0058!.,9843 | 2,385 100 ,1010
30| .5 [,4967 | ,0016{.,9903 | 3,136] ,050 .0555
«a . . a [} 3 . 3 . - . 1‘}'0942 0010 '0155

37 20| 4 [.3895 ~,0034,9834 | 1,649 .200 J2250%%
20] .5 [J4940 | ,00271.9870 | 2,385 .100 JA175%%
301 .6 {.5968 | .0003|,9879 | 3.136 .050 ~ ,0575
B e e A N e ,010 L0110

38 20| .3 1{.2927 |-.00061,9864 } 1,649 .200 1940
20| .5 {4926 | ,0011},9869 | 2,385 .100 0990
30 .7 }.6952 | .0057|.9866 | 3.136 050  ,0490
[ 2 | . [ . « [] [} [} L] L . b’.9u’2 ;OIO .0085

39 201 ,2 (L1877 (~.0029(,9832 | 1,649 ,200 ,2210%%
20| .5 {.4953 | .0053].9919 | 2,385} ,.100 .11 50%%
30{ .8 |.8002 {-.0024 |,9864 | 3,136 .050 . 0635%%
.o L . L 13 . . . * L] “4'-914—2 .010 -0145

40 20| 41 [,0987 ] .0011{.,9879 | 1,649 .200 .2020
20 .5 (.4961 | ,0001({.9839 | 2,385 ,100 1060
30{ .9 |,9000 {~,0001 |.9910 | 3,136 .050  ,0575
A e e w oo | B,042 ,010 .0110

5] 201 .5 [,4922 1-,0038|,9839 | 1,644 200  ,1960
20 .5 |.4934 1~,0053].,9851 | 2,374 100 ,1010
40| .5 { 4926 |-,0030(.9898 | 3,117 .050 .0510
nae *n [} [ ] [] . [} [ . [] u’u896 .010 |0150

42 20§ 4 {,4058 1 ,0050(,9883 | 1.644| .200 215
20| .51.5018 | ,0006).9912 | 2,374 100  ,1165%%
40} .6 |.5962 |-,00521,9946 | 3,117 .050 0600
N T A e P T 1°14 010 L0140

43 20) .3 1.2912 |-,00271.9910 | 1,644 .200 .2385%%
20 5 (4906 | ,0014|,9817 | 2,374 .100 L1100%%
4o| .7 1.6975 |-.0008],9889 | 3,117 .050 063 5%%
R e A e A Y B S R T T



TABLE VITI--Continued

69

Simulation kin.|gS: B. M, SD., F  i{Nominal Actual
Number Jimd J J J a a’

N 31201.2 ].2025 ¢ ,0014|.,9929 | 1,644 ,200 @ ,2270%%
20} .5 §.,4940 |-,0061|,9861 | 2.374 ,100 11 50%%
4L0j.8 |.7976 | .0006(.9889 ! 3,117 .050  ,0635%%
LR 4 . . . ] . » . « Li‘.896 .010 .0165**

45 3{20] .1 ).0951 (~,0013|,9904 | 1.644( ,200 ,2125%
20| .5 | .4962 | ,0004),9795 | 2.374] ,100 J1160%%
40[.9 }.9000 ] .0014],9885 ] 3,117f .050 ,0660%
[ ] [ - . L] . L] L] - L] LI’.896 .Olo 30185**

L6 3|20|.5 | .4989 |-,00261,9944 | 1,644) ,200 ,1910
301.5 | 4993 {-.0038(.9950 | 2.374 .100 . 0940
30({.5 |.5035 | .0043},9957 | 3.117{ .050  ,0450
velee 1o o ol o o Lo o L 48961 ,010  .0085

L7 3]20{ .4 |.3954 |-,0003|,9930 | 1,644 ,200 ,2070
301.5 | 4953 [-.0025].9950 | 2.374| .100 ,1050.
300 .6 {.5934 | ,0005{.9922 | 3,117{ .050 .0555
cefee 1w .. 1.0 1 L,896] .ol0  .01h45

48 3/20{.3 | .3004 | ,0063{,9871 | 1,644 ,200 .2070
30f(.5 | 4988 | ,0027|.9878 | 2,374 ,100 .1055
30{.7 |.6969 | ,0006].,9921 | 3,117] .050  ,0525
LI LI ] L] . L] . k] . 40896 .010 -0110

Lg 3120} .2 | ,1954 |-, 0074 .9864 | 1,644F ,200 ,1805%
30].5 |.5007 | ,0047].99101 2,374 ,100 ,0895
30}.8 |.8010§ ,0074(.9877 | 3.117{ .050  .049s5
N « o o e . .| 4,896 ,010 ,0090

50 3/201.1 {,0976 | ,00731.9803 {1,644} ,200 ,1920
30{.5 } 4940 |-,0018{,9930 | 2,374} .100 ,1035
30{.9 |.9005 [-,0022(,9898 | 3,117 .050  .0475
e ¢ . ] L] . » . . . . LL.896 .010 .0150

51 3[30].5 | 4965 | ,0010}.9894 | 1,634| ,200 ,1985
40| .5 1.5006 |-, 0004} ,9927 | 2.353] ,100 ,1015
40}.5 |.4983 | .0023),9951 | 3,082 ,050 ,0470
N I T B BTN <5 010  ,0115

52 31 30].4 | .3907 }~.0002}.9891 | 1,634 ,200 .1965
BO| .5 | 4945 ,0030]|.9913 | 2,353| .100  .0965
40] .6 |.5969 {-.0010|.9929 | 3,082 .050 .0520
N I T DA O TR 010  ,0145
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L,861

Simulation n. t 8:|B. M. SD. F Nominal Actual
liumber J J1 3 J d a a’

53 30 | ,3|.3004 | .0026],9936 11,634 .200 .2005
4o i ,5|.4977 | ,0058].9879 12,353 .100 .1020

4o | 71,6956 | 00071 .,9891 |3,082 .050 .0k95

LN | L 2N L ] L ] L ] . * . * L] 4'811 0010 .00?5

5h 30 ] .21.2020 | 0021} .9928 {1,534 .200 .1965
Lo | ,5].4946 | ,0008|,9926 {2,353 .100 . 0950

4o | .8].7980 |-,0013} .9869 [3.082 . 050 ,0b5s

ol ea]e o oo 0 o e o . 14,811 .010 0090

55 300 ,1],1015 |-,0034( ,9887 11,634 .200 L1735%
40| .9(.8999 | .0009] .9896 {3,082 .050 0415
[ ] LN 4 ] » L ] . . L] . . L ] 40811 lOlO .OO&O*

56 30 .5|.4963 |-,0037| ,9942 11,637 .200 .2055
30 | .5].4978 |-.0004| .9888 {2,359 .100 .1030

40 | .51.4932 |-,0044] ,9956 |3,001 ,050 L0480

[ ] *» [ ] L ] [ ] s, * L ] L ] L] [ ] il"833 .010 .0080

57 30 | J4{.4011 | .0000] ,9964 [1.,637 .200 .1955%
30 | W5].5022 {-,0028( .9935|2,359 100 .0975

Lo | .6].5978 {-.0058| .9915[3.091 .050 .0550

L 4 L ] L ] [ ] [ ] L] [ ] . » L ] * LI’.833 0010 .0125

58 30 | .3}.2951 | ,0023] ,9896 {1,637 .200 .2080
30| .51.4996 |[-.0012f ,98%96 {2,359 .100 .1075

Lo | .71.6973 | .0000} ,9880 [3.091 .050 .0530

4 L} . . ’ . L4 L] » . Lf'-833 .010 .0110

59 301 .2(,1965 |~,0108] .9921 {1,637 .200 .1965
401 ,8.7987 1 ,0036} ,9888 13,091 . 050 .0560

LI . e L] . L] . . . . a . Li'|833 9010 -0085

60 30§ 11,0942 | 0025 ,9902 11,537 .200 .1960
30| .5).4986 |-,0002f ,9897 2,359 .100 . 0930

