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Abstract

In the overlap region, for the normal and inverted hierarchies, of the neutrino-antineutrino bi-
probability space for v, — v, appearance, we derive a simple identity between the solutions in
the (sin?26;3, sin§) plane for the different hierarchies. The parameter sin26;3 sets the scale of
the v, — v, appearance probabilities at the atmospheric dm2,,, ~ 2.4 x 1072 eV? whereas sin §
controls the amount of CP violation in the lepton sector. The identity between the solutions is
that the difference in the values of sin é for the two hierarchies equals twice the value of \/m
divided by the critical value of \/m . We apply this identity to the two proposed long baseline
experiments, T2K and NOvA, and we show how it can be used to provide a simple understanding
of when and why fake solutions are excluded when two or more experiments are combined. This

identity demonstrates the true complimentarity of T2K and NOvA.

PACS numbers: 14.60Pq

Typeset by REVTEX 1


http://arxiv.org/abs/hep-ph/0408070v1

With the possibility of the first measurement of 6;3 being made by a 1 to 2 km baseline
reactor experiment [1l], the long baseline v, appearance experiments, T2K [2] and NOvA [3],
need to adjust their focus to emphasize other physics topics. The most important of these
questions is the form of the mass hierarchy, normal (6m32, > 0) versus inverted (dm3, < 0),
and whether or not leptonic CP violation occurs, (sind # 0). Matter effects [4] entangle
these questions [d]. Suppose P(v, — v.) < P(p, — U.), then in vacuum this implies CP
violation, however in matter this implies CP violation only for the normal hierarchy but not
necessarily for the inverted hierarchy. The purpose of this paper is to demonstrate that there
is a simple way to understand this entanglement and to use this understanding to untangle
the mass hierarchy question from whether or not leptonic CP violation occurs.

The outline of this paper is as follows: Along the diagonal of the v, — v, bi-probability
diagram, see Figs. 1 and 2, we solve for ;3 and § exactly, i.e. we have imposed the
constraint P(v, — v,) = P(v, — ). There are four such solutions’, two for the normal
hierarchy [§] and two for the inverted hierarchy [J, [10]. With these solutions we derive an
identity connecting the difference in the mean values of sind (the CP violating parameter)
for the two hierarchies to the mean values of 613 for these solutions. Although this identity is
derived along the diagonal, in an Appendix we present the corrections to this identity off the
diagonal using the approximate solutions derived in Ref.[11l]. We then apply this identity to
the proposed long baseline experiments T2K and NOvA. We show that the fake solutions
for these two experiments occur in different parts of parameter space and therefore they can
be excluded with sufficient statistics [12]. The identity relating the two mean values of sin 6,
one for the normal hierarchy and one for inverted hierarchy is the new result of this paper
and it provides a simple physics understanding of when various fake solutions are excluded
when experiments are combined.

The v, — v, appearance probabilities in long baseline neutrino oscillation experiments,

assuming the normal mass hierarchy, can be written as [§]

Py, —v.) = X 0>+ Y,0cos(Az+0) + Py
P, —v.) = X_0°—Y_0Ocos(A13 —6) + P, (1)

1 'We assume 623 = /4 [6, 1] initially and discuss generalizations later.



In the last expressions, 6 = sin #13 and the coefficients X1 and Y, are determined by

Aggsin(al F Ay3) }2
X, = 452 {
+ 23 (aL F Ays)
Assin(al = A Aissin (aL
Vi = £2/X. P, = i‘8012812023823{ lg(aL(:F A:;) 13)}{ . aL( )} 2
‘ Ajssin (al) 2
P _ 2 229 127
A 55 Sin 12{ ol

where Ay = |Am;|L/4E and a = GpN./ v/2 denotes the index of refraction in matter
with G being the Fermi constant and N, a constant electron number density in the earth.

