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ABSTRACT

Using the pinch technique we construct at one-loop order a neutrino charge radius, which is
finite, depends neither on the gauge-fixing parameter nor on the gauge-fixing scheme employed,
and is process-independent. This definition stems solely from an effective proper photon-neutrino
one-loop vertex, with no reference to box or self-energy contributions. The rôle of the WW box in
this construction is critically examined. In particular it is shown that the exclusion of the effective
WW box from the definition of the neutrino charge radius is not a matter of convention but is
in fact dynamically realized when the target-fermions are right-handedly polarized. In this way
we obtain a unique decomposition of effective self-energies, vertices, and boxes, which separately
respect electroweak gauge invariance. We elaborate on the tree-level origin of the mechanism
which enforces at one-loop level massive cancellations among the longitudinal momenta appearing
in the Feynman diagrams, and in particular those associated with the non-abelian character of
the theory. Various issues related to the known connection between the pinch technique and the
Background Field Method are further clarified. Explicit closed expressions for the neutrino charge
radius are reported.
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1 Introduction

The neutrino electromagnetic form-factor and the corresponding neutrino charge radius (NCR)
are interesting physical quantities, mainly because their non-vanishing appreciable values could
be attributed to physics beyond the Standard Model (SM). Within the SM, one expects that
an effective photon-neutrino interaction will be generated through one-loop radiative corrections,
giving rise to a non-zero, albeit small NCR. However, the direct calculation of this quantity has
been faced with serious complications [1,2,3,4] which, in turn, can be traced back to the fact
that in non-Abelian gauge theories off-shell Green’s functions depend in general explicitly on the
gauge-fixing parameter (GFP). Therefore the definition of quantities familiar from scalar theories
of QED, such as effective charges and form-factors, is in general problematic. In the case of the
NCR, various attempts to define its SM value through the one-loop γνν vertex calculated in the
renormalizable (Rξ) gauges reveal that the corresponding electromagnetic form-factor F1(q

2, ξ)
depends explicitly on the GFP in a prohibiting way. In particular, even though in the static
limit of zero momentum transfer, q2 → 0, the form-factor F1(q

2, ξ) becomes independent of ξ, its
first derivative with respect to q2, which corresponds to the classic definition of the NCR, namely

〈r2
ν 〉 = − 6 ∂F1(q2,ξ)

∂q2 |q2=0 , continues to depend on it.
The problems associated with the definition of the NCR within the SM and beyond have

been examined in detail in a series of papers, and various proposals have been put forth on how
to bypass them [5,6,7,8,9,10,11,12,13,14,15,16]. The main idea behind these works has been to
exploit judiciously the GFP-independence of the entire physical amplitude, and eventually define
a piece of it which is kinematically akin to an electromagnetic form factor, and is in addition
endowed with a set of important physical properties. In this context the rôle of the box diagrams
containing two W ’s has presented a long-standing puzzle. It was recognized in [17] that this box
contains in general crucial GFP-dependent pieces, which, when included to the NCR definition
render the answer GFP-independent. Thus, whereas in this construction the ZZ boxes have been
naturally discarded, since they do not participate non-trivially in the gauge cancellations of the
NCR, the WW box is instead included in the definition, because it is important for the gauge
cancellations. The disadvantage of including the box however is that it introduces a process-
dependence, since it depends explicitly on the quantum numbers of the target fermions; this fact
in turn would prevent the NCR from being regarded as a target-independent property, intrinsic to
the neutrino-photon interaction. Even though the process-dependent contributions may become
numerically subleading when studying the low-energy static limit, where the NCR has a direct
electromagnetic analogue, from the theoretical point of view one would like to be able to extend
its notion into that of an effective form-factor, which would be GFP- and process-independent for
arbitrary values of the momentum transfer.