4o ) .91.9000( ,0018f ,991713,091 . 050 .0bly5

A R e o e o 8,833 010 ,0075

61 301 .5(.4992 | ,0035] .9909 [1.,640 .200 L2040
301 .51.4937 I-.0066{ ,9913{2.365 .100 .1005

30| .5].4950 [~,0061]| .9900{3.103 .050 L0U65

a9 e . . . . . [] '] » [ .010 90115
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TABLE VII--Continued
Simulation n, { B: B.: b1 . SD. F Nominal Actual
Ikumber J R J J a a’
£2 30 | A4 [,38A1 L,0042[,9891 {1,640 .200 ,2110
30 | .5 4990 -,0010(,9943 2,365 .100 .1060
30 | .6 (5991 | .0005].9900 [3,103 .050 .0520
49 . [ . [ . L} [] . » q’.861 .010 30090
63 30 | .3 [.2935 W,0034},9865 1,640 .200 2040
301 .5 ,4972 |-.00031.9938 |2,365 .100 .1080
30 | .7 (.7005 |-.0004[,9890 (3.103 .050 .0505
R N PR . . . . 4,861 ,010 . 0065
64 30 | .2 .],2036 | ,0002(.9939 |1.640 . 200 .1705%
301 .5 1,4917 I-,0048|,9906 {2,365 100 .0865%
301 .8 1.8008 {-,0000},9886 {3,103 .050 .LOLO5*
ce leede o oo s o fe o o 861 .010 . 0085
65 30 | .1 ],1004 [-,0030{,9921 |1,640 .200 .1590%
30| .5 (49331 .0026}.9899 (2,365 ,100 .0805%.
30| .91(.9019 ] ,0028!,9917 |3.,103 .050 Lol s
.3 LR . . L] L] . - . LI":861 .010 00105
66 ho § .5 1,4984 |-,00251,9891 [1.632 .200 .2020
40 | .5 (4947 1 ,0015],9872 (2,349 .100 1035
Lo | .5 (40484 | ,0033]|,9933 (3,074 .050 0530
[N » L] L} [ ] [ 3 L] [3 4.?93 |010 00120
67 Lol 41,3941 1 ,0041{,9945(1,632 .200 .1890
4o | .51.4971 1-.0008],9897 2,349 .100 . 0850
LOo | .6],5965 | .0034],9878 {3,074 .050 L0420
[ 33 e [ . . . [ » * . rl un?93 -010 ¢0065
68 4o} .31.2899 [-.00361.9911 ;1,632 200 1895
LOo| .51.4950{-,0003{.,991312,349 .100 ,0885
40| .7(.7002 | ,0021|.9909 |3,074 .050 . OhOO*
cel o . . e e oo 1,793 .010 ,0115
69 Lo ,21,1936| ,0038| ,9939 11,632 .200 1625%
401 .5|.4935) ,0000]|.9930(2,349 .100 .0830%
Lo | .8{.7971 |-.0004] ,9877 13,074 .050 . OL00%*
L LR} . . . . [ . . 4 4!793 .010 .0085
70 401 ,1.0981 |-.0003{ .9886|1,632 200 .1665%
L0 1 .51.4935] ,0065] ,9941 12,349 .100 ,0775%
401 .91.8993|-.0006) .9896 (3,074 050 .0360%
L) ’e . . - . . * . . » 4.793 .010 00080
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Simulation n.| B3| 3B, M. |SD. F {Nominal Actual
Number J J ] J a a'’
71 20 |.5 {.4956{-,0041|,9887 | 1,637 .200 .221 5%%
40 t.5 [4905]~-,0013(.9837 | 3,091 .050 . 0490
celes oo Wl v oL . L B.833 ,010 .0095
72 20 |4 1.3984 % .0007|.9889 | 1,637 .200 .2020
40 1.5 49751 ,0020f,98%96 | 2,359 100 . 0975
401{.6 5942 {~,00241,9852 | 3,091 . 050 .0l 55
sefee e o wie w0 e o | 4,833 ,010 .0070
73 20 (.3 2972 1{-,0051{,9802 {1,637 .200 .2120
40,5 (L4938 .0046(,9938 | 2,359 .100 1135
Lo{.,7 [.6%967]-,0023|,9913 | 3,091 .050 L0620%*
ae |oo v e e . ¢t e« » 4.833 lOlO .0125
74 20 (.2 {19431~-,0030|.9851 {1,637 .200 .2055
401.8 1.7988| .004s5),9876 | 3,091 .050 .0605
P P e « |e « .| 4.833 010 . 0150
75 20,1 (0925 ,0031|,9849 | 1,637 .200 .1990
4o .5 1LAOLT7 [-,0005|,9920 {2,359 .100 ,1100
ho (.9 18988 ,0031(.9885 ! 3,091 050 .0570
edee foe v e | . . | 8.833 L010 L0169
76 20(.5 L4972 ,0078|.9820 | 1.640 .200 .1930
361.5 49641 ,0051).,9889 | 2,365 .100 . 0885
401.5 {.4919({-.0003].9918 | 3,103 .050 L0455
ev fou L . . e o le o . {4,861 ,010 .0085
77 20{.4 1|.3979] ,0002|.9838 | 1,640 .200 .2070
301.5 L49581-,0045],9916 | 2,365 ,100 .1050
hol.6 |.59511 ,0007|.9891 | 3,103 .050 L0540
so e b v vl v v (e . | b,861 .010 L0140
78 201.3 [,2978|-.0015(,9815 11,640 .200 W22735%%
30 1.5 L4969 0014y ,9914 | 2,365 .100 LTk
4oi(.,7 6954 ,0015],9897 | 3,103 ,050 L0700%%*
) . . . . . » . . . 4'861 0010 .0165**
79 20|.2 [.19201~,0012{,9868 | 1,640 .200 L2271 Q%%
' 30 1.5 48831 ,0002}.9851 | 2,355 .100 1210%%
N T I A -7 .0155
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TABILE VII--Continued

Simulation| kin.|B8: | B. M, |SD, F |Nominal Actual
Number Bl J J J a a'
80 3120|.1 [.0919 1-,0046|,9878 | 1.,640] ,200  ,2210%%
301.5 |.4981 |~,0027|.,9920 [ 2,365 .,100  ,12135%#
40(.,9 1.8998 | .0006|.9866 | 3.103] .050 ,0590
T O T P S Y T < 131 010  .0150
81 5120 4956 | ,0009],9887 | 1,529 .200 2025

5000 | ,00321,9933 | 2,006 100 .1010

20

201 . 44882 |-,00221.9878 | 2,469 ,050 ,0555%
201, 4952 1-,0036].,9823 | 3.526 ,010 .0090
20 . -4929 00012 .9876 2 e # » o a2 » &« 0
82 5120 . 3848 |-,0020! ,9836 . 529 200 .1795%
20 .3971 ~,0051].9847 .100 .0950

20
20

1
2,006
L4960 1 ,0033].,9896 ) 2,469 , 050 .0500
L5941 |-,0012{,9804 | 3,526 ,010 L0115

L] - - - - -
OOVAEFEN [ SO FW | OO &8 | tviilnlina

20 059?2 “00021 09854 ¢« a2 @ s a4 » 1 @
83 5120 .2872 -.0037{.,9843 | 1,529 200 .1925
201, ,3987 | .0022}.,9872 | 2,006 .100 ,0975
20 4891 -,0007].9863 | 2,469 050 L0510
20 . 5948 1-,00371.9811 | 3,526 .010 .0105
20 0698}4’ _.0001 .990? L] * L] . . v . L4 .
84 5(20 LA874 1 ,0016) ,9864 | 1,529 .200 1730%
201, .3958 | .0029{.,9879 ] 2,006 .100 ,0965
201, L9565 [-,0015],9852 | 2,469 .050 L0ls55
201, 6027 1 .00261,9855 1 3,526 .010 . 0085
20 . 08033 -00016 -9880 LI I | e 5 LI I
85 5(20{.,1 |.0900 | ,0005(.9864 | 1,529 200 .1685%
20(.3 |.3042 | ,0054),9917 | 2,006 100 .0815%
201 .5 |.4984 | ,0031].9889 | 2,469 .050 L0l 5
201.7 1.6999 |~.0005!,9877 | 3.526; .010  ,0100
20 09 09006 00023 09853 . (] ] ] L] L] L] L]
86 5]20|.5 |.4972 | ,0015(,9876 | 1,524 ,200 2070
201.5 {4980 |-,0064].9812 | 1,995 .100 1065
20{.5 [.4927 | ,0104],9898 | 2,451 .050 . 0560
301.5 1{.5005{ ,0020|.9891 | 3,488 .010 ,0120
30 '5 0&976 ”00025 09913 . . .« . » . . . .
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TABLE VII--Continued

Simulation n.lB. | B, M. |SD, F | Nominal Actual
Number J J J J d a a’
87 20(.4 {.3924 |-.0011 [.9830 | 1,524 .200 2165
20| .4 1.3989 {=,0016{,9892 | 1,995 100 ,1210%%
20|.5 [.4961 i-,0001 |,9897 | 2.451 050 L 063 5%*
30[.6 (.5912 |-,0030 |.9843 | 3.488 .010 ,0165%%
30{.6 [.5990{ .00311{.,9901 [, . . o & o o ¢ o
88 20|.3 [.2867 1 .0015],9885 | 1,524 ,200 $2200%%
20( .4 ({.3914 |-,0021 1,9830 | 1.995 .100 .1105
20|.5 1.4899 [~,0047 ,9897 | 2.451 .050 .0575
301.,6 [.5972 [-.00171.9925 | 3.488 ,010 L0115
30(.7 {.6962 |-,00011.9872 . . . « v e e a e
89 20,2 {,1945 |-,0064 {,9869 § 1,524 .200 .1980
20).5 |.4G997 | ,0012 (,9871 | 2.451 .050 L 0620%%*
30,6 [,6004 | ,00093,9916 | 3,488 010 0125
3‘0 .8 .8023 "'.0005 .990? . * . [ . . [ . []
90 20i,1 }.1020} .0000[,9842 | 1,524 .200 .1885
, 20¢{.3 [.2972 | .0006{,9886 {1,995 ,100 ,0985
201.5 1, 4975 .0017(.9861 | 2,451 .050 .0505
30i.7 |.7014 | ,00281,9900 | 3,488 .010 0110
30 09 l9009 "-0026 :9912 « o I Y ¢« »
91 20].5 }.5026 |-,0044 [,9913 [ 1,521 .200 1965
20[.5 |.4976 |-,0045(,9828 [ 1,991 .100 1060
200 .5 1.4948 |-,0038],9837 | 2,445 ,050 . 0565
30|.5 [.49560 [-.0007].9925 | 3,475 010 .0070
Lol,s5 [.4963¢ .00091(.9887{ . . . e s e 4 e e
92 20 .4 1.388=% ,0096(,9800 | 1.521 .200 L2230%%
20| .4 [.39231{-,0011{,9766 {1,991 .100 117 5%%
20(.5 |.4o48 ] ,0004 {,9871 | 2,445 »050 . 0590
30(.6 ].5973[~.00451,9903 | 3,475 .010 L0145
4ol.6 1.6005( .0009{.9912 ¢, . . s s s s
93 201.3 (.2940 [-.0026[.9927 | 1,521 .200 2230%%
20| .4 1.3958] .0007{.9861 | 1.991 .100 il o
201 .5 |.4995| ,00831.9832 ) 2,445 050 , 061 5¥*%
301 .6 {.5929 | .0043(,9898 { 3,475 010 ,0110
4ol.7 1.6941 [-,0032(.9863 | . . . .
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Simulation n.|B. B. M. SD . F  |Nominal Actual
Number 33 J J J a a'

9l 20{.,2 |.1910]~,0003(.9810 | 1,521 .200 W2225%%
20) .4 | ,3968(-,0023(,9895 {1 1.991 .100 C1210%%

201.5 | JH498B51-,0016 [,9838 | 2,445 ,050 . 0605

30(.6 |.59471-,0011 [.9918 | 3.,475] ,010 .0135

LI—O .8 .?97“’ —.0027 |9905 . . [ ] - 13 ] L] *

95 20{.1 |,1022{-,0029},9897 | 1,521 .200 2145

201,3 t.29481-,0062 1,9889 | 1,991 100 L1105
20[.5 | 4908 .0026 (,9802 | 2,445 .050 . 0620%%

30(.7 }|.7007[-.0011 },9902 | 3,475 010 L0140

LJ'O I9 08993 .OOO? -9888 . . o . . (] LI

96 204.5 | 4942 |-,0020 (,9900 | 1,521 200  ,1975

201.5 | .4940]~,0028 |,9865 | 1,991 100  ,0960

30|.5 | .4965]|-.00131.9910 | 2.,445] ,050 . 0460

30]1.5 | H9L431~,0046 1,9953 | 3.475{ .0l0 ,01l15

30 .5 .4901 nOOL"O .9836 [ . . [ ] [ [ ] [ [ ] ]

97 20{.4 |.3915[|-,0027 [,984L | 1,521 .200 .2015

20t .4 1.3917|-.0064 [.9887 | 1.991 .100 . 0965

30f.5 |.5015]-,0008 [.9912 | 2,445 .050  ,0470

30|.6 |.5934) ,0003 11,9878 | 3,475 010 ,0130

30 .6 -_:9?9 -¢0028 .9919 » . L » . . *

98 201.3 [.3013|-.0089 },9865 {1,521 200 .2100

201.4 1.39181-,0008 |,9926 | 1,991 100 ,1135

30,5 |.4976]-.0003 {.9907 | 2,445 .050 .0610

30(.6 [.5960| 0017 {,9925 | 3.475 .010 .0130

30).7 |.6966( ,0000 [,9908 |, . . . e a4 s o

99 20,2 [,2033{~-.0034% 1,9855 [ 1,521 .200 1910

20 (.4 |.4004} ,00331.9878 |1,991 ,100 . 0955

301.5 {.5025[~,0016 1,9934 | 2,445 .050 . 0440

301.6 |.5954| 0016 {,9911 | 3,475 010 ,011s5

30 .8 .8038 ".003""" 19906 . . [ . . .

