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CHAPTER I
INTRODUCTION

There is in the literature a large number of papers
dealing with the question of a one-particle interpretation
of the solutions of the eguations of relativistic quantum
theory. Generally, these go under the title of relativistic
wave equations, as opposed to relativistic field equations.
That is to say, the phrase "wave" implies attempts at a
one-particle interpretation of the state functions. What
is meant by this is that one would like to be able to talk
about the probability (or density) of finding a particle
at a certain point. As is well known, this is given non-
relativistically by |¥(%#|° . The interpretation of
]7H?f&lz as the probability density of finding a particle
at the point X at the time T comes from the general

quantum theory assumption that

( fu:Gc‘) 1?(3?,&)&5?]2

A

is the probability of measuring some observable A of
a complete compaﬁible set of observables and finding the
eigenvalue & when the system is in the state represented
by ¥ , with ﬁ'u“ = &% Uy . What is meant by the prior

statement is that in the coordinate representation the



eigenfunction of the point position operator is §(X-3X)
for the eigenvalue X . If ﬁ represents the point

position operator, then the probability density is
2 2
| [scz-%5 yexnax| = | ¥®b],

The probability interpretation of W (%,%) together
with the assumption that its time variation is given by

Schroedinger's equation is supported by the fact that

Jt¥a,o) 4

is constant in time if W (X,t) satifies Schroedinger's
equation. In the non-relativistic case this is equivalent

to the existence of a continuity equation. That is, letting

| ¥xal’s oo

Jt

if it is assumed that WPt} => O at the boundaries
of the volume of integration. The other way of showing

the constancy of jw(y,t)[‘ dx is

%f?r*%&hj@ ¥+ Y2 dv
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since l% is assumed Hermitian. These two ways are
obviously equivalent when one uses Schroedinger's equation
(and its complex conjugate) to derive %ﬁ} + diwr ? .

The first relativistic wave equation was the Klein-
Gordon (K. G.) equation, which, however, does not allow
one to interpret \¢(Y,£ﬂz' , of its solutions, as a
probability. It is possible to derive a continuity equation
from the K. G. equation, but P is then not always positive
or zero (4, p. 55), and this clearly precludes any attempt
at letting P be a probability. Also, the manner in
which o= | $X)]> was obtained from US(')Z-X')QS(‘)ZH)&?’]L
appears, initially at least, to be unique. On the other
hand, it is clear that one cannot possibly derive any
useful information about §%~JI¢(§¢H2Aﬁ from the fact
that ¢(X,t) satisfies the K. G. equation. This is a
consequence of the K. G. eqﬁation being second order in
time, while the above expression involves only first time
derivatives. Because of these problems the K. G. equation
is generally considered a relativistic "field" equation

and not a relativistic "wave'" equation (2, p. 709).
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There is an immediately apparent solution to these
questions. It is to find a different equation that will
give the time dependence of the state functions for the
relativistic case, and from what has Jjust been said it
is clear that one wants an equation that is first order
in the time derivative. Considering the manner in which
Schroedinger originally derived the K. G. equation (3),

one might choose to set

E - c[?z*_cz a.]

before making the replacements [ ~ ih %{ ’and JF-> 32- %,—_. .

These substitutions give

1k Bﬂ:cx, ) - [ Vw 4+ m cz} h (76X

instead of the K. G. equation. However, several questions
arise for this case also, the most obvious one being how

to treat the square root of a differential operator, both

in regard to its effect on Y (X,t) and its Hermitian

or non~-Hermitian nature. Another question is which approach
should be used. ’Considering the necessary initial con-
ditions in the two cases, it is clear that the first and
second order equations are not equivalent. Yet, both cases
come from the same classical expression for the energy.

Some of these questions can and will be resolved later.



Dirac took the approach that the square-root operator
could be linearized (1, p. 255) and obtained an equation
that has satisfactory one-particle characteristics in
many but not all aspects. In particular, the velocity
operator has eigenvalues of * ¢ (the speed of light)
and from one of the fundamental postulates of quantum
theory these are the only measurable values of that observ-
able; that is, a particle in a state represented by a
solution of the Dirac equation can have velocity eigen-
values of only plus or minus the speed of light. This
condition is clearly undesirable. The statements made
here are the standard statements found in different text-
books but these statements are not entirely accurate.

That is, the solutions of the Dirac equation do not explic-
itly enter the process of showing the eigenvalues of the
velocity operator to be * & . The velocity operators
are defined by 1% X;= [ X, ﬂ] , where Q is the Dirac
Hamiltonian; that is, only the Dirac Hamiltonian enters
the proof and not the solutions of the Dirac equation.
These considerations lead one to suggest that it is the
operator representing the classical observable, in this
case the velocity, that is the source of difficulties,
and not the state functions. In fact, it is this idea
that has motivated this study.

