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The Alexander Wallace Spanier cohomology theory asso-

ciates with an arbitrary topological space an abelian group. 

In this paper, an arbitrary topological space is associated 

with an R-module. The construction of the R-module is sim-

ilar to the Alexander Wallace Spanier construction of the 

abelian group. 

In Chapter I, the algebraic and topological material 

necessary to construct the theor'y is listed. This material 

is found in most graduate level algebx^a or topology courses. 

The definition of the cohomology R-modules is given in 

Chapter II. Also, it is verified that this construction does 

give a cohomology theory. The axioms necessary for this are 

proved as Theorems 1-7. 

In Chapter III, additional theorems extend the theory. 

One of these is the Mayer-Vietoris Theorem, In this theorem, 

the Mayer-Vietoris sequence is shown to be exact. 

Some applications of the theory are given in Chapter IV. 

One of the applications shows the exisrence of floors for 

each element of HP(X,A) if X is compact Hausdorff, and if A 

is a closed subset of X. The modules of the n-cell and the 

n-sphere are also given. 
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CHAPTER I 

INTRODUCTION 

The Alexander Wallace Spanier cohomology theory asso-

ciates with an arbitrary topological space an abeliarr group. 

In this paper, an arbitrary topological space is associated 

with an R-module. The construction of the R-module is sim-

ilar to the Alexander Wallace Spanier construction of the 

abelian group. 

In Chapter I, the algebraic and topological material 

necessary to construct the theory is listed. This material 

is found in most graduate level algebra or topology courses. 

The definition of the cohomology R-modules is given in 

Chapter II. Also, it is verified that this construction does 

give a cohomology theory. The axioms necessary for this are-

proved as Theorems 1-7. 

In Chapter III, additional theorems extend the theory. 

One of these is the Mayer-Vietoris Theorem. In this theorem, 

the Mayer-Vietoris sequence is shown to be exact. 

Some applications of the theory are given in Chapter IV. 

One of the applications shows the existence of floors for 

each element of H^(X,A) if X is compact Hausdorff, and if A 

is a closed subset of X. The modules of the n-cell and the 

n-sphere are also given. 
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Algebraic Preliminaries 

The following preliminaries concerning R--moduJ.es will 

be used. 

Preliminary 1. If A and B are submodules of a R-» 

module G, then A + B is a sub module of G and A f] B is a 

subniodule of G. 

Preliminary _2. If G and H are R-modules, and if 

f: G H and f(ra + tb) = rf(a) + tf(b) for r,t (L R, 

a,b e G, then f is a.n R-homomorphism cf G into H. The 

image of a submodule of G is a submodule of H. If f is 

also 1-1 and onto, then f is called an isomorphism of G 

onto H, and we say G and H are isomorphic (denoted G s H). 

Preliminary 3. The kernel of f (denoted ker f) is 

{x € G| f(x) = 0}. The set ker f is a submodule of G. 

Preliminary Let G be an R-module, and let H be 

a submodule of G. Sets of the form a + H where a 6 G are 

called cosets of G mod H. The collection {a + H| a € G} 

is an R-module under the operations "®" defined as 

follows: for a,b € 6, r € R, (a + H) © (b + H) = (a + b) + H 

and r 0 (a + H) = ra + H. This collection is called the fac-

tor module of G mod H (denoted G/H). 

Define n' G G/H as follows: n(a) = a + H for a e G. 

The function n is an R-homomorphism of G onto G/H. The func-

tion n is called the natural map. 



Preliminary. 5_. Fundamental Homomorphism Theorem % 

If G and H are R-modules, and f; G ii is an onto h©m©». 

morphism, then there is a submedule N of G such that 

G/N = H. 

Preliminary S_. If A,B ,C are R-modules, an.4 
f g 

A -• B C where f and g are R-homomorphisms, and h % gfs 

then (1) h is an R-homomorphism; (2) if h is an isomorphism 

onto, then 

(i) g is onto, 

(ii) f is 1-1, 

(iii) B = f(A) + ker g. 

Preliminary 1_. Induced Homomorphism Theorem< 

If G ,H ,M,N are R-modules, a,3,f are R-homomerphisini» 

a is onto, and f(kera) £ kerg, then there is a unique 

R-homomorphism f1*: G M such that f*a = $f*. 
ffe 

G — ~~>M 

«f Je 
H > N 

1c 
Definition 1.1. Let (M:* be a sequence of 

r i k 

R-modules, and {h^>^_n be a sequence of R-homomorphisms 

such that (1) k is a positive integer or ®; (2) for evtry 

i, h^: (3) hn is a 1-1 R-homomorphism into 

(4) for every i, =, kerh^+1; and (5) if k ^ ®, tlitn 

ĥ ..̂  is onto. Then the sequence (M^,h^) is exaet, 



Notation 

The following notation will be used, 

(1) Unless confusion arises. the natural map (defined 

above) will be denoted by n» 

(2) The empty set will be denoted by "• "; 

(3) If A C X, then the inclusion map i: A •+ X defined by 

i(x) =5 x for all x € A, will be denoted by i: A % X; 

(4) If A C X j then the closure of A will be denoted by X, 

The interior of A will be denoted by Int (A); 

(5) If f: X •* Y, then Im f - {f(x) e Y| x 6 X}. 

Topological Preliminaries 

The following topological theorems will be used. 

Preliminary £, Every compact Hausdorff space is fully 

normal. 

Preliminary JU Let X be a compact Hausdorff space. 

If 3 is a descending family of closed sets, U is an open 

subset of X, .and f»S c U, then there exists F €. 8 such that 

F C U. 

Preliminary 10. A space X is connected if and only if 

for every open cover 8 of X, and a,b £ X, there exists a 

finite subcollection ,...,Un of 8 such that a 6 , b <2 U n, 

and 0 U- £ • if and only if j i - j j £ 1. 
J 

Preliminary 11. Let X}Y be topological spaces. If 

f: X + Y, X is compact, Y is Hausdorff, f is continuous, 

f is 1-1, and f is onto, then f is a homeomorphism. 



CHAPTER II 

THE CGHOMOLOGY AXIOMS 

Let X be a topological space, and let M be an R-module. 

For p a non-negative integer, let CP(X) = {f: XP+-*- M}» 

For ,<{>2 € CP(X), define addition (denoted " + ") as follows: 

"" ^2 ̂ x0 s" * * ' ̂"P ̂  * For 

(J> € CP(X), r £ R, define multiplication (denoted "•") as 

follows: (r* cj)) (xg ,. .. ,Xp) = r^(xg,..,,xp). Define 

0 € CP(X) by 0(xq,...,Xp) - 0^ where 0^ is the additive 

identity in M. For € CP(X) , define ~cf> £ CP(X) by 

~4>(xg ,. . . ,Xp) ~ -(<J)(xq ,. . . ,Xp)). Then (CP(X) , + ; - ) is 

an R-module and is called the R~module of cochains of X 

with dimension £. 

Define 5p: CP(X) CP+1(X) as follows: 6p(<j)) is 

that function in CP+^"(X) such that fip(cp) (xg ,. .. ,Xp+i) = 
p+1 

Ŝg(-l)1<j>(xg ,... ,X£,. .. ,Cp+"L>. The hat on x^ means to 

delete x^» 
Note 2.1. The function Op is an R-homomorphism. 

Proof: Let r,t £ R, 0-̂ , <J>2 € CP(X). Then 

p.j»̂  • 

6p(pcf)]_ + 1T(})2)(XQ5«*. = . ^ 2} ( • 11 

~ 1) "̂* ( X f Xq *, • • • 5 X- 5 * * • j *̂ p+ X ̂  ^ <j> 2 ( Xq J » • ' 5 X£ 5 # * * 5 ̂p*t* X ̂  ̂  

= rPr1(--l)i4>n (xn ,. . . ,£,• ,. .. jX^.,) + t
Py v V ^ 

• r\ 1 U 



= rfip^1(x0 ,. .. »*p+i^
 + t£p,;!}2''x0 ** * • *xp+lJ * Hence „ 6 p is .an 

R-homoroorphism. 

Note 2.2. The composition S^+^Sp - C. 

Proof: Let <J> € CP(X) , and let (xc,». .« ,Xp+2> € XP'3. 

Then 6p+16p4s (xQ ,... »Xp+2) = ^ s* (-1516p«l> (xQ »xp+2> 

= .. ,h3.,... thPt1), where 
iSi -\Sn 1 4. i. i-1 j-0 

.j 
h i = 5*3 l f j < 1 

\jj + l if J L i-

If j < i, and (-l)i+3 = 1, then 

<i>(ĥ L,. . . 9h3^,... jĥ t"®") = «t> (-< Q »«* • >Xj s • * • * * * »xp+2^ 

n p^l.. 
« cj> (li i — 15 * # * 9 -I — l 

i+j _ 

3-1' ' 3~i' ' ]• 

I Ci 
j_l»- • • >n j-1" ' * 3"J' 

±Tl 
If j > i, and (-1) - 1, then 

4>(hu^,.« . jh^,.. . jĥ t"®") = <J>(Xq ,. . . ,. . • j • • • >xp+2^ 

= (j> (h^ j +-^». . • jh-̂- j + ̂  s. . • »hP 

Hence, ^ V d ^ C - d W , ,. . . .h*,. • • .h^ 1) 
• - | * |T\ **• 

1=1 3=0 

= 6p_i_-̂ 6pd)(x̂  ,... ,xp+ 2) - 0 • Hence» 

^p+l^p ~ 



The following notation will be used. If A C 2^s then 

A m = {x €: Xmj there exists U € A, and x €5. Um)« 

Definition 2.1, Let A C X, and let p be a non-negative 

integer. CP(X,A) = {<j> £ C?(X) | there exists a cover £ of A 

by sets open in X such that <p j f\ A p +^ = 0}. 

Note 2.3. CP(X, A) is a submodula. 

Proof: Let <j>1, <j>2 6. CP(X, A). Then there exists open covers 

$2, $2 °f A such that 4>T_ j ^ A Ap+"*" = 0, and 

^21 $2P+1 0 AP+1 = 0. Let g = (U f\ V| U € Bls V £ B2s and 

U P\ V ^ []}. Let x 6. A. Then there exists U 6 6-̂  and 

V 6 &2 s u ch that x € U and x £ V. Therefore, x S U fl V ^ D . 

Hence, 0 is an open cover of A. 

Let (x0,. . . ,xp) £ f3p+1 H A p + 1, Then 

XQ ,. . . ,XP CT U for some U FIR 3, U ~ O UJ where 

U, € &2.» an<^ *̂ 2 e ^2* Therefore, X g j X p £ U^, and 

Xg ,. . . ,Xp €r LT2 . Therefore, (xg ,... ,Xp) C 0 Ap+^, 

and ( X Q , . . . , X d ) G 3 2
p + 1 0 Ap+-1. Therefore, 

<|)̂ (xg ,. .., *̂ p ̂  — ^ and cj>2 (xq ,. * * ' ̂p ̂  ^ * -thus, 

(<£]_ - <f>2) CXQ ,. • • ,Xp) = <j)1(xQ ,. . . ,xp) - (J>2(x0,. . . , Xp) = 0. 

Hence, (j)̂  - <f>2 6 C
P(X, A). Therefore, CP(X, A) is an additive 

subgroup of CP(X). 

Now let r & R, and let <|> €. Cp (X, A). There exists an 

open cover 3 of A such that 4IBP+^ f\ AP+^ = 0. Let 

(XQ ,. . . ,XP) fe 3 P + 1 H A p + 1. r̂ (x.g ,. .. ,Xp) = r(<j>(xQ ,. . . ,xp)) = 

r(0) = 0. Therefore, r (j; «£ CP(X, A). Hence, CPCX, A) is a sub-

module of CP(X). 



"he set 5 LC^ (X, A) ] C. C*" ^ (X ,A) 
P 

Lemma 2 „ 11 

Proof: Let 6A € 6 [CP (X,A)] , Then * € CP(XSA) , T h u s , 

there exists an open cover 3 of A such that q) | &p fl A- 0. 

Let (XQ5 »Xp+i> s B?+2 ^ Ap + 2 . Nov -S^Cx 

p f J c - D H U q . . , x i s . . - s x ? + 1 ) - Alsoj, ( x 0 , 

- 1 ~ 
0 5 * # **""T? 

> 6 e p t 2 
, X •p+l 

implies there exists U £ 3 such thatj (Xg,. . - >x
p +^' ^ 

Hence, C x q , ) €. Upnr~-. | Therefore, 

( Xq , . . . s * • * '^p + 1 ) € S P + 1 A A p + 1 fjor i = c,,...,p+l. 

* * * 5 
x i s . . . 9 x p + 1 ) - 0 forj i = 0 , . . . , ; + l . 

» V 1 ) = 0 

Hence, 4 > ( x q , 

Thus, ??g(-l)1 (Mx0 > • * • j> * • • >xp+l^ F 

Therefore, 6p<f> | 3P + 2 A Ap+2 = 0. Therefore, $p4> £ CP+1(X,A) . 

Therefore, 6 [CPCX,A)] c C p + 1 ( X , A ) . i p "" ; 

Def ini t ion 2.2. Let ZP(X, A = |C^(X,A^ fi Sp (X,X). 

Note 2.14. The set ZPCX,A) is 4 submodule. 

Ppoofi Lst 6 € 6p^CP"^"(X^X) ? 8.n<2 p €s R* Thus 5 

6n(<f.) 6 CP+1(X,X) . Since, by Note 2 .3 , CP + 1(X,X) is 

6 submodule, r6p(cj>) €. CP'^"(X,X). B3 r Note 2 .1 , 6 p i s 

an R-homomorphism. Thus, rS C4>) - 6 (r<t>). Ihereiore, 
P 

6 - l c p + l ( X j X ) r 

Now l e t <t>T , 4>2 €. ^"(X,X) . Then 

S t ^ I * 5p4>2 £ C p + 1 ( X , X ) . Since C P + 1 U,X) is a submodule, 

6p(j>l - epcf>2 e CP+1(X,X). Since op jLs an R-homomorphism, 

6 ^ 1 - 6 pC(>2 = 6p(t|>i - 4>2> • T h e r e f o r e , ^ - 4>2 6 o ^ o P ^ C X j X ) , 

Hence, 6 "*"CP(X,X) is a submodule. 
P 

By Note 2.3, CP(X,A) is also a submodule. Thus, by 

Preliminary 1, Cp(X,A) 0 <5p̂ "Cp ^(X,X) = ZP(X,A) is a 

submodule. 



ZP(X, A) is called the submodule of p-cccyc'Les of 

X mod A. 

Definition 2.3, Let 

(O if p = G 
EP(X» A) = 

'6_ tCP~ 1(X, A) + CP(X, X) if p > 0 
l P—a. * x 

Note 2.5. BP(X, A) is a submodule* 

Proof: Assume p > 0. Cp_^(X, A) is a submodule, ancL 

5p_^ is an R-homomorphism. Therefore, by Preliminary 2, 

(Sp_0_Ĉ  ̂ '(X, A) is a submodule, CP(X, X) is a submodule. 

Thus, by Preliminary 1, 5 1C
P~1(X, A) + CP(X, X) = BP(X, A) 

is a submodule. If p = 0, then Bp(X, A) = {0} which is a 

submodule. 

BP(X, A) is called the submodule o_f cobounding cocycl.es 

of dimension £. 

Lemma 2.2. If B C A C X, then CP(X, A) is a subset of 

CP(X, B). 

Proof: Let <j> £ CP(X, A). Then there exists an open cover 

6 of A such xhat <j> J gP+"1' Pi A^+1 = 0. Since B C A, 8 is an 

open cover of B. Let (x^,...,Xp) € $P+1 fl BP+1. Then 
p-f x 

(xg ,. . . ,Xp) 6 A . Therefore, cf>(xg ,Xp) = 0. Hence, 

<i> | 6P+"̂  n BP+ -̂ = 0. Thus , <j> £ C.P(X, B). Therefore, 

CP(X, A) is a subset of CP(X, B). 

Note 2.6. B?(X, A) C ZP(X, A). 

Proof: Let cfs € BP(X, A). Then <p = Sp-i<P] + <j>2 wher"e 

6. CP_1(X, A), and <}>2 € CP(X, X). Now 

Sp(<t>) = 6 p ( f ^2^" Since is an R-homomorphism, 



6p(5V>„] 61 + fp2^ ~ ^p^p-"s iv'ote 2 . 2 , 

6p6p„i^>i - 0. T h e r e f o r e , Sp£ = 0 + ^ 2 r ^p^2* ^ 1 U S » 

6p4>2 € 6 p C p (X , X ) . By Lenuna 2 . 1 , 6pCP(Xs X) C C P + 1 ( X , X ) . 

T h e r e f o r e , 5p$2 = € C p T - ( X , X ) . Hence, <p € Sp^C^^CX, X). 

Now <Sp„i4>x £ p . 1 CP"- l (X , A) v.hich i s a subset o f CP(X, A) by 

Lemma 2 . 1 . Thus, 6 n € CP (X, A) . By Lemma 2 . 2 , 
p -± x 

cP(X, X) C CP(X, A ) . Thus, <P2 € C p (X , A ) . T h e r e f o r e , 

^p -1^1 + <j>2 = 4> ^ C p (X , A ) . Hence, <j> <£ CP(X, A) A 6p1CP + 1 (X,X) 

= ZP(X, A ) . The re fo re , B P (X , A) C ZP(X, A ) . 

D e f i n i t i o n 2 .3 . For p > 0 , H p ( X , A) = Z ^ ( X ? A \ and 
f _ > BP (Xj A) 

H P (X , A) i s c a l l e d the p t h cohomology module o f X mod A. 

D e f i n i t i o n 2. M-. Let X, Y be t o p o l o g i c a l spaces, and 

l e t f : X -*• Y. Def ine f ^ : CP(Y) C?(X) by f#<J> i s t h a t 

f u n c t i o n i n Cp (X) de f i ned as f o l l o w s : 
M 

f <j)(x0 , . , . ,Xp) = <j>(f (xg) , . . . , f ( X p ) ) . 

The f o l l o w i n g n o t a t i o n w i l l be used. f : (X, A) -* (Y, B) 

means t h a t f : X Y, A C. X, B C Y, and f ( A ) C B. 