Obviously from the above definitions, X1 and Y. satisfy the identity

= (3)
VX4 vX_
which is used extensively throughout this paper.
To solve equations Eqn.[I] exactly with the constraint P = P, i.e. along the diagonal of

the bi-probability diagram, we use the ansatz

0 = 0.(sinéd — B cosd) (4)
where
0 — Y, sin Ay and = (N/XJr - \/X_) cos Aqs (5)
¢ RV X+ (\/ X_|_ — \/ X_) RV X+ + \/X_ sin Alg '
Then

P=P = /X, \/X_ 02 (sin?0 — B cos’ §) + Ps. (6)

P has a maximum when sind =1, 0 = 6, and P, = /X /X_ 0>+ P,. We call these values
the critical values of P and #. There are no solutions along the diagonal for values of P
larger than P..

Using this critical value of P to normalize the probabilities, we can solve for §. Thus the

exact solutions, labeled 1 and 2, for the normal hierarchy, are

6, =6, (s, — Bcy), sindy =s, and cosd; =c,

0y = 0. (sp + Pcp), sindy =s, and cosdy = —c, (7)
where
P—-PF,)/(P.— F, 2 1—(P—-Fy)/(FP.— P,
Sp = "‘\/( Q)/1(+ /62 ®) * ﬁ and Cp = +\/ ( 1 i)/ég Q). (8>
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Along the diagonal the two solutions for the CP violating parameter, sind, are identical,
sin d; = sin ds.

For the inverted hierarchy, the v, — v, appearance probabilities are

Py, —»v.) = X_0°+Y_0cos(Az3 —0) + Py
?(ﬁ“ — 176) = X+92 — Y+¢9 COS(A13 + 5) + P@. (9)

These equations are identical to the equations for the normal hierarchy when we use the

constraint P = P and replace 6 with § 4+ m, then, the solutions are

05 =0, (s, — fBcy), sinds = —s, and cosds = —¢,

0y =0. (s, + fBcy), sindy = —s, and cosdy = c,. (10)

Note that 93 = 91 with 53 =7+ 51 and 94 = 92 with 54 =7+ 52.

With these solutions in hand it is simple to derive the principal result of this paper,
(sind) — (sind)_ = 2(0)/6. (11)

where (sin 0)4(—) = (sin dy(g) + sin da))/2, the mean values of sin o for each hierarchy, and
(0) = (0, + 0y + 05 + 04)/4, the mean value of 6 for both hierarchies. For P = P there
are many ways to write this expression, however we write it in this way because with these
variables it is accurate even if P # P. In vacuum, 6, — oo so that the values of sin § for the
two hierarchies are identical.

The physical meaning of this result is clear, i.e the difference in the mean values of
sind (the CP violating parameter) between the mass hierarchies equals twice the mean
value of @ divided by the critical value of §. Away from P = P it is well known that the
difference between the solutions for sind and ¢ within the same hierarchy are small|12].
This implies that the relationship given by Eqn.[T] is still useful and informative even when
P # P. In fact we have used the approximations of Ref.[11] to derive the corrections to
this master equation and find that the corrections are of O(3?). Also the difference between
the solutions of sind within a hierarchy are of O((3), see the Appendix. For the currently
proposed experiments (3 is less than or of order 0.1 so the corrections to Eqn.[] are no
larger than a few percent. In a follow up paper, we will explore in more detail the accuracy

of this relationship throughout the whole overlap region.



The proposed long baseline, off-axis experiments are T2K and NovA. T2K utilizes a
steerable neutrino beam from JHF and SuperKamiokande and/or HyperKamiokande as
the far detector. The mean energy of the neutrino beam will be tuned to be at vacuum

oscillation maximum, A3 = I, which implies a (£,) = 0.6 GeV at the baseline of 295

2
km using [0m3 | = 2.4 x 107%eV? [d]. This is the 3° off-axis beam. For this configuration
the matter effects are small but not neglible [13] as can be seen from the separation of the
allowed regions in the bi-probability diagram, Fig. 1, for this experiment. Applying our

identity, Eqn.[], to T2K, we find:

/sin® 26
(sind)y — (sind)_ = 0.47 SH;TB for T2K (12)

i.e. the difference between the true and fake solutions for the CP violating parameter sin o
is 0.47 (=~ v/2/3) at sin® 20,3 = 0.05.