The basic concept to be used in studying the question

of one-particle interpretations of relativistic wave



equations is that of observables and operator represen-
tations that are different from the more usual classically
motivated observables and representations. In particular,
the concept of a mean-position observable will be used
to determine to what extent the one-~particle "problems"

can be resolved.
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CHAPTER II

THE ORIGIN AND SIGNIFICANCE OF THE
MEAN-POSITION OBSERVABLE

In this chapter some of the background and basic
concepts of the mean-position observable will be developed.
The literature is quite extensive on the mean-position
concept. One of the earliest papers is by M. H. L. Pryce (5)
on the definition of the center-of-mass in a relativistic
system. In extending these classical relativistic ideas to
quantum theory Pryce was led naturally to a mean-positiion
observable. More recently, Newton and Wigner (3) used
"natural'invariance requirements to obtain localized
functions that were the eigenfunctions of the same operator
that Pryce had found for the mean-position observable, thus
furthering the signifipance of this concept. The idea in
both cases is that as the name implies, the concept of the
position of a relativistic particle is not as simple as in
classical physics. It is obvious that a point particle in
classical mechanics occupies a certain point in space_at
each instant of time. Even in non-relativistic quantum
theory this may not be true; that is, since not all observ-
ables ére simultaneously measurable, the position of a

particle may not be definite under certain conditions.

8



In fact, unless the state has been "prepared" by measuring
either the position observable or other compatible observ-
able, only the probability of measuring and finding the
particle at a certain point is known. The mean-position
concept requires a modification of even this probability
statement. That is, if the point-position observable is
not a measurable quantity for a relativistic particle but
if the mean position is measurable, then a measurement

of the mean position that finds the eigenvalue jz "fixes"
the system in the eigenstate of the mean-position operator
with the eigenvalue ii . The essence of the present
discussion is the answer to the question: what does a
sufficiently quickly repeated measurement of the mean
position find and is the particle at the point ji imme-
diately after the first measurement? The énswers, as will
become clear, depend on the meaning of the mean position
as an observable. A measurement of the mean position that
finds St does not tell one that the particle, considered
as a point, is at the point X , but only tells one that
the particle is definitely in a region of the order of
magnitude of the particle's Compton wavelength about ii .
The sufficiently quickly repeated measurement of the mean
position will, in fact, not necessarily find ji again

but as will be shown in chapter III, will find some other

value. The point-position concept is considered a non-
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measurable quantity in relativistic quantum theory and

is, consequently, not an observabie. It is this viewpoint
that will be followed in the present treatment and its
consequences for relativistic wave mechanics is the object.
One might summarize by saying that not only is measurement
of the particle position no longer a classical concept
(that is, it is not simultaneously measurable with momentum),
but now the very observable itself must be modified from

a point concept to what one might call a non-local observ-
able. This is not to say that the mean position is not

a point function of space, but rather to say that what is
measured at a point in space is not the particle being at
that point. It is as if a second uncertainty has been
introduced, not by some other measurement, but as an intrinsic
property of nature. An interesting fact is that Pauli (4)
shows by a semi-classical analysis of the measurement
process of the position of a particle tnat one should
expect to be able to define a point probability density
for the case where U<« ¢ ,that is, for the non-rela-
tivistic case. There is no proof given that one could

not do so for the relativistic case, but the arguments

do not indicate -that one should exist.

A

All this leads one to suggest that X is not an
observable; that is, representing ﬁ' by X’ and its
immediate consequence that XX = ¥1¥> and |5~ §(-1)

is not meaningful in the relativistic region. This then
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allows one to explain why ]V«Zfﬂz should not be the prob-
ability of finding the particle at X , even if the system

is in the state represented by VY + That is, even if
-h ? 1 - ?.
[[sx-%5 v die|* = | ¥t b

is obviously true, it has no physical significance if

S(X- %) is not the eigenfunction of any measurable quantity.
Thus, one of the most perplexing problems of interpretation
is removed. It should be noted that Pauli (4) appears to

refrain from making
\ :
fl(a 11"&'&

the probability amplitude, a fundamental postulate of
quantum theory, thus keeping the problem from ever arising.
This, however, is not the standard approach.

In the approach taken here the probability amplitude
for finding the mean position of the particle to be jf

(in the coordinate or X -representation) is
Jug ) ¥ &b 437

where Ug (X) is the X ~-representation of the mean-

i

position eigenfunction corresponding to the eigenvalue X

In what is to follow it will be shown that
%X~ XY
e A, [E 4R
UplX) = 2 | =TT
LX) (2m) C:‘+n#)¢

and not the Dirac delta function represents the eigenfunction
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of the position observable. This expression for Uz(X)

is not a simple function, but as will be shown in the next
'chépter,' uici) can be written in a tractable form in
a certain limit. It is worth noting that now a clear-cut
distinction should be made between representations and
probability amplitudes; that is, usually the two are
identical because any observable in its own representation
(% , in the X -representation; ,}%‘ , in the f -
representation, etc.) has for its eigenfunction the Dirac
delta function ( §(X-X) 8L¢~1?3 , etc.). This means
that '

f Uscz) ¥er) dv

goes to (in the a—representation)
f U (o) Yoot o = f Sl o) W) do’ = Yio)

which since « is arbitrary, is just the «'-representation
of ¥ . For this reason the Dirac notation <(«l¥>= Y(4
tends to be somewhat misleading; that 1s, generally <« %>
is considered the inner product of (|« with (%> which
by definition is the probability amplitude of finding o

when the system is in the state ¥ . If one defines

this inner product by the symbol ((a>,|¥>) and means
by <« P> the a-representation of VY , then one must
be careful not to equate (I1«>, |¥>) with <ol %> .