Note 2 .7 . I f f : (X, A) -> (Y, B) , then 

(1) f i s an R-homomprphism; 

(2) f#6 - 6 f # ; 
P P 

(3) i f f i s con t i nuous , then f ^ [CP(Y , B ) ] C CP(X, A ) ; 

(4) i f f i s con t i nuous , then f ^ [ Z p ( Y , B ) ] C zP(X, A ) ; 

(5) i f f i s con t i nuous , then f ^ [ B p ( Y , B ) ] C BP(X, A ) . 

Proof o f ( 1 ) : Let ^ C P (Y ) , and l e t r , t <S R. 

f ^ ( r4> i + t<J>2) (x!g , • . . ,Xp) = ( r ^ + t(J>2> ( f (xg) , . . . , f (Xp) ) = 
r i j ) 1 ( f (xq) , . . . , f (Xp) ) + t(J>2(f C x g ) , . . . , f (Xp) ) = 
rf^<J>]_(xQ , . . . ,x ) + tf^(J>2(xq >. . . ,Xp). Hence, 
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f̂ (r<j>2 + t<j>2) - rf7r<j>2. + tf^j' Hence, f^ is art R-homomorph• 

ism <* 

Proof of (2) : Let 4> € CP(Y, B). 

f̂ 6ptf)(xQ j. . . 5Xp + 1) = f^[^Z
1(-l)^(j>CxQ , j X p + i ) ] = 

^ ( - D ^ C f (x0),... ,f(xA),. ., ,f (xp+1)) -

6pf ̂ 4 > ( x q s • • • » x p + i ' • Therefore, = f^f ̂ . 

Proof of (3): Let f^$ £ f^[CP(Y, B)"j where 

(j) £ cP(Y, B). Then there is an open cover 3 of B such 

that < J > 1 f \ BP+"*" = 0. Since f is continuous, f ""-*-( &) is 

an open cover of A. Let (xg ,. . . ,xD) € f~̂ "(8)P'
r"1' C\ A?+^. 

f̂ <J>(xg ,. . . ,Xp) = 4>(f (xg) ,. . . ,f (Xp)). Since f (A) C B, 

(f(x Q). . ,f(xp)) € f(f-!(e))P
+1 n, BP+1 = 6?+1 r\ BP+1. 

Therefore, (j)(f(xg)sf(Xp)) = 0. Therefore, 

f*4>(x0 . . , xp) = 0. Thus, £ CP(X, A). Hence, 

f#[CP(Y, B)] C CP(X, A). 

Proof of (4): Let f ̂4> €: f#[zP(Y, B) ] where 

<P G ZP(Y, B). Then <j> & CP(Y, B), and <j> 6j1cP+1(Y, Y). 

By part (3) of this note, f$<j> €• CP(XS A), and 

€ Cp+1(X, X). By part (2), f#6n$ = Snf
#$. 

P F xr 

Therefore, f^0 € 6~-'-cP+ (̂X, X). Hence, 

f#cj> e CP(X, A) n 6"1CP+1(X> X) = zP(X, A). Therefore, 
XT 

f#ZP(Y, B) C Zp(X, A). 

Proof of (5): Let <j> £BP(YS B). If p = 0, then 

<j> = 0. Since f ̂ is an R-homomorphisir, f ̂<j> = 0. Therefore, 

f$<}> € Bp(X, A). If p > 0. then <}> = ^p-i^i + ^2 w^e:re 

CP-i(Y, B), and <j>2 € CP(Y, Y). f#6p_1<}>1 = Sp^f^i-
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Since f^LcP^CY, B)3 £. C ^ M X , A), f#$ 6 C ^ C X , A). 

Therefore, € t5
7,-i

cP'1 <"x' • Since <J>2 € CP(Y, Y) , 

f#<j>2 € CP(X, X), Therefore, + f#<b2 £1 

6p-lC?~1(X> A ) + CP(X, X). By part (I}5 A p . x ^ + f#<{>2 = 

f f » p - A + ^2^ = Therefore, f$<f> €• BP (X, A). Hence,, 

f#[BP(Y, B)] C BP(X, A). 

Applying the Induced Homomorphism Theorem to Note 2.7 
M 

shows that f induces a unique R-homomorphism f*: 

hP(x, a) -»• hP(y, b). Also, f*n - nf*. 

Hp(X, A) — H P ( Y , B) 

" ^ f* T
n 

ZP ( X, A) ~ X~» ZP(Y, B) -

Theorem 1. Let f: (X, A) - (X, A) be the identity 

map. Then f": Hp(X, A) -*• HP(X, A) is the identity isomorph— 

ism. 

Proof: f#: CP(X, A) CP(X, A). For <j> 6 CP(X, A), 
M 

f <J>(xQ ,. . . ,Xp) = cp(f (xq ),,. . ,f (x )) = d)(x0 ,.. . 3xp). Hence, 

f <J) = (ft. Thus, fw is the identity map. Let <j> £ HP(X, A). 

Since n is onto, <j> = n<{>]_ for some $-± & Z?(X, A). Thus, 

f'*<f> - f"T)s|)j = nf^]_ = iltf'j. = <f> • Hence3 f* is the identity 

isomorphism. 

Theorem 2_. If (X, A) £ (Y, B) § (2, C) , and if f ,g are 

continuous, then f*g* = <gf)*. 

Proof; First, it will be shown that f#g# = (gf)#. Let 

<P € ZP(Z, C). For (xQ,... ,xp) SAP, 



I >1 

f#g*4>(x0,...,x^) = ĝ <j>(f (xQ),. • . ,f (Xp)) 

*P 

0 •' '----p-

Q(gf(XQ),...,gf(XN)) 

= (gf)#$(xQ,...,X ) . 

Hence, f$g^ = (gf)^. 

N o w "to prove the the ox-em, let h € HP(Z,C). Then 

h = TI0 for some <j> £ ZP(Z,C). Thus, f*g*h = f*g*r,<f, = 

f*ng#4> = Tif#g#4» = nCgf)#4> = C g±"> *n4> = (gf)*h. Hence, 

f*g* = (gf)*. 

Corollary 2.1. If f: (x,A) - CY,B) is an onto 

homeomorphism, then f*: HP(Y,B) -»• HP(X,A) is an onto 

isomorphism. 

Proof: Since f is a homeomorphism, f• : (Y,B) (Y,B) 

is the identity map. Therefore, by Theorem 1, (f•f-1)* is 

the identity isomorphism. By Theorem 2, (f'f-^)* = f-lftf* 

since f and f~^ are continuous. Now is an onto 

isomorphism so by Preliminary 6, f* is 1-1. Similarly, 

Cf 1 f)* = f*f-l* is the identity isomorphism. Thus, by 

Preliminary 6, f* is onto. Hence, f*: H?(Y,B) + HP(X,A) 

is an onto isomorphism. 



L e t B c A C X . L e t i : A H X. Then i ^ : C'^(X) •+• C ' ; (A ) , 

C o n s i d e r t h e f o l l o w i n g d i a g r a m . 

HP(A S B) H p + 1 ( X , A ) 

tl+ t r i 

Z P ( A , B ) Z P + 1 ( X , A) 

A l n ! 

CP(A) C ? + 1 ( X ) 

CP(X) 

N o t e 2 . 8 . ( 1 ) The f u n c t i o n i i s o n t o . ( 2 ) I f 

h £ H P ( A , B ) , and <f> £ i # - 1 n " 1 C h ) , t h e n 6 d> e Z P + 1 ( X , A ) . 
Jr 

P r o o f o f ( 1 ) : L e t <f> € C P ( A ) . D e f i n e <j>' € CP(X) 

as f o l l o w s : 

(
<J)(XQ , . . . x _ ) i f ( x n , . . . , x ) € A p ' -1-

? p 

0 o t h e r w i s e . 

i#4>' £ C P ( A ) . L e t ( x q , . , . ,Xp ) € A p + 1 . Then 

vxq 5. . . ^Xp5 — $ ( i ( x Q ) ) . . . j i ( X p ) ) 
u 

<J)' ( x q , . . , , X p ) = <j> ( x q , . . . j X p ) . T h e r e f o r e , i <J>1 = <j>. 

H e n c e , i ^ i s o n t o . 

P r o o f o f ( 2 ) : L e t h £ H P ( A , B ) , and l e t 

<J) € i * 1 r i " 1 ( h ) . Then £ Z P ( A , B ) . T h e r e f o r e , 

i^cf> <£ 6 p l c P + - ^ ( A , A ) . T h e r e f o r e , ^ c P + ^ " ( A , A ) , 

H e n c e , t h e r e e x i s t s a c o v e r 3 o f A b y s e t s open i n A 

s u c h t h a t 6pi^<j>| BP+ 2 fl A ? + 2 = 0 . 

L e t 8 ' = {U C X| U f l A €. 8 , U i s open i n X } . $ 1 i s 

a c o v e r o f A by s e t s open i n X . L e t 

(Xq , . . . ,Xp+]_) £ g «P+2 ^ a P + / . Then t h e r e e x i s t s 
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U £ $ ' s u c h t h a t ( x ^ , . . . » x D + - L ) T h u s , 

(XQ R. . . ,XP+-J_) € ( U A A ) p f
 '. U T\ A £ 8 . T h e r e f o r e • , 

( x 0 > • * • » ^ p + 1 ̂  ̂  ®^ 2 H hP' ̂  J o ̂ ( c f , x Q J» , « , X p ^ ^ ) -
» ^ 

6P6(I(XQ) %« T • JX(XP^^)) — L FI P (X Q »,« » • ^ ^ 

6 p i # < ( ) ( x 0 , . . . , x p + 1 ) = 0 . H e n c e , 6 < j > j B ' P + 2 f S A p + 2 = 0 . 

T h e r e f o r e , 6 p < f > € C p + ^ ( X , A ) , 

B y N o t e 2 . 2 , = 0 . T h e r e f o r e , 

6 p + 1 5 p < j > € C p + 2 ( X , X ) . T h u s , 5 p < p € • f i ^ C 1 ^ 2 ( X , X ) . 

T h e r e f o r e , , 6 p < j ) 6 C P + 1 ( X , A ) 0 < $ " ! - , C p + 2 ( X , X ) = Z p + i ( X , A ) . 

D e f i n e < 5 : I i p ( A , B ) - * H P + ^ ( X , A ) b y 6 ( h ) = r i < $ p < f > w h e r e 
. _ . # - 1 - 1 , . , 

( j ) £ i n ( h ) . 

N o t e 2 . 9 . T h e f u n c t i o n 5 i s w e l l - d e f i n e d . 

P r o o f : L e t h - , , h ^ £ H p ( A , B ) s u c h t h a t h ^ = . S i n c e T ] a n d 

i ^ a r e o n t o , t h e r e e x i s t s ^ 2 ^ P ( X ) s u c h t h a t r | i ^ < j ) ^ = h - ^ » 
a n d r i i ^ c f ) ^ - h ^ . N o w 6 ( h - ^ ) = , a n d 5 ( h ^ ) = r i 6 p 4 > 2 • S i n c e 
,#A = „,#* ,#A _ n i ( | > 2 = n i 2 » ^ ~ i ^ 2 ^ S P ( A , B ) . ^ w o c a s e s w i l l b e c o n -

s i d e r e d . 

C a s e I : p = 0 . T h e n i ^ c j > ^ - i ^ < f ) ^ = ~ ^ 2 ^ ~ 

N o w i ^ ( ( J > ^ C ® ( A ) . X i s a n o p e n c o v e r o f A . L e t 

( x Q ) 6 X H A . T h e n ( 4 ^ - < ^ ) ( x Q ) = - ( f > 2 ) ( i ( x Q ) ) = 
§ , 

i - $ 0 ) ( X Q ) = 0 . T h e r e f o r e , 2 i f \ A = 0 . T h e r e -

f o r e , t p - L - ( p 2 £ C°(X,A). H e n c e , 6 0 (^2 - < p 2 ) £ 6 Q C 0 ( X , A ) . 

A l s o , 6 Q C $ 2 ^ = ^ 0 ^ 1 ~ 5 g 4 > 2 & B ^ ( X , A ) . T h u s , 

n ^ Q ^ i = TI6Q<(>2 • H e n c e , 5 ( h } ) = S O ^ ) . 

C a s e I I : p > 0 . S i n c e i ^ ( - < j > 2 ) £ & P ( A , B ) , 

~ 4 * 2 ^ = ^ p - l a l + a 2 w h e r e £ C P " ^ " ( A , B ) , a n d 
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a 2 € C P ( A , A ) . S i n c e C P ~ J * ( A , 3 } C C ^ C A ) 9 a j 6 C ^ C A ) . 

13 -1 T h e r e f o r e , = i : * a * w h e r e '• £ C 

i # ( $ l ~ 0 2
} r 

• # , 

-f#~ • - --#5 p - l a l = ^ p - l 1 a ! ' = i i o
p „ i " i *1 

X 0 

( X ) . T h u s j 

TI i e r e f e r e , 

a , ' + a 2 . S o , (4>i 
•'2 • i ^ S 

p - l a l 
* -

i (4>1 <j>2 ~ 5 p - i a i ' ) = « 2 € C P ( A , A ) . T h e r e f o r e , t h e r e 

e x i s t s a c o v e r 3 o f A b y s e t s o p e n i n A such, t h a t 

- h>2 " ^ p - l a l ' ) I B ? + 1 f j A P + 1 - 0 . L e t 

3' = ( U C X | U A 6 6 ) ; 3 ' i s a c o v e r o f A b y s e t s 

o p e n i n X , L e t < x 0 , . . . , x ) e 3 ' P + 1 A A P + 1 . T h e n 

( x 0 , . . . , X p ) e U P + 1 f o r some U 6 3 T . S i n c e P 

( x 0 , . . . , x ) £ A p + 1 , ( x g »• • • ) £ (U a A ) P + 1 , Now 

U A A S 3 . T h e r e f o r e , < x Q , . . . , x p ) £ 6 P + 1 A A p + 1 . T h e r e -

f o r e , - * 2 - 5 p . 1 a 1 ' ) ( X o , . , . } x p ) « 

( < j ) l " ^2 " < S p . . ] a l ' ) ( i ( x 0 ) > - - - ' i ( x p ) ) = 

1 ( < h . - $2 - < S p - l a l , H x [ ) S . . . , x ) - 0 . T h u s , 

(<*>! - <t>2 - 6 p _ i a 1
l ) i 3 T P + 1 f \ A P + 1 = 0 . Hence * 

• l - * 2 - 6 p - l a l ' € C P ( X S A ) . S o , - (j,2 - € 

6 p C P ( X , A ) . S i n c e 6 p ( ^ - <j>2 - = 6 ^ - « p * 2 " V p - l a l 

= <Sp< j ) l " <5p(f>2 + °> 6
p<f>i ~ <Sp<J>2

 + 0 € 6 p C P ( X , A ) + C P + 1 ( X , X ) = 

B P + 1 ( X , A ) . T h e r e f o r e , 6pcf>1 -- <Sp<|>2. Ken< 

I n a n y c a s e , S ( h ± ) = S ( h 2 > , H e n c e , 

N o t e 2 . 1 0 . T h e f u n c t i o n 5 i s a n R-

c e , S i h ^ = 5 ( h 2 ) . 

6 i s w e l l - d e f i n e d , 

h o m o r a o r p h i s m . 

P r o o f : L e t € H P ( A , B ) , a n d l e t r - , , r 2 £ R . By d e f i m i -1 ' 2 

t i o n , 6 ( h j ) = ri6p<j)^ w h e r e cf>̂  €. i ^ ^ r i ~ ^ h ^ , a n d 

< S ( h 2 ) = T ] 6i^2 w h e r e ^ 2 G i # " 1 n " 1 h 2 . T h e n + r 2 6 h 2 = 

r i ^ ^ p ^ i + r 2 r i 5 p < f » 2 . S i n c e ri a n d 6 p a r e R - h o m o m o r p h i s n i s , 
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+ r2^p*2 = ^ ' i M l + ? z V ? > S 

r'̂ p̂ r'l̂ I + r>2^2^' i>ince ifr is also an R-homomorphrLsm, 

t)\$(v14>1 +r2<j>2) ~ n(r1î (j!1 + r i
#<j>,;) = 

jl M 
r
1
r'i' + r

2ni 4>2 = r1h1 + r2h2. Therefore, 
$ 1 — 1 

rl^1
 + r2^2 e *•'"1 ""(rihi + ^2h2). Therefore, 

6 (^2^1 + r2^2 ̂  = + r
2
<t>2 ̂  ~ rl^l + r26h2. 

Hence, 5 is an R~homomorphi sm„ 

The following notation will be used in Theorem 3. 

Let f: X continuous^,^ L e t B C A C X, f(A) C A«, and 

f(B) C B' . Then f: (X, A, B) •*• (X' ,A' ,B'). Let 

fi_ = f: (X ,A) -»• (X*,Af), and let fg = f; (A,B) -*• (A',B') 

Theorem 3. In the following diagram, 6f * = f„*<5. 
O JL 

HP(A,B) ^ HP+1(X,A) 

f3*+ +fx* 

HP(A',B') -> HP+1(X',A') 

Proof: Let i^ A ̂  X, and-let i2: A' § X'. Then 

i!*: CP(X) •+ CP(A), i2*: C
P(X') -> CP(A'), Let 

h € HP(A' ,B'). Then h = ni2̂ <J> for some <p £ CP(X'). 

Now 6(h) = r)6pcj>. So, f-^SCh) = f^nS 4> = r } f * 6 $. Let 
P 1 P 

( V * " ' V e cP(A)- T h e n il # fi #^ ( xo" •• »xp
} = 

$ 

^1 > ( il ( xo ) ' * * ' *^Xp^J * Since € A for 0 <_ i < p, 

fl(xi) = fg(x^) for 0 < i < p. Therefore, 

<j>(fl(xQ},. , . ,fi(xp)) = ^(fgCxg) . . jfgCXp)) . Since 

f3 (A) C A' , and i2 : A' •+ X ' , 
<f>(f3 (Xq) ,... sf3(Xp)) = <J>(i2f3(xQ) , v . . ,i2f3(Xp)) = 

i ^(fgCxg) ,. . . jfgCxp)) = fgî <j>(Xg ,.. . jXp). Hence, 
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Therefore, fg*h = f 

rii^f.^^. Therefore, of3
#\h = Sr;^ ̂ f.^^, Since 

fn i1^"
1n""LCf gh) , 5(f3*h) = -

f]_i%5(h). Hence s 6f g* = f-j_*6 . 