The way out of this dilemma has been presented in [18], in the context of the pinch technique
(PT) [19,20,21,22]: one can construct a genuine, target-independent form-factor endowed with the
crucial properties of gauge-independence, gauge-invariance and finiteness, for arbitrary values of
the momentum transfer. The essential ingredient for accomplishing this was the realization that,
when the target fermions involved are considered to be massless, all GFP-dependent contributions
stemming from box and vertex-like Feynman diagrams are effectively propagator-like, i.e. have
no dependence on the kinematic properties or quantum numbers of the initial and final states,
as boxes and vertices normally do. The precise mechanism which allows the identification and
extraction of these propagator-like contributions from boxes and vertices relies on the systematic
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exploitation of fundamental tree-level Ward identities (WI). At tree-level these WI enforce cru-
cial cancellations between s-and t-channel contributions in the W -pair production process [23,24].
Their one-loop descendant is a set of vast cancellations involving contributions originating from
seemingly dissimilar Feynman graphs. Thus, all gauge dependence stemming from vertices and
boxes cancels precisely against the gauge-dependence stemming from the conventional one-loop
self-energies. As a result, the remaining GFP-independent structures retain their initial kinematic
identity; in particular one can speak in terms of GFP-independent effective boxes, vertices, and
self-energies. Thus, once the GFP-dependent pieces have been extracted from the box, the remain-
ing GFP-independent “pure” box should not be considered as a part of the resulting form-factor,
which should be entirely determined from the “pure” GFP-independent set of vertex graphs. No-
tice that, in the original proposal, the gamma Z self-energy constituted part of the form-factor
[18]; whereas this is clearly a process-independent contribution it became clear recently [24] that
the γZ self-energy should not be part of the form-factor either, since its interpretation as part of
the electro-weak effective charge is physically more appealing.

Ii should be emphasized that the aforementioned rearrangement of the S-matrix into individ-
ually GFP-independent effective boxes, vertices, and self-energies occurs automatically, at least
up to two-loops [25], if one adheres to the well-defined set of PT rules, which may be sum-
marized as follows: Identify all longitudinal momenta, i.e. all momenta which can trigger the
aforementioned elementary Ward identities, and track down the resulting algebraically realized
cancellations. One, but not the only, consequence of the above procedure is that all dependence
on the GFP is effectively self-energy-like, and finally vanishes since the S-matrix is guaranteed
to be GFP-independent. Notice however that longitudinal momenta do not only originate from
the tree-level propagators appearing in the graphs but also from the appropriate decomposition of
the elementary tri-linear gauge-boson vertices [26]. This decomposition is characteristic of the PT
and has far-reaching consequences; in particular, the resulting effective one-and two-loop Green’s
functions satisfy QED-like WI, instead of the usual complicated Slavnov-Taylor identities. In
addition, they coincide , at least up to two-loops [27,25], with the results one would obtain if one
were to calculate the Green’s functions in the Background Field Method (BFM) [28,29,30,31] at
the special value of the (quantum) GFP ξW

Q
= 1. It is important to appreciate that the aforemen-

tioned vertex decomposition has to be carried out even if all gauge dependences have explicitly
cancelled; conversely, it can be carried out at the beginning of the calculation, before any of the
GFP cancellations have been implemented, i.e the order of triggering the WI and identifying the
various propagator-like pieces is immaterial, as it should.

Even though the correct interpretation of the correspondence between the PT and the BFM
at ξW

Q
= 1 has been discussed in the literature [23,24,32], it has often been misinterpreted as

constituting an arbitrary choice rather than a result singled out in a unique way by the full
exploitation of the underlying Becchi-Ruet-Stora (BRS) symmetries [33], intrinsic to the S-matrix
(or any ostensibly gauge-invariant quantity such as a Wilson loop, for example). In addition, the
proposal to exclude the pure box from the NCR on the grounds of the process-dependence that it
induces has not been implemented when imposing experimental bounds on the NCR [34,35,36,37].
The confusion surrounding the rôle of the box may be amplified by arguments supporting the
plausible scenario according to which parts of the “pure” box, which could be obtained after the
integration over virtual momenta, may be incorporated into the definition of the NCR without
violating any of the physical principles in any obvious way. (Notice that the PT rearrangement of
the amplitude takes place before any integrations over virtual momenta have been carried out).
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In this paper we demonstrate that the exclusion of the “pure” or “effective” WW box from
the definition of the NCR is not a matter of convention but is in fact dynamically realized in a
particular physical process, namely when the target-fermions are right-handedly polarized, simply
because in that case the WW box is not there to begin with. In particular we demonstrate
explicitly that the PT construction goes through unmodified in the absence of the box, because
the cancellations previously enforced by parts of the box are now enforced by the modification
of the couplings of the photon and the Z to right-handed fermions. In particular, at tree-level
the γfRf̄R and ZfRf̄R couplings allow for a cancellation involving the two s-channels graphs, one
mediated by an off-shell photon, and one by an off-shell Z. This cancellation replaces the usual
s-channel – t-channel cancellation occuring in the case of unpolarized fermions [23,24], since now
there is no t-channel graphs involving two outgoing W . The aforementioned tree-level cancellation
is in fact responsible for the one-loop cancellations we will demonstrate in detail. The analysis
carried out settles conclusively the question of whether after the gauge cancellations have been
implemented the pure box (or some arbitrarily chosen parts of it) should be part of the definition
of the form factor giving rise to the NCR. In addition, the explicit demonstration of the gauge
cancellations in two different gauge-fixing schemes (Rξ and BFM) shows the general validity and
self-consistency of the entire procedure, and, as a by-product, it makes abundantly clear the fact
that (in the latter case) at no point the choice ξW

Q
= 1 has been a-priori implemented.