The general question of when can an operator be represented
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simply by multiplication by that variable appears to be
unresolved and is possibly related to the objections raised
by'von Neumann (2). A clarification of whether an operator
in its own representation is represented by multiplication
by the eigenvalue would be most desirable. Part of the
problem can be seen by considering the mean-position eigen-

value problem

Xix> = X1

where the capitals have been used to denote mean quantities.

If one were to take the "mean position" representation of

A
)

this eigenvalue problem, then by the standard approach X
would be replaced by X  and ‘§:’> by §(X-X), so

it is clear that
U (9 = $(X-X) .

At first sight this seems quite all right; that is; the
Dirac delta eigenfunction would appear to be in keeping
with the statement that a sufficiently quickly repeated
measurement of f? should find ji' again. That is, the
probability of finding any other value than jf’ should
be zero and

[ @)’

wArwt.
should be one, which it clearly is. The problem is how

sty

do the points of space represented by X differ from
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those represented by X ? There is a distinction between
%i and ? ; that is, they represent different observables
or one is measurable and, hence, observable while the other
is not observable. Perhaps the difference in the physical
quantities is sufficient, but one might want some distinction
other than just using small and capital letters for the
points in space.

This question of representations can be further clar-

ified by the following observations. If one demands that

i? and f? satisfy the usual commutation relations
. .
[ i, f’;] =ih 8ij

then one obvious representation is f)"("-» X and ,fa-»-i# _V},
and this leads inevitably to a delta function for the
eigenfunction of §? . PFurthermore, von Neumann (1, p. 570)
has shown that if there is a finite number of degrees of
freedom in the system (not a field), then any other repre-
sentation of the commutation relations is unitarily'equiv-
alent and, hence, can give no different physical results
for quantum mechanics. Yet, the )ﬁ ~representation of
%’ is i'v"j; or 1(—V}‘ - '7""' Eé‘;n';)') depending on whether
one is talking about the point-position observable or the
mean-position observable. Clearly, both of the operators
satisfy the above commutation felations (with ,?-» j? ),

hence, by von Neumann's theorem these operators must be

either (1) unitarily equiﬁalent, or (2) there must be an
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infinite number of degrees of freedom in the system. The
first alternative seems unlikely in that the physical results
that come from using the mean-position representation appear
to be quite different from those for the point-position
representétion. The second would then appear as the cor-

rect one, except that the idea arises that perhaps one is

L

working with a new observable, X , not just a new repre-
sentation, which satisfies the same commutation relations
as '§ . This latter concept is the logical choice as
long as one wants to stay within a "relativistic wave
mechanics",

One further alternative is that the above commutation
relations are not the correct ones for the mean-position
observable. In fact, a new set of commutation relations
will be derived in the next chapter using the analogy
between infinitesimal canonical transformations in classical
mechanics and infinitesimal unitary transformations in
quantum mechanics. The new commutation relations have
strong consequences since all attempts at formulating new
position observables and their representations use as a

guide the requirement that they satisfy the standard com-

mutation relations.



l.
2.
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CHAPTER TIII
'INTERPRETATIONS AND VARIATIONS OF THE
KLEIN-GORDON EQUATION

As has been pointed out previously, the standard Klein-
Gordon equétion is unsatisfactory as a relativistic one-
particle equation for several reasons. There have, however,
been several variations of the standard approach that-have
met with some success. In the treatment summarized by
Feshbach and Villars (3, p. 26) the Klein~Gordon equation
is replaced by two differential equations, and the wave
function and its first time derivative are considered as
the components of a two-component wave function. The two
equations are thus combined into one that is very analogous
to the Dirac equation. The two degrees of freedom are
interpreted as being the positive and negative charge of
the associated particle. The density, P » and continuity
equation are then related to the charge of the particle
and not its position. Further, the two component wave
fugctions require an extension of the inner product that
leads naturally to a new position operator. The new position
operator is a consequence of the fact that the usual one,

'?_q ii& y is not Hermitian within the new inner product.

It is also possible to take the approach of Schweber (5, p. 56)

17
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in which one agrees to work only with positive energy states,
in an attempt to have a reasonable P , and one is led

_in an undefined way to introduce a new inner product so

that, ". . . a linear vector space can be made into a
Hilbert space . . ." The manner in which the use of only
positive energy states makes P satisfactory is not
declared and is not easily deducible from what is stated

in Schwebe?!s book. The equation of continuity that is
derivable from the Klein-Gordon equation gives

pran Vs - 5]

*
and if one arbitrarily sets fFy =i %% and Etp*.-: -1 %% ,

then
p= £ vy

which is greater than or equal to zero if [ > 0O .
Relativistically, one might take F= (R*+ 3" , and so
find that the choice of the positive sign makes EF>o .
This approach appears good at first sight, but the following
after-thoughts arise. Since the Klein-Gordon equation is

of second order in time, ¢ and %ﬁ? are arbitrary and,
hence, p may be either positive, zero, or negative.