Lemma 2,3, Let B C A C. X, and let j: (X,B) % (X,A), 

Then j#: CP(X,A) -> CP(X,B) is 1-1 for- all p. 

Proof: Let = 3^2 ^ o r *1 '^2 ^ CP(X,A), Let 

(xq,...,x ) £ X P + \ Then <j>̂  (xq ,. . . ,Xp> -• 

j(*0)»• • • >j(Xp)) = ^ l
( x Q > ' . • ,xp) = 

ĵ (j>2(x0 s • • • ,Xp) = (j)2(j(x0) ,. . . ,j(xp)) = 

<j>2(xq ,. . . ,Xp). Therefore, <j>-̂  = <f>2 • Hence, is 1-1. 

Theorem 4_. Let A C X, and let j : (X,D ) £ (X,A), 

and let i: A % X. The sequence 

H° (X, A) jL* H°(X,n ) i 4 H° (A, • ) J P^CXjA) H1(X,D ) i X 

H"*"(A,D ) -»• ... is exact. 

Proof: Let h €. HP(X,A) for any p > 0. Then j*h 6 Imj*. 

Now h = ri4> for some <j> £ ZP(X,A). Therefore, cj> € CP(X,A) 

Thus, there exists an open cover 3 of A such that 

cj>|3̂  A^ X = 0. Now is'{j*h = i*(j*n<J>) ~ i*(nĵ <}>) = 

Let (xn,...,x ) £ gP
+ -̂ f\ ap+"®". Then m 

i#j#<|)(x0 ,... ,xp) = i#<j>(j(x0).. ,j(Xp)) = i
#<J> Cx0 ,... ,Xp) = 

<j>(i(xg),. . . ,i(Xp)) = <J>(xq ,. .. >Xp^ = 0' Hence, 

î j#4> j 3 P + 1 f\ A p + 1 = 0. Therefore, i#j#d> £ CP(A,A). 

Therefore, 0 + i^ j ̂  _-̂ CP~'''(A, • ) + CP(A,A) = BP(A, • ). 

Hence, r\(.0 + i^j5^) = nî ĵ <j> = i^nj^ = iAj*rs<!> = i*j*(h) = 0. 

Therefore, j *h <£ ker i*. Hence, Imj * C ker i* for any p. 



"* Q 

Let h € ker i" for some h € BPCXJD)* Then h » iv{> 

for some 9 € ZP(X,D), and :l*(h) - 0, Two cases will 

be considered. 

Case I: p •= 0. So, <}> € Ĉ 1 (X,• ) - X is an open 

cover of A. Let (x^) 6 X ft A. Then 
Jf 

<P(Xq) ~ <j)(i(xQ>) = i (|>(xq) . Since i* (h) = 0, 

if'4> S B°(X,D ). Thus, i#<j> = 0. Hence, i#<p(xQ) = 

<f> (xg) = 0. Therefore, 4> | X A A = 0, Hence. cf> € C°(X,A). 

Since <p £ (X, • ) , Sgi £ C^(X,X) . Therefore, 

<J> £ C°(X,A) 0 60~
1C1(X,X) -- Z° (X ,A) , Thus, n • 6 H°(X,A), 

Now ĵ Crnf)) = nĵ<|> ~ = h. Therefore, h € Im j*. 

Case II: p > 0. Since i*(h) = 0, î<j> 6 Bp(A,0 ). 

Therefore, i <j> = + a2 where € CP-1(A,• ), and 

a2 ^ CP(A,A). Since i$ is onto, there exists â * €r cP~"I(X,•) 

such that î cĉ  = aj/ Therefore, î 4> = + a? ~ 
, 4 4L _ 

5p„ii ai + a2 = p-lal + a2* therefore, 

0*2 ~ ~ ^^^p-i^i = ^ CP(A,A). Hence, 

there exists a cover 3 of A by sets open in A such that 

i#(<p - <Sp_1ĉ ") |3P+1 fi AP+1 = 0. Let 3Q = fU C Xj li ft A S3}, 

3q is a cover of A by sets open in X. Let 

(xQ,...,Xp) €: 3q
p Ap+~. Then for some U £ 3g, 

(xQ '' * * »
xp) Up+1. Since U fl A & 3, and 

(X0,...,Xp) £(U 0 A)
p+1 A AP"1, (X0,...,Xp) a 6 p + 1 f\ Ap+1. 

Therefore , (<J> - <5p_1a£) (xQ ,.. . ,xp) = (<!>- 6p_1a^) CiCxg) ,. . . ,i(xp)) 

= î(<j> - 6p_j_â ) (xQ ,. . . ,Xp) = 0. Therefore, 

<j) - ^o^+1 ̂  Ap+1 = 0. Hence, <p - &Cp(XsA). 

Now 5 ((J) - ^ iai) = <5̂4* - ^D^p-1^1 = ^ ̂  * Since 
jP » a. ^ *• p 
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4>. 6 ZP(X»U }, C C J-(X .,X). Therefore, 

* " V l « l € fip'^^CX.X). Hence, cb - « p„. x^ € ZP(X,A>. 

Since a™ € CP^-CXJJ ), j #a~ 6 cP-^CX.D ) and -

<Sp_ij^ai £ 5p„]_C^ CX, 0 ). Therefore , 
JJ 

6P-I j ®1 + 0 8 B P ( x > n >• Thus, = 0. Now 

3*Cn(4> - 5p_ia:f_)] = nj'^CO -
 5p-i®P = r i = 

. # ~ 

nj $ - 0 = n<J> = h. Therefore, h £ Im j'%. 

In any case h € Im j *. Therefore, ker i* C Im j*. 

Hence, ker i* = Im j* for all p. 

Let i*h €• Im i* for h G HP(X, • ). Then h = t)4> for 

some <J> 6 Z^(X, • ). Therefore, <5i*h = <5i*o<J> = = 
D+l 

n6p4>- Since 4> e ZP(X, • ), 6^$ € C (X,X) . Therefore, 

0 + 6p<|) £ BP
+1(X,A). So, n(0 + 5 <fr) r r]6^ = 6i*h = 0. 

Therefore, i*h 6 ker 5. Hence, Im i* C ker 6 for all 

p >_ 0. 
Let h e ker 6 for some h € H P(A, • ). Then 6h = 

n<5 <!> = 0 for some <p € i^~1ri~1h. Therefore, 6 <j> 6 fiP+1(X,A). 
v p 

Thus, 6p<j) = "5 a-̂  + a 2 where € CP(X,A), and 

a. 2 & C^+^"(X ,X). Therefore, 6 d> - { a, = 6 Ctf> - a-.) = 
P ip ~l p -L 

a 2 € CP+1(X,X). So, i> - a 1 € S p
_ 1CP + 1(X,X). Since 

<t> ^ i #- 1
n-

1h, <p £ cP(X,D ). Since € cP(X,A), 

€ CP(X, • ). Therefore, <j> - a ^ € cP(X,• ). Hence, 

<p - € ZP(X,0 ) . Thus , n(<f> ~ a^) <2 HP(X, • ) . 

Consider rii^a^. Since a-̂  € C^(X,A), there is an open 

cover B of A such that a-jJ gP"1"-1- C\ AP +^ = 0 . If 

(x0,...,x ) £ gP + 1 A a p + 1 , then 
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. # 
X ^ 9 * * * $ ̂"P ̂  ^ ̂  ̂  ^ ̂  * * 1 3 *̂* '" ̂'r-j ̂  ' *" J * * * > ^ ** ̂  a 

Therefore, i^a1 j gP
+-̂  fl A^f ̂  - 0. Hence , i'̂ â  € C?(A,A). 

Therefore, 0 + î a-̂  £ BP(A, • ). Thus, 

r|(0 + = T)î ctj = 0. 

Now i*[n(<|> - a^)] " nî (<j> - ot̂ ) = rjî4> - Tli^ai = 

ni#<f> - 0 = h - 0 = h. Hence, h € Im i*. Therefore, 

ker> i c Im i*. Therefore, ker 6 =• Ln i5^ for all p >_ 0. 

Let Jh 6 Im (S for some h S K^CA, • ). Then 

6h = for some <J> € Then jft6h = j*f|6 <J> = 
P p 

nj#<$p<f> = Since £ CP(X), ĵ<J> 6 CP(X,D ). 

Therefore, SDĵ <l> £ S cP
+"''(Xsn ). Therefore, 

Jr Ir 

6pĵ <j) + 0 6 BP+1(X,D ). Hence,* n(5pî <j> + 0) = n<$pj = 

j*6h = 0. Thus, 6h £ ker j*. Kence, Im 6 C ker j*. 

Let h S ker j * for some h 6 HP(X ,A). Then h = rj<j> for 

some (j> & ZP(X,A), and j*h = j Ari<J> = = 0. Therefore, 

& BP(X, • ), Thus, ĵ<j> = 5p_1a-l + a2
 w^ere € CP^CX, •) , 

and <*2 e CP(X,X). Let (xq ,. . . ,xr) £ X
p+^. Then 

6p-iaiCx0,...,xp) = 6p_1a1(jCxQ),...,j(xp)) = j
ff6p_1a1(x0,.. . ,x^, 

and a2(xQ,...,Xp) = a2(j(xQ),...,j(x )) = j^a2(xQ,...,xp). 

Thus, j^Sp-ioti = 5p_1a^, and j^a2 cs2. Therefore, 

+ j^a2 = 3^^p~lal + a2^ Lemma 2.3, 

is 1-1. Therefore, <f> = ^p-iai + a2* Thus, h = = 

n(5p_ja1 + a2) = n5p_]_ctj
 + na2« Since a2 € CP(X,X) , 

a2 <Sr BP(X,A). Therefore, ri^ = Thus, h = nSp^ia^ = 

6 (rsî ct̂ ) . Therefore, h £ Im 6. So, ker jA C. Im a. Hence, 

ker j* = Im 6, for all p > 0. 
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0 / v A \ , TfO To show j*: H°(X,A) -> K°;X,D > I? 1-1, let 

5*(h) = 0 for some h € HQ(X,A). Then h - n<f> for some 

<f> € Z (X,A). Now j*Ch) ~ s n j % = 0. Therefore, 

j (f> £ B CX, • ) - 0. Thus, ĵ<j> = 0, By Lemma 2,3, is 

1-1. Hence, <jj = 0. Therefore, n* = h = 0. Hence, 

H (X,A) H (X,D ) is 1-1. Therefore, by Definition 1.1 

the sequence is exact. 

Corollary 2_,_2. If HP(X,A) = 0 for all p > Q, then i* 

is an isomorphism of HP(X,D ) onto H?(A,0 ). 

Proof: Since HP(X,A) = 0, Im j* s o. By Theorem i+, 

Im j* = ker i*. Therefore, ker i* = 0. Hence, i* is i-i. 

Let cj) 6 HP(A,D ). Then Stp € HP+1(X,A), By hypothesis, 

R P ~(X,A) = 0. Thus, 6tf) = 0. Hence, <j> € ker 6 = Im i*. 

Hence, k* is onto. Therefore, i* is an isomorphism. 

I.heorem M - Let B C A C X. Let m: (A,3) $ (X,B) , 

n: (X,B) % (X,A), j: (A, • ) •* CA,B), and i: A $ X. Let 

& = j*. Then the sequence ..,HP_i(X,B) H?-1(A,B) | 

HP(X,A) f Hp(X,B) f IiP(A,B) f ... i s exact. 

Proof: Let m*h € Im m* for some h 6 HP~^-(X,B). Then 

h = n<J> for some <f> e ZP~1(X,B). Thus, 

Sm*(h) = .6j*(m*n<J>) = 6j*nm#(p = SnjV<f>. Since i# = j V 

6ri3 m <P = 5r)i' <f> = n6p_i$. Since <p € ZP"1(X,B), 

<Sp-l<f> 6 c P ( X' X ) • Therefore, 0 + 5p-1<^ € B
P(X,A). 

Therefore, n(0 + 6 ^ £ BP(X,A). Therefore, 

U (0 + 5p_x4») = r)6p_i<|) = <5m*h = 0. Hence, m*h g. ker 5. 

Therefore, Im m* C ker 6. 
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'U 
Let h £ ker 5 for some h €. H (A,B). Then h = for 

some <j> £ Z-P(A?B) , and 5h - 0. By Note 2.8, is onto. 

So, <{> = m<f)1 for some ip' •£ ZP(X.B). Now, m*(ri1) = rsrâ(J>' 

n4> = h. Thus, h € Ira m4. Therefore, ker <5 c Im m#{. Hence 5 
Of 

Ira m* = ker <5. 

Let h €. ker n* for some h 6 HP(X ,A). Then h = ri<j> for 

some <f> € ZP(X,A), and n*h = n*n<j) = = 0. Therefore, 

n̂ <p € BP(X,B). Thus, n̂<j> = 6 + a2 where 

a1 € C
p-1(X,B) , and a2 £C

P(X,X). Since n̂ 4> = <j> e CP(X,B) , 

<J> - 6p-iai + a 2» Therefore, h = n<j> = nC^p^a^ + a2) = 

n5p-lal + a2" s i n c e a2 e Cp(X,X), 0 + a2 € B
P(X,A). 

Therefore, na2
 = 0 • Thus, h - n6p_iai. Since <$> CL CP(X,A), 

and <*2 6 CP(X,X), then <j> € CP(A,A) and a2 € C
P(A,A). 

Therefore, <f> - a2 = Sp-i^ € C
p(A,A), Thus, 

al ^ < p̂-l"'"Cp(ArA) . Also, aj € C
P~^(X,B) implies 

^ Cp ^(A,B) . Hence, 6 ZP~^(A,B). Now $(na^) = 

SjMna^) - SCriĵ ot̂ ) = ̂ ^p_2a] = h* Therefore, 

h € Im 5. Hence, ker n* C Im &. 

Let £h € Im 6 for some h G Hp-1(A,B), Let 

k: B fi A. By Theorem 4, ...Hp"1(A,B) J* HP_1(A) ** 

Hp-1(B) §. HP(A,B) . . is an exact sequence. Therefore, 

Im j* = ker kft. Now n*($h) = n*6j*h. By Theorem 3, 

n*6 = 5k*. Therefore, n*6j*h = 6kftjAh. Since Im j* = ker k* 

k*(jfth) = 0. Thus, Sks%j*h = n*£h = 0. Therefore, 
*\f *\J 

Sh £ ker n*. Therefore, Im o C ker n* . Hence, Im 6 = kern*. 
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Let n*h € Im n* for some r. « HP(XVA). Then h s n$ 

for some cj) & Z^(X,A) . Thus, m^n^h = m*n*r)<£ = m*nn̂ <£ a 

rim n ' <b, Since <j) € Z^(X,A), <{> <£ CP(X ,A). Therefore, there-

is an open cover 3 of A such that gP+;i Q A?+1 = 0. Let 

(x , ..,9x )€ 3P 0 Ap+". Then m̂ n̂ <j>(x ,. .. ,x ) = 
s O p 

m ^(n(x0),...5n(xp)) = m#<KxQ ,. .. ,xp) = * (m(xQ),... ,m(x ) 3 = 

<j)(x0 . ,xp) = 0. Hence. mMcp € Cp(A,A). Therefore» 

0 + m#n̂ cj> 6 BP(A,B). Therefore, nm^n^ = m*n*h = 0. Thus, 

n*h € ker mft. Hence, Im n* C ker m*. 

Let h € ker m* for some h e HP(X,B). Then h a n* for 

some <p € Zp(X,B), and m*h = m*n* = nm% = 0. Therefore. 
# JH 

m h €. BP(A,B). Thus, m <p = ^p-]ai + where 

aj 6 Cp 1(A,B), and a2 € C
p(A,A). Now a2 = m#<j; - <S 

CP(A,A). Hence, there exists a cover 6 of A by sets open 

in A such that m#4> - 5p_1a1(
lBp+1 A A p + 1 =0. Let 

~ {>JOX| U (1 A £ 3)« Then 0-̂  is a cover of A by sets 

open in X. Let (x0,...,xp) 6 ^
+ 1 n A p + 1. Then 

< D > - S p - i a i X x Q ^ . ^ X P ) = 4 > C X Q , . . . , X P ) - V ^ C X Q ,... ,xp> = 

*(m(xQ),. .. ,m(xp) - <Sp_]_a1(xg ,... ,xp) = 

m#^(x0,...,xp) -
 5

p_iai(x0,...,xp) = 

Cm#* - «p-iai)
(x0 Xp). Since (x0,...,xp) 6 3 1

P + \ 

there exists U 6 ^ such that (x0,...,Xp) £ uP
+1. Now 

U A A € 3. Since (xQ,...,xp) € AP
+1, (xQ,...,xp) € e

p+1. 

Hence, (m#<f> - Sp-l
al)Cx0'* *'>xp} = (* " 6p-lal) (x0 '' ' *'xp} s°-

Thei'efore, <j> - Sp̂ ja-l £ CP(X,A). Since 

<j> £ CP(X,B), 6 <(> € CP+1(X,X). Now 



V 0 ~ <Sp-l0tl) = V ~ 5 P 5 P ~ I a l = V " 0 r" V * CP +i(X,X). 

Therefore, ij> - Sp„~jCh £ <Sp"^CP+^(X,X). Hence 9 f - {p £ 

Z P(X , A ). Since a 1 € CP~ 1(A >B), n^a x £ CP~ 1(X,B). Therefore, 

6 p - l n # a l 6 6 p - l c P ( X ' B ) * Thus, 5 p _ 1 n
# a 1 + 0 -

5 p - l n ^ a l € B P(X,B). Therefore, r ^ 0 _ i
n ^ a i - 0• Hence, 

n*(n( 6 , a , ) ) = nn̂ (<f> - 6 , 3 , ) = nn̂ <j> - nn^5 _a_ -
ir "* * p***-L ju p-«> x X 

nn̂ <f> - riSp^n^a^ = nn*<j> - 0 = ri4> = h. Therefore, 

h €. Im n'v, Therefore, ker m* C Im n*. Hence, Ira n* » 

ker m*. 