NOwvA proposes to use the Fermilab NuMI beam with a baseline of 810 km with a 50 kton
low Z detector which is 10km off-axis resulting in a mean neutrino energy of 2.3 GeV. The
NOvA beam energy is about 30% above the vacuum oscillation maximum energy for this
baseline. Matter effects are quite significant for NOvA as can be seen from the bi-probability

diagram, Fig 2. Applying our identity to NOvA we find:

in® 20
(sind), — (sind)_ = 1.41\/5“2)7“” for NOVA. (13)

The difference between the true and fake solutions for the CP violating parameter sind
is 1.41 (= v/2) at sin®26;3 = 0.05. The factor of 3 increase in the difference of the sin §’s
compared to T2K is due to the coefficient in front of the square root which is proportional to
(aL)). The NOvA detector is 2.75 times further away from the source than the T2K detector
and the average density for the NOVA baseline is slightly higher than for the T2K baseline.

Combining the results from T2K and NOvA we note that for the correct hierarchy and

hence the true value of sin § the results should coincide within uncertainties

| (sin 8)T2K — (sin §)NO¥4 | ~ 0. (14)

true

Whereas for the wrong hierarchy, the fake solutions of sin  are separated by

sin? 260
| (sin 8)T2K — (sin &) NQ»4 | = 0'94‘/T513' (15)



This implies that if sin § can be measured with sufficient accuracy in both experiments not
only could the hierarchy be determined but also the true value of the CP violating parameter
sind including in the overlap region. Even for sin?260;5 = 0.01, the separation of the fake
solutions of sin 9 between experiments is 0.40.

In Figs. 3 and 4 we have constructed the x? contours for both T2K and NOvA assuming
that the true solution is the normal hierarchy and that the values of (sin® 26,3, §) are (0.05,
7/4) respectively. This point is near the middle of the overlap region in the bi-probability
diagram for both T2K and NOvA and it is one of the harder points to untangle the mass
hierarchy and determine CP violation. Since T2K is operated at vacuum oscillation maxi-
mum there are only two allowed regions in the (sin® 263, sind) plane since this experiment
is insensitive to the CP conserving quantity cosd. NOvA on the other hand is operated
above oscillation maximum so this experiment is sensitive to the sign? of cosd. Therefore
there are four solutions in (sin®26;3, siné) plane. The approximate exposure that makes
the ellipses in Figs. 3 and 4 the 68, 90 and 99% C.L. contours is 5 years of both neutrino
and anti-neutrino running with T2K operating at 0.75MW using HyperKamiokande as the
detector and NovA operating at 2 MW with a 50kton low Z detector.® Clearly, when the
results of these two experiments are combined only the region near the true solution (normal
hierarchy, sin? 203 ~ 0.05 and sind ~ 0.7 and cosd > 0), survives at more than 99% C.L.

If we allow 6,3 to vary from 7/4 then the best variables to use are V2 cos by3 sin 6 and

2sin? Oy sin? 260,3. Using these variables we obtain the following identities:

2 sin? 0,3 sin® 20
V2 cos 023 (sin 8) . — V2 cos O,3(sin §)_ = 0.47 S P2s S 13 for T2K
+

0.05
(16)
2 sin” 03 sin® 20
V2 cos B23(sin 8) . — V2 cos B,3(sind)_ = 1.41\/ o ;305‘;1(1 2 for NOvA.

With these variables the figures equivalent to Figs. 3 and 4 but with sin? 6y varying
between 0.35 and 0.65 (the allowed region from SuperKamiokande atmospheric neutrino
results [0]) are almost identical except near the upper and lower boundary since the range

of v/2cos fy3sin § for fixed sin? fy3 is +v/2 cos o, not £1 as it is for fog = 7/4.

2 Given sin 6 one knows the magnitude of cos 6.
3 We choose this combination so that the statistical uncertainty in sin § is approximately the same for both

experiments.



In summary we have derived a simple identity relating the solutions between the two
hierarchies which allows one to compare the results from two or more long baseline exper-
iments in a very straight forward manner. This identity was applied to the proposed T2K
and NOvA experiments and it demonstrates the true complimentary of these experiments

in a simple, transparent fashion.
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II. APPENDIX

For P # P we use the solutions, notation and approximations of [11]: (1 and 2 are labels

for the solutions for the normal hierarchy and 3 and 4 for the inverted hierarchy.)