The above demonstration of when pzo depends on the
replacement of 1'.'%% by E ¢ , and clearly the two dif-
ferential equations for the time dependence of the state

functions are basically different. Hence, using both of
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them in the same argument would seem, at best, rather
dubious. No such objections can be made to the approach

of Feshbach and Villars, but they make no claims about

the position of the relativistic spin-zero particle and

its relation to P . Consequently, in the folléwing it
is shown how one may define and interpret the position
concept in the relativistic realm, not §or the Klein-Gordon

equation, but for
VIS S S (111-1)

where either the positive sign or the negative sign will
be used.
If one takes the ,ﬁ -representation of the above wave

equation, it becomes

T (R emd) 5w (II1-2)

with an arbitrary choice of the plus sign. Now

J¥ED vk Ak
is constant in time since

2 [viovdadks [EEDvEy. vy 2845
= J {H{Rm) Kyl k)] %ok,

S PR [R5 WI,Q]} Ak

= O,
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Further; in the X -representation (III-1) becomes

2 - (- gy ) E )

and one needs to know what effect the square-root operator

has on W X,¢)

This can be found from

(Fem®* 195 = (i1+/ml>kl7/’>

jm(j&m‘)m;, G Ak

PE3T6 TP LIEI

(- T2 4 m®) VR, )

4

J G )R > V) AR

where <71,'02>=(_aﬂ')"’* ei’-’;'sz , which is derivable from the

fact that & generates an infinitesimal change & X
Thus

(-’v‘,,‘f-,m‘)Ji Y= (AM¥ j(]é‘m*)"e‘*'*'wkfu}
and now if one forms
¥ + -
%JW‘Z&‘)W?)&? = j( a—g—f—‘) Ya) o+ PR %%ﬁﬂ) 4%
= [i[em) V) vy 47
- ji'tpf;)[(-ﬁ;f»m‘)“ikc&‘ﬂ A%
. -z‘-sjamu(e*"*'fdam‘ﬁ;“vz“ﬁ) vF
@) .

- (f';,}!‘f&}&]; X}, e.i xi‘(}a‘f’ﬁ'ﬂz) &32* * 7/2:0 %(ﬁj,
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and using the standard integral representation of the

delta function

1 je’“??-%"”““.. SCh - R

an)®

the above becomes

r juju'm; T R ) S YRy W]
S AR 4R sR-F) (R mrt) € WeTh ¥ B)
which is equal to zero. Therefore,

[ vhen v 43

is constant in time. At first sight this result appears
very desirable; that is, it removes the major objection

to interpreting {@(?;ﬁ)lz as a probability density.
Therefore, one might feel that if one only works with
equation (III-1), then one has a sensible relativistic

wave equation. Another major objection, the zitterbewegung,
“which is the high frequency oscillatory motion, is also
removed. ©Since it occurs as a consequence of the inter-
ference between the positive and negative energy states

(4, p. 90), choosing only the positive or only the negative
will surely remove this paradoxical result. These suc-
cesses are only partial, however, because of the fact that
using only positive energy states one can not form a delta

function in coordinate space, that is,
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J

Wty - @-',7)%}3&1.; Yedt) A%

and since WY(X,t) satisfies (III-2),
.  § "‘"i.
Yk = k) gt (Remi) it

or

[ B %= (R &)
YR t) = (;‘;)xjt?c:ﬁ)elf o) ]401;.

This should in general contain

: - @ vk . - T g
"?.;LI)GJ;'X‘CI*-M) 1‘.]+ ‘F,(})e‘[:&"{“};*m) .é]

and unless these negative energy states are included the
value of W(X,t) can not be made as small as desired
(1, p. 38). An interesting consequence of this can be

seen as follows. Consider

[¥> = jl)'as <ki¥> dF
and
< %W = j 1 Es <K AR
or for |¥v= [X>

CRIRS = fd’,];» < k%> A X%

and since <?’(I>=(aﬁ)'hc.i’u’—’? one might write <Rit> -:-(_:.ﬂ‘)-;ée"z’u'x

and obtain



<X1%> = (.;'.1.;).3 j‘em?;.cx- Py
which is the previously used expression fér the delta
function. However, this has been done using KRz <];{§?>,
which is true only if the representations and inner products
are identiqal, that is, one of the basic pfoperties of an
inner product is that (l°“>;h6>)*= (8>, jx>). If the inner
product of fwo elements is not equal to the complex con-
Jjugate of;the inner product of the two elements in reverse
order, then <JkI¥> can not be found from <X|.k> and,