100 20,1 |.0984{-,0004 (,9917 {1,521 .200 1945

20(.3 1.,2977] .0038 },9904 (1,991 .100 .1075

301.5 1.49821 ,0019 [.9931 | 2.445] ,050 .0570

30¢.7 |.6968¢ ,0018 [,9930 { 3.475 .010 ,0130

30 09 19001 "‘-0013 .989“’ L] . & @ ¢ & @
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Simulation| k n. B B. M, S F Hominal Aetual
Number I J J J a a’
101 5 RO.5 [A4979 |-.0024 9923 {1,518 .200 .2135
0.5 [.5011 §-,0013 9821 |1.984 .100 .1060
B0 1.5 {4953 1-,0004 [,9882 (2,435 .050 L0540
HO0 |5 (4952 | ,0055 9928 {3.453 .010 0065 .
H0 .5 {.4935 ] ,0012 [,9880 . . . . o
102 5RO |4 [.3874 1-,0022 |,9821 |1.518 ,200 ,2185%%
20 1.4 [.3999 [~.0033 [,9811 |1.984 .100 1135
30(.5 |.4998 [-,0067 [,9926 | 2,435 .050 . 061 g%
10 1.6 |.5956 (-,0002 [,9923 { 3,453 ,010 L0135
O 1.6 |.5947 |-,0013 1,986L | L7 o« v s e e e
103 5RO[.3 [.2980 ] .0034 [,9904 ! 1,518 ,200 230 5%
301,5 |.4952 |-.0025 [,9880 | 2,435 050 . 061 %%
01,6 [.5971 | ,0074 [,9904 | 3,453 .010 L0145
}4'0 .? .696“‘ “.0003 .9916 [ ] . ] * [ ] . . . .
104 5P0[.2 |.1915] ,0009{,9898 | 1,518 .200 \2285%%
207.4 1,3982} ,00131(.9875} 1,984 100 121 g%
30(.5 1.49531-,0005[,9905 | 2,435 .050 . 06Q 5¥*
hO[.6 1,59451-,0008 {,9942 | 3,433 010 .0150
L“O .8 179?2 “10022 .9915 . . . [} . . . L]
105 5[0f.1 [,0920(-,0064 [,9840 1} 1,518 .200 2165
201.3 (.3004{ ,0098(,9878 | 1,984 .100 L1175%%
300.5 |.4990|-,003¢[,9954 | 2,435 .050 068 5%%
LOoJ.7 [.6980(-,0034 [,9874 | 3,453 .010 .0185%%
401.9 1.8994| ,0014{.,9894 | . .77 N
106 5{20| .5 [.4911] ,0068}.,9835| 1,517 200 1960
Lop.s |.4971| ,00081.9907 2.430 . 050 .0530
bo{ .5 1.4920]-,00131,9934 | 3,404 .010 . 0075
40! .5 | .4932{~,00551,9882} . . . e e e
107 5{20) .5 1.3973} .0039{.9867( 1.517 .200 .2130
20) .4 1.,3971| ,00521,9835! 1,982 .100 J1160%%
B0| .5 | .4900|~,00L40(,9927 2.430 .050 .0595
Lot .6 | .5949| ,0022}.9912 3o Ally .01 .0130
L!'O .6 g59?5 "-0008 09932 . » . » . s o o
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Simulation n:|B:] B. M. |SD. F  |Nominal Actual
Number i J J J a a’
108 20(.3 | .2984 | ,00231{,9833 [1.517 .200 2045

20|.4 ) .3959 [-,0049 [,9782 |1,982 .100 . 1090
4Ol.5 | L4932 | L0043 (,9891 |2,430 .050 . 0630%%
Lo1.6 | .5961 | .0035 (,9885 | 3,444 .010 L0110
40J.7 | 960 | ,0020 ), » . t. . . I
109 20}.2 ] .,2021 | .0013[.9934 {1,517 200 . 2335%%
20¢ .4 | .3945 |-, 0009],9803 |1.982 .100 J1240%%
40[.5 | JA914 § ,00331(.9851 [2.430 ,050 OBl s¥% -
40).6 | .5955 | .0030(,9895 | 3,4lk ,010 .0135
L"O‘ .8 17981 "‘".0036 09881 * » . » [ I I
110 20].1 {.0982 | ,0058(,9855 |1.517 . 200 .2090
20{.3 | .2908 | ,0066 (,9839 |1.982 .100 .1095
4ol.s5 | 4896 | ,0026 |,98L7 | 2,430 .050 . 0605
hof.7 {.6975| ,00351,9902 | 3.444 | ,010 ,0215%%
401.9 | .8995 |~,0025 |,9880 . . . > e .
111 200 45| 4937 | ,0001 {.9812 11,518 .200. ,1800%
30| .5 4927 | ,0012 {.9960 {1,984 .100 . 0040
30 .5 | J49ohl ~,0008(,9843 | 2,435 . 050 .0510
30145 | 4996 |-,0017 11,9889 | 3,453 010 .0095
boj.s | ,4926 | ,0033],9878 . ¢ v b o e o
112 ROJ .4 | ,3943 ] ,00431,9853 {1,518 .200 L2204 0%%
30(.5 | 4972 [~.0012},9873 | 2.435 .050 .0565
301,66 | .5971 (-,0033(.9858 | 3,433 .010 L0130
q’o '6 059814' _10029 » . 'Y . . . . . » a o
113 20/ .3 ] .2910 | ,00181,9867 {1,518 .200 2150
301 4 | \3945 [«,000A,9874 [ 1,984 100 .1075
301 .51 .4989 |-,0003].9907 | 2,435 .050 .0535
30{.6 | .5990 {-,0006 |,9902 [ 3.453] .o010 ., 0095
LPO .? .6969 _-0013 09895 . . . . . .
114 20f .2 f ,1951 | ,0027(,9867 [ 1.518 .200 .2095
300 W4 | L3976 {~,0001].9873 | 1.984 100 .1030
301 .5 4925 [-,0030].9817 | 2,435 .050 .0530
30| .6 | ,59851 ,0019(.9891 | 3,453 010 ,0135
40f{.8 | .7963 [-,0017 .9881 . . s o o
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TABLE VII-~Continued

Simulation|{ k| n. B B, M SD, F |lNominal Actual
Number I J J J a a'
115 | sl20f{.12 ].0998 | .00131.9897 {1,518 .200 .1995

30(,3 {.2974 | ,00121,9898 {1,984 .100 115
30(,5 |.4944 I-,00251,9911 ] 2,435 ,050 . 061 5*¥
30(.7 [.6993 | .0019§,9909 | 3,453 ,010 ,0120
4ol,9 [,8991 | ,00121,9882 ., . . .
116 5120(.5 |.4915 [-,0001 |,9853 | 1,516 .200 .2060
301.,5 {.4945 {-,0049(,9929 | 1,980 .100 .1035
Lot,s5 |,4931 |-,0027(.,9927 | 2,427 ,050 .O485
hot,5 [.49562 [-,0021 |.9921 | 3.436 .010 0075
Lol,s .4922 .00091},9898 |, . . « o e e & @
117 51201.,4 |,.3945 !-,0030},9866 | 1,516 .200 1910
301 .4 |.3832 |-,0044,9877 [1.980 .100 .0970
Bo{.5 (.4984 |-,00171.,9913 | 2,427 .050 L0455
40].6 }.5915 ] .0055].9881 | 3,436 010 .0080
LI'O .6 .5951 -.0028 |987O * . [ ] . [] . . . .
118 5120(.3 .2858 1 ,0047(,9834 | 1,516 .200 L 2220%%
30,4 },4027 |-,0000(.9970 | 1,980 .100 ,1070
401.5 1.4933 ) ,0008(,9911 | 2,427 .050 , 0590
4o!l,6 {,5973 | ,00081,9884 | 3,434 ,010 0110
LI'O o? 06988 "u0053 098?? [] a . . . . . ] L]
119 5i20].2 |.1965| ,0025},9818 | 1,516 .200 .2060
30| .4 1.3953 1 .0085(,9944 | 1,980 .100 .1085
401.5 .4954 -,00231,9918 | 2,427 ,050 , 0595
401.6 |.5963 | ,0035|.,9886 | 3,436 .010 L0145
LI'O .8 96? "".0010 .98?8 . . [ ] . L] [} L] ]
120 5120|.1 |.0964 | ,0028(,9849 (1,516 .200 .2080
30{.3 [.3011 {~,0039(,9939 | 1,980 .100 .1120
4o|.5 |.4987 {-.00481.9946 | 2,427} ,050 ,0525
40{,7 ].6981 |-.0035{,9908 | 3.436| .010 ,0130
L['O .9 .8991 00018 39869 . ] L] L] . . - . I!
121 5130(.5 |.4949 1 ,0057(,9899 [ 1.518 .200 1935
30|.5 {.4953 |-,0007|.9960 | 1.984 .100 . 0850%
30(.5 [.4953 |-.0059 .9868 2,435 . 050 L0415
30(.5 |.,4910} ,0008!{,9910 3 L53 .010 L0115
30 '5 05025 IOOOLI' 0994"4’ . . . . * [ [ [
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Simulationl k|n.{B8.| B, M. |SD, F Nominalj Actual

Number J173 J J 3 . '
122 5130].41.3952 | -.0055[,985% J1,518 200 .1980
301.41.3982 | -,0033(,9887 11,984 100 . 0960
3015|4964 | -,00391,9906 {2,435 ,050 . 0490

301.6 [.5957 .0002 |.9867 |3.453 .010 , 0160
301.6].5989 0001 [,9921 1, . . . e e . e e
123 51301.31.2981 | ~-,0034 [,9887 (1,518 .200 ,181 5%
30|.41.3962 | -.0041 [,9860 j1.984 .100 .0935
301.51.4939 | -,0028(.9903 2,435 .050 .04k 5
30(.61.5984 | -,0020(.9895 [3.453 .010 0065
30}1.7{.7005 L0014 |,9917 1, . . \ e e .
124 5[30].2{.1981 {-,0029 (,9885[1,518 .200 . 1780%
30 (.4 {.3995 [ ~,0037(.9919 |1 .984 .100 ,0855%
301.5[.4964 | ,0035(,9870 [2.,435 .050 Lokho
301.6[.5999 {-.0023[.9901 (3,453 ,010 .. 0095

30 o8 07992 00031 -9883 . [ [] [] . . * []
125 5{301.11.0993 | -.00081!,9893 1,518 200 ,1595%
301.31.,2949 | -,0008!,9878 |1.,984 .100 LQ0755%
304.51.4998 | -,00281,9928 {2,435 . 050 , 039 5%

301.7 {,7007 {-.00061{,9871 {3,453 .010 . 0090
301.9{.9004 L0014 |,9934 4, . . . e e . .