At the end of this procedure, we obtain a neutrino electromagnetic form-factor which (a) is
independent of the GFP; (b) couples electromagnetically to the target; (c) it is process (target)-
independent and can therefore be considered as an intrinsic property of the neutrino; (d) the
effective one-loop γνν̄ proper vertex from which it originates satisfies a QED-like WI; (e) it holds
for arbitrary values (time-like and space-like ) of the four-momentum transfer (f) since the self-
energies do not enter into its definition, the resulting NCR does not depend on the quark sector
of the theory.

The paper is organized as follows: In section 2 we present a general discussion on the PT. In
Section 3 we demonstrate explicitly the gauge cancellations in the context of the Rξ gauges, for
unpolarized target fermions; here the WW box appears and its participation in the aforementioned
cancellations is crucial. In section 4 we demonstrate how the crucial cancellations are enforced in
the case of right-handedly polarized target fermions, i.e. when the WW box is actually absent.
In section 5 we present in detail how the above cancellations are enforced in the context of the
BFM. In section 6 we show how the final rearrangement of the physical amplitude according
to the general PT rules singles out the final gauge-invariant answer for the individual effective
self-energies, vertices, and boxes; the latter quantities coincide with their conventionally defined
counterparts calculated in the Feynman gauge of the BFM. In section 7 we present explicit results
for the NCR extracted from the effective photon-neutrino vertex, and the slope (at q2 = 0) of
the effective charge defined through the PT γZ self-energy. Finally, in section 8 we present our
conclusions.

2 General discussion

In this section we outline the field-theoretical mechanism which enforces the massive gauge cancel-
lations and allows for the construction of GFP-independent and gauge-invariant boxes, vertices,
and self-energies. The NCR will then be defined from the one-loop γνν vertex so constructed.
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The longitudinal momenta appearing in the S-matrix element of FF̄ → νν̄ originate from the
tree-level gauge-boson propagators and tri-linear gauge-boson vertices appearing inside loops. In
particular, in the Rξ-scheme the gauge-boson propagators have the general form

∆µν
V

(k) =

[
gµν − (1 − ξV )kµkν

k2 − ξV M2
V

]
DV (k) (2.1)

with
DV (k) = (k2 − M2

V
)−1 (2.2)

where V = W, N with N = Z, γ and M2
γ = 0; k denotes the virtual four-momentum circulating

in the loop. Clearly, in the case of ∆µν
V

(k) the longitudinal momenta are those proportional to
(1 − ξV ). The longitudinal terms arising from the tri-linear vertex may be identified by splitting
Γαµν(q, k,−k − q) appearing inside the one-loop diagrams (see Fig.1a and Fig.2 for the definition
of the momenta entering into the vertex) into two parts (q denotes the physical four-momentum
entering into the vertex)[26]:

Γαµν(q, k,−k − q) = (q − k)νgαµ + (2k + q)αgµν − (2q + k)µgαν

= ΓF

αµν + ΓP

αµν , (2.3)

with

ΓF

αµν = (2k + q)αgµν + 2qνgαµ − 2qµgαν ,

ΓP

αµν = −(k + q)νgαµ − kµgαν . (2.4)

The first term in ΓF

αµν is a convective vertex describing the coupling of a vector boson to a
scalar field, whereas the other two terms originate from spin or magnetic moment. The above
decomposition assigns a special rôle to the q-leg, and allows ΓF

αµν to satisfy the Ward identity

qαΓF

αµν = (k + q)2gµν − k2gµν , (2.5)

All aforementioned longitudinal momenta originating from ∆µν
V (k) and ΓP

αµν trigger the following
WI when contracted with the appropriate γ matrix appearing in the various elementary vertices :

6kPL = (6k+ 6p)PL − PR 6p ,

= S−1
F ′ ( 6k+ 6p)PL − PRS−1

F
( 6p) + mF ′PL − mFPR (2.6)

where PR(L) = [1 + (−)γ5]/2 is the chirality projection operator and SF is the tree-level prop-
agator of the fermion F ; F ′ is the isodoublet-partner of the external fermion F . The result of
this contraction is that the term in Eq.(2.6) proportional to S−1