SRET | i

in fact, is not necessarily equal to @1ﬂ’¥

principle is in keeping with the previous statement %hat

delta functions can not be built up out of only positive

energy states. The point of interest here is the manner

in which this fact is shown. Consider the derivation of
<X| ﬁ>,= (:—‘1:,—7-5% e‘}‘- X

which follows from
A /
RIX> = B1ES

and in the ¥ -representation this equation becomes

5
-1 7, <XUES = B RURS
hence,

RIES = ¢ e k%,
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and C is (aﬁ)~%' for the proper normalization. This
derivation depends on j; being -3 Vg in the X -
representation which follows from :ﬁ being the generator
of a unitary §«x displacement. Now if one attempts a

similar derivation for < kI%> s, one starts with
A
X175 = 1325

and a question then arises as to the ;E ~representation

of ¥ . Normally, it is taken to be i Vg , but if

the mean-position concept is used instead of the point-~
position, then X 'goes to i(Vg - 4+ (}f‘%;?)-) . Therefore,

the position-eigenfunction problem becomes
(% - J__TJﬁ__)<J;¢s<">= < B 17
(J'« 2 (R ) X <KIXS

which has as a solution

-’ | Y 2 -2.,%.-"
<}élx>= m%(,]?w»q)’&e X

with the proper normalization. Therefore,
‘. Py ’
<RIRS= ko [ MR R % g

which is not a delta function and clearly does not rep-

resent a‘particle localized at the point '?I ; in fact,
<RI XS is not, by the present interpretation, the prob-

ability amplitude for finding the particle at the point
-

X but is the ¥ -representation of |X“> . The above

equation for <X|X’> is not readily evaluated and, hence,
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is of no physical interest. Corinaldesi and Strocchi
(2, p. 62) use a slightly different J -representation
for the mean-position operator
%?-—) i(%;-& 3{—' a‘%’;}),
but it has far reaching consequences in the present treat-
ment. It is worth noting that the representation with
the minus sign (Schweber's) appears to agree with that
of Pryce's and Newton and Wigner's. The <k|¥> found

by using the above representation of ﬁ' is
N o ..../ ¢ -k
<Kizb = Bk (Fem)

and B is chosen, for a particular normalization, to be
(an)”‘ . Once again this isolated function has no direct
physical significance. It is, however, the state function
in the _§ -representation for a particle prepared in
the state in which the mean position of the particle is
X’ . Using this latter form of < KIXS

<RIES = @‘ms feu;'(y'?”(%'&m‘)-@%

and this will be the expression used in this treatment.

Expressions that do have physical significance can be formed
from these representations by taking the inner products
of state functions with eigenfunctions. In other words,

. - 2 pa
instead of being concerned about whether J‘l Yx, B L%

is constant in time, one should be interested in expressions
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like
s ...\/i‘ — w——b
f<x1x> CRIYs d%

or

jd&rz@*q;,m A%

and in integrals over all space of the absolute-value-
squared of these probability amplitudes (inpmer products),
in the X - and gk -representations respectively.

In particular, consider
J'J;l')?@* <kizs A%

which is the probability amplitude for finding the mean
position to be '?' if the mean position of the particle
has been found to be X from an instantly previous meas-
urement. The probability amplitude can be evaluated by
the following analysis.

Carrying out the integration in spherical coordinates

with F(X-%)= - 4 | ¥-%]ewd » One has

f R -3 (k ¢+M=)- Ly

3

J‘ <Rz Ak

1

(-—‘&L-ﬁ)’ jﬁi f ( ,;:i:‘e A nino dk do dy

- ('.\'N) J')MQ& 3 gikRuwee jg
o (Wem)s 30
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f Jurst R A - e MMy Y
R o (}ez-f/mz)‘

_aemTy (T ARy,
R IR o (hemit

- ot
where K= |¥ - X | . The Basset function of order n has

the following integral representation (2, p. 63)

Kntp) = "‘,,,//:‘;“”) f(%u) “eropr da,

Furthermore, the Basset function obeys the following re-

cursion relation (2, p. 63)

[ &) ()= €07 e

where

. _‘M ' ,
Katp) = "51;! ¥ Hap - et Tl ap

o
and k£ﬂ(‘zp) is the Hankel function of the first kind
of order n with argument z'lo . Letting 2= /7;”'5’. and/oz,mR ,
then

g

jdﬁ:%ﬂ}mwﬂ} NEYEL (-};%—) (zm);’l*

= o Awm) 2
i “(aﬂ)‘( 3f’) Ratp)
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The Basset function has the following limits as the argu-
ment P approaches large (/o - ) values and small
( p—~> o ) values respectively, for order n2 o ,
ff \% -
K,.‘(/o)~(;-);) e’ ( pre )
and

L) o
fatp) ~ 2 ()

2 (/o->0).

Therefore, as /O approaches large values

fd;x'x’u:ﬂ;nmd% ~ onl [_ 23 e-iif (-g;)ée‘f]

417,0 g
= - on” e’
(gﬁ)% /a;‘-

for /a zmR-> 00 , and for /o approaching small values

J <R3 <K% 4T ~ ......_..[_ : _ES.‘_’. (,e_)]

i e 2 K

Using the limited form for large /o one observes that

the integral

j<ﬁ(’i'>"<ﬁt$2> %

is reduced by e” of its original value for R= ;’ﬂ-— (?- i’%),

that is, the value of the integral is appreciable only for
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values of the order of the Compton wavelength of the par-
ticle. The physical significance and its unusual conse-

quences will be examined shortly.