126 5140 (.5 1.4043 | ,0052 [.9890 (1,513 .200 ,2005
401.5}.5024 | ~,0038.9938 1,974 .100 .1070
hol.5l.494s5 | ,00151.9936 |2,418 . 050 .0530
40f,51,4956 L0014 §,9924 (3,418 .010 . | ,0140

L}O 15 02'1'952 _'0019 09877 s+ e » o . .

127 S{H0}.4 71,3959 | -,0074 }, 9945 (1,513 .200 .1950
4o 1.41.3929 | -,00251.9925 (1.974 .100 . 0980
LO|.51.4977 | .0023{.9904 2,418 .050 L0455
401.61,5950 | -.0043{,9905 [3.418 ,010 .0085

H0V.6 [.5930 | ~,0014 {.98881, . . . . . . .

128 5140(.31.2966 0014 1,9899 [1,513 , 200 .1885%
40,0 1,3950 { ,0089(,9900 1,974 .100 . 0985
Lof,9i.4942 | -,0023 [,9907 [2.418 . 050 0435

L01,6 {,5924 .0021 {.9888 {3,418 ,010 .0100

L”C‘ l? D69?1 _.0024 098?5 » . ] . . []
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TABLE VII--Continued

Simulationj k|n. (8. 3, M. SD. F Nominal Actual
Humber J |79 3 J J a a’

129 5i1401.2 1.1939 .0006,9900 (1,513 .200 L1 7k 5%
4o .4 §,3954 .0030{,9986 |1.,974 .100 L0945

Loi,5 |,4970| -.0036|,9964 [2,418 .050  ,0480

L4oi1.6 |.5974 ] -,00811,9915{3.418 ,010 .0095

401,8 [,7967 .0032},9906 |, . . e e e e a s
130 5140 0909 | ~-,00451,9907(1.513 .200 161 5%
40 2917 | -.0036}.9970 (1,974 ,100 .0780%
40 L0048 | -,0011(.9901 12,418 .050 .0390%

Lo L6986 | ~,0023{,9901 [3.418 ,010 .0070

40 .8987 -.0008 .9883 . * . v . '] L] [ ] .
131 5130].5 4976 ,0017].9902 41,514 .200 .1820%
30].5 [.4959 ] ,00481,9921 |1.978 100  ,0855%

Lo 908 | -,00371,9874 (2,424 . 050 0U25

Lo 4892 .00621,9888 (3,428 ,010 ,0080

LJ'O 01,’923 00012 09890 [ L] . . [ ] . [ ] a

132 5130 . 3938 .00235{,988k4 {1,514 .200  ,1950

30 .3894 1 -,003%{,989211,978 .100 .0995

49331 .0022].,9923 {2,424 .050 ,0515
40 . 5964 .0018/..9845 13,428 .010 .0100
40 * -5993 —.001@ -9925 . v . . . . . . »

.2958 00021 ,9874 |1 ,514 .200 .1945
. 3994 L0021 ,9926 11,978 .100 .0935

133 51301,

2
(=

Lo L9201 -,0002(.,9919 2,424 .050 L0425
Lo . 5937 .0031|.9879 (3,428 .010 ,0095
Lo 5979 L0014 ,0896(, ., . e e e e

134 5130].2 [.1967 .0001] .9927 11,514 .200 .1955
‘391? -OO@& 09886 1.9?8 0100 009?0

4962 .0033] .,9887(2.424 050 . 0490

&
o

=
O

- - - - - - - - » - [ ] - - - - L 3 - L ]

W £ N ] 3O W AoV E ] ilaiviuian | O Jwuiwo e

40 l5959 _‘0005 09904 3.#28 oOlO nOllO
qo 0?993 00025 09902 . » . . . . * . .
135 50301.11.,1014 L0013} ,9876 (1,514 . 200 ,1685%
30§.3 11,2964 .0079! ,988611.978 .100 , 0830%
Lo|.51.49861 -,0046{ ,992712 424 .050  ,0375%
40j.71.6982% -,0023] ,9910(3.428 010 . 0065
40 .9 .8985 “.0016 .9866 s s b ¢ o L Y
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Simulation 7. B:.13: M. SD. P Nominal Actual
Number J 3 J J a a’
136 100 1.5 4967 |-,0046(,9972 1,653 .200 .2000
100 |.5 (494t | ,0001{,9982 [2,731 100 1045
¢ e aa p . . » L] L] L] . 3.889 .050 tOLI'BO
A P . ¢ )6.765 .010 .0095
137 100 |.4 {3975 {~,0024(,9970 [1.653 .200 1945
1001{.6 }5960 |~,0034|.9942 {2,731 .100 .0920
. . L » . » L] L] [ . . L 3.889 .050 .OMO
. oo b R o i . 6.765 010 L0105
138 100!.3 L3008 | ,0001{.9992 1,653 200 .2025
100 [.7 [6974 1 ,0031(,9926(2.731 .100  ,0945
L] L BN | » L ] ] * . ] L » L 3[889 |O5O .0!"'55
. . b . 6,765 010 .0095
139 1004.2 L1992 |-,0008}{.,9955|1.653 .200 L1780%
1001.8 [ 7986 | ,0008{,9928i2,731 .100 . 0885
v L » . [ ] . . . [ . 3.889 1050 .0395*
. A 5 . 16,765 .010 . 0075
140 1004.,1 {0966 | ,0035].9998|1.653 .200 L1slg%
1001.9 8997 .0011(,9935(2,731 100 L0660%
eloa b oo e ¢« Je .+ «]3.889 .050 .0285%
R . 16,765 .010 .0025%
141 200|.5 L4998 | ,0018].9981 1,653 .200 2135
2001.5 L4981 | ,0008(.9971(2.726 .100 .1100
P I e o e o 4|3.876 .050 .0525
; . . . s o |6.730 .010 .0060
142 200].,4 .3983 [-,0005|,998011.653 .200 .1865
2001,6 ,.5977| .0007| ,9980}2.725 .100 .0965
[ [ ‘e . ” [ . . . a [ ] . 3-8?6 c050 .0430
T . . 16,730 .010 , 0090
143 200{,3 29941 .0021|,9990[1.653 200 L1945
200(.7 [.6994 | ,0002{ .9994]2,726 .100 , 0975
s v e L] L] L] L] L] . . L] L] 308?6 ‘050 .0“’55
. [ 6.730 .010 .0075
144 200}1.,2 L1980 -,0008] .998A]11,653 .200 1725%
: 200(.8 {.8005|~,0011] .9977{2.726 ,100 .0880
coloa s o ole o o ]la v of3.876 .050 . 0435
. . 6.730 .010 , 0080




TABLE VII-~-Continued
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Simulationtkin. [B:| B: M, SDi F Nominal Actual
Number J J J J ¥ a a'
145 2 1200(.1 {,0997 |-.0011.,9993|1.653 .200 .1390%
200[.9 [,8997 | .0005].9977 {2.725 .100 .0585%
s o | e r & = . . .« » 0 30876 0050 00260*
* .0 ] L] » L] 6.730 0010 000}'1'0*
146 3(100{,5 [.4972 [~,0000{ ,99473 {1,622 200  .2000
100{.5 1.4960| ,0022(.9979]2.325 .100 .0975
100|.5 [.4992 | .0010|.9962 |3.036 .050 L0470
LI L) L] . . . . . L] . }4'..700 0010 00100
147 31100].41.3975!-,0001|.9969 |1.622 ,200 . ,1885
1001,5 1.49681 ,0027(.,9951 {2.325 .100 ,0995
100|.6 [. 5984 1-,00171.,9939{3.036 . 050 .ou8s
[ BN 2 ] L [} [ a [ 3 [ . » L"c?oo 3010 .0095
148 311001.3 }{.2990 |-,0004{.9986}1.622 .200 .1800%
100!,5 j.4974 | ,00111.,994812,325% .100 . 0880~
100}.7 |.6974 | .0009}.9953(3,036 .050 .0390%
elee {0 o o « 0 e o« o B,700 ,010 . 004 5%
149 31100].2 1.1947| ,0010{,9942 11,622 .200 ,1820%
100).5 {,4979 | ,0002].9975|2.325 .100 .0855
100|.,71.7999 | .0004{,9945!3,036 .050 L0455
A R e v la ¢ o[B.700 .010 .0105
150 31100{.11,0950|~,0023|.9977(1.622 .200 L1481 5%
100(,5 [, 4977 |-,0016].,9933(2,325 .100 .0750%
100(.9 [.9003! ,0017}.99263,036 .050 . 0330%
L LR ] . L . . » ] LL.?OO 0010 .0080
151 31200%,5% |.4979 1-,0009} ,9973|1,622 .200 .2085
200].51.4998 |-,0011(.9975(2.314 100 ,0965
2001,5 [, 49891 ,0014],9986|3,020 .050 LOll5
A [P e e le oo oW ll,661 010 ,0110
152 31200( .4 {.4003| ,0003!,9982(1.622 .200 .1805%
200|.5 |.4995} 0010} .9976 (2,314 .100 , 0860%
200}.6 |.5979i{-,0002{ ,9987[3.020 . 0580 LOlly5
R e e le . S {H661 .010 L0110
153 3i200|.31(.2965] ,0020!.9977|1.622 .200 .1820%
200|,5{.5014 | ,0020].,9986 (2,314 .100 L0945
200|.7 {.6990% ,0008],9970(3.020 .050 .0515
. * e L] * [ ] .l L L ] L ] L J J'I".66]. 0010 00085



TARLE VIT--Continued
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Simulation|k(n, {8.| B. M, SD. F Nominal Actual
Number Pl J J a a’
154 312001.,2 {,2014 |~,0013 | ,9985 | 1,622 .200 .1780%