F ′ , i.e the inverse of the internal
fermion propagator gives rise to a self-energy-like term, whose coupling to the external fermions
is proportional to the vertex

Γµ
WF F̄ = −i

(
gw

2

)
γµPL. (2.7)

The effective vertex Γµ
WF F̄ should not be confused with the usual WFF ′ elementary vertex involving

two fermions F and F ′ of different charge and isospin. The vertex Γµ
WF F̄

can be written as a linear
combination of the two tree-level vertices Γµ

γF F̄ and Γµ
ZF F̄ given by

Γµ
γFF̄

= −igwswQFγµ

Γµ
ZFF̄

= −i
(

gw

cw

)
γµ [(s2

wQF − T F

z )PL + s2
wQFPR] (2.8)

5



as follows:

Γµ
W FF̄

=
(

sw

2T F
z

)
Γµ

γF F̄
−
(

cw

2T F
z

)
Γµ

ZF F̄
(2.9)

In the above formulas QF is the electric charge of the fermion F , and T F

z its z-component of the

weak isospin, with cw =
√

1 − s2
w = MW /MZ, e = gwsw,

The identity presented in Eq.(2.9) allows to combine the propagator-like parts emerging from
box-diagrams and vertex-diagrams after the application of the WI in Eq.(2.6) with the conventional
self-energy graphs ΠγZ

µν and ΠZZ

µν (Fig. 1), by judiciously multiplying by DN(q)D−1
N

(q), as shown
in Fig. 2 – Fig. 4 . In fact, in order to see exactly against which parts of the self-energies
the aforementioned terms will cancel, one must notice [38] that every time there is longitudinal
momentum in a vertex or a box diagram triggering the WI in Eq.(2.6), the same longitudinal
momentum inside a self-energy diagram will be contracted with one of the elementary tri-linear
vertices, triggering a WI of the form

(k + q)νΓαµν(q, k,−k − q) = (q2gαµ − qαqµ) − (k2gαµ − kαkµ)

=
(
D−1

N
(q) − D−1

W
(k) + (M2

N
− M2

W
)
)
gαµ + kαkµ (2.10)

The terms proportional to D−1
N

(q) appearing in Eq.(2.10) are precisely those which will cancel
against the aforementioned propagator-like pieces coming from vertices and boxes. It is clear
that the exploitation of the elementary WI of Eq.(2.6) and Eq.(2.10) enable the communication
between Feynman diagrams which at first seem to be kinematically distinct.

It turns out that the one-loop cancellations described above descend in fact from a fundamental
tree-level cancellation between s- and t− channel diagrams, the latter being a consequence of the
underlying BRS symmetry [23,24]. For the remainder of this paper we will restrict our attention
to the case where the fermions F are leptons, to be denoted by f ; in that case T f

z = −1
2

and for
the neutrino T νe

z = 1
2

and so the identity becomes

Γµ
W ff̄

= −swΓµ
γff̄

+ cwΓµ
Zff̄

Γµ
Wνν̄ = −cwΓµ

Zνν̄ (2.11)

To see how the aforementioned tree-level cancellation is enforced, consider the process f f̄ →
W+W−, whose tree-level amplitude will be denoted by Tµν . Defining

Vµ
V ff̄

= v̄f(p2) Γµ
V ff̄

uf(p1) (2.12)

we have that Tµν is given by two s-channel and one t-channel graphs,

Tµν = T (γ)
s µν + T (Z)

s µν + Tt µν (2.13)

where

T (γ)
s µν = Vα

γff̄
Dγ(q)Γ

γWW

αµν (q, k1, k2) ,

T (Z)
s µν = Vα

Zff̄
DZ(q)ΓZWW

αµν (q, k1, k2) ,

T (t)
µν = −g2

w

2
v̄f(p2) γµPL Sf ′( 6p1− 6k1) γνPL uf(p1) , (2.14)
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with

ΓγWW

αµν (q, k1, k2) = −gwswΓαµν(q, k1, k2)

ΓZWW

αµν (q, k1, k2) = gwcwΓαµν(q, k1, k2) (2.15)

Here, s = q2 = (p1 + p2)
2 = (k1 + k2)

2 is the c.m. energy squared.
Let us now consider the case where Tµν is contracted by a longitudinal momentum kµ

1 or kν
2 .

