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Abstract

We give a Backlund transformation connecting a generic R&iah gravity
theory to a generally covariant free field theory. This tfamaation provides an
explicit canonical transformation relating both theories
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Motivated by the two-dimensional model of black holes dym@nintroduced by
Callan, Giddings, Harvey and Strominger (CGHRB) [1], a lotwairks in 2D dilaton
gravity has been developed from different viewpoints. Ac@lproperty to under-
stand the CGHS model is given by the fact that it can be mapgadan off-shell
canonical transformation, into a theory of free fields witkiakowskian target space
[B]. This, in turns, implies that theory can be quantizedhgdifferent approaches to
deal with the anomalie$][2] 3]. It has been proved in Réf. $&p([b] for details) that
this property of the CGHS model is also valid for a generic eiad 2D dilaton grav-
ity. Based on properties of the classical equations of matiovas shown that there
exist a canonical transformation converting a generic rhode a free field theory
with a Minkowskian target space. However the explicit forfritee transformation is
unknown except for those models which can be explicitly sd|f$].

The aim of this letter is to provide a more explicit form foetbhanonical trans-
formations and bypass the problem of solving the classigahgons of motion. To
this end we shall introduce a different perspective to tisatdun [#,[b]. The idea is to
construct a Backlund transformation relating the equetiof motion of a 2D dilaton
gravity model to free field equations. To obtain the Backltransformation we shall
also demand that the Hamiltonian and momentum constrafritsecdilaton-gravity
theory are mapped into those of a generally covariant frée tiheory. With this re-
qguirement the Backlund transformation can be promotedtmanical transformation.

Our starting point is the action functional describing a 2latdn gravity model
5= / 1/ =g (R¢ FANV(9) — 5(V f)2) , 1)

whereV (¢) is an arbitrary function of the dilaton field arfdis a scalar matter field.
The above expression represent a generic model becausarmgetaid of the kinetic
term of the dilaton by a conformal reparametrization of tle&lf and bring the action
into the form [IL). In conformal gaugés® = —e*dz"dz~, the equations of motion
derived from the actior{]1) are

28+a_p+A2%V(¢)ezp = 0, (2)
0.0_¢ + N2V ()e* = 0, (3)

0.0_f = 0, (4)

0o+ 200000 — 5(0:f)° = 0. (5)

By a rather involved manipulation of these equations it wasas in [4,[3] that, irre-
spective of the form of the potential, the solutions defin@m@onical transformation
mapping the theory[]1) into a free field theory with constisifi, = i%(H + P)
taking the form

! 1 !
C:I::H:I:Xiiz(ﬁfif)zv (6)



where (II, X*) and (7, f) are canonically conjugate variables afidand P are
the Hamiltonian and momentum constraints. Obviously the guavity and matter
sectors are separately equivalent to free fields. From noshatk restrict our analysis
to the pure dilaton-gravity sector. A further linear carmahitransformation 7]

2. = —(mo+m) F (Y —7r"), (7
2X* = F(mp—m) — (" + 1Y), (8)

converts finally the constraints into those of a free fieldbtliavith a Minkowskian
target space

Cy = :I:i [(mo £ ") = (m Fr")?] . 9

As we have already mentioned it is in general difficult to geeaplicit expression
for this canonical equivalence. In this letter we shall adopalternative approach to
improve this situation. We shall consider the canonicaildfarmation of the CGHS
model introduced in[J2] and reinterpret it as a Backlunahgfarmation. In this new
context we shall be able to generalize this Backlund tensétion for a generic model
of dilaton gravity. The Backlund transformation will defithen an explicit canonical
transformation.

The canonical transformation for the CGHS theory proposdgfli makes use of
the following auxiliary canonical variableg, n*, py, p: defined by

1
r¢® = —n", 10
7" (10)
1
Ta = \/§(pa - i‘gabnb,) ) (11)
wheree,, is the antisymmetric tensor wit; = —1. In terms of the canonical vari-
ables(n“, p,) the constraints have the form
H = 0"pi+n"po— (7 — 1), (12)
P o= 1"po+1"p:. (13)
The canonical transformation is then defined by the follgwlations
1
= ﬁe_p (m,sinh 6 — 2¢' cosh 0) , (14)
1
n' = ﬁe_p (m,cosh @ — 2¢'sinh 0) , (15)
po =  2Xe’sinhf, (16)
p1 = —2Xefcoshb, a7

where = 1 [* dim,. This transformation is canonical because it can be obdaine
from a generating functional. It is interesting to point aotv that the above field re-
definition can be regarded as a Backlund transformationecting the dilaton-gravity
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equations[(2),[{3) for the CGHS model with free field equation
8+0_170 =0= 8_,_8_771 . (18)

We want now to generalize the above transformation for argenedel. It is easy
to see that a transformation of the form

W = F7[(H + F*)cosh0+ Psinh6)] | (19)
n' = F7! [(H + F?)sinh @ + P cosh 9] : (20)
po = —Fsinh6, (21)
pr = Fcoshd, (22)

where F and # are arbitrary functions, bring the constraints of a gentr&ory to
the form (IR), [IB). Because the canonicity of the transédiom requires that the
fields n° andn' verify free field equations, a natural generalization of Béeklund
transformation defined by ([1L4)-(17) is given by the follog/ensatz

n” = —%F‘le_p [(H + 4N’ F?¢*) cosh § + Psinh ] | (23)
n' = —2\Fe’coshf, (24)
where
H(p,¢) = —20p+2(¢" = ¢'t) = ANV(9)e” (25)
P(p,¢) = —2(0p' —¢' +¢'p), (26)
A2 d
Fipo) = ew{5oror (v 27)
o I
.0) = = [ @i+ ). (29)

The main goal of this letter is the following result:

The transformation defined by {23)),]24) is adRlund transformation that relates the
solutionsp, ¢ of a generic dilaton gravity theory and the solutiofs ! of a free field
theory.