If we define

(sind), = (sind; +sindy)/2 (17)
(sind)_ = (sinds + sindy)/2 (18)

(VEZ ~ VX cos? A

N=1+p* =1 ~
b * (VXL + VX )2sin? A

1, (20)

then from Eqn. (34)-(37) of [11] we find

(sind), — (sind)_ = 2{\/\)/(_71{%} {\/X—Jr()ﬁl;m)}ﬂ_l, (21)
Y, sin A 1
o = { e s )
These solutions therefore satisfy
(sind)y — (sind)_ = 2 Q72 (0)/Oursy (24)

throughout the overlap region. This identity is identical to Eqn. [ up to small corrections.
This identity is only useful and informative if both |0; — ;| and |sin d; —sin d;| for (i,j)=
(1,2) or (3,4) are small i.e. in the same hierarchy. From the solutions in Ref.[11l], one can
easily derive that
~ 0 T2K,
10; —0;] < B0crir = (25)
<0.02 NOvA.
For NOvA this restricts the usefulness of our identity to sin® 26,5 > 1073,
The difference between the two values of sin d in the SAME hierarchy from Eqn.(34) and



(35) of Ref.[11] is bounded by

(VX — VX )cosA
(VXi+ VX )sinA

|sind; —sind;| < =

for (i,j) = (1,2) or (3,4) (26)

~0 T2K,
(aL)(A™' — cot A) cot A = (27)

<0.1 NOvA.

Q

for (i,j) = (1,2) or (3,4).

In conclusion, the identity presented in this paper is accurate, useful and informative
for all values of the parameters that can be probed by the proposed experiments T2K and
NOwvA. For very small values of 63, beyond the reach of these experiments, there can be

significant corrections but here the separation of the sin d’s between the hierarchies is small.



TRK: E=0.6GeV and L=295km
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FIG. 1: The bi-probability diagram for T2K showing the allowed regions for both the normal
(dashed) and inverted (dotdashed) hierarchies as well as the ellipses for sin? 2613 = 0.05. The large
“+4” marks the neutrino and anti-neutrino probabilities with the CP phase, § = 7/4, assuming the

normal hierarchy. The critical value for this experiment is way off this figure.
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NOvA: E=2.3GeV and L=810km
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FIG. 2: The bi-probability diagram for NOvA showing the allowed regions for both the normal
(dashed) and inverted (dotdashed) hierarchies as well as the ellipses for sin? 2613 = 0.05. The large
“+4” marks the neutrino and anti-neutrino probabilities with the CP phase, 6 = 7/4, assuming
the normal hierarchy. The ellipses and point along the diagonal labeled critical correspond to the

largest values for which there is overlap between the normal and inverted hierarchies.
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TRK 3°: <E>= O6GeVL 295km
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FIG. 3: The allowed regions in the siné v sin®26;3 plane for T2K experiment, assuming the true
solution is the normal hierarchy with sin® 2613 = 0.05 and § = 7/4 (“4”). The upper blue (lower
red) contours are for the normal (inverted) hierarchy whereas the solid (dashed) contours are for
cosd > 0 (< 0). The exposure is 5 years of both neutrino and anti-neutrino running using a 0.75
MW beam at 3° off-axis and HyperKamiokande (30x22.5ktons fiducial mass) as the far detector.
The ellipses correspond to 68, 90 and 99% C.L. contours. If the beam intensity is upgraded to
4 MW but only SuperKamiokande is used as the detector the size of the ellipses is significantly

increased.
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T NOUA 10km: <E>=2.3GeV L=810km
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FIG. 4: The allowed regions in the siné v sin® 2613 plane for the NOvA experiment, assuming the
true solution is the normal hierarchy with sin? 2613 = 0.05 and § = 7/4 (“47”). The upper blue
(lower red) contours are for the normal (inverted) hierarchy whereas the solid (dashed) contours
are for cosd > 0 (< 0). The exposure is 5 years of both neutrino and anti-neutrino running using
a 2 MW beam at 10 km off-axis and 50 kton low Z detector. The ellipses correspond to 68, 90 and
99% C.L. contours.
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