To show the constancy in time of
G- f}fﬁ‘q?’f&:% 40,7\’}:&4@’)?',
consider
G= j&-z A% A3" <RIBS <R 1PE <RIXS <R 4>
Then
AR5

zz(x-x)
L7dz Az A kAR £ Yid)
j X (IQ-W;) [I»qu) 2:‘szé)

and the exponentials can be regrouped to.

iR R) iRR L ER?
e e ¢

so that
) . / - ’ ’
( e—:?-(}{_ 5 43

am’
gives 3(h-%) and

‘f&?id”ﬂﬂ I(x X%

z),_

. (3 , ’ .
after an integration over JZ + The integration over

P x/'é) ’4'(‘ ¢ )

,A can not be performed to give a J(¥ - ?”) because of

the denominator, so one expands the %’s to obtain
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and integra’fing over X and 32” gives&mﬁ(}{_ﬁs 5(]’:_’2& .

after the integrations over Jg and JZ“ . The constancy

or

in time follows from

dk B%}Zz; Ukt
: G’ j ‘)‘ DR Yy g + Ve —C-J]

- @’ j( [ Rl VRO W Wiy [ (Fomn)® W“-}J

]}

z‘(arr)’j AR[ ¥iho Whe) - Vily Wk /

= 0.
In a similar, but simpler,‘manner the constancy in time of
-t *
J}I<Iw> <Ji> AR

can be shown. An interesting consequence of the relations

- shown above is that
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Jd?l’i’; <Hiis Ak

and

fd?[?'; ¢RI 47

are all equal; that is, they are all given by
f RENCLED Y3
G J (R0t

This fact would seem to suggest that (1) <X1X> 1is, in
fact, a probability amplitude, and (2) one might write
<FRSs «Rly (<RI = <X1¥> ) and use the completeness
of Jl]bl];x];l { Jl?'nl? <X| ) to show their equiv-
alence. Since these interpretations and manipulations

can cause difficulties in other cases, it seens better

not to accept these as legitimate operations. The analogy
to ordinary quantum mechaniés is, however, so striking

that something of significance might be involved.

The above expression for the probability amplitude

for repeating the mean-position measurement has an inter-
esting physical interpretation. It is that if one measures
the mean position and finds X , then a sutficiently
. quickly repeated measurement of the mean position will

not find ?’ with certainty, but the probability is only
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! ) for distances less

significant (greater than ~ &
than the Compton wavelength of the particle. The usual
statements (5, p. 61) concerning the physical interpretation
of the X -representation of the mean-position eigen-
function would, at first thought, appear to be a contra-
diction, b@t because of the above equivalences this might
indeed be é correct result for the wrong reason. The idea
of not being able_to repeat a measurement sufficiently
guickly and get the same value needs clarification since

it is generally considered to be basic to the concept of
measurement. If one imagines a moving marble on a pool
table and an array of joined identical boxes that Jjust
covers the table, then the mean-position measurement might
be considered to be the process of placing the array of
boxes on the table and noting what box the marble is in.
Clearly,. if one repeats this sufficientiy quickly (before
the marble can move) one would expect to find it in the

same box, thus apparently contradicting the above result

for

-.n"" b i 7 -
f<mx'> <% %% 47 .

The reason that this pool table result is incorrect is
that the joined array of boxes is fixed with respect to
‘space, that is, the surface of the table. For two real
. measurements the boxes may overlap, that is, even though

the particle does not move before the second measurement,
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it may be found in another box. If this were not true,
the boxes would give a type of packground for an absolute
reference system.

One other unusual consequence of the mean-position
concept will now be derived. The commutation relations
[;{,;, f:}] = ik 84y can be obtained, as is well-known, by

’subjecting the operators ii or fg to similarity trans-—
formafions with the unitary operators 'u;“ and il&r R
respectively. A similar process will now be carried out
using the mean-position observable.

If one takes the J; -representation of ¥; , the

mean~-position operator, to be

2 LR
7 TR (3$'+m=))
then
Kk ko = i35 4 f Troy) ke
or
v. . I)Z;'fSDci\' [ ;> L ki u".3>
Xllk1> 3 ( Sjg‘ "(' 2 (;ﬁ'*M‘)

A

\9:;%31'» z (I-i ¥ Sk - aL K

(R +m?)

but | kot 5hi>= Uy LA 5 50

J = T.ik .- L R 5h
ubk" I t x‘ 8*! a (m'z*mz) /k'
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and
Uo o= T ovikosh - £ i 54,
oy = Lotk 2 (Bewmt)
Therefore,
A a A ~ _ A Py Ay
*;.-—-b ’R';;* I&,-’-Sa- = Uui ’ké uui

and so,

’&4 +I 3; 8»23-"-( - 1k 3d - .L(_ém‘)s}),@ (Ihx,ﬂ L%:’;M)