Proof: First of all, we observe the relation that there exists betwiae functiongd”
andd. Taking derivatives in expressiop {27) we can rewifife (2) as

0,0_(p+InF)=0. (29)

Using (Z8) we then obtain the following identities
0+ (p + ln F) = —0+9 s (30)
O (p+InF) = 0.0. (32)
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Now we take derivatives irf (23)} (R4)

0,0-n" = 53 F~ e ? {0,0_Psinh 0 + 0,0_H cosh 6 +
[F?e? (04 (p+1InF)O_0 + 0_(p+ In F)040 + 0,0-6) +
0yHO_0+0_-H0.0 —0.PO_(p+InF)—0_Po (p+1InF)—
P0:0-(p+InF)—0:(p+InF)o_(p+InF)—90,00_6)—
HOu(p+InF)O_0+0_(p+1InF)o 0 — 0,0-0)] sinh 6+
[F?e (0,0_(p+InF)+ 0. (p+InF)0_(p+InF) + 9,00_0) +
04PO_0+0_P0.0 —0,HO_(p+InF)—0_HO (p+1InF)—
H0y0_(p+InF)—0y(p+InF)0_(p+InF)—0,00_6)—
POs(p+InF)0_0+0_(p+1InF)0. 0 —0,0_0)] cosh b} , (32)
0,010t = =2\Fe? {[0,(p+ I F)0_0 + 0_(p+1In F)0, 0 + 0.0_0] cosh 6+
[0,0_(p+ InF) + 0y (p+ In F)_(p+In F) + 9,00_0)sinh 6} ,  (33)

and taking into accounf (9], (30), {31) the above expressi@come

0,0_nY = ;—iF‘le_p {0,0_Psinh 0 + 0,0_H cosh 0+

[04(H — P)0_0 + 0_(H + P)0,0]sinh § +

[0 (P —H)0_-0+0_(P+ H)0.0] coshf} , (34)
0,0_nt = 0. (35)

Finally, using the Bianchi identitie8,. (H + P) = 0, we see that the r.h.s. df (34)
vanishes and then

a+a—770 = Oa (36)
0,0_nt = 0. (37)

Moreover, the above derivation also work on the other wayidoso ifn°, n' satisfy
the free field equation$ (6], {37) theny satisfy the equations of motiofi (2] (3).

To construct the fully generalized canonical transfororative introduce the cano-
nically conjugated momenta, = —2¢, 7, = —2p, po = 1°, p1 = n* as independent
variables. Then we get

Y = ;_iF_le_p [(H + 4X2F?e*) cosh § 4 P sinh 9] , (38)
—1

nY = o F~'e™ [(H + 4\*F?¢*) sinh 6 + P cosh 6] , (39)

po =  2AFe’sinh6, (40)

p1 = —2AFefcoshb, 41



whereH, P are given by

1
H = 5o T 2(¢" = p'¢)) — 4NV (¢)e™ (42)
P = myp —m, 47y, (43)

Fis given by [2F) and = 1 [*__di(ms — 2L). We have also seen that this transfor-
mation maps the constrainf{s{47),](43) into the previous foem (12), [IB). It is well
known that a Backlund transformation can be viewed as argaalbtransformation.
This is so because there are no other expressions for thedAdisackets that repro-
duce the Hamiltonian equations of motion for the free fieltig,,.

The CJZ transformation for the CGHS model is recovered whign¢) = 1. Then
0 =1 [" dimsand (3B)- [41) read as

1 1
Y = ﬁe—P {(5%% —2(¢" + p'¢)) cosh O — (m,p — 7, + m4¢') sinh 9} (44)
1 1
0 = e |G 206+ ) sinh0 — (!~ + ) cosh 0] (45
po =  2Xe’sinh@, (46)
p1 = —2Xefcosh@. 47)

It is easy to see thdf (#4),(45) leads][ig (18)] (15).

For the model with an exponential (Liouville) potential = ¢°¢ the functionF
is also local. The transformations [38)(41) with= ¢~°¢ provides an alternative
canonical transformation for the induced 2D Polyakov ggawhich differs from the
one obtained by using the classical solutidis [8]. Anotheresting example is the
Jackiw-Teitelboim modelY((¢) = ¢). In this case one cannot find a local expression
for the functionF'. However, taking into account thatverifies a Liouville equation
the fieldp + In F' coincide with the well known free field associated, via a cacal
transformation, to a Liouville fieldJ9].

In this letter we have constructed a Backlund transforomatelating a generic 2D

dilaton-gravity model to a generally covariant free fiel@ahy. This way we have
provided an explicit canonical transformation connectbinoth theories.
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