200{.5 L4970 | 0011 | .9971 |2.314 | ,t100 .0830%
200(.8 |, 90 |-,0011 | .9966 | 3,020 ,050  ,042%5
[ LN ] . 2 . . o‘ 3 '3 a LI'¢661 0010 .0130
155 312001.1 [,1002{ ,0017 {1,0005 {1.622 .200 .1530%
200},5 [,4985{-,0006 {1,0000 | 2,314 | ,100 ,0670%
200}.9 |,8997 {~.,0004 | ,9974 | 3.020 | .,050  ,0285%
P P P e e . 0,661 .010 . 0095
154 51100}.5 .4992 |-,0015 | .9968 [1.512 | ,200 ,2090
100}.5 |.4974 1-,0003 | .9942 | 1.961 100 L1140
100{,5 | 4967 |-,0024 | ,994k | 2,399 050 - ,054%5
1001.5 1.4983 ] .0029 | .9943 | 3.379 ,010 .0120
1001(,5 [.4977 | .0004 | 9949 |, , , o o o o o »
157 51100].4 {,3971 |-,0009 | .9936 | 1,512 200  ,1905
100 .4 1,3953|-,0013 1 ,9957 | 1.961 .100 ,0985
100],5 [L495L 1-,0020¢ ,9940 12,399 | .050 ,0500
1004,6 [,5958| ,0030( .9945 | 3,379 | .010 .0125
100 '6 '597}“\[' _.001? 09950 . . . . [ . . .
158 51100].3 ;,2997 {-.0016 | ,9962 | 1,512 .200  ,1B05%
100].4 [,3984 | ,0016] ,9961 | 1.951 100 - ,0915
100{.5 L4944 |-,0035| ,9927 | 2.399 | .050  .04O5
1001.6 .5971 1 ,0005| .9994 | 3.379 | ,010  .0095
100 c? '6966 .0019 09925 L] . [] ] . . [ 3 . .
159 5{100(.2 {,1973{~.0013| .9979 | 1,512 200 ,1660%
100|.4 [.3977 [-,0011 | .9984 {1,961} .,100 ,0805%
100|,5 |.4991 | .0005 |1.0004 | 2,399 050  ,0375%
100|.6 1.5965{ ,0020 | ,9942 | 3,379 ,010  ,0065
100].8 ({,7985{ ,0002 | ,9944 { , , . . e e e s e
160 51100|.1 [.1007| 0011 | .9973 | 1.512 .200  ,1615%
100].3 {.29468|-.0018 | .9974 | 1,961 100  ,0870
100}.5 1,4957(-.0013 | ,9963 | 2,399 .050 ,0425
100}.7 [.69661-,0005| .9955 | 3.379 | .010  ,0095
100}.9 |.8993| ,0005! ,9929 |, ., ., . . ‘e .
161 5{2000.5 L4999 | 0004 | ,9884 | 1,500] .200 .1990
200(.5 |.498=5|~,0016 | ,9979 | 1.940| ,100  ,1020
200|.5 {498k} ,0002 | ,9987 | 2,370 .050 .0l35
2001,5 |,5006|~,0006] ,99701| 3,320 ,010 .0075
200 '5 'u985 "00009 09993 v e * s e 5 e e
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Simulation n. | B.] B M. SD. F Nominal Actual
Number U R | I J J . .
162 200 4 1.3975] ,0011 | ,9978 | 1,500 .200  .2030
P00 | .4 {,3969(~,0007 | ,9955 | 1.940 100  ,0990
P00 .5 (.4995( .0012 | ,9975 | 2,370} .050  ,0455
200{.61.5993| .0010 | ,9984 | 3,320 .010  ,0085
200 06 » . . 00005 l9984 [ . » * L] . L] . »
163 200|.31.2983] ,0030 | .9954 | 1,500 200 ,1755%
P00 | .4 1.3985] ,0002 | ,9971 | 1,940 100 ,0835%
200 |(.5].4998) ,0001 | ,9995 | 2,370 . 050 L0460
00 |.61.59881-,0014 | ,9998 | 3,320 ,010 ,0090
P00 |.7[.6998| 0010 | .9999 | . . . e e e e
164 RO0!,21,2022| ,0006 | ,9978 1,500} ,200 ,1595%
ROO | .4 1,3984] ,0002 ) ,9977 | 1.940) .100 ,0810%
2001.5].5022(=-,0015| .,9995 | 2,370 050 0435
PO0|.61.5991| .0011 { ,9984 | 3,320 .010 -,0100
P00} ,8(,8000| .00061( .9989 1 ., . . s
165 200|.1{.1007}~,0016 ,9998 | 1,500} .200 ,1640%
£001.31.3002] .0017 | ,9994 | 1,940 ,100 ,0805%
p00|,51.4997! ,0007 | .9986 | 2,370 .050  ,0360%
2001.7[.6993] ,0018 | .9956 | 3,320} .010 ,0063
200 '9 '9001 00005 .9988 + e » [] . L] . L] .
166 30(.5(.4925{~-,0026 | ,9911 | 1,675 .,200 ,2025
hol.5].bobk4| ~,0025 | ,9873 | 2,782 100  ,0965
* s e a [ ] [] L] L] . 3 . 3.98“’ .050 .0445
R I . . 7.029 010 ,0105
167 301.6(.5989|-,0004 [ ,9939 ( 1.675 200 .1810%
RO{.4(.3928]-,0019 | .9948 | 2.782} ,100 ,0805%
N [ [ [] L] . . L] L] F] 3.98}4' .050 .0325*
vola . . 7.029{ .010  ,0075
168 30(,71.6993] -.0035} ,9868 1 1,675 .200 L1570%
40].31.2982}-,0082 | .9946 | 2.782 .100 0735%
cefoste o W . . « o+ .| 3,984 ,050 .0335%
. . . 7.029| .010  ,0035%
169 30{.81.7977| -.0040{ ,9915! 1,675 ,200 .1 500%
401.,2(.,1958] -,0006 | .9905| 2,782 100 ,0625%
. e e L ] [ L] . L] * . 3.98”’ '050 .0300*
vo|ae . e« o[ 7.029 010 ,0040%
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TABIE VII--Continued

Simulation|k h. B8:1 B: M. SD, F Nominal Actual
Number J J J J J a a’
170 2130 (9 [,9012 | .0007 | .991A| 1,675 200 1236%

40 |1 L1029 |-,0037 | .9955| 2,782 .100 . O 50%
.o R v o oo | 3.984 .050 .0190%
s h o |2 o o r s . ’ ] . 71029 .010 aOOlS*

171 2120 |5 4955 |-, 0041 | ,9804 | 1,681 .200 .1990
ho L5 L4900} ,0028 1 ,9898| 2,796 ,100 .1000
L i [ [ ] L] » . . L] » ’ 4.010 |05O 00525
e bole o oo o « o o] 7.102 010 ,0075

172 2] 20 L6 |.5947 |-,0020 ] ,9904| 1,681 200 J1790%
4o L4 ,3995 [-.0056 } ,9965]| 2,796 100 ,0750%

o o o |e 4,010 .050 .0305%
e o s e+ e o o 7.102 010 ,0075

173 21 20 |7 [.6984 | 0043 ,9839| 1.681 .200 J1670%

4o 3 {,2962} ,0021 { .9895!t 2,796 .100 0710%
‘e Jo & . . . e v e 4.010 0050 .0350*

P R T PO e+ .4 7,102 010 .0075

174 2] 20 .8 [.7984 ,0003 | .9852| 1,681 .200 .1190%
4o L2 |,1967 ] ,0032 | .9938| 2,796 .100 . 047 5%
so fos [o o . .+ o} H,010 .050 .0160%
e foode o e o « v oW| 7,102 .010  ,0005%

175 21 20 1.9 |,9025] .0002 | ,9923! 1,681 .200 .0705%
40 |,1 {.0975] 0050 .9941] 2,796 100  ,0255%
LI ] [ 2N ] L4 o'o L3 » a . . [] u.010 0050 000?5*
* . L ¢ - " & » L] L ] 4 L] ?Gloz .010 .OOOO*
176 3] 20,5 {.4922 |~,0038 | ,9839| 1,644 .200 .1960
20 -5 04934 “00053 .9851 2.374 0100 11010
uo o5 04926 -00030 o9898 3011? 0050 00510
e [ ] - » . L] ] [] » [] u0896 .010 .0105
177 3 20 .6 |.6045| ,004L | ,9900| 1.644 .200 ,1880
20 1.5 (,5018| 0006} ,9912! 2,374 .100 .0930
40 [B1.3969 [-.0059 | ,9967; 3.117| .050 ,0425
ve v » . v * . v . . 4.896 .010 .00?5
178 3] 20:.,71.6962 {-,00201 .9878| 1.644} ,200 L1710%

7
20 1,5 1,4906 ) ,0014 | ,9817] 2.374( ,100 ,0750%
3 [.2971 1-,0011 | ,9914] 3,117 ,050 ,038%
A e o o] 4.B961 ,010 .0080
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Simulation : 18:| B. M. SD., F Nominal Actual
Number g Ty J J a a’

179 20} .8! ,8012| ,0009 |.,9925 {1,644 .200 1275%
200 .5{ L4940 |~,0061 | ,9861 | 2,374 .100 . 0600%
hot ,21.,1960| ,0010 | ,9947 [ 3,117 . 050 .0220%
[ ] L 3N J L ] » » k] L ] L ] L ] L ] . J'4’.896 lOlO '0050*
180 20! .9| .9009 |-,0006 | ,9883 |1.64L .200 L1145%
20[ .5| L4962 | 0004 | ,9795 [ 2,374 .100 Q4 55%
ho! .1|.1008| ,0031 | ,9920 | 3,117 .050 L0200%*
LN ] L » . L] . . L] [ . a 4.896 0010 .OOBO*
181 20F,4+,380L {-,0027 | ,9790 | 1.657 200 L1635%
20f 0| .0028) ,0029 | ,9885 | 2,400 .100 .0755%
20f | J39421-~,0023 | ,9839 | 3.142 .050 .,0305%
A P S .« + o« | 5.006 .010 .0035%
182 20} .1/ ,0909) 0046 | ,9871 | 1,657 .200 ,1h20%
20 .1{ .0899{-,0019 | ,9891 | 2.400 .100 L0R30%

20 .9{ .9010{-,0012 | .9861 | 3,162 .050 .034 5%

[ I e L 2 * [ ] . . L] L ] [ ] * 5.006 0010 000?0
183 20 .1| .0958|~-,0095 | ,9797 | 1,657 .200 .1720%
20| .2} .,1926| ,0110 | ,98A0 | 2,400 .100 .0820%

201 .7] .6991 |-, 0007 | .9873 | 3,162 .050 L0420

S S R « » o« | 5,006 .010 .0100

*Actual significance level
the nominal significance level,

*¥Actual significance level
the nominal significance level,

is significantly smaller than

is significantly larger than



TARLE VIII

COMPARISON OF ACTUAL SIGNIFICANCE LEVEL IN
SIMULATIONS WITH NOMINAL SIGNIFICANCE
LEVEL FOR SIMULATIONS WITH LIKE
REGRESSION CCEFFICIENTS