= /?(’;- ) [S\("jﬁJ 3:9;;' - ‘&Z"J‘}“I; 3}!; * @CS})

which to first order terms in §.k; gives,

A A

o o4 : i kg
[ 5, o) = (51 + )

rather than the usual commutation relations. The absence
of the additional term in non-~relativistic quantum theory
might be accounted fér by noting that the expectation
value of this term, in - )% -eigenstates, is

Ai by

(K +mt)
which for the non-relativistic region, l}‘z << mt ,
gives a term of the order of zero, or at least very much
less than one. The interesting feature is that even for
i=j, Qi and ?ﬁ do not commute in the relativistic region.
Normally, one says that &i and %5 should commute because

a measurement of the X coordinate does not affect the



35

Y moméntum, but this is now no longer correct. In fact,
the non-commutation might be considered to be in harmony
with the concept of the mean-position measurement, for
a measureqent of the mean position that finds x’ implies
only that the particle is in a region of the order of the

Compton wavelength around X’

; that is, it is fixed to
some extent in the Yy and 2 directions as well. This
statement actually goes somewhat beyond what the equations
show. It is, however, in accord with the concept of the

mean-position observable.
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CHAPTER IV
CONCLUSION

In the previous chapters an attempt has been made to
make a consistent one-particle interpretation of relativ-
istic quantum theory using the mean-position observable
exclusively. This work was done only for a very special

type of wave equation, that is,
'lﬁ 21 _ ( AI+M2)‘£‘(’[.
5 = P

and one would like to pursue this approach for other types
of equations, for instance the Dirac équation. In addition
some very special assumptions were made concerning the

form of the inner product and the expansion postulate.
Several other possibilities exist and will now be enumerated
and their consequences described. Instead of choosing the

-representation of.the inner product as
X
@, ¥) = j%"*cle‘,t) Yokt A&

one might choose the Lorentz invariant form

(%) = %@@*ﬁ 4%

and this Lorentz invariant inner product would clearly
-

change the results of this investigation significantly.

In particular, if one uses

37
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.z'JE-" 2 z\ "~
<KIR> = @fﬁ% e “(Emm') ¥

for the ;ﬁ -representation of the mean-position eigen-
function, the probability of finding the mean position
of the particle at the point %’ if the mean position
was measured and found to be X  previously is

o T (("f‘z‘) T
acamt LD A ?

which appears quite different from the expression for this
quantity derived in the previous chapter, but this prob-
ability has, in fact, the same qualitative behavior for
large values of /o:m“‘(‘- ®‘| as the probability found
in Chapter III. That is to say, it decreases rapidly for
distances beyond the Compton wavelength of the particle.
Consequently, the above change in the inner product would
not change markedly the results described in the previous
chapter.

A second alternative to what was done 'in the previous
chapter, which would produce profound changes, is the
replacement of |

Eizy = —— e"'l'?u&’;m‘)'k’
(am*

by

-51-?‘. 2 2y 4
(ij?>'~’- ?;l;}—%e (,E-Pm)*,
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which is the form used by Schweber (3, p. 62). In the
version of the inner product used in Chapter III, this
probability using Schweber's eigenfunction of the mean-

position operator gives
E i R(RLR
J l.lx> <I(x>Jﬁ (J;z ) 3’);(" "‘)1}

and leads to divergencies, which is clearly undesirable.
However, if one combines Schweber's mean-pogition gigen-

function with the Lorentz invariant inner product, the

result is
<11x><ltx> 710( % (1 ,‘ez_ S(7- —t
j(); “m ) 2% ~ EL’;BJ (J:+,m')‘- ¢ ’X)

which implies that the result of repeating the measurement
sufficiently quickly gives the same value. This is in
agreement with standard quantum theory, but in contradis-
tinction to the results presented in the previous chapter.
If one wished to keep this repeatability of a measurement,
the above argument is a possible approach. The previous
chapter, however, has given a physical argument for not
necessarily being able to repeat a measurement with unlim-
ited accuracy.

. There was still another assumption made in this work
that could be modified with significant consequences.

This is the expansion postulate

|9 = [ 1% <Jup> 43,
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In this work there has been a restriction to the positive
sheet of the hyperboloid k- k' m* » where 4,~ E , by
taking the positive sign for (E'+.»")%* in the wave equation.
Hence, one might put this into the expansion postulate by

writing

[¥> = [ 1B S(R%m2) U0k Foi¥s dF 4,

with M(R)= | for g,>o0 and (k)= 0 for _f, <O .

This leads in a pmatural manner to

- K> <£134>
| > = 2 Foemn dZ

and in the ¥ -~representation gives

R ¥ d{'»m
P W Ry (Kt “)’*L

which is the form used by several authors for the relativ~
istic Fourier transform. This seems to be an inconsistent
approach from the present standpoint for the following

reasons. 1f in

- - ik <RiY . DI S
<KIPS J.‘.E Mz).l. 4'2 = 9.(:\1):)%- (;&_'_M) ‘?];

one replaces |¥» by bz; , then
.11'_;
- ’ (KI/E.) <ll% ‘
<X&I> = 5 z).._ % R(Qﬂ)y (1 ")"'i.

which is a contradiction with what was used for <X|h v

above. That is, <¥|FR’> should be equal to (an)2eik%

A
from J Dbeing the generator of an infinitesimal §%
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displacement. Further, if one takes |¥%¥>= (¥’ , then in
the _k -representation

hesd <,E’IIC) <Il}?<’ C(J; - <,Z/('§<“§ '
KT ~I 2 (Fpm®)? 2w art)™

which is also a contradiction. Therefore, it seems pref-
erable not to use the above form of the expansion postu-
lafe but to use |Y> = j%dﬁm d*x .