To show n*: H°(X,A) -> H°(X,B) is 1-1, let n*(h) = 0 

for some h € H^(X,A). Then h = r)tf> for some <j> 6 ZP(X,A). 

Now n*(h) = n*ri4i = nn^<£ = 0. Therefore, n̂ <{> € B^(X,B). 
# # 

Thus, n $ = 0. By Lemma 2.3, n is 1-1. Hence, <f> = 0. 

Therefore, n<J> = h = 0. Hence, n*: H°(X,A) -»• H°(X,B) is 

1-1. Therefore, by Definition 1.1, the sequence is exact. 

Definition 2.5. Let f: X Y, and let g: X -*• Y. 

Define D: C P(X) •> C P _ 1 ( X ) as follows: for <}> 6 C P(X), 

Dtj; is that function in CP~ X(X) such that 
p-1 

D0(x o ,. . . >Xp_i) = ^ (--1)• 1<j>(g(x Q,g(x^) ,f(x^),... »f (Xp.^)). 

The function D̂ _ i_s called the, deformation cochain of $ with 

respect to f and _g. 

Lemma 2.1. If f: X -*• Y, and g: X Y, then 

DSq<£ = f
#<J> - g#(f, and if p > 0, 6 p - 1 D * + D6p<*> = - g#<j>. 

Proof: Assume p = 0. Let XQ € X, Then D6Q<J>(xq) = 

6p<j>Cg(xg), f(x 0)) = ^(f(x Q)) - <f)(g(x0)) = f^<j>(xQ) - g^4>(xQ}. 

Therefore, DSp<i> = f̂ 4> - g$4> for p = 0. 
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Assume p > 0. Let (xQ >. . . ,x_) £ Then. 
? *i „ *D "L . A "i ^ * 

"D 5 ̂ 6 (xn $ * * * ? 2Cr) ~ I ( -1) [ I ^ -X / ̂  <j) ( 5 * • * jJtl , • jli ' - ) 1 
P vĵ  P 1 = 0 j-0 0 1 p + i 

where h | = Cg(x.) i f j < i 
1 j j ~ 

1 f ( x - 1) I f j > i . 
V« J 

Also, 5 p _ 1
D ^ ( x 0 , . . . 5 x p ) = 

.? ( -1)^ [ p 2 1 ( - l ) 1 4 ' ( g ( k ^ ) . . , g (k1 ) , f ( k : j ) , . . . , f ( k j ) ) ] 
j -0 t z = o D x x P-J-
where k̂ j" - ^ i f i < j 

[ i + l i f i 1 3-

Thus, D6p<j>(Xg , . . . ,x p ) = f £ - l ) ^ $ ( h g , . . . , h f . ,h*+^)] + 

<fr(h?, . . . s h ° ) + ( - l ) p ( - l ) p + 1 $ C h g , . . . , h ? ) = 
P 1 . ^ 

• * * ji 

i | o < - l ) i [ , | i C - l ) ' j < | > ( h J , . . . , h j , . . . 5 h p + 1 ) j + f % ( x Q s . . . ,x p ) -

ĝ 4> Cxq , . . . ,Xp). For i = j i 0 , 
( - l ) i ^ ( h j 9 . . . } h ^ 9 . . . , h ^ + i > = 

* ft 

C-.I)x3<j>(g(xQ)» — ,g(Xj_ 1 \ , f ( x j _ 1 ) , — ,f (Xp)) = 

- ( ( - 1 ) 3 Ci-1> )4>(gCkj),. . . , g ( k j _ 1 ) , f ( k ^ _ 1 ) 5 . . . , f ( k ^ _ 1 ) . 

For i < j , (-l)1-,<j)(hQ , . . . , h j , . . . ,hp + 1 ) = 

(•" 1} 13 (j)(gtXp) ^ • *» 5 ^ C ^ 5» * • ^fCx^ 2^ 5fCxj ) % * * * Xp)) "* 

- ( < - l ) ^ i _ 1 ^ ( g ( k ^ ) , . . . ,g(k3 ) , f ( k 3 f(k^ ) ) . 
. 0 1 - 1 . 1"1 P - l 

F02? j < i , ( -1) * "H(hg > * • * j ? . *. ^ "" 
( — 1) ^(§(Xq) j* • * — 1^5 ^ j +1 ̂  5 * # * ^j[ ̂  5 f (x^ / 5 • »* s t* ( x p ) ) 

= - ( ( - l ) j ( l " 1 ) ) < ( ) ( g ( k 3 ) , . . . } g ( k 3 _ i ) , f ( k 3 _ i ) , . . . , f ( k j _ i ) ) . 

There fo re , . £ ^ ( - l ) ^ [ . . . , h j , . . . ,hp + 1 ) ] = 

- [ . ? ( - l ) 3 [ P £ 1 ( - l ) i < t » ( g ( k 3 ) 9 . . . , g ( k 3 ) 9 f ( k J ) , . . . , f ( k 3 ) ) ] ] = 
j -0 i = C u x x p-x 

-C5p„iD<fr(x0 , . . . ,Xp)3. Hence, 
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\ «. 6p_1Dci>(x0 ?.. . 5xp) D6'p$Cx0».. . ,Xp) 

5p-l D*< X0""* xp ) + ifo('"1)~[n~1 s'h;+ )'J + 
if «J """ If -*•» 

f (^(Xp,»»*, X ) "™ j » i- * 5X 5 "• 

u p U p 

^ p — S * • * * ' ~ 1^^ ̂ XQ » • " • 5^p J f $ ( XQ , • • • , Xp ) — 

g X p ) - I < { i ( X q } . « . 3 x ^ ) - g'<})(xgj..»5 X p ) . Thus y 

for p > 0, 5p_1Dcf) + D6 $ = - g#«j). 
The Fundamental Lemma of Spanier. 

(1) Let f,g: (X,A) •+ (Y,3) (not necessarily continuous). 

(2) Let <j> € ZP(Y,B). 

(3) There exists an open cover B of Y such that 

6p4>|eP+2 = 0 and sf>|gp+1n b P + 1 = 0-

(4) There exists an open cover y of X such that U £ y implies 

there exists V £ g such that f(U) U g(U) C V. 

If (l)-(4) are satisfied, then 

(a) f#<J>, g#4> £ ZP(X,A), and (b) f§<b - g#<j> E B P ( X , A ) . 

Proof: Let <xQS...,xp) G y
p x l A A P + 1. Then 

(f(xQ),...,f(xp)) £ BP
+1, and <g(xQ),...,g(xp)) £ BP

+1. 

Also, (xQ,...,x ) €r U
p + 1 for some U £ y. By (4), there is 

a V € $ such that f(U) U g(U) C V. Thus, 

(f(xQ),...,f(xp)) € V
p f l, and (g(xQ),...,g(xp)) €L VP

+1. 

Hence, (f(xQ),...,f(xp)), (g(xQ),...,g(x )) £ 6
P + 1 A BP+1. 

Therefore, by (3), <p(f(xQ),. .. ,f (xp)) = f
#<j> (xQ ,. .. ,xp) = 0, 

and <}>(g(x0),...sg(xp)) = ĝ <f>(xg ,. „ . ,Xp) = 0. Hence, y is 

an open cover of A, and f̂ 4> i y p + 1 C\ A p + 1 = 0, and 

g^^jyP"1"1^ AP + 1 = 0. Therefore, f̂ 4>,g#4> CP(X,A). 
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Let (xq , • . . ,x +^) « Then for some U <£ y, 

(xQ,. . . *
xp+-j >

 ,Ji ^ By (4), there exists V £ g such that 

(f (Xg) ,. .. ,f (Xpfi)) €. V
p+2 , and g(x,,) ,. . . ,g(x ) 6 Vp+2 . 

Therefores (f<x0),...,f(xp+1)),g(x0),.,.,g(x +1)) € fl
p+2 

Hence, Sp<Kf (xQ) ,. . . ,f (xp+1)) = f
#6_^(xQ,. , . ,xp+1> = 

6pf#4>(x0,. . . ,xp+1) = 0, and op4>(g(xQ),. . , ,g(x +1)) r 
# # 

§ xp+] ̂  *w 5pg 3 • * • 5 x / - 0 j Thspsfops 5 

Y is an open cover of X, and 5 f >|yP42 = 0, and 
Jr 

6pĝ <j>! y
p+2 = 0. Thus, 6pf̂ 4> € CP+1(X,X) , and 

<5pg
#<f> 6 Cp+x(X,X). Therefore, f,g#<|> € 5_~1CP+1(X,X). 

ir p 

Hence, f 6 ZP(X,A)« 

To prove (b), it will be shown that D<j> € Cp-1(X,A). 

Let (xq ,. . . ,Xp_j_5 £ 0 Ap. Then (xg ,.. . ,Xp_^) £ Up for 

some U € y. By (4), there exists V 6 3 such that 

f(U> U g(U) CV. Let K = { (g(xQ),. . . ..g^) ,f (x±) ,. . . ,f Cxp^)) | 

0 1 i 1 p-l>• Thus, K is a subset of Vp+1. Therefore, 

every element in K is an element of 3P+1. Since x- € A 
X. 

for 0 <_ i < p-1, K is a subset of Bp+1. Therefore, if 

(g(x0) ,. . . jgCx̂  ) ,f(xi) ,. . . ,f (Xp.]̂ )) € K, then 

Cg(Xg),.. . , g(x^},f { x ^ f (xp„]_)) € 3 P + 1 C\ Bp+^". Hence, 
by (3), D<f>(xg,,.. ,Xp_2_) = 

p-1 ,• 

- q ̂  ~ <j)(g(Xg) . . , g (x ̂) )f(xi) 5 •.. 5f (Xp„i)) — 0 • There-

fore, y is an open cover of A, and D<61 yP 0 Ap = 0. Thus, 

D<j> € Cp-1(X,A). 

Now it will be shown that D<Sd<J> € CP(X,X). Let 

(xn,...,x ) € y
P + 1 f\ Xp+1. Then (xn,,..x) £ U for some 
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U € Y. By ( 4 ) , t h e r e i s a V € 3 s u c h t h a t 

f ( U ) U g(U) C V. L e t K = { ( g ( x Q ) , . . . , g ( x , > ) , f ( x f (x^,)) j 
^ **1 

0 < i < p } . Then K i s a s u b s e t o f V- T h e r e f o r e , i f 

( g (Xri ) , . » . , g ( x • i jf7 ( x ^ ) . • • . ; 11 x ) ) K j th® n 
- P p + 1 

( g ( x Q ) . j g C x ^ ) , f ( x i ) . 5 f ( x p ) ) £ e , By ( 3 ) , 

5p<f)| B p + 1 = 0 . H e n c e , DSp(f>(xQ , . . . ,Xp) a 

. J ( ~ i ) 1 6 $ ( g ( x n ) J • • . , g ( x . ) , f ( x . ) , . . . , f ( x ) ) = 0 . 
l « u p U 1 1 p 
T h e r e f o r e , y i s an o p e n c o v e r o f X, and D<$p<f> j s 0 . 

H e n c e , DSp<J> € C P ( X , X ) . 

I f p - 0 , t h e n by Lemma 2 . 4 , 

f#cj> - g^4> = D60<|> € C ° ( X , X ) . T h u s , 

0 + f#<J» - g#<J) = f#<j> - g#4> € B ° ( X , A ) . I f p > 0 , t h e n 
by Lemma 2 . 4 , f#<j> - g#c|> = 5 ,D<j> - D 5 J , S i n c e 

1 P~ ^ 

D4> € CP~ ( X , A ) , t h e n S ^ 6 S p . ] . ^ * 1 ( X , A ) . T h e r e f o r e , 

6p_XD(}) + D6p<f) € 5 p _ 1 C P - 1 ( X , A ) + C?(X,X) = B ? ( X , A ) , T h u s , 

f̂ <f> - ĝ <j> € fiP(X,A). I n any c a s e , f̂ cj> - 6 B P ( X , A ) . 

The f o l l o w i n g n o t a t i o n w i l l b e u s e d . F o r 
ir: (X,A) x T 'SSSiiSilQilS^ ( Y , B ) , f i x t 5 T . D e f i n e 

t : (X,A) (Y,B) by t ( x ) = i t ( t , x ) f o r e a c h x 6 X. Then 

t i n d u c e s t * : H P ( Y , B ) H P ( X , A ) . 

Lemma 2 . 5 . L e t X b e c o m p a c t . L e t B be a c l o s e d s u b -

s e t o f Y* L e t IT: (X,A) x T -> ( Y , B ) . L e t h € H P ( Y , B ) , a n d 

t € T . T h e r e e x i s t s a s e t 0 o p e n i n T s u c h t h a t t € O s and 

i f s € 0 , t h e n s* ( h ) = t * ( h ) . F u r t h e r , i f T i s c o n n e c t e d , 

t h e n f o r e a c h s , t € T , §* = t * . 
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Proof: Since h € h - r<p for some <> € Z^(Y,B). 

Therefore, there exists an open cover 3^ of B such that 

4> j 3^+1 f\ BP+1 = 0. Also 5 there exists an open cover 82 

of Y such that 6p<t j 8^+^ = 0. Then 8-̂  U CY\B) is an open 

cover of Y. Let g = { P i Vo | 5 ^ U (Y\B), V2 € 82* 

Vi H V2 t • ). Then 3 is an open cover of Y, and 

<j)| 0P+J" f\ B̂ >+"'" = 0, and 6 d> j 8^ = 0. Since tr is continuous, 
9 

tt~1(8) is an open cover of X x T. For each x 6 X, 

(x,t) € X x T. Therefore, (x,t) € ir'̂ CV) for some 

V € 8• Since tt~̂ (V) is open in X x T, there exist sets 

Gxv>kxv such that Gxv is open in X, K x v is open in T, 

and (x,t) € G x v x Kxv C tt
-1( V). Let 8' = {Gxv | x € X}. 

Then 8' is an open cover of X. Therefore, there is a 

finite subcollection 8" = {Gvl,..,,Gvn) of 8' that covers 
n 

X. Now t € Kv£ for i = 1,...,n. Therefore, t € ^O^vi* 

Let 0 = iQ-jKvi. Then 0 is open in T and t S 0. Let s € 0. 

Let Gv̂  € 8". If x € then t(x) - tt(x,t). Since 

t S Kv-j_, and Gv£ X Kvj_ then rr(x,t) ̂  V^. Also, 

s(x) = tt(x,s) €. V^. 

The above establishes the following; 

s,t: (X,A) •+ (Y,B); <j> € ZP(Y,B); there is an open 

cover 8 of Y such that j 8^+^ = 0, and <j> | 8̂ +"̂  O B^+^" = 0; 

there is an open cover 8" of X such that 6 £ 8" implies 

there exists V £ 8 such that s(G) U t(G) G.V. Hence, the 

hypothesis of the Fundamental Lemma of Spanier is satisfied. 



Thus, S#TJ) - T # $ 6 B P ( X > A ) . Therefore, 

nŝ (j) ~ nt̂ -Js. Hence, s*(h) = t*A(h). 

Now assume also that T is connected. Suppose there 

exxsts t,s € T such that t*(h) i s*(h) for some h £ HP(Y,B). 

From the first part of this proof, there is an open set 0 

such that r*(h) = t*(h) for all r € 0. Let 

M = U(°l for every r € 0, r*(h) = t*(h)}. Then s £ T\M, 

and t e M. M is open in T. Thus, T\M is closed in T. 

Therefore, M fl CT\M) = M (\ (T\M) - • . Now suppose 

M f\ (T\M) i • . Let x € M ft (T\M), Then every open set 

about x intersects M. There exists an open set G about x 

such that for every y £ G, $*(h) ~ x*(h). Since 

G f\ M i • , there exists y € g n M such that 

vA(h) = x*(h). Therefore, t* Ch) - $*(h) = &*(h). 

Therefore, x € M. This contradicts x c T\M. Thus, 

M A (T\M) = • . Therefore, 

M a CT\M> = M A (TYM) = • . Since T = M U (T\M), 

this implies T is not connected. This is a contradiction. 

Hence, for each t,s £ T, t* = s*. 

Theorem 5_. (The Generalized Homotopy Theorem). 

Let T be connected, and f,g: (X,A) -»• (Y,B) where X is com-

pact, B is closed, and f and g are continuous. If there 

exists a continuous function h: (X,A) x T -*• (Y,B), and if 

there exists s,t € T such that h(x,s) = f(x), and 

h(x,t) = g(x) for all x € X, then ffc = g*. 
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A, 
Proof: Define s,t: <X,A) <VSE) by s(x) = h(x,s>9 and 

t(x) s h(x,t) for all x £ X, Then t ~ f» and t = g. By 

Lemma 2.5, s* •= t*. Therefore s - gft. • 

Definition 2.6. Let I be the unit interval. Let 

f,g: X Y. Then f is homotopic to g (denoted f g) if 

there exists h: X * I •+• Y such that h is continuous, and 

h(x,1) = f(x) for all x 6 X, and h(x,0) = g(x) for all 

x £ X. 

Corollary 2.3. If X is compact, and B is closed* 

and f,g: (X,A) -* (Y,B), and f and g are continuous, then 

f - g implies 

Proof: Since f - g, there exists a continuous function 

h: X x I •> Y such that h(x,l) = f(x), and h(x,0) = gCx) 

for all x € X. Since I is connected, the hypothesis of 

Theorem 5 is satisfied. Hence, f* = g*. 

Definition 2.7. If f is a continuous function from 

X into Y, then f is null-homotopic if f is homotopic to a 

constant map. 

Definition 2.8. A space X is contractible if the 

identity map from X to X is null-homotopic. 

Definition 2.9. Let A C X. Then A is a retract of 

X if there exists r: X A such that r is continuous, and 

roj = i where i is the identity map on A, and j : A X. 

Definition 2.10. Let A C X. Then A is a deformation 

retract of X if there exists r: X ->• A such that r is a 

retraction of X onto A, and jor * i where i is the identity 

map on X, and j : A Is X. 
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Corollary 2. M-. If A is a deformation retract of a 

compact space X, then HP(X) s hP(A) fcr all p. 