Actual Significance
& Sample Sizes Regression Levels Corresponding to
g Coefficients Nominal Significance
2 Levels of
g .200 .,100 ,050 ,010
:ij
©
'_|
2
E;]-{
1120,20 +5y.5 L2040 ,1045 ,0465 ,0120
6120,30 .1915 .0920 ,0460 ,0085
11120,40 .1990 ,1000 ,0525 ,0075%
16]30,40 L2025 ,0965 0445 ,0150
21130,30 2020 ,0940 ,0410 ,0115
26i40,40 2070 ,0910 ,0440 ,0115
136(100,100 .2000 ,1045 ,0480 ,0095
1411200,200 2135 ,1100 ,0525 ,0060
2120,20 Ly, .6 1870 .0990 0490 .0090
7120,30 ,2160 ,1065 ,0565 ,0115
121{20,40 2140 ,1050 0480 ,0110
171{30,40 .1995 ,0940 ,0445 ,0090
22130,30 .2000 ,1040 ,0530 ,0085
27 140,40 ,2075 ,1055 0445 ,0100
1371100,100 L1945 ,0920 ,0440 ,0105
142 1200,200 .1865 ,0965 ,0430 ,0090
3120,20 3907 .1895 .0895 ,0490 .0105
81{20,30 .2255 ,1195 ,0595 ,0140
13(20,40 L2865 1270 ,0735 .0235
18130,40 .1895 ,1005 ,0495 ,0115
23 (30,40 .2050 ,0990 ,0450 ,0065
28 40,40 .1910 ,0990 ,0510 ,0070
1381100,100 2025 ,0945 ,0455 ,0095
1431200,200 .1945 0975 .0455 ,0075
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9{20,30 ,2210 ,1085 ,0560 ,0085
14120,40 .2500 ,1350 .0785 .0160
19]30,40 .1870 ,0980 ,0485 ,0100
24(30,30 .1855 ,0850 ,0375 ,0080
29(40,40 .1755 ,0785 ,0365 .0060
139(100,100 .1780 ,0885 ,0395 .0075
144(200,200 .1725 ,0880 ,0435 .0080
520,20 .1,.9 1495 ,0595 .0220 ,0040
10(20,130 2240 .1190 ,0630 ,0110
15120,40 2345 ,1295 ,0720 .0200
20} 30,40 .1880 ,0920 ,0420 ,0070
25130,730 .1510 .0665 ,0290 ,0040
30{40,40 .1600 ,0705 ,0300 ,0040
140{100,100 1545 L0660 ,0285 ,00295
1451200,200 .1390 ,0585 ,0260 ,0040
31120,20,20 5165045 .2000 ,0990 ,0510 ,0105
36120,20,30 .1980 ,1010 .0555 ,0155
L1120,20,40 .1960 ,1010 ,0510 ,0150
46120,30,30 ,1910 ,0940 ,0450 ,0085
51130,40,40 1985 ,1015 ,0470 ,0115
56130,30,40 .2055 ,1030 ,0480 ,0080
61.130,30,30 2040 ,1005 ,0465 ,0115
A6140,40,40 .2020 ,1035% ,0530 ,0120
71|20,40,40 2215 ,1080 ,0490 ,0095
76120,30,40 .1930 ,0885 ,0455 ,0085%
1461100,100,100 »2000 ,0975 ,0470 ,0100
1511200,200,200 2085 ,0965 ,0445 ,0110
32120,20,20 Ay, .c, .6 .1925 ,0920 ,0445 ,0095
37120,20,30 .2250 ,1175 .,0575 ,0110
42120,20,40 2195 1165 ,0600 ,0140
47120,30,30 .2070 ,1050 .0555 ,01b5
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52130,40,40 1965 ,0955 ,0520 ,0145
57130,30,40 .19%5 ,0975 ,0550 ,0125
62|30,30,30 2110 ,1060 ,0520 ,0090
67140,40,40 ,1890 ,0890 ,0420 ,0065
72120,40,40 .2020 .0975 ,0455 ,0070
77120,30,40 L2070 ,1050 ,0540 0140
1471100,100,100 ,1885 ,0995 ,0485 ,0095
152{200,200,200 .1805 ,08A0 ,0445 ,0110
23120,20,20 e35454.7 .1600 ,0755 ,0360 .0100
38120,20,30 1940 ,0990 ,0490 ,0085%
43120,20,40 .2385 ,1190 ,0635 ,0130
48120,30,30 .2070 ,1055 ,0525 ,0110
53130,40,40 .2005 ,1020 ,0495 ,0075
58130,30,40 .2080 ,1075 ,0530 ,0110
63(30,30,30 2040 ,1080 ,0505 .0065
68(40,40,40 .1895 ,0885 ,0400 ,0115
73120,40,40 .2120 ,1135 ,0620 ,0125
78120,30,40 .2235 ,1145 ,0700 ,0165
1481100,100,100 .1800 ,0880 .0390 ,0045
153{200,200,200 .1820 .0%45 ,0515 ,0085
34120,20,20 2345448 1670 .0845 ,0385 ,0080
39120,20,30 .2210 ,1150 ,0635 ,0145
LLh120,20,40 .2270 ,1150 ,0635 ,0165
49120,30, 30 .1805 ,0895 ,0495 ,0090
54130,40,40 .1965 ,0950 ,0455 ,0090
59130,30,40 1945 ,1080 ,0560 ,0085
Ak 130,30, 30 .170% ,0865 ,0405 ,0085
69 [40,40,40 .1625 ,0830 ,0400 ,0085
74.120,40,40 .2055 ,1120 ,0605 ,0150
79120, 30,40 .2210 ,1210 ,0595 ,0155
1491100,100,100 .1820 ,0855 ,0455 ,0105
154 1200,200,200 .1780 L0425 ,0130
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35120,20,20 21445449 A475 ,0720 L0345 ,0075
40120,20,30 .2020 ,1060 ,0575 ,0110
45(20,20,40 2125 ,1160 ,0660 ,0185
50120,30,30 .1920 ,1035 0475 ,0150
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65130,30,30 .1590 ,0805 ,0445 ,0105
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80i20,30,40 .2210 ,1215 ,0590 ,0150
150(100,100,100 1415 ,0750 ,0330 ,0080
155{200,200,200 .1530 ,0A70 ,0285 ,0095
81{20,20,20,20,20 eSseDis5se 5, .2025 ,1010 ,0555 ,0090
85{20,20,20,30,30 .5 .2070 ,1055 ,0560 ,0120
91(20,20,20,30,40 1965 ,1060 ,0565 ,0070
96]20,20, 30,30, 30 .1975 ,0960 ,0460 ,0115
101 /20,20,30,40,40 2135 ,1060 ,0540 ,0065
105120,20,40,40,40 .1960 ,0980 ,0530 ,0075
111 {20,30,30,30,40 .1800 ,0940 ,0510 ,0095
116(20,30,40,L0,4%0 .2060 .1035 ,0485 ,0075
121 }30,30,730,30,30 .1935 ,0850 ,0415 ,0115
126 140,40,40,40,80 .2005 ,1070 ,0530 ,0140
131 (30,30,40,40,40 .1820 ,0855 ,0425 ,0080
1561100,100,100,100,100 2090 ,1140 ,034%5 ,0120
161 {200,200,200,200,200 .1990 ,1020 .0R35 ,0075
82120,20,20,20,20 Ay Wb, .5,.6, .1795 .0950 ,0500 ,0115
87120,20,20,730,30 .6 2165 ,1210 ,0635 ,0165
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102{20,20,30,L0,40 2185 .1135 ,0615 ,013%
107120,20,40,40,40 2130 ,1160 ,0595 ,0130
112(20,30,30,30,40 L2240 11130 _0%AE  ntan
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117120,30,00,40,40 .1910 .0970 .0455 ,0080
122| 30,30,30,30,30 .1980 .0960 ,0490 .0160
127{ 40,40,40,40,40 .1950 .,0980C ,0455 ,0085
132} 30,30,40,40,40 _ 1950 ,0995 ,0515 ,0100
1£7{100,100,100,100,100 ,1905 ,0985 ,0500 ,0125
162{200,200,200,200,200 .2030 ,0990 ,0455 0085
83/ 20,20,20,20,20 35,060, .1925 ,0975 .0510 ,0105
88(20,20,20,30,30 .7 2200 .,1105 ,0575 ,0115
93}20,20,20,30,40 2230 1145 ,0615 ,0110
@8] 20,20, 30, 30,30 .2100 ,1135 ,0610 ,0130
103{20,20,320,40,40 ,2305 ,1260 ,0615 ,0145
108(20,20,40,40,40 L2045 ,1090 ,0630 ,0110
113{20,30,30,30,40 .2150 ,1075 ,0535 .0095
118]20,30,40,40,40 .2220 ,1070 ,0590 ,0110
1213} 30,30,30,30,30 1815 ,0935 ,0445 ,0065
128{40,40,40,40,40 .1885 ,0985 ,0435 ,0100
1331130,30,40,40,40 .1945 ,0935 .0425 ,0095
138(100,100,100,100,100 .1805 ,0915 ,0405 ,0095
163{200,200,200,200,200 . .1755 .0835 ,0460 ,0090
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104120,20,30,40,40 .2285 ,1215 ,0695 ,0150
109{20,20,40,40,40 .2335 1240 .0645 ,01135
114(20,30,30,30,40 ,2095 .1030 .0530 .0135
119120,30,40,40,40 .2060 ,1085 ,0595 ,0145
124130, 30,30,30,30 .1780 .0855 ,0440 ,0095
129t40,40,40,40,40 L1745 ,0945 0480 ,0095
134130,30,40,40,40 .1955 ,0970 ,0490 ,0110
159(100,100,100,100,100 1660 ,0805 ,0375 ,0065
1A41200,200,200,200,200 159 ,0810 ,0435 ,0100
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110120,20,40,40,40 .2090 ,1095 .0505 ,0215
115120,30,30,30,40 .1995 ,1115 ,0615 ,0120
120{20,30,40,40,40 2080 ,1120 .0525 ,0130
125|30,30,30,30,30 1595 ,0755 ,0395 ,0090
1301{40,40,40,40,40 .1615 ,0780 ,0390 ,0070
1351{30,30,40,40,40 1685 ,0830 ,0375 .0065
1601{100,100,100,100,100 L1615 ,0870 ,0425 ,0095
165(200,200,200,200,200 .1595 ,0755 .0395 .0090




APPENDIX C

COMPARISONS OF THE THEORETICAL
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Appendix C contains the computer plotted graph for each
simulation in this study. FEach graph shows the relation-
ship of the empirically derived distribution to the theoretical
one, The theoretical distribution is a probability function
showing the probability of obtaining an F value greater than
or equal to a given F value on the horizontal axis, The
vertical axis indicates the probability. The empirical or
actual distribution superimposed upon the theoretical shows
the proportion of F values obtained in the simulation which
are greater than are equal to a value of F on the horizontal
axis. These two distributions provide a graphical comparison
of actual and nominal significance levels,

Data printed above each graph indicate the conditibns
simulated. The number of treatment groups is given along
with each group sample size, N(I), and regression coefficient,

B(I), paired in order of listing,
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APPENDIX D

TESTS AND APPLICATIONS OF THE
RANDOM NUMRER GENERATORS



Random number generators *teusted were IBM subroutines
GAUSS and RANDU, " The purpose of GAUSS is to compute a normally
distridbuted random number sequence with a given mean and
standard deviation. BSubroutine RANDU is required by GAUSS.
The GAUSS subroutine uses twelve uniform random numbers
generated by RANDU to compute a normal random number by the
Central Limit Theorem. The formula employed is:

K
Z (X; - 2)

i=1
i

where Xi is a uniformly distributed random number, 0<.Xi< 1,

(1) Y

K is the number of values X.l to be used. Y approaches a true
normal distribution assymptotically as K approaches infinity.
For this subroutine K was chosen as 12, Eguation (1) reduces

to 12

(2) Y =~ 2{: (Xi - 6.0).

i=1
The resulting normal random number obtained by equation (2)
was then adjusted to match the given mean and standard deviation
usine the formulat
Y'= Y:S + AM
where ¥' is the required normally distributed random number,
S is the required standard deviation, and AM is the required
mean,
The tests of the random number sequence generated by

GAUSS were the frequency test and the runs above and below the

falalsl



o
3
0

means test. The frequency test outlined in Naylor was used

to check the normal distribution of the sequence, Naylor

also explains the use of the runs above and below the means

test as a test for the oscillatory nature of sequences. It

was assumed that satisfactory results on these two tesits on
GAUSS implied that the RANDU subroutine was functioning properly

since it was employed by GAUSS.