Then, the WI of Eq.(2.10) will operate at the two s-channel graphs, whereas that of Eq.(2.6) at
the t-channel graph (Fig. 5), yielding

k1µT µν
s (γ) = −swVν

γff̄
+ S(γ)ν ,

k1µT µν
s (Z) = cwVν

Zff̄
+ S(Z)ν ,

k1µT µν
(t) = Vν

W ff̄
(2.16)

with

S(Z)
ν = Vα

Zff̄
DZ(q)cw

(
(M2

Z
− M2

W
)gαν + k2αk2ν

)

S(γ)
ν = Vα

γff̄
DZ(q)sw

(
M2

W
gαν − k2αk2ν

)
(2.17)

Adding by parts both sides of Eq.(2.16) we see that a major cancellation takes place; in
particular the pieces containing the vertices Vα

V ff̄
cancel by virtue of the first identity in Eq.(2.11),

and one is left on the RHS with purely s-channel contribution, i.e

kµ
1Tµν = S(Z)

ν + S(γ)
ν (2.18)

It is important to recognize that the cancellation described above goes through even when the
initial fermions are right-handedly polarized, although in that case there is no t-channel graph
(Fig. 6). In fact, the elementary vertices given in Eq.(2.8), together with the corresponding Vµ

γff̄

and Vµ
Zff̄

are appropriately modified. In particular,

Γµ
γfRf̄R

= −igwswQfγ
µ

Γµ
ZfRf̄R

= −i
(

gw

cw

)
s2

wQf γµ (2.19)

and

Vµ
ZfRf̄R

=
(

sw

cw

)
Vµ

γfRf̄R
(2.20)

Clearly, in that case, from Eq. (2.11) follows immediately that

Vµ
WfRf̄R

= 0. (2.21)

and Eq. (2.18) is still satisfied.
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3 The unpolarized case in the Rξ gauge

In this section we will demonstrate explicitly how the cancellation of the GFP proceeds in the
case when the theory is quantized in the framework of the renormalizable Rξ gauge. Of course,
based on general field-theoretical principles, one knows in advance that the entire amplitude will
be GFP-independent. What we will show in this section is that in fact this cancellation goes
through without having to carry out any of the integrations over virtual loop momenta. Indeed,
even though individual graphs conspire non-trivially in order for the cancellations to take place,
the way this happens kinematically is very distinct. In particular, all GFP-dependent parts are
self-energy like; their identification and extraction from box and vertex diagrams is implemented
exclusively through the use of elementary WI. Therefore, the remaining GFP-independent parts
of each diagram retain their original kinematic identity, i.e. one may still identify box-, vertex-,
and self-energy-like sub-amplitudes [39].

We will focus on the case where the target fermions are charged leptons, which we denote by
f ; the generalization to the case where the target fermions are quarks is straightforward. In what
follows we will set λW ≡ 1 − ξW , and we will suppress a factor g2

w

∫
dnk

(2π)n , where n = 4 − ǫ is the
dimension of space-time in dimensional regularization. In addition we define

I0 =

[(
k2 − M2

W

)(
(k + q)2 − M2

W

)]−1

I1 =

[(
k2 − ξWM2

W

)(
k2 − M2

W

)]−1

I2 =

[(
k2 − ξWM2

W

)(
(k + q)2 − ξWM2

W

)]−1

I3 =

[(
k2 − ξWM2

W

)(
k2 − M2

W

)(
(k + q)2 − M2

W

)]−1

I4 =

[(
k2 − ξWM2

W

)(
(k + q)2 − ξWM2

W

)(
k2 − M2

W

)(
(k + q)2 − M2

W

)]−1

I5 =
(
k2 − ξW M2

W

)
−1

(3.22)

and we will employ the algebraic identity

1

k2 − ξWM2
W

=
1

k2 − M2
W

− (1 − ξW )M2
W

(k2 − M2
W

)(k2 − ξWM2
W

)
(3.23)

in order to rearrange various expressions. In addition, we will drop terms proportional to qµ or qν

because we assume conserved external currents (mass-less fermions)
Turning to individual diagrams, we first consider the box graphs shown in Fig. 7. We have:

(n) = (n)ξW =1 + Vµ
Wff̄

(
λ2

W
I4kµkν − 2λW I3gµν

)
Vν

Wνν̄

= (n)ξW =1 + (n)γZ + (n)ZZ (3.24)
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with

(n)γZ = Vµ
γff̄

Dγ(q)

[
swcwD−1

γ (q)

(
λ2

W
I4kµkν − 2λWI3gµν

)
D−1

Z
(q)

]
DZ(q)Vν

Zνν̄

(n)ZZ = −Vµ
Zff̄

DZ(q)

[
c2
wD−1

Z
(q)

(
λ2

W
I4kµkν − 2λW I3gµν

)
D−1

Z
(q)

]
DZ(q)Vν

Zνν