Proof: Let i be the identity map from X to X. Since A 

is a deformation retract of X, there exists r: X -* A such 

that r is onto and jr - i whore j: A § X. Now 

r*: HP (A) -+• HP(X). It will be shown that rA is the 

desired isomorphism. By Corollary 2,3, (jr>* = i*. By 

Theorem 2, (jr)* = r*j* = i*. Now r* is an R-homcmorphism. 

Let h 6 HP(X). Then j*(h) £ HP(A). r*<j*(h)) = i*(h) = h. 

Thus, r* is onto. Let r*(h) = 0 for some h 6 HP(A). Then 

h = ri<)> for some cf> € ZP(A). By Note 2.89 is onto. Thus, 

4> = for some <f>T € ZP(X). Therefore, n<j)' £ HP(X) , and. 

j*n<f>1 = riĵ<f>T = T}(j) = h. Hence, r*(h) = r*(j*n<j>') = 

i*(nif>f) = 0. By Theorem 1, i* is an isomorphism. Hence, 

i*(n<|>') = 0 implies = 0. Therefore, <}>' 6 bP(X) . This 

implies € BP(A). T h u s ' = h = 0. Therefore, 

r*(h) = 0 implies h = 0. Hence, r* is 1-1. Hence, 

r*: Ĥ CA.) HP(X) is an isomorphism for all p. 

Theorem iB. (Weak Excision Theorem). 

Let A C X. Let U be open such that U C Int(A). Let 

j: (X\U, A\U) § (X ,A). Then j*: HP(X,A) -• HP(X\U, A\U) 

is an onto isomorphism. 

Proof: To show j* is onto, let h 6 HP(X\US A\U). Then 

h = n<t> for some <j> £ ZP(X\U, A\U) . Define €, CP(X) as 

follows: 

' (xq ,... s^p) -
4»(xg ,. . . ,Xp) if (xq ,. . . ,Xp) £ (X\U) 

0 if (xq,...,x ) € (XMJ)P+1. 

p+1 
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Since <f> € ZP(X\U, A\U) , <b £ C*'(XMJ, iKU). Thus, there • 

exists a covering 3 of .A\U by sets open in X\U such that 

4)|6P+1 A (A\U)P+1 = 0. Let 

B-i = (U> \J {G| G is open in X, G f\ (X\U) € 6). Then 8j_ is 

a covering of A by sets open in X. Let 
p+1 p+1 

(XQ ,. . . }Xp) £ 8^ H A if x; € U for any 0 < i <_ p, 

then by the definition of <|>' (x^ ,. .. ,x ) = 0. Otherwise, 

(xn 5 , x ) € [G c\ (X\U)]P+1 for some G f\ (X\U) € 8. There-
u p 

fore, (xQ,..,,xp) € 8
P + 1 0 (A\U)P+1. Hence, 

<j>f (xq , . . . ,Xp) = <|>(xq,, . . ,Xp) = 0. In any case, 

<f>' (xq ,. .. ,Xp) = 0. Hence, $ ' € cP(X,A). 

It should be noted that the above is true for any 

<f) € CP(X\U, A\U). By the definition of 4*% = 4>• 

Hence, is onto Cp(X\U, A\U). 

Now since <p £ ZP(X\U, A\U) , 

5p(j> € CP+^(X\U, XNU). Therefore, there is a covering y of 

X\U by sets open in X\U such that 

6p*jYP+2n (X U)P+2 = 0, Since ' £ CP(X,A), 

6pCf>r 6 cP^-^CXjA). Therefore, there is a covering y^ of 

A by sets open in X such that 6p$'|yP Ap4^ ~ 0. 

Let y2 = {G{ G is open in X, (X\U) A G 6 y } . Let 

Yg = {G (\ (XMT)! G € y2) , and let 

y1+ = {V H Int(A) [ V £ y-,}, Let F = y3 vj y^. It will be 

shown that T is an open cover of X. Let x 6. X. If x 6 U, 

then x € Int(A). Therefore, x € V for some V y-̂ • Thus, 

x € V f\ IntCA) £ f . If x € X\U, then x € XSU. Therefore, 
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x € G for some G « y. Thar. G = (XYU) f\ 6' where Gf is open 

in X. Therefore, x <£ G' f\ (X\U) 6. r. In any case, x is 

covered by a set in r. Everv set in y„ open, and every 

set in y4 is open. Hence$ V is an open cover of X. Let 

n+? . P+2 
(x0,...,xp+1) € . If Cx0,...,xp+1) € y3 , then 

( x Q . , x p + 1 ) € [G n (X\U)3
P+2 C EG n (X\U)]P+2. Since 

G ft (XVJ) £ Y» (x0,...,xp+1) € Y
p + 2. Therefore, 

6p<j)(x0 ,.. . ,xp) = 0 . For each i, 0 £ i < . p + l, 

(xQ ,. .. ,x.j,. .. ,xp+1) € (X\h)
p+1. Thus, (fr*(XQ, 

... ,x̂ ,. •. , ^ = ' • • • >xi' • • •s^p+l^ * Therefore, 
p+1 

®p^ x0 >' * * ,xp+l^ ~ ~ 2 ̂ (™1) ( XQ , • * * 'X} ' * " * ' ̂ p+1 ̂  ~ 

(xq ,... ,x^,.. . ,Xp+1) = 5p<{>' (xq ,.. . ,xp+-j) = 0-

If <xQ ,... ,xp+1) £, y$
+2 s "then 

(XQ ,.. . ,xp+1) € (V 0 Int(A) )'f"
r2 for some V € y^. 

Thus, (Xq ,. .. >Xp+]_) ̂  Yi 2 n Ap 2. Therefore, 

5p(f)' (xq ,... >x
p+^) = 0. In any case, 6p<j>' - 0. Hence, 

6p(J>1 | r P + 2 - o . Therefore, 6p<j>'€ C
P+2(X,X). Therefore, 

<j>' Sp-^CP^CXjX). By the definition of <pf, = 4>. 

Thus, j*Cn4> *) = nj^V = n<£ = h. Hence, j* is onto. 

To show j * is 1-1, let j * (h) = 0. Then h = n<j> for 

some <{>6ZP(X,A). Since j*(h) = r 0, 

j#<f> £ BP(X\U, A\U). Therefore, = 5p_iC]_ + w^ere 

â_ € CP~"*"(X\U, A\U) , and ag 6 CP(X\U, X\U). It was noted 

earlier in this proof that is onto CP "*'(X\U, A>U). Thus 

a_ = ĵ cTj for some a^ 0^ """(XjA). Therefore, 
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aj = - « p_. 0 i = = 3*4. - » 

j t(f> — 5p_̂ ot-j) 6. Cf"(X\U. X\U). Hencs5 there is a, covering1 

3 of X\U by sets open in X\l) such that 

~ ^p-i^i5 I S P + 1 = Now $ - € CP(X,A). Thus„ 

there is a covering y of A by sets open in X such that 

<f> - T P + 1 n A p + 1 = C. Let 

B-j_ = (G| G is open in X, (X\U) A G € &}. Let' 

= {G A (XSU)| G € e }. Let 

Yl = {G r\ Int(A) I G e Y>. Let T* = 3? (J Y2. Similar 

to an earlier part of this proof, T is an open cover of X. 

then Let Cxq,...jXp) 6 . if (xg ,. ..>Xp) £ 

(x0,.. . ,Xp) € [G 0 (X\U) ]P+1. Thus, G f\ (x\U) € 8, and 

<x0,... ,x ) £ 8
P + 1. Hence, - 6p„1'd1) (X£},, . . , X p) * 0 

Since x i € X\U for 0 < i < p, j # ^ - 6 p - 1a 1)(x Q,.., sx p) = 

(* ~ 6 p - i ° r i ) ( 3 ( x o ) - : - » ^
x
p ^ = - 5 p - l ^ l ) ( x 0 s " " x

p
) 3 0 

If <xQ,... ,xp) £ , then (xQ,... ,xp) € (G C[ Int(A)P+1) 

for some G £ y. Hence, (xQ,...,xp) & Y
P + 1 A AP + 1. There-

fore, ((f> - 5p_^a^) (xq ,.. . ,Xp) = 0. In any case, 

(<P ~ ^p_xai) Cx0 »• • • , x p)
 = 0. Therefore, r is an open 

cover of X and $ - |3p_1a1|rP
+1 = 0. Hence, 

<t> ~ 5 p - i a i C P ( X , X ) . Now 5 p_ 1a 1 6 6p_1C
p~1(X,A). Thus, 

<f> = Sp-iai + (* - 5p_]_«]_> £
 6p-l C P" 1 ( X' A ) + cP<X,X) = BP(X,A), 

Therefore, n<P = h - 0. Hence, j* is l-l. Hence, j* is an 

onto isomorphism. 

Theorem 6A. (Excision Theorem). 

If X = Int(A) {J Int(B) where A and B are closed subsets of 

X, and if j: (B, A A B) f (X,A), then 



JSV; H-D(X»A) •> HP(3^A f\ 3) is an onto Isomorphism. 

Proof; Let U ® >:\B. Let x £ U. If x $ IrrtCA), then 

x € Int(B). Therefores since x € U5 Int(B) A U t 0 . 

But Int(B) f\ X\p - • . This is & contradiction. Thus, 

x e Int(A). Hence., U C Int(A). Since. 3 - X\(X\B), and 

A (\ B = A\(X\B), j: (X\U, A\U) - (X,A). Thus, the 

hypothesis of Theorem 6 is satisfied. Hence, j* is an 

onto isomorphism. 

Theorem 7_. (Dimension Theorem.). 

If the cardinality of X is ls then 

HP(X) 2 CG if p = 0 

0 if p > 0 

where G is the coefficient R-moduie. 

Proof; Consider the case p = 0. Let <h Q C°(X). Then 

€ C1(X). Let (x,x) 6 X2. 6n4>(x,x) = . L c - D ^ C x ) = 
,J x*u 

<Mx) - <j>(x) = 0. Therefore, 5Q4> £ C
1(X,X). Thus, 

<t> € 60'"
;LC1(X,X). Hence, 50"

1C1(X,X) = C°(X) . This 

implies that Z°(X) = C°(X). Now B°(X) = 0. Hence, 

H°(X) = Z°(X)/B°(X) = C°(X)/0 = C°(X). For each 

f 5 C (X) j <j>(x) = g for some g <L G. Define F: C^(X) •+• G 

by F(4>) = g. To show F is an R-homomorphisin, let 

^ C°(X) , and let r,t 6 6. Then ^(x) = g^, 

and 4 > 2 = §2 f o r s o m e »g9 € G. Then 

rF(<j>̂ ) + tF(<j>2̂  - rg]_ + tg2 - rtf^Cx) + t<j>2 Cx) "= 

(r<t>̂  + t<(>2) (x) = F(r<J>-̂  + t<j>2) • Hence, F is an R-homo-

morphism. F is onto since for each g g G, there is a 
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function <j> £ Cl1 (X) such that <J>(x) = g. If F($) ~ 0, then 

tf)(x) = 0. Kence, by definition, % ~ 0. Thus, F is 1-1. 

Hence F: H°(X) S is an isomorphism. 

Now assume that p > 0, Assume also that p is odd. 

For the remainder of this proof, let denote the p-tuple 

from Xn. Let € CP(X). Since p is odd, 

6p<j>(xp+9) =
 PZ2(-l)1())(Xp+1) = 0, Therefore, € Cpfl(X,X). 

Therefore, 6p"~^C
p+^'(X,X). Thus, CPCX) ~ 5p ^C

p ~̂ ( X 5 X). 

Hence,Zp(X) = CP(X). Now it will be shown that 

Cp(X) - 6p„1CP-
1(X). For <j> £ CP(X) , <K* +1> = g for 

some g € 6, Define <J>' € CP"1(X) by *' (x > = g. Then since 
-I • 

p is odd, 6p-i$1 (xp+l) - (-1)̂ <|>' (x ) = <f>'(x ) + (~l) 4>'(xp) 
i=o y * i=i 

= g + 0 = g. Therefore, Sp_i<l>' = <}>. Hence, <J> <= (X). 

Thus, 5p_1C
p_1(X) = CP(X). Now for any p (even or odd), 

CP(X,X) = {<)>€ CP(X) | 4><xp+1) = 0} = (0). Thus, 

BP(X) = 6 1C
P~1(X) x Cp(X,X) = Cp(X) + 0 = Cp(X). 

Jr 

Hence, Hp(X) = Zp(X)/BP(x) = Cp(X)/CP(X) s 0. 

Consider now the case that p > 0 and p is even. Let 

6 £ 6r,~
1CP"rl(X,X). Then, 6TA € C

p+1(X,X) = {0}. Now 
P t 

6p(|)(xp+2) = ^Q (- 1 ) 1^ ( xP+1 ) = c^(xp+l) + ^i(-l)
14>(xp+1) = 0. 

Since p is even, ^^(-D^CXp+j) = 0. Hence, c|>(xp+-j_)
 = 0« 

Therefore, <}> = 0. Thus, Sp ^"C
p+^(X,X) = {0}. So, 

ZP(X) = CP(X) n 6 "1Cp+1(X,X) = {0}. Since BP(X) C ZP(X), 
P 

BP(X) = {0}. Hence, Hp(X) = ZP(X)/BP(X) = {0}/{0> * 0. In 

any case, if p > 0, then KP(X) £ 0. 
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Corollary 2«5. If X is compact and. contractible, then 

H?(X) * fG if >2 * Q 

|0 if j3 > 0. 

Proof: If X is compact and contractible, than the identity• 

map i; X + X is homo topic to a constant map f: X X. Since 

f is constant, there exists k e X such that f(x) = k for 

every x <5, X. Now f is a refraction of X onto {k} , f: X -* {k}, 

and f « i. Thus, {k} is a deformation retract of S. There-

fore, by Corollary 2.4, H^CX) s HP({k}) for all p. By 

Theorem 7, Hp({k}) s CQ if p = 0 

if p > 0. 

Hence, H^(X) 3 (̂ 6 if p = 0 

0 if p > 0. 



CHAPTER III 

EXTENDING THE THEORY 

Some Topological Theorems 

Definition 3.1. Let X be a topological space. Let 

3,y be collections of non-empty subsets of X. Then 3 refines 

Y (denoted 3 < y) if for each V e 3, there exists I) e y such 

that V CT U. 

The following notation will be used, If 3 is an open 

cover of X, UQ £ 3, let U * = \J{U £ y| U C\ Uc t D }. Let 

3* = {U*| U £ 3). 

Definition 3.2. The space X is fully normal if for 

each open cover 3 of X, there exists an open cover y of X 

such that y* < 3• 

Theorem 8_. A closed subset of a fully normal space is 

fully normal.. 

Proof: Let X be fully normal, and let K be a closed subset 

of X. Let 3 be a covering of K by sets open in K. Let 

3' = (U C X| U is open in X, U Q K 6 3>. Then 3' U (X\K) 

is an open cover of X. Hence, there exists an open cover 

y of X such that y* < 3' U (X\K). Let 

Y1 = {v A Kj V 6 y, V a K * • }. Then y' is a cover 

of K by sets open in K. Let V* € y' *. Then V = V-̂  A K 

for some €, y. Furthermore, V* = U CH J H A V i • , H £ y' } = 

U(H f\ K| (H A K ) A Vn i •, H e y } . Also, 



V^* = {H| H f] Vx i • , H € y}. Therefore, V* C V-j_ *. 

Since y' < 3! U (X K) , V-L* C U for some U € 3' U (X\K) » 

If U = X\K, then V C V* C V-̂ * C,X\K. This is a contra-

diction since V C K. Therefore, U 6 3 ' . Thus, U C\ K 6 B. 

Now V* C K S so V* C 'J f! K* Therefore, for each V* £ y1 * , 

V* C U for some U €L 3. Hence, K is fully normal. 

Theorem 9_. A fully normal space is normal. 

Proof: Let X be fully normal. Let A,8 be closed disjoint 

nonempty subsets of X. Let 3 = {X\A» X\B}. Then 3 is an 

open cover of X. Hence, there exists an open cover y of X 

such that y* < 3• Therefore, for every U € y, U* C X\A or 

U* C X\B. Let M = {u € y| A C\ U i • } , and let 

N = {U 6 y | B U t • }. Then since y covers X, M and N are 

nonempty. If U € M, then U C. U* C X\A implies U C X\A. Thus, 

A f\U = • , and U <£ M. Hence, U € M, implies U C X\B. Like-

wise, U € N, implies U C XVA. Suppose U 6 M, and V € N, and 

U r\ V i • . Then U c X\B. Since V ^ U * • , V C U* C X\3. 

Therefore, V A B = • . This contradicts V £ N. Therefore, 

if U £ M, V e N, then Uf] V = • . Hence, l/M fl UN = • . Thus, 

Um is an open set containing A, and UN is an open set contain-

ing B, and UM (\ VN = • . Therefore, X is normal. 

Reduced Modules 

Let A C.X. Let Q denote a one point space. Define the 

following: 



up 

f: (X,A) •* (Q»Q) 

g; X + Q 

h: A + (j 

m: (Q,D ) -> (Q»Q) 

q: Q •> Q. 

Let H°(X,A) = H°(X,A)/f*HC(Q,Q), H°(X) = H°(X)/g*K°CQ), 

H°(A) = IiQ(A) /h"H°(A) , and k!(X,A) = H 1 (X,A)/f*H*(Q ,Q). 

Consider the following diagram. 

H°(Q,Q) H°(Q) 

f* + 

H°(X,A) 1*. H°(X) 

ni+ ti2 4-

H°(X,A) ^ H°(X) 

^ H°(Q) 

h'H 

^ H°(A) 

n3+ 

** HO(A) 

+ H1(Q,0) 
f* + 

6 
Hl(X,A) ^ Hl(X) 

X 

n ^ 4 

1 Hl(X,A) 3 is 
n54-

Hl(X) 

Fig. 1—Reduced sequence 

In the above diagram, j: (X,• ) ̂  (X,A), 

i: (X,D ) -• (A, • ). Also, n^, t>2j *135 nij., and rj 5 are 

natural maps. 

Lemma 3.1. 