Frequency Test

One-hundred sets of 1000 random numbers each with normal
distribution, zero méan. and standard deviation of one were
generated using GAUSS. Each set of 1000 numbers was placed
in e@ui-probable intervals where the expected number of random
numbers in each subinterval was 100, The subintervals were
determined using the unit normal distribution with mean of
zero, The actual frequencies were calculated for each set of

1000 numbers and chi-square computed using the formula

10

= Z (fjuloo)2

J=1

— N

100
- wnere fj is the observed frequency in subinterval j. If the
entire sequence of 100,000 random numbers is composed of
“truly" random observations on a variable normally distributed
with a mean of zero and standard deviation of one, then the

100 XI.S would have approximately a chi-square distribution
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with 9 degrees -of freedom. The goodnesz-of~fit of the empirical
distribution of the 100 Xf's 10 the theoretical chi-square
distribution was tested by placing each xf into. one of ten

equi~probable intervals and computing the statistic

10

E (F. - 10)2
2 d
Xp = =1

10

where Fj is the observed frequency of Xi's in subinterval j.

The results of this test are given in Table IX,
TABLE IX

CHI-SQUARE TEST FOR THE NORMAL DISTRIBUTION
OF A POPULATION BASED 100,000
PSEUDORANDOM NUMBERS

Equi-probable Interval _ Frequency
0,00 = 4,17 v v v v v v e e e e e e e 6
h,18 - T < T 12
5.39 - Bu39 4 o 4 4 e e e e e e e e e 7
6O = 7.36 0 . v i i e e e e e e e e 8
7.37 = B.3H . i s e e e s e e e e s 6
B35 ~ 9B L L . e e s s e e e e e 11
Qh2 = 10,66 & v v v v s e e e e e e s 16

1006? - 12s2‘h' 2 & & 2 2 2 & 9 & & & e v e @ 8
12t25 - 11"'.68 * » ¥ ® ¥ 8 B P * o F 4 ¥ & 15
1!’1’.69 - O0.00 ] . ® (]

. L] L] » . L] * * * L] L] 11

X% = 11,6 ar

[}
0
=

i}
N
wi
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~

J . . - . a . .
The Xg stzilstic would also be distributed as chi-square

with nine degrees of freedom, ﬁ value of 11,6 was obtained for
X % with the critical value for rejection of the hypothesis
that the statistic IX% is distributed as chi-square is 16,919
at the ,05 level., Thus, no significant difference was found
tetween the observed and expected frequency distributions,

It was therefore concluded that the 100,000 pseudorandom
numbers could be from the unit normal distribution with mean

of zero, and the frequency test of GAUSS produced satisfactory

results,

Runs Test

One-hundred samples (sequences) of 500 random numbers
were génerated, using the GAUSS subroutine, with a unit normal
distribution and mean of zero,

A run is defined as a subsequénee of numbers in whict
each term is either above the mean or each term is below tne
mean., Since for the purposes of this test the mean was zero,
2 run is a subsequence of consecutive positive terms or con-
secutive negative terms., The number of terms in a run is
called the length of the run,

For each of the 100 sequences the number of runs of
iengths 1, 2, 3, , , . 7 and of length greater than or equal
to 8 were counted. The expected frequency of runs of each
of these lengths was calculated by the expression for ex-
pected frequency of runs of lensth k, (N - k + 3)27%% where

N is the number of terms of the sequence.
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A chi-square goodness-of-fit statistic was computed on

each sequence comparing the observed frequency of runs of each

length to the expected frequency.

The 100 values of chi-square

thus obtained were themselves tested by a chi-square gocdness-

of-fit test using the ten equi~-probable intervals with expected.

frequencies of ten listed in Table X, The )f? of 2.2 with

nine degrees of freedom was not significant.

Therefore, the

test indicated no significant difference between the observed

TABLE X

CHI-SQUARE GOODNESS~QF-FIT TEST FOR RUNS

Equi-probable

0,00
4,18
5.39
6,40
7.37
8.35
9.42

10.67
12.25
14,69

2

X" = 2,2

ABOVE AND BELOW THE MEAN BASED ON

50,000 PSEUDORANDOM NUMBERS

Interval

bL.,17
5.38
6.39
7.36
8,34

9.41

10,66
12,24
14,68
00.00

df = 9

X

Frequerncy

13
9
11
10
9
9
9
8
10
.12

2 216,919

frequency distributicn and expected freguency distribution.

The results of the test for runs above and below the mean,

consequently, were satisfactory indicating a random oscillatory
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nature of the sequence of pseudorahdom numbers generated by

GAUSS.

- Lagged Product Test
A final test on the random number generator RANDU was the
lagged product test, a measure of the independencé of the ‘
pseudorandom numbers. The subroutine RANDU was used to generate
500 sets of 100 random numbers, uniformly distributed with zero
mean and standard deviation of one, For eabh set; or sequence,
of 100 random numbers the lagged product_statistic Ck’ was

computed for k=1, 2, , , . 10, where

100-=k
Z TiT54k
c, = i=t Lk > 0.
100-k

The factor r, represents the ith ‘term of the sequence.
According to Haylor, if there is no correlation between ry
and L the values of Ck will be approximately normally

distributed with mean of 0.25 and standard deviation equal to

*JIBN -~ 19k / 12(100 - k), Each value of Cx was converted to
a standardized unit normal value, Gk' with mean of zero by

the formula:s
ck - l25
G - — y k>oc
k VY138 - 19K / 12 (100 - k)
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Hence, if the Gk‘s for a particular value of k are normally
distributed with zero mean and standard deviation equal to one,

then there is no correlation between ri and ri+k‘ For each

k, the 500 values of Gk were checked for unit normal dis-

tribution with zero mean using a Kolmogorov-Smirnov test of

goodness-of-fit, The results of these tests are given in

Table XI, The test of lag nine indicated that the goodness-of-

fit hypothesis should be rejected at the .05 level. Generally,

however, the subroutine RANDU performance with respéct to in=~

dependence of pseudorandom numbers was acceptable,
TABLE XI

KOLMOGOROV-SMIRNOV GOODNESS-QF-FIT TEST
FOR THE LAGGED PRODUCT STATISTIC
TO THE NORMAL DISTRIBUTION

lag (k) D Probability*¥
1 0.033156 0.6417
2 0,0450417 0.2537
3 0,034660 0,.5853
b 0.032473 0.6674
5 0.036577 0.5153
6 0.033777 0.6183
7 0.049077 0.1798
8 0,053820 0.1104
9 0,066681% 0.0234
10 0,046190 0.2364
*Significant at .05 level., K

Lo D 2.060821.

**Approximate due to limitations of Kolmogorov-~Smirnov
computer progran,
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THE COMPUTER PROGRAM
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20

50
60

70

11
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PROGHRAR 1y

HERATE CRITERIGH QATA & PERFORM ANALYSIS OF COVARIANCE.

GE
IX = SEC0 FOR RANDOM NUMBER GENERATOR,
KGES = RNUMRER OF GROUPS,
N = YELTOR CONTAINING NUMBER OF OBSERVATIONS IN EACH GROUP.
BT = VECTOR (OF BETA WEIGHTS FOR EACH GROUP,
¥ X = ARRAY OF COVARIATE DATA.
F = F--¥ALUE FROM THE ANALYSIS.
xS = VECTOR OF COMPUTED MEANS FOR EACH GROUP.
STDS = VECYGR OF COMPUTED STANDARD DEVIATIONS FCR EACH GROUP.
RS = VECTOR OF COMPUTED BETA WEIGHTS FOR EACH GROUP.
XYYl = TRAILER VALUEL.

IMPLICIYT REAL*B (A-H,0-1)
REAL*S XKX9ZaR14R243A9ByXMSySTDS,BS»XYZ,F
DIMENSTON SUMW{542) 3 SUMX2(5,2) 9 XMS{5},STDS{5)+B5{5}+XN{(5),

FAX{S5,20034BT{5)1,N(5)

PEWIND 30

XY21=99G,

READ {5410,END=999) IXyNGPSHN
FORMAT(IO.I2,4515)

READ (5,20% 8T

FORMATISFS. 0%

D3 59 I=1,HNGPS

M=N{T}

READ (5:301{XX{IyJ)rd=1,M)
FORMATIIOFE.6}

WRITE (64501 NGPSLIN{I},1=1,NGPS}
FOAMAT{IZ2+% GROUPS?,5X, NS =t ,5[5)
WRITE (6,601 {(8T{J})+J=1+NGPS)
FCRMAT(® BETAS = *,5F8.,31)
MRITE (6,70} IX

FORMAY(Y IX = 8,197/77)

O 8 11=1,2000

0 11 I=14NGPS

SUMKWI 151)=0.D0

SUMWIIL21=0.00

SUMEKZ2{T411=0,00
SUMX2{T,21=0,00

AN{§}=0.00

Tf}T=0.DG

SUMX=0.00

SUMY=0,00

Cl1=Q.00

C12=0.00

C22=Q0.010

00 3 =Y ,MNGPS

3@=RTII} .