In addition to the above alternatives it should be
pointed out that one could also investigate the use of
other representations of the mean-position observable.
Numerous other possibilities exist in the works of Pryce
(2) and Mathews-(1).

The result of Chapter III concerning the new commu-
tation relations has some interesting implications. It
is well known that the mean~position observable satisfies
the standard commutation relations and, yet, it has been
shown in Chapter III that the mean-position observable
generates new commutation relations if one considers the
mean-position observable as the generator of § ¥ . These
two facts are contradictory. The reason for this is that
the point-position operator and the mean-position operator

are related by

A

A N .
. - x . + _L
X VA (BN

o D . s . 8 54 o s
and if X, is Hermitian, that is, X;= X; , it is

clear that Q‘ + x{ . Hence, in the derivation of



42

(%, k;) =& 84y,

one uses the Hermitian nature of &i and if 2; is no
longer Hermitian, then one does not have the usual com-
mutation relations for X; with .ﬁj . In particular,

if *i is not assumed Hermitian, then the resulting com-

mutation relations are

[&i)}"a‘] = 7:8"3' s

A

which is equivalent to the commutation relations for 2{;
with ,25 . There is still the rather surprising fact
that the generator, ‘&ah , 0of a useful representation
of the mean-position observable produces a condition on
the mean-position observable that the representation does
not satisfy. The origin of this, as already stated, is
in &; not being Hermitian and there there does not seem
to be any possible alternative to this result.

In conclusion it may be said that it is possible to
have a sensible, self-consistent, one-particle relapivistic

wave equation for
2ﬁ,2£9 ('F Yed)E Y

if one takes as fundamental the mean-position observable.
Whether this can also be carried out for other relativistic

wave equations is still undecided and, in fact, some of
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the implications from this case require further clari-

fication, in particular the new commutation relations.



CHAPTER BIBLIOGRAPHY

1. Mathews, P. M. and A. Sankaranarayanan, "Observables
of Particles of Spin O and 1," Progress of Theo-
retical Physics, XXXII Number 1 (July, 19647,
159-165.

2. Pryce, M., H. L., "The Mass-Centre in the Restricted
Theory of Relativity and its Connexion with the
Quantum Theory of Elementary Particles," Proceedings
of the Royal Society, London CXCV A (1948), 62-81.

3, Schweber, S, S., An Introduction to Relativistic Quantum
Fleld Theo x, New York, Harper and Row, Publlshers,

Inc., 1S




BIBLIOGRAPHY

Books

Bjorken, J. D. and S. D. Drell, Relativistic Quantum
Mechanics, New York, McGraw-Hill Book Co., Inc.,
1 .

Corinaldesi, E. and F. Strocchi, Relativistic Wave
Mechanlcs, New York, John Ulley and Sons, Inc.,

19¢

Dirac, P. A. M., The Principles of Quantum Mechanics,
London, Oxford University Press, 1958.

von Neumann, J., Mathematical Foundations of Quantum
Mechanics, Providence, Rhode Island, Princeton
University Press, 1955.

Schweber, S. S., An Introduction to Relativistic Quantum
Field Theory, New York, Harper and Row, Publishers,
Inc., 1906l.

Articles

Feshbach, H. and F. Villars, "Elementary Relativistic
Wave Mechanics of Spin O and Spin % Particles,”
Reviews of Modern Phy51cs, XXX (January, 1958),
2h-45,

Mathews, P. M. and A. Sankaranarayanan, "Observables of
Particles of Spin O and 1," Progress of Theoretical
Physics, XXXII (July, 1964) 159-165.

von Neumann, J., Mathematica Annalen, CIX (1931), 570.

Newton, T. D. and E. P. Wigner, "Localized States for
Elementary Systems," Reviews of Modern Physics,
XXI (July, 1949), 400-40o6.

Pauli, W. and V. Weisskopf, "About the Quantization of
Scalar Relativistic Wave Equations,'" Helvetica
Phys1ca Acta, VII (1934), 709-731,

45



46

Pryce, M. H. L., "The Mass-Centre in the Restricted Theory
of Relativity and its Connexion with the Quantum
Theory of Elementary Particles," Proceedings of the
Royal Society, London CXCV A (1948), 62-81.

Schroedinger, E., "Quantization as a Problem of Charac-—
teristic Values," Annalen der Physik, LXXIX (March

Encyclopedia Articles

Pauli, W., "Die Allgemeinen Prinzipien der Wellenmechanik,"
Handbuch der Physik, Vol. V, Berlin, Germany,
Springer-Verlag, 1958.