In Figure 1, g*m* = j*f*, h*q* = i*g*, and f*6 = 6h*. 
A — 

Proof: Let e € H (Q ,Q). Then e = T)<|> for some <p e Z (Q ,Q). 

Thus, g*m*(e) = g*m* (ri<i>) = g*rim̂ 4> = n,gffmff<j). Similarly, 

j*f*(e) = nĵ f̂ <j>. Let x € X. Then ĝ n\#<f>(x) = m%<fi(g(x)) = 

m^<p(Q) = 0CmCQ>) = <|>(Q). Also, j^f^tp(x) = f̂ <J>(j(x)) = 

f^4>(x) ~ tp(f(x)) - <f>(Q) . Therefore, ĝ m̂ <|> = Hence, 

r}ĝ m̂ <p = nj#f#4>. Therefore, g*m*(e) = j*f*(e). Hence, 

g*m* = j*f*. 

r$m$< 
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In a similar manner, By Theorem 2 
9 

f*6' ~ 6n 

Lemma "3 _2. In Figure 1, j , i, and 6 induce mapt 

j*, i*, and 6 . 

Proof: All the natural maps are onto. Let a e Jeer t^. 

Therefore, a € f*H°(Q9Q). So, a = f*(a!) for some 

a' € H°(Q,Q), By Lemma 3.1, j*(a) = j*(f*af) = g*m*a'. 

Therefore, j*a g g*H°(Q). Hence, j*a a ker n . Therefore, 

j^ker ri]_ C ker • Hence, by Preliminary 7, there exists 

an R-homomorphi sm j *: H^(X,A) -+• H^(X). 

Now let a € ker n2- Then a e g*H°(Q). Thus, a « g*a' 

for some a' e H°(Q). By Lemma 3.1, i*(a) = i*(g*a') = h*q*a*. 

Therefore, i* (a) € h*H^(Q) = ker rî  . Therefore, i*ker n2 C 

ker fj g H e n c e 5 by Preliminary 7 ̂  there exists an R-homomorph-

ism i*: H°(X) -> H°(A). 

Now let a G ker 113. Then a £ h*H°(Q), Thus, a = h*aT 

for some a' G Hl(Q,Q). By Lemma 3,1, 5(a) = 6(h*a*) = f*6a'. 

Therefore, 6a & f*Hl(Q,Q) = ker n4- Thus, 6ker n3 £ ker r)U -

Hence, by Preliminary 7, there exists an R-homomorphism 

6: H°(A) - Hl(X,A). 

Theorem 10. The bottom line of Figure 1 is an exact 

sequence. 

Proof: By Theorem 4-, the middle line of Figure 1 is an 

exact sequence. To show I'm j* = ker i*, let j*(n) 6 H°(X) 

where n € H°(X,A). Then n = r^n' for some n' € H°(X,A). 

Thus, i*j*(n) = i * j = n3i*j*n
f. Since 
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n j^n f € - 0. Therefore, JT0i*n
f '= i>j 

Hence, j*n € ker i * . Therefore, Im j * c. ker i * , Now let 

e e ker i * where e 6 K°(X). Then e = r̂ e-ĵ  for some 

e l € H°(X), and i*(e) = 0. Thus, i*e = 1*112®! = n3 i*e1 = 0, 

Therefore, iMe-^e ker n3 = h*H°(Q) . Hence, i*Cex) = h*(e2) 

for some e2 e H°(Q). By Theorem ?, h* = i*g*. Thus, 

(e2 ' = i*g*(e2) = iMe^). Therefore, i * (e^ - g*e2) = 0. 

Hence, e± - g *e 2 e ker i* = Im j* . So e1 - g*e2 - j*(a) for 
n >v 

some a e H (X,A). Then, r^a 6 H°CX,A). Further, 

j5's(n1a) = n2 j*(a) = n2(ei - g*e2) = n2e1 - r)2g*e2 = 
**v 

r|2<-ei^ ~ 0 = ^ ^el^ = e. Therefore, e € Im j *. Therefore, 

ker i * c Im j *, Hence, Im j * - ker i * . 

To show Im i * = ker 6, let i*n € H°(A) where n e H°(X). 

Then n = n2n' for some n' £ H°(X). Thus, 

6i*(n) = 6iftn2n' = Snsi^n' = ri36i*n! . Since i*n' € Im H°(X), 

6i*nf = 0. Therefore, n36i*n' = 6i*n = 0. Therefore, 
~ »W <v ^ 

iKn € ker 6 • Thus 9 I in c ker 6 • Now let: e €L ker 6 where 

e € H°(A). Then e = for some e-j g H°(A). Further, 

6(e) = 6Cn3e1) = n^e-^ By Theorem 7, H1(Q,Q) = 0. There-

fore, Ĥ -CXjA) = H1(X,A)/f*H1(Q,Q) = H1(X,A)/0 = H1(X,A) . 

Thus, 5(e) = = ^ e l ^ = Therefore, e^ € ker <$ = 

Im i * . Hence, e1 -• i*e2 for some e9 6 H°(X). Then 

rl2
e

2 € H°(X). Further, i-(ri2e?) = = n̂ e-j_ = e. 

Therefore, e e Im i * . Hence, ker 6 C Im i * . Hence, 

Im i * = )cer 6. 
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To show Im 6 •- ker j *, let 5 (n) € H"L(X,A) where 
*"* p A 

n e. H (A), Then n = n^n' for some n' €. H fA). Further, 

j*6 (rO = ^*6Cngn1) = j^r^Sn' -- r,5j
:V5n' . Since I'm 5 = ker j*, 

j A6n' = 0. Thus, n5•s<e5n 1 = j*5(n) = n5(0) = 0. Therefore, 

5(n) € ker j*. Thus, Tan 0 C ker j*. Now let e € ker j* 

where e € H-^(X,A). Then e = for some 6 Iî (X ,A). 

Also, j - (e} = j*(n!4e]_) " Hg j = 0. Therefore, j = 0. 

Thus, e^ € ker j* = Im 5. Therefore, = 6(62) for some 

&2 € H^CA). Then 11362 £ H^(A). Further, 6<ri3e25 = n 145̂ 2 = 

Tl̂ ê  = e. Therefore, e <• Im 6. Thus, ker j * C Im <5. Hence, 

Im 6 ~ ker j*. 

Theorem 11. The following are equivalent: 

(1) g* is onto, 

(2) H°(X) s 0. 

Proof: Assume g* is onto. Then g*H^(Q) = (X). Thus, 

H°(X) = H°(X)/g*H°(Q) = H°(X)/H°(X) ~ 0. 

Assume H°(X) s 0. Then H°(X)/g*H°(Q) = 0. Thus, 

g*H°(Q) = H^(X). Hence, g* is onto. 

Lemma 3.3. (The Modification Lemma). 

Let A and B be closed subsets of a fully normal space X. 

Let 3 be an open cover of X. Then there exists a function 

f: X -*• X (not necessarily continuous), an open cover y of 

X, and an open set N such that: 

(1) N o A, 
(2) f| (X\N) (J A is the identity, 

(3) f (FT O B ) C A 0 B, 
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(4) f(FT\A) c A, and 

(5) if V c y, then there exists U e 6 such that f(V) C V* C U. 

Proof: Since X is fully normal, there, is an open cover Yq of 

X such that Yg < 3« Let: 

YI = {V H CX\A) | V € Y 0, V f\ CX\A) i • }, 

Y2 = (V n (X\B) i V £ Y C , V n (X\B) • }. and 

Y 3 = {V e Y o i V A A H B t • } . Let Y = Y]_ f Y2 U ̂ 3* Then 

Y is an open cover of X. Let V e Y- If V 6 Y p then V C 

for some V1 E YG• Thus, there exists U 6 $ such that V1* C U. 

Hence, V* C. U. Similarly, if V € y^ > there exists If e $ such 

that V* C U . If V € Y39 then V € Yo • Thus, there exists 

U £ 3 such that V* C U. In any case, V* C U for some U € $. 

Hence, y* < B. Let M = {V 6 y| V f\ A t • }. Then UM is 

an open set containing A. By Theorem 9, X is normal. Hence, 

there exists an open set N such that A C N C N CUM. For 

every V 6 M, define av as follows: if V €: Yi or » fix 

av € V H A; if V € Y3» fix av € V A A Q B . Define f: X -»• X 

in the following way. For x 6 (X\N) 0 A, let f(x) = x. For 

x 6 N\A, choose some V € M such that x €. V. Let f(x) = av. 

From the definition of f, fj (X\N) U A is the identity. Also, 

from the way the av's were chosen, f(N\A) C A . Let x & N A B. 

Since x € N, x e V for some V € Therefore, V A A / • . 

Thus, V ̂  ŷ_ • Since x g B, V it y0. Hence, V ^ Y3 • There-

fore, f (x) = a v € A H B. Hence, fCN A B) CA- A B. Thus, 

(1) - (4) are satisfied. 
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N°w let V ft. v. Let x €. V. If x £ (X\N) U A, then 

f(x) - x. , ill ere fore, f(x; <s V C If x €. N\A, then 

f(x) 6 V1 for some g y such that x € V., . Thus, 

v A Vx ^ • . Hence, C. V*. Therefore, f(x) € V*. In 

any case, f(x) 6 V*. Hence, f(v) C V*. Furthermore, 

V C VQ for some Vc & yQ. Thus, V* c VQ*. Since y * < g, 

there exists U S B such that VQ* C U. Therefore, V* C U. 

Hence, f(V) C V* C U. Hence, (5) is satisfied. Thus, the 

proof of the Modification Lemma is complete. 

Lemma 3.4. Let A be a closed subset of X. Let 

<£ £ ZP(X,A). Then there exists an open cover 3 of X 

such that <J>|gP+1 (\ A P + 1 = 0, and 6p<J> | 3
P + 2 O X p + 2 = 0. 

Proof: If 4> £ ZP(X,A) , then <f> e Cp(X,A), and 

^p^ ^ (X,XJ. Thus, there exists an open cover 3^ 

oj. A such that <{> |3iP 0 Ap "̂ = 0« Also, there exists an 

open cover 32 of X such that <5pcj>|32
p+2 H X p + 2 = 0. Since 

A is closed, 3-j_ U (X\A) is an open cover of X. Let 

3 - {U C\ V| U € 3^ 0 (X\A) s V fe 62, U O V f D }. Let 

(x0,...,xp)€ 3
P + 1 0 Ap+1. Then (xQ,...,xp) € (U O V)

p+1 

for some U ( ] ? £ 3. Then U € 3X U (X\A). Since 
p 4" 1 

^xg9*»*sXp) 6 A , U X\A. Thus 5 U €. 0-j_. Hence, 

(x0,...,xp) € UP
+J-. Therefore, (x0,...xp) € 3 1

p + 1 f\ A p + 1. 

Thus, <f>(x0,. .. ,xp) = 0. Now let (x0,... ,xp) 6 0
P + 2 ft X P + 2. 

Then (xQ,...,xp) 6 (U (\ V)
p+2 for some U A V £ 3. Thus, 

V 6 32 • Also, (xg ,. . . ,x ) <= V p + i . Hence , 
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(xy ,, .. ,Xp) € O x p f ? . Therefore, 6 <Kx0 ,. ,. ,Xp) = 0, 

Hence, $jg p + 1n A p + 1 = 0, and 6_^i 3 P + 2 fi X p + 2 = 0. 
P 

Theorem 12• (Extension Theorem). 

Let A and B be closed subsets of a full}/ normal space X. 

Let h €. HP(A,A f\ B) . Then there exists an open set N, and 

there exists e & KP(N, N O B ) such that A C N, and 

iA(e) - h where i: (A, A A B) •> (N, N fj B). 

Proof: Since h 6 Hp(A, A r\ B) , then h = ricf> for some 

€ ZP(A, A f) B). Now A r~\ B is closed in A. Thus, by 

Lemma 3.4, there exists a cover 6^ of A by sets open in A 

such that $ I8^p+^ A <A H B)P+^ = 0, and 

6p<{>j 01^+ ̂  0 A P + 2 = 0. Let 3 = {U C Xj U is open in X, 

U n A e. 6^} . Then $ 0 (X\A) is an open cover of X. By 

the Modification Lemma, there exists a function f; X X, 

an open cover y of X, and an open set N such that A C N, 

f i (X\N) U A is the identity, f(N f\ B) C A O B , 

f(N\A) C A, and if V 6 y, then there exists U & 3 U (X\A) 

such that f (V) C V* c. U. Define € Cp(iT) by 

<J>2 (xg ,. . . ,Xp) = (J)(f (xg) ,. . , ,f (x^)) for all 

(x0,. . . ,xp) € N
p + 1. Let Yx = (V f\ N"J V 6 y , V f\ CT t • }. 

Then y^ a cover of N H B by sets open in N. Let 

(xq ,. . . ,Xp) €. y-^+^ A (N n B)p+1. Then there exists 

V £ y such that (xQ ,. . . ,xD> € By the Modification 

Lemma, there exists U £ & U (X\A) such that f(V) C U. 

Now U i X\A since f(N 0 B) C A H B. Therefore, 

Cf(xg) ,. . . ,f(Xp)) 6 S p + 1 A (IT r\B)p+1. Since 
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f(N t\ B) c A H B> Cf(x0) ,. . - 5f(xo)) 6 (A A B)
P+1. Therefore, 

(fCx0),...,f(x )) £ B
p + 1 A (A A B)p+1. Therefore» 

4>̂ (xq ,., . ,Xp) = <f>( f (xn),.. . jfCxp)) - 0. Hence, 

cf)-L I Yi
P + 1 A (N A B)P41 = 0, Thus, ^ & CP(N, N f\ B) , 

Now let (xQ,...»xp+1) £ y i
P + 2 0 (N)p+2. Then there 

exists V 6 Y such that (xg ,... *=• V p + 2. By the 

Modification Lemma, there exists U S M (X\A) such that 

f(V) c u. Now U i X\A since f(N) C. A. Also, 

(f (xQ),. .. ,f(Xp+1)) £ $P
+2 C\ HP+2

s and 

(f(x0),...sf(xp+1)) € AP
+2. Therefore, 

(f(xQ>,...,f<xp+1)) € 3 p + 2 0 A p + 2. Thus, 

6p<j>2 (xg ,. . . ,Xp+i> = 6p^(f (xq) ,. . . ,f (Xp+1)) = 0. Hence, 

6pd> | Y]_p4 2 0 NP + 2 = 0. Therefore, Spffc-̂  6 CP+^(N,N)» 

Hence, $]_ e ZP(N, N A B ) . 

Let e = r)$1 fe H
P(N, N f\ B). Then i*e = ni*^. Let 

(xg,. . . , x^) £ Ap . Then î <j>̂ ( xn ,. • . , x^) — <j>-̂ (i(Xg),•••.?-( 

= ^(xg ,. . . ,Xp) = <j>(f(Xg) , ,f(Xp)). Since f | A is the 

identity, < K f ( x Q f ( X p , ) ) = (J> (x^ >. .. ,x^) = 4>i(xg ,. . . ,Xp). 

§ 4 

Therefore, i d>-̂  = <j>, Hence, ni - r»<#> = h. Therefore, 

i*e = h. 

Lemma 3.5, Let A and B be closed subsets of X. Let 

t: (A, A A B) S. (x,B) . Then r#[Bp(X,B)] = BP(A, A A B). 

Proof: By Note 2.7, t*[BP(X,B)] C BP<A, A ^ B ) . Let 

<j> €L Bp(A, A OB). Then <f> = <sI)_1
a
1
 + a

2
 wher>e 

a-, € CP~1(A, A Q B) , and a2 € CP(A,A). Then there 
J - * • 

exists a cover 6 of A f\ B by sets open in A such that 

a-JgP A (A A B)P = 0. Also, there exists a cover y of A 
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by sets open in A ouch that 

ot [ Y* fl AP * - 0. Let S-, = •! 1J i u is o Dsn ,i.n X. U A C fi}. 

and let = ^ V is open in X, V 0 A £ y). Define 

tj>1 € C
P"1(X) by ^(xq . . ,x x) = 

f ot, (x ,.. .,x ) if (x ,...,x ) € A? 
/ x u p-l U P"1 

( 0 otherwise. 

Since A is closed, 3i U (X\A) is an open cover of B. 

Let (xQ . ,xp_1) € (3X U (X\A))
P f\ BP . If 

(xg,...,x € (X\A)P, then 4>̂ (xq ,.. . jXp_^> = 0. 

If (x . ,y ->) £ 3-i P> then (x ., ) € Up for 
u P™-1- 0 p-I 

some U €, 3^. If A for some 0 < i < p-l, then 

<|>2 (xq ,. . . ?Xp_-L> = 0. If x^ S. A for 0 <_ i £ p-ls then 

(xg ,. .. ,Xp_-̂ ) £ (U H A)p. Therefore, 

(xq ,.. . ,Xp_2_) € 3P 0 (A f\B)P, Therefore, 

4)̂ (xg ,. . . »xp_^> = an (Xg ,... ,xp -• 0 . In any case, 

^(Xg ,. . . }Xp_1> = 0. Hence, (j)̂  j ( 3-̂  \J (X\A) )P f\ B? = 0. 

Thus, <p± Q C
P-1(X,B). 

Define ij>2 G CP(X) by $2^XQ j • • • >xp5 = 

a2Cxq,...,Xp) if (xg,...,xD) € A
p + 1 

0 otherwise. 

Since A is closed, y^ (j (X\A> is an open cover of X. 

Let (xQ,...,x ) £ (yx U CX\A))
p+1. If (x0,... ,xp) e (X\A)P

+1, 

then $2Cxg,...,Xp) = 0. If (xg ,... ,Xp) £ Yp+^> then 

(xg,. .. ,Xp) 6 vP+^ for some V & y^. If x^ «§ A for 0 <_ i < p, 

then <j>2 (XQ ,. . . >xp) = 0, If 6 A for 0 £ i <_ p, then 

(xg ,. .. jXp) €. (V H A)P
+J". Therefore, (xg,...,x ) £ yP+"*"fl Ap+"^, 
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Thus, <J>2Cx0 ,... ,Xp) = a2Cx0>.. . ,xp) = a. In any case, 

^2(x0'* *''Kp> = c• Hence, $2 i[v. u (X\A)]
p+1 = 0, There-

fore, <j>2 & C
P(X,X) . 