VAR=SARTL{] LO0D0~-8B*B8}
SUMXY=0.00

M=NS{}

D0 333 J=Le+M

TR0 3.2) EG. G} GO TO 203
IX=1X*%5553% .
TFEIN cbtTe OV TA=IX0214T4R364T+1
Rl1=FLOaT{IXIX 445648130 ~9
IX={X*£5539



i
(w3
‘J‘

TFEIX LLT. QY IX=IX+214T4RB364T+1
R2Z=FLOATIIXN ) %,4656613E-9
E=SORT{=2.*%£L0GIR1) )
B=&,283185%R2
I-6xSINIB)
GO TO 204
263 2=A%CQS{B)
254% X=XX{iyd}
Y=RBR%:X%ZRVAR
SUMWL{ T, 1 1=SUMW{T,1)+Y
SUMWLT ,2) =SUMW{142)¢X
XY= X*Y
X=X*%X
Y=YxY
SUMX2 (T 41 )=SUMX2(T,1)+Y
SUMX2{T 4 2)=SUMX2{{;2)V+X
SUMXY=SUMXY+XY
Cii=C1l1+X
Cz2=C22+¥%  _ _ -
C12=012+XY
XN{TY=XN{I}+1.,00
3323 CONTINUE
BSEIY={ SUMXY~SUMW{I L) XSUMW{T 421 /7XN{IIV/{SUMX2{1,2}-SUMWIT420%%2
*IXNLIDYY
3 CONTINUE
D0 5 [=1,NGPS
SURY=SUMY+SUMWET 4 1)
SUMX=SUMX+SUMWIT ,2)
TOT=TOT+XN(1)
D1i=C11-SUMX*FSUMX/TOT
D12=C)2-SUyMx*xSUMY/TOT
D22=022-SUMYRSUMNY/TOT
D0 112 I=1,NGPS
TZ2=XNTUILY
FalT=27/122~1.D0)
X=SUMwil,21722
Y=SUMW{TI,Y)/22
STOX=DSQRTIISUMX2II 42 /727~ X*¥X)%kFACT)
STOY=DSORTOISUMX2(I4,1)}/722Z~-YXY)IXFACT)
XUS{I =Y
RE{I)=BS{I)I*STDX/STDY
STDS{I)=SYDY
C11=C11-X%X%22
Cl2=CL12~X*Y%77
112 C22=C22-Y&Y%]]
XNGPS=NGPS
ANS1=N22-012%D12/011
ANG2=C22-C12xCl2/C11 :
Fel{ANSLI-ANSZ }/{XNGPS=1.D0) }/LANS2/ITOT~XNGPS=1.D00))
WRITE {30,801} FalXMSLTI) o STDS{I34RS{1),1=1,NGPS)
BO ¥ORMAT(146£44)
8 CONTINUE
WRITEL30) XYZ o 0XYZoXY2Z XYZ41I=1,NGPS)
GO T2y
999 STOP 0000
END

(¥



PROGRAM TO: 286

COMPUTE & PLOT (ON CALCOMP PLOTYERY} DISTRIBUTIONS.

{SIM = SIMULATION NUMBER.,

NG = NUMBER OF GROUPS.

XN = VECTOR 0OF NUMBER OF OBSERVATIONS IN £EACH GROUP,
B = VECTOR OF BETA WEIGHTS FOR EACH GROUP.

F = F-VALUE FROM EACH ANALYSIS.

DUMMY = VALUE FGR READING TRAILER RECORD.

PRBF = FUNLCYION FOR COMPUTING PROBABSILITY OF AN F >= X,
LINELl = SUBROUTINE FOR PLOTTING POINTS.

OFHER SUBROUTINES ARE FROM THE CALCCMP SOFTWARE PACKAGE,

DIMENSICON X{62)yPA(62)4PT1621,XN(S5)sB(5)4F{2000)4LBLELL4L),

* IBUF(2000) | :

DATA X/ 005301510251 0351 045955346500 T751e851095712059101541625,
la3541e45+105501e6531e7531eB85110a959240592215+26259263512e¢4592655,
2e6592e7512e853249593e051301593025+30351304533e5593465330e7533685,
3.95,4.05;4.15,4.25’4.35,4.45;4.55r4.65'4.75;4.85.4.95,5.059
50159522555035954453505595e65¢567515.8595.95/,
LBLE/*THEORETICAL (DOTTED) AND ACTUAL (SCLID) DISTRIBUTIONS v/

CALL PLOTSUIBUF,200046)

Xi.=6,.

Yi=5,

SP=,.10

XS5=XL=13,%SP—ob

N=2000

AX=2000,

11=0 A

REWIND 30 : -

1 READ (5,10,END=999) ISIM,NG,sXN

10 FORMAT(215,5F5.0}) :

Pi=11+1

READ (5,20} B
20 FORMAT(5FS.0)

READ (30,30) F

30 FORMAYIAL)

READ (20,30) DUMMY

00 2 1=1,60

PALT)I=0,

LANN=C0,

DO 3 I=1,4NG
3 XNN=XNN+&XN(T])

1D01=NG~1
ID2=XNN-1D1
XNG=NG
BO S [=14N
J=IFIX{10.*F{1T)+1
[FUY «GTe &6C) GO TG S
PAtUY=PALIY+Y,
S CONTINUE
SUM=0,
DO & 1=1,60
WRITE {64600 1,PALT)
&0 FOAMATIIZ,F1l060)

IV L A M A Y TS

LR B

[AN]



~
¢ Q

51

80

12
il

13
14

?Tiiiwyﬁb?‘Fﬁhrfg?_
WRITE {6,701 4!
ERRUETL ey A5 Ry
CONTINUE

Mg}

PO 51 T=1eM

(. O=i4+1

po Si J=tLCsN
[EEFL]) »LEos =¢(JY) GO YO 51

Terp=L£{1}

FL113=F(J)

F(J1=TEMP

COMTINUE

WRITE {6460)

FORMAT(Y1'S

WRITE (6,50} {I+FT{I)ei=1eN)
FDRMAT{IOIIS,FB.éil

X{e2)=6e/XL N ]
Li611=00 . -
PA!61,=0.

PAL&2)= le/YL

PTLE2Y=PALG2)

LL=MODITII,+2})

IF(LL «.EQa 1} CALL PLOT(Ose ~30ey =3}

gALL PLOTI{-1s625, 3o+ (1=LL)%Tay -3}

CALL RECTi0a.» Osse 1ley Be5s Cey 3}

CALL PLOT(1e625¢ 3459 -3)

CALL AXIS{Oauy Qer t vy, =1y XLe Qo Dsy X(621)
catt AXIS(Oer Cey ' 29 19 YLy 90e1 Ose PALG2))}
CALL SYM30L {359 —a15¢ SPy LBLEy Oer 53}
XP=(XL=34,%SP1/ 2

CALL SYMBOL(XPy, —1.5 SPe *FIGURE ty, Qee T
NB=0

XSIM=ISIM

[FCISIM LT, 100) Ng=1

TE(ISIM L0LTe. 10) NB=2

IFINE +EQ. 01 GO 1O 11

DO 12 I=1.NB

CALL SYMROL(99 . ~ley SPe * %y Oey 1)

CALL NUMBERIQQQ., “1.' SP' XSIMQ 0.1 *1)

CALL SYMROL{99G.y ~ley SPy * ¢ STMULATION NUMBER t', Oey 22)
IFI{NB .EQ. C} GO TO 14 :

NO 13 I=1,N8

CALL SYMBOL(999.. ~ley SPy * %y Qe 1)

CAlL NUMBER{G9%es ~1as SPs XSIM, Oer —-1)
YP=YL—.5

CALL SYMBOL{XS, YP,y SP, s GROUPS = vy Oer 12}
CALL NUMBER (9994 ¢ YP,y, SPy XMGy Oaey -1}
YP=YP—a.28

CAaLL SYHBOL{XS, YP, SPe N (1} =4, Cer 8)
DO 7 1=1.NG

XP=XL =3 4%5P~s b

TE(XN{I) +GE. 100.} GG TO 9

Y.P=XP4+SP,

CALL NUMBER([XPy YPy SPy XN{I)y Oey -1}

Y PzYP=S5P=,07

YP=YP4+5P—a21

CaLL SYMRUOL({XS, YPy SPy 'B {1} ='y 0oy 8}



CALL NUMBER({XP, YPy SPy Billse Qoe Ui
YP=YP=-SP-,07
CALL LINEIIX,PT,62) .
CALL LINE(X, PAy 60y 1, Oy O}
TF{LL «EQe O) CALL PLOT{XL#5¢¢ Qey ~3}
GO YO 1
Q9 CALL PLOT{(XL+5+y ~30es =31}
CALL PLOT{Cey Ouy 959}
STOP
END
SURROUTINE LINELI(X,Y,N)
DIMENSION X(1),Y{(1)
XDEL=X{NI}
YOEL=Y{N)}
M=N-2
DO S I=1,M
XX=X(13¥/XDEL
¥YY=%(1)/YDEL

(#4)

CALL PLOTU(XX, YY, 31} -
5 CALL SYMBOL{XXsy YYy «03y 149 Ouy =1)
RETURN -

END

e
(e8]



BIBLIOCGRAPHY

Books

Guenther, William C., Analysis of Variance, Englewocod Cliffs,
N, J., Prentice-Hall, Inc., 1964,

Kendall, Maurice G., The Advanced Theory of Statistics, London,
Charles Criffin, 1946,

Kirk, Roger E,, Experimental Desicn: Procedures for the
Behavioral Sciences, Belmont, California, Brooks/Cole
Publishing Co,, 1968,

Naylor, Thomas H, and others, Computer Simulation Technigues,
New York, John Wiley and Sons, lnec., 1966,

Steel, Robert G, D, and James H, Torrie, Principles and Pro-
cedures of Statistics, New York, MeGraw-Hill Book Co,.,
1860,

Winer, B. J,, Statigtical Principles in Experimental Design,
New York, McGraw-rnill Book Co., 1962,

Articles

Atiquallah, M., "Tre Estimation of Residual Variance in
Quadratically Balanced Least-Squares Problems and the
Rebustness of the F-test," Biometrika, IL {January,
1962), 83-91,

;s "The Robustness of the Covariance Analysis of
a(Onewway Classification," Biometrika, LI (December, 1964),
365~372,

Rartlett, B, A,, "The Effect of Non-normality on the t Dis-
tribution,"” Proceedings of ihe Cambridee Philosophical
Sogiety, XXXI (1935), 223-231.

Box, G. E, P,, "Some Theorems on Quadratic Forms Applied to
the Study of Analysis of Variance Problems, Is Effect
of Inegquality of Variance in the Cne-way Classification,™
Annals of Mathematical Statistics, XXXV (June, 1954),

230-302,

289



290

Its Nature

Cochraw, William 0., “drnslvsis of Covariance:s
and Uses,™ Biometrics, XIiT (September, 1957), 261-281,

Muller, Ilervin E., "A Comrarison of Methods for Generating
Hormal Deviates on Digital Computers," Jeurnal of the
Associavion for Computing Machincery, VI fuuly, 19597,

376383,

of Variance in Cases of Non-

rika, XXIII (November, 1931),

“The Analyeis
B tr

Pearson,  %gon S,, ve
normal Variztion,”™ T3iome
131-133,

Wilson, James W, and 1, Ray Carry, "Homogeneity of Regression--
Its Rationale, Computation and Use," American Educational

Rezearch Journal, VI (January, 1969), 80-83,

Unpublished Material
Norton, D, W., "An Empirical Investiration of the Effects of
Hon-normality and Heterogen=2ity Upon the F-test of
Analysis of Variance," unpublished doctorasl dissertation,
State University of Iowa, Towa City, Iowa, 1952,

Peckham, Percy D,, "An Investigation of the Effects of Non-
homogeneity of Resgression Slopes Upon the F-test of

Analysis of Covariance," unpublished doctoral disser-
tation, School of Education, UIniversity of Colorado,
Boulder, Colorado, 1968,
Rebinson, Jans Joseph, “The Effect of Non«homogeneous Within-
Size on the

group Regression Coefficients and Sample
Distribution of the F-statistic in the Analysis of
Covariance, " unpublished doctoral dissertation, University

of Cregon, Eugene, Oregon, 1969,