N°w 5p^1cD1 + <pz e B?(X,E). Let <xQ ,. . . ,x ) G A
p. 

Then t#(6p_14>1 + tf>2> (>c0 ,. .. ,xp) = 

(6p-l^l + <J>2)(t(x0),...,t(xp)) = 

( V l ^ l + <t>2)(xQ>-' 'Xpl = V ^ l £ x 0 " ** jXp) + > V 

= <Sp_iai(x0 ,.. . ,Xp) + a2(x0,. .. ,Xp) - <J>(xQ .. ,x ). 

Therefore, t ^ C S ^ ^ + $2) = <j>. Hence, <p e t^[Bp(X,B)]. 

Therefore, BP(A, A f\B) C t#[Bp<X,B)]. Hence, t#[BP(X,B)3 

= B?(A, A A B), 

Theorem 13. (Reduction Theorem). 

Let A and B be closed subsets of a fully normal space X. 

Let j: (A, A 0 B) ; (X,B). Let h € H?(X,B) such that 

j*(h) = 0. Then there exists an open set N such that 

A C N, and ks'!(h) = 0, where k: (N, N A B) ™ (x,B). 

Proof: Since h € HP(X,B) , h = ri <f> for some <f> & ZP(X,B). 

Therefore, there exists an open cover 3 of X such that 

6p*'8 =0. By the Modification Lemma, there exists 

an open set N containing A. Let k: (N, N A 3) § (X,B). 

Since j*(h) = 0, j#<j> € BP(X,B). By Lemma 3.5, 

BP(A,A f\ B) s j ̂ [BP(X,B)]. Therefore, <{> £ BP(X,8). 

Also, by Lemma 3.5, B?(fT, W f\ B) = k#[BP(X,B)]. Therefore, 

k <J> 6 BP(N, KT A B). Thus, rjk̂<{> = k*(h) = 0. • 

Lemma 3.6. Let M, M2, Lj, and L2 be R-modules, 

Let f^, f 2, g]_, and g2 be R-homomorphisms such that 
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Im ~ ker gls Ira. i"2 = ker g2 > and g2*l> &l
f2 ar'e on1:o 

i s omorph i sms. 

L l
 f -c

 L 2 
1 X lyS 

» M ̂  
N®^svim M1 2 

Then (1) M = In ® Im f 2 - ker g-j © ker g2 > 

(2) g-J ker g2 is an Isomorphism, and g2 j ker g^ is 

an isomorphism; 

(3) x e Im implies x = f ^ g2f]_) ~̂ "g2 (x), and 

x Sim fj implies x = f2(g-Lf2)~
1g1(x) ; 

(4) for every x 6 M, x = f1(g?f1)~
1g9(x) + f2(g1f2)""'"g^Cx) 

Proof: Since g0f^ is an isomorphism, Preliminary 6 gives 

M = Im f^ © ker g2 = Im f^ © Im f 2 = ker g^ ® ker g9. Thus, 

(1) is satisfied. 

By Preliminary 3, ker g2 is a subrnodule of M. Therefore, 

g^I ker g2 is an R-homomorphism. Let a,b 6 ker g2. Then 

a,b C: Im f 0 . Thus, a = f2(a
t), and b = f2(b'). If 

g-̂ Ca) = g^(b) , then g^f^a') = g1f2(b'). Since g-̂ f2 is 

1-1, a' = b'. Thus, f^(a') = f^(bT). Hence, a = b. 

Therefore, g1j ker g2 is 1-1. Let e 6 M]_. Since g^f2 is 

onto M^s there exists e' 6 L2 such that g^f2(e') = e. Thus, 

f2e' € Im f2 = ker g2. Therefore, g^(f2e') = e. Hence, 

gj ker g2 is onto. Therefore, ĝ  j ker g2 is an isomorphism. 

Similarly, g2| ker g^ is an isomorphism. Thus, (2) is 

satisfied. 
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Let x € Ira fj. Then x £ ker Mow sines "̂s & n 

isomorphism, g2(x) = g2(fi(g2f1)"
1g2(x)). Therefore, since 

g2j ker g l is 1-1. x = f1(g2f1)"
1g2(x). Similarly, x € Im f, 

implies x = f2 (g^f2^ (x) . Thus, (3) is satisfied. 

Let x € M, By (1) of this lemma, x = f^y) + f2(z), 

where y e L^, z e L2. By (3) of this lemma, 

fl<y) = f1(g2
fi)"xg2(f1(y)), and 

f2(a) = f 2 (•
>~"*"£2 (f 2 ̂ • Since Im f^ = ker ĝ » 

and Im f2 - ker g2, g2(x) = g2(f1(y> + f2(z)) s 

g2
fi(y> + g2f2(z) = g2

fi(y) + 0 = §2fi<y>* and 

gl(x) = g-^f-^y) + f2(z)) = g ^ C y ) + g1f2<%) * 

0 + gxf2(z) = g1f2(z). Thus, x = fx(y) + f 2 C Z) s 

fl(S2fl) 1g2<
fi<y)> + f2(glf2)-1Siff2(z^ 3 

fl^g2fl^ 4 f2^Slf2^~Xgi ̂  * T h u s s C1*) -is satisfied. 

The Mayer-Vietoris Theorem 

Consider the following diagram, page 5U , In Figure 2, 

X is a fully normal space, X-̂ 5 X2 are closed subsets of 

X such that X = X2 U X?, and A = X-L f| X2. Also, 

i2: (X2,A) % (X,A), 

i: A % X, 

ji: (X,A) $ (X,X1), 

j 2
: (X,A) $ (X,X2), 

j: X f (X,A), 

1-ĵ  i A. ̂  £ 

12: A f X2, 



su 

Fig, 2—M-V Sequence 



kl : (X19A) 5 
JL 

k2: (X2»A5 J (X,X,L)S 

nl : x ; (x,x1), 

n2 * X £• <x,x2), 

Pl: Xx 1 x, 

P2
: V O y a2 -T A * 

3l: x x f (X1SA), 

•r 32 : x 2 §• (x2,a). 

Using Theorem 4, the following sequences are exact: 

(1) H^CX.X]^) ni* 
-*• H q (X) pj.* H q(X 1), 

(2) H q(X,X 2) -4-
H q(X) 

- # * 
nq(x2), 

(3) H<1(X1) 1,* 
•+ Hq(A) 41 H q ( X 1 , A ) , 

(4) H q(X 2) 
12* 

-¥ 
H q(A) 6 2 

-4* Hq(X2,A), 

(5) H q - 1(A) 6 H q(X sA) 
j* H q(X) L* Hq(A). 

-f 

Using Theorem 4-A, the following sequences are exact: 

(6) HC1(X,X1) 
A & 

ll Hq(X,A) * H q(X 1 }A), 

(7) H^CXjXg) 
i * 12 Hq(X,A) * Hq(X2,A), 

(8) H q(X 1 #A) ' . ft H q(X x) 
xj. * Hq(A), 

(9) H q(X 2 5A) H q(X 2) 1? Hq(A). 

The following are true by Theorem 2 : 

( 1 0 ) j*jx* = : nx*. 

( 1 1 ) j*j2* = : n2*, 

(12) l^p-^ = i*» 
(13) l 2*p 2* = i*. 
(14) i x*j 2* = V > 

(15) ±2*3-J* = K2 % 



. r . \ 

xs 

The following are true by Theorem 3: 

(16) = S , 

(17) i2*6 = 62. 

Theorem 1M-. (The Mayer-Vietoris Theorem). 

Let X be fully normal. Let Xn SX2 be closed subsets of X 

such that X = Xx U X2. Let A = X1 f\ >'2* Define the fol 

lowing: 

J: Hq(X) + H(1(X1) 8 H
q(X2) by J(x) = (p^(x) , p9*(x)); 

I: Hq(X1> ® H
q(X2) + H

q(A) by I(x,y) = l^lx) - l2*(y); 

A: Hq(A) + Hq+1(X) by A(x) = -n1*k2*"
1o2(x). 

Then Hq(X) ̂  Hq(X1) © H
q(X2) H<1(A) + Hq+1(X) 

an exact sequence. 

Lemma 3.7. For x €, Hq(A), A(x) = r-2*^l*~^^l^x^ * 

Proof: By (6), and (7), Im = ker , and 

Im j2
}V = ker i?*. Also, ^2*^1* = *•2*' an<^ ^1*32* = ^1* 

are isomorphisms. Thus, the hypothesis of Lemma 3.6 is 

satisfied. Let x e Hq_1(A). Then 6(x) € Hq(X,A). There-

fore, by Lemma 3.6, 6 (x) = j - L
A ( i 2

f t ) + 

j2*(ix*j 2*)~
1i1

A(<5(x)) = j1*k2A-
1i2*6(x) + j 2*k1^-

1i1^<S(x) 

= j i*V" l f i2 (x) + j2*ki*6^(x). Since Im 6 = ker j*, 

j * ( 6 (x)) = 0. Hence, j * (j ̂  Ak2*~"^62 (x) + j 2*k^*~^<5^(x)) 

= j*j1*k2*~
162(x) + j*j2*k1*~

151(x) = r!1
Ak2

A~152(x) + 

_ i - 1 

n2
ftkj* "*"62(x) = 0. Therefore, n2*k^

ft <5̂ (x) = 

-n^*k2
ft~^62(x) = A(x) . Hence, A(x) = n2*k^*~'1"6^(x). 

Proof of Theorem 1*4: To show 

J: H° (X) -* H°(X1) © H°(X2) is 1-1, let J(x) = 0. Then 
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Cp,A\x), p2*(x) = 0, Hence, p.A(x) ~ 0, and P2!fe(x} * 0. 

Therefore, x € ker p^* = Im n-, 5';, and x € ker p2* -- Ini r^*• 

Therefore, x = n^*(a) = n9*(b) fcr some a £ H^CX ,X^) , 

and b € H^(X,X2) • Since n^* = j*j , and n2* = j *j 2* * 

x = j* = 3 * j 2«C b). By CS) . j*: H°(X,A) -> H°(X) is 

1-1. Thus, j-^ft(a) = j 2* (t>). Therefore , i-̂ 3̂-̂ "Ca.> - i]_* j 2* (b), 

Since Im = ker i-̂ ft , i^ftj-^ (a) = 0. Therefore, 

i^ft3 2*(b) = 0. Since i-, * j 2* is an isomorphism, b = 0. 

Hence, j*j2*(b) = x = 0. Hence, J: H°(X) •* H°(X1) © H°(X2) 

is 1-1. 

To show Im A C. ker J, let A(x) € H^-(X). Then 

>J(A(x)) = (pn *(A(x)), P2*(A(x))) = 

(p-̂ C-n *k2*~^62^
x^ » P2ft^n2,fe^i,Sr~J"^i<'x^ ̂  * Since 

Im n^A = ker P-j_*5 and Im n^* = ker p9*, then 

p-j_sV(-n-^*k2A~^52= 0» and p2An2*k^A_-'-5^(x) = 0. There-

fore, J(A(x)) = (0,0). Thus, A(x) € ker J. Hence, 

Im A c ker J. 

To show Im J c ker I, let J(x) 6 H K X ^ © Hq(X2). 

Then I(J(x)) = I(pjA(x), p?*(x)) = l^Pj*(x^ - l2*p2*(x). 

By (12), and (13), l-ĵ p-ĵ Kx) = i^x), and l2*P2*(x) = ift(x). 

Thus, I(J(x)) = i*(x) ~ iA(x) = 0. Therefore, J(x) £ ker I. 

Hence, Im J C. ker A. 

To show Im I C. ker A, let I(x,y) € H^(A) . Then 

A(I(x,y)) = A(l1*(x) - l2*(y)) = - n ^ k ^ "
1 ^ (lx* (x) - l2*(y)) 

= -n1*k2
ft~"1 621I*^x^ + n-L

itk2*69l2
!ii(y) = 

n2
Akift-161l1

ft(x) + n1
Ak2

A52
12!V(y) * ( 3 ) a n d ( 4 ) » 
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"" ° r a n d S 2 : M x ) = 0 . T h u s , A ( I ( x , y ) ) = 0 - 1 - 0 = 0 . 

T h e r e f o r e , I U , y ) S k * r A . H e n c e , I n , I C k e r A - . 

T o s h o w k e r J C I m A , l e t y & k e r J 5 w h e r e x & H . < 1 ( X ) . 

T h e n J ( x ) = ( p * ( x ) , p , * ( x ) ) = 0 . T h e r e f o r e , p , * < x ) = 0 , 

a n d p 2 * ( x ) = 0 . H e n c e , x 6 k e r V l * = I m n ] * , a n d x € k e r p 2 * 

= I m n 2 * . T h e r e f o r e , x = n - , * ^ ) = n 2 * ( x 2 ) , w h e r e x - , € F S H X ^ J , 

a n d x 2 P. H < 1 ( X , X 2 ) . B y ( 1 0 ) a n d ( 1 1 ) , x = j ^ M x ) = j * j 2 * ( x 2 ) . 

T h e r e f o r e , - j * j 2 * ( x 2 ) = j ' K j ^ M x ^ ) ~ j 2 * ( x 2 ) > = 0 . 

T h u s , j 1
s H x 1 ) - j 2 ^ ( x 2 ) € k e r j * = I m o . H e n c e , 

j l * ( * l ) ~ j 2 * ( x ^ ) = 6 ( y ) f o r s o m e y <= H q " 1 ( A ) . B y ( 1 6 ) , 

( 1 5 ) , a n d ( 7 ) , 6 2 ( y ) = i ! 1
2 < 5 ( y ) = i 2 * ( j ^ ~ j 2 * ( x 2 ) ) = 

i 2 f t j 1
A < x 1 ) - i 2 * j 2 * ( x 2 ) = i 2 * j i * ( x 1 ) - 0 = i 2 * j 1 * ( x 1 ) . 

T h u s , A ( - y ) = - n 1 * k 2 * " J " 6 2 * ( - y ) = - n 1 * k 2 * " 1 ( - k 2 * ( x 1 ) ) = 

n l * k 2
r f " ^ k 2 * ( x ^ ) ) r n - ^ C x . , ) = x . T h e r e f o r e , x € I m A . 

H e n c e , k e r J C I m A . 

T o s h o w k e r A C. I m 1 „ l e t x £ k e r A , w h e r e x &' H ^ - ( A ) . 

T h e n A ( x ) = n 2 ^ k 1 ^ ~ 1 6 1 ( x ) - j * j 2 * k 1 * ~ ^ 6 1 ( x ) = 0 . T h e r e f o r e , 

j 2 * k l * ~ l 5 i ( x ) € k e r 3 * = I m 5 . T h u s , 3 ^ ' ^ " ^ ( x ) = < S ( a ) 

f o r s o m e a € H < 1 ( A ) . H e n c e , i * < j „ * k - , ( x ) ) = i * 6 ( a ) . 
J. £ X X X 

S i n c e i 1 * j 2 * k 1 * " 1 = i d e n t i t y , fi^x) = i ^ S ( a ) . B y ( 1 6 ) , 

i
1

f t 6 ( a ) = ^ ( a ) . T h u s , fi^x) - 6±(a.) = 6 ( x - a ) - 0 . 

T h e r e f o r e , x - a € k e r <5̂ , = I m 1 1 * . T h u s , x - a = l 1 * ( y ) 

f o r s o m e y € H ^ l ^ ) . A l s o , i 2 * ( j ^ k ^ ^ ^ x ) ) = i ^ 6 ( a ) . 

B y ( 1 7 ) a n d ( 7 ) , i 2 * 6 ( a ) = 6 2 ( a ) = 0 . T h e r e f o r e , a S k e r 6 2 

= I m 1 2 * . T h u s , a = 1 2 * ( z ) f o r s o m e z 6 H 3 " " l ( x 2 ) . N o w 

< y , - z ) e H q ~ 1 ( X 1 ) $ H ( 1 " 1 ( X 9 ) , a n d 
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I ( y , -z) ~ l ,*Cy) » 1 M - s ) - x ~ a - te) - x, Thus, 
2 

x £. Im L Hence, ker A C Ira I . 

To show ker I C Im J , l e t (y,z) € ker I , where Cy,z) € 

Hci(X1) © H^(X2). Then I ( y , s ) = l- i
ACy) - l 2 * ( z ) = 0. Thus, . 

5-j C1 -j * (y > - l2*(z)) = 6 1 l 1 * ( y ) - 5 1 l 2 * ( z ) = 0. By ( 3 ) , 

S^ll^Cy) - 0. There fore , S^lj^Cz) - 0. By ( 1 6 ) , 
6 , l 9 * ( z ) =• i *61 * ( z ) . There fore , 51 * ( z ) € ker i , * . 
1 2 1 2 ' 2 1 

By (H) and (17) , S^k^'Kz) = ± 2 * $ l 0 * ( z ) - 0. By Lemma 3 . 6 , 

12*! ker i s an isomorphism. There fore , i 2* (<$ l 2 *(z ) ) = 0 

i m p l i e s 6 1 2 * ( z ) = 0. Hence, l^{ i ( z ) € ker 6 = Im i * . There-

f o r e , l 2 * ( z ) = i * (b) f o r some b €. H^(X) . By (12 ) . and ( 1 3 ) , 

i * (b) = l ^ p - ^ C b ) = l 2 * ( z ) , and i * ( b ) = l 2 * p 2 * ( b ) = l 2 * ( z ) . 

There fore , l 1 * ( y ) - l 1 * p 1 * ( b ) = l-^My - pj* (b ) ) = 0 , and 

l 2 * P 2 * ( b ) - I 2 * ( z ) = l 2
f t ( p 2 * ( b ) - z) = 0. T h e r e f o r e , by 

(8) and ( 9 ) , y - p^* (b) € ker 1-̂ A = Im T-j * > and 

p 2 * ( b ) - z 6 ker 12
5> = Im 3"2* • Thus, y - p^* (b) = (g) 

f o r some g £ H^X-^jA), and p 2 * ( b ) - z = J ̂ * (h) f o r some 

h € H(l(X2jA). Since k^* and k^* are onto isomorphisms, 

g = k 1 * ( g ' ) f o r some g* € H q (X ,X 2 ) , and h = k2*(h') f o r 

some h' £ H^XjX ) . There fore , n ( g ' ) » a n d 

3"2*(h) = 3"2
f t k2A < h '5 • s i n c e k ^ ^ = n 2 p l * J l ) A " ( n 2 p l ^ * * 

Thus, by Theorem 2, 3" *̂k-̂ * = p^*n
2* • S i m i l a r l y , J 2 * k 2 * = P2*11!* 

Hence , f *k.| * (g* ) = p^*n 7 *(g' ) , and T 2
A k

2 * (h' ) = p 2 *n^*(h ' ) . 

There fore , y - p-j_*(h) = ( g ' ) , and p 2 *(b) - z = 

p 2 * n i f t ( h ' ) . There fore , y = p-2_n2
A(g') + p ^ ( b ) = 

P l f t ( n 2 * ( g ' ) + b ) ) , and 



so 

z = p^n-^Ch') + p2*(b) = p?* (n-^Ch')
 A b). Let x -

n2*(g') + b + nx*Ch') € K^OO . Then J(x) ~ (p-^Cx), p2*Cx)) 

= (p̂ j *(n2*(g
T ) + b + n-̂ * (h')) , p2

!"'(n^Cg') + b + n, * (h ') ) ) 

= (PlA(n2*(g') + b) + p-^Cn-^Ch')), p2*Ch-j"(h') + b) + 

p2*vn2*(g' ) )) = (y + p̂ n̂-̂ 5- (h') , z + p2*n2*(g')). By 

(1) and (2), P]_*n^A (h') = 0, and p^n^Cg*) = 0. Hence * 

J(x) = (y + 0, z + 0)•= (y, z). Therefore, (y,z) € Im J. 

Hence, ker I C Im J. 

Therefore, Im J = ker I, Im I = ker A, and Im A = ker J. 

Hence, the sequence is exact. 



CHAPTER IV 

APPLICATIONS 

Theorem 15. If X is connected, then H^(X) s G, where 

G is the coefficient module. 

Proof: Let X be connected. Since B^(X) -• 0, 

H°(X) = Z°(X)/B°(X) = Z°(X) = C°(X) (\ 50"
1C1(X,X). Let 

(J) £ H^(X), Then tj> € 6g"'^C^(X,X). Thus, there exists an 

open cover 0 of X such that 6Q<J> | S
2 = 0. Let a,b € X. Then 

by Preliminary 10, there exists a finite subccllection of 

3, U]_» • • • ,Un, such that a € , b fc Un, and A Uj i • if 

and only if j i - j j <_ 1. Therefore, (1 Ug i • . Let 

ki € Uj C\ Uj » Then (a,^) £ . Therefore, dp^Ca ,kT_) = 

<p(a) - <p(k̂ ) = 0. Thus 5 4>(a) = <J>(k̂ ). Similarly, 

^(k^) = 0(k2) for some k2 6 U, 0 U0. Thus, <|>(a) = <j>(k̂ ) 

= ... = <f>0<a) = ... = 4>(kn_-]_) = $(b)} where k^ €
 ui_i fl Un- , 

and 4>Ck^_2) = <f>(k̂ ). Kence, <J>(a) = <{>(b). Since a and b 

were arbitrary, for any a,b € X, <}>(a) - 0(b). Therefore, 

<p maps X onto a single point of G. For x € G, define 

x<f> € C®(X) by xtj>(a) = x for each a 6 X. Now x<f> & H^(X) , 

since X is an open cover .of X, and <j>gX<|>|X̂  = 0. Define 

F: K® (X) + G by F(x<)>) = x for x<p € H^(X). The above shows 

that F is well-defined and onto. Let r,t € R, 

Xfp, y<j> £ H^(X). Then rF(x<j>) + tF(y<j>) = rx + ty = 

F(rx<j> + ty<j>). Thus, F is an R-homomorphism. Let 
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F(x<J>) * 0. Then x = 0. Thus > x<j> = C. Therefore, F is 1-1 

Hence, F: H^(X) •+• G is an isomorphism. 

Corollary M-. 1 „ If X is connected, then H^(X> = 0. 

Proof: Let Q and g be as in Figure 1. By Theorem 15 j, 

H°(X) s G. By Theorem 7, H°(Q) s G. Let © 6. H°(X) = 

Z®(X) s G. Then for some a € G, $(x) - a for all x € X. 

Since H^CQ) s G, <j> £ H^(Q). Thus, <KQ) - a. Now g*$ =• , 

# 

Let x £ X. Then g'4>(x) = d>Cg(x)) = tf>(Q) = a = <j>(x), Thus, 

gft<J> = <j>. Hence, g*°: is onto. Therefore, by Theorem 11, 

H°(X) = 0. 

Definition M.1. Let A C X. Let h € H?(X,A) such that 

h ^ 0. If there exists a closed subset F of X such that 

i*(h) i 0, where i: (F, F ft A) f (X,A) , but iM*(h) = 0 for 

every closed proper subset M of F, where i^: (M, M A A) § 

(X,A), then F is called a floor for h. 

Theorem 16. Let A be a closed subset of a compact 

Kausdorff space X. Let h € HP(X,A) such that h i 0. Then 

there exists a floor-for h. 
Proof: Let K = {F C X| F is closed, i*(h) i 0, where 

i: (F, F ft A) $ (X,A)}. Let i: (A,A) q? (X,A). Now h = n4t 

for some 4) «s ZP(X,A). Thus, i*(h) = i*ncf> = Let 

(x , — ,x ) £ AP+1. Then î<j> Cx ,. . . ,x ) = $ (i(xn),. . . ,i(x )) 
O p U P u ' ' p 

= <f>(xg ,. .. ,x ). Therefore, i^$ = <j>, Since = h t 0, 

ni#4> i 0. Therefore, i*(h) i 0. Hence, A € K. Thus, 

K i [] . Partially order K by set inclusion. Let P be 

a linearly ordered subfamily of K. Let F - f!P. Then F is 
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closed, Suppose ip*(h) = 0, where i-̂,; (F, F ft A) § (X,AK 

By the Reduction Theorem,, there exists an open set N such 

that k5'sCh) = 0. where k: (Ks I f| A) ~ (X,A) ,, and F C N. 

Since P is a descending family of closed sets, and N is an 

open set containing AP, by Preliminary 9, there exists 

Q 6 P such that Q C N. Let in: (Qj Q A A) | (X,A). Now 

iQ*(h) = iq̂ Tî  = iq̂ 4>. Let (xq,...,x ) € Then 

# 
iq (p(xQ ,. .. ,xp) - <f>(iqC>rG) ,, . , ,iq(xp)) = 

$ 
(tjCkCxg) ,, .. ,k(x )) = k <j>(x,_ 5.. . ,x ). Therefore, 

3? 

iq <f> = k̂ <j>. Thus s niq̂ <J> = r)k$(p. Therefore, 

iq*(h) = k*(h) = 0. But since Q £ K, iq*(h) i 0. This 

is a contradiction. Hence, ipsV(h) i 0. Therefore, F £ K. 

Thus, by the Hausdorff Minimal Principle, K has a smallest 

element, F-̂ . Clearly, is a floor for h. 

Theorem 17• Let X be fully normal, and h £ HP(X). 

Let F be a floor for h. If p > 0, then F is connected. 

Proof: Since F is a floor, F is closed. Thus, by Theorem 8, 

F is fully normal. Suppose F is not connected. Then F = A U B* 

where A and B are separated. Thus, A and B are closed in F. 

Let iA: A % F, ifi: B § F, i: F ? Xs : A f X, and jB: B § X. 

Since F is a floor, i*(h) i 0. Define J: H^(F) -*• HP(A) © HP(B) 

by J(x) = (i^Cx), ig*(x)). By Theorem 14, ker J = Im A» 

where A: H^~"^(A A B) H^CF). By Theorem 2, 

i^*i*(h) = j^Ch). Since F is a floor for h, and A is a 

closed subset of F, j^Ch) - 0. Therefore, (i*(h)) = 0. 



Likewise, ig*(i*(h)) - j^Ch) = 0. Therefore, 

J(i*(h)) •• (iA*(i*(h)) , ;'.E
;V(i*(h)) - (0,0). Therefore, 

i*(h) € ker J -« Im A. Since A and 3 are separated, A C\ 8 = Q-

Thus, Rp"^(A f\ B) = "'(C) = 0, Therefore s Im A = 0. Hence, 

i* (h) - U. This is a contradiction. Hence, F is connected. 

Definition 4.2. Let X be a continuum. X is unicoherent 

if whenever A and B art; subcontinua covering X, A A B is a 

subcontinuum. 

Definition 4.3. A continuum X is heriditarily unico-

herent if each subcontinua of X is unicoherent. 

Note 4.1. If X is a heriditarily unicoherent continuum, 

the minimal subcontinua between two points is unique. 

Proof: Let A and 3 be the minimal subcontinua between a and 

b. Then a,b g A, and a>b €• B. Hence, A A B i • . Thus, 

A U 3 is connected. Also, A U B is compact. Therefore, 

A (J B is a subcontinuum of X. Now A and B tire subcontinua 

covering A U B. Therefore, since X is heriditarily unico-

herent, A H B is a subcontinuum. Since a,b 6 A A B, A A B 

is a subcontinuum between a and b. Since A and B are minimal, 

A C A A B, and B C A f\ B. Hence, A = A H B = B. Hence, a 

minimal subcontinuum between two points is unique. 

In Corollary 4.1, it was shown that if X is connected, 

then H^(X) = 0, If it is assumed that H^(X) = 0 implies that 

X is connected, then the following can be proved: If X is a 

continuum and H (X) = 0, then X is unicoherent. An .immediate 

consequence of this is that the n-cell is unicoherent. 
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Modu2.es of the r.-eell 

Let S = n-cell - [x £ Rn j jjxii < 1}. 

Lemma 4.1. The n-cell is contractible, 

Proof; Let i: S -• S by i(x^,,.. jX^) = (x-̂  , • • • ,xn> . Let 

k: S S by k(x^,. . . ,xn> = (0 ,. . . , 0). Then k is a constant 

map. Define li: S x 1 S, where I is the unit interval, by 

h(x-j_,. *. ,xn, a) = (axj ,. . . ,ax). Then 

h(x^,...,xn, 1) = (xl5...,xn) = i(x^,...,xn), and 

h(x-,,,..,x , C) = (0,... ,0) = k(x ,.. . ,x ) , for all 
x i i i n 

(x|}...,xn) € S, Therefore, i - k. Hence, S is contractible. 

Theorem 18. For 6 a coefficient module, 

HP(S) 
fG if p = 0, 

10 if p > C. V 

Proof: By Lemma 4.1, S is contractible. Also, S is compact, 

Therefore, by Corollary 2.5, HP(S) s if p = 0, 

JO if p > 0. 

Modules of the n-sphere 

Let Xn = n-sphere - {x € R
n+^ | || x|| = 1}. Let 

Sn = n-cell. 

Theorem 19. Let G be the coefficient module. 

Ca) If p = n = 0, then H P ( X N ) s G x 6. 

(b) If p = 0, and n > 0, then Hp(Xn) = G, 

(c) If p = n, and n > 0, then Hp(Xn) s G. 

Proof of (a); Now Xq = {1, -1}. Since Xq is fully 

normal, and XQ = {1} U (-1), by Theorem 14, 
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K°(X0) t • HO<C-X» i H«(0) i. an exact sequence. 

Therefore, J, K°CX0> » E»({1)} • is 1-1. since 

H U ( n > * *«' I * • H°({-1J). Hence, Im J , 

H°({i>) ® H°C(-1}). Therefore, J i3 onto. Thus, J is an 

isomorphism. By the Dimension Theorem, s q, and 

» G. Therefore, J: H°{X#) - G * G is an isomorphism. 

Proof of (b): Now Xn is connected for n > 0. Therefore, 

by Theorem 15, H®(X) g G. 

hi- For any n, xn = A O E, where 

A = {(x0,...(Xn) e Xni > 0), and B = {(x„,...,xn)| x n < C}. 

Furthermore, A is homeomorpfcic to Xn, B is homeomorphic to Sn, 

and A A B is homeomorphic to 

Proof: Clearly, Xn = A U B. For (x<, x„) 6 A, 

x 0
2 + ... + x n

2 = 1. Thus, x Q
2 <• ... + xn_1

J < i. Therefore, 

!0 '1 " »xn-l € sn- Define f: A S by 
n J 

eg,...,xn) = (xq,,..,xn_2>. Let e > 0. Let 

N((xQ5...,xn), e) = {(aQ,„.,,an) € R
n+1j <x0-a0) 

x£ 

f (Xf 

j " '-~ii' * "u 5***5 ̂ n-i/ * i-jti L j 

Dn*l i 
* i 

^Xn~an^ < * L e t <xo'•••'x
n
) 6 A- Let 0 < 6 < e. 

Let (aQ,...,an) 6 N((x s...,x ), 5). Then 

2 
Cx0-a0) + ... + (xn-an)

2 < 6. Therefore, 

Cx0-a0)
2 + ... + Cxn_1-an.1)

? < S - (xn-an)
2 < 5 < e, 

Therefore, (aQS...,an_1) € N((xQ,...,xn-1), e). Hence, 

f is continuous. 

Let fCxQ,...jx^) = f(aQ,...san)„ where 

(x0 »• • . s ), ( a.Q ,. . . , an) € A. Then X q 2 + . . . + x
2 = 1 = 

a 0
2 - ... • an

2. Also, CxQ ,... . x ^ ) , (a,,,...,. 



. 7 -I '• * " ° <' 

L h02?0 f OPS j « C X1 i C 6. vX^ » « » r. ; Xn I ̂  i ar, $ * . * *cî  ) €* A «j» 

9 2 Kn ~ ®» an<^ an — ® * Hence, x " - an .implies xn = a. . 
* * li ' A" AI 

Hence, <Xg,...»xn) = (a^,...,3^). Therefore, f is 1-1< 

Let (x ,...,* ,) £ S . Then x n
2 + . . . + x "2 < 1. 

0 n ^ n 0 n-1 — 

Thus, 1 - (xn^ + . . . + x - ̂ > Q „ Let 
u n-i — 

X r = /l-CXQ2+...+xn_1^. Therefore, ( x , , x n ) € A, and 

f(xg,...,xn) = (xg,...jXn) Hence , f is onto. Therefore, 

f: A -»• S n is a continuous, 1-1, onto function, and A is 

compact. Hence, by Preliminary 11, A is homeomorphie to Sn. 

Similarly', B is homeomorphic to Sn. 

Now A f\ B - { (xq ,. . . 5xn) 6 Xn | x n = 0}. Define 

g : Xn-1 A A B by g(xQ ,. . . ,xn_1) = (xQ ,, . . ,xn_1 s 0). 
Clearly, g is a homeomorphism. 

Proof of (c): The proof is by induction. First it 

will be shown that H^(X^) » G. Let g ,h ,Q be as in Figure 1. 

By Theorem 7, H^(Q) s G. Thus, there exists an isomorphism 

F: H°(Q) -+• 6, By (a) of this Theorem, and Lemma 4.2, 

H^(A H B) s S x G, where A = {(x ,y) 6 X-̂  | y >_ 0}, and 

B = {(x,y) € Xx| y < 0}. Then H°(A A B) - H°(A D B)/h*H°(Q) 

2 G x G/h*H^ (Q). Let <p €. ker h*. Then h*<Js - ĥ <p = 0. Thus, 

for x 6 A H B, h^<p(x) = $('n(x)) = <p(Q) = 0. Hence, <p = 0. 

Therefore, h* is 1-1. Define f: h*H°(Q) ->• G by 

f(h*(a)) = F(a) for each h* ( a) S hftH^(Q). Since h* is 1-1, 

f is well-defined. If x € G. then x = F(a) for some a £ 

Thus, f(h*(a)) = F(a) - x. Therefore, f is onto. If 

f(h*(a)) = 0, then F(a) ~ 0. Thus, a = 0. Therefore, 
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h*(a> = 0. Hence, f is 1-1, Let r,t e K, h«U), h*(b) « 

h"K*(Q), Then rf ("h*(a)) + tx(h'«(b)) = rF(a) + tF(b) --

an F(ra + tb) = f(rh*Ca) + th*(b)>, Therefore, f is 

R-homomorphism. Hence, f: h*H°(Q) - G is an isomorphism. 

Therefore, H°(A H B) s G x G/h*K°(Q) « G x G/G s 6. 

Now S 0 < A ) = H°(A)/g*Hc(0). By Theorem 18, H°CA) s G. 

Similar to the above, g*H°(S> « G. Thus, H°(A) s G/G s 0. 

Also, H°(B) s 0. 

The following sequence is exact: 

H 0 ^ ) Z H°(A) « H°(B) I g°(A n B) i H 1 ^ ) £ H1(A) « 

By Theorem 18, I^CA) » 0, and H1(B) s 0. Therefore, 

ker J - H (X^). Since ker J = Ira A, A is onto. Since 

H°(A) s 0, and H°(B) s 0, 5°(A) « H°(B) ~ 0. Therefore, 

Im I = o. Since Im I = ker A = 0, A is 1-1. Therefore, 

A is an isomorphism. Since H°(A A B) st G. H1(X1) * G. 

Now assume that Hn"'1(Xn_1) s G. Let 

A = {(xg,...,xn) e Xn| xn > C>, and 

B = Xq »• •.,xn) € Xn| xn < 0}. By Theorem 14, 

"the following sequence is exact' 

Hn 1 (A) © Hn~^-(B) I FIn~l(A A B) i Hn(Xn) t H*(A) © Hn(B). 

By Theorem 18, Hn(A) ® Hn(B) s 0. Therefore, ker J = Im A = 

Hn(Xn). Thus, A is onto. Also, by Theorem 18, 

Hn-!(A) e H ^ C B ) s 0. Therefore, Im I = ker A = 0. 

Thus, A is 1-1. Therefore, A: Hn_1(A (\ B) + Hn(X ) js 
n 

an isomorphism. By Lemma 4.2 and the induction hypothesis, 

Hn-l(An B) a G. Hence, HnCXn> x G. Hence, by induction, 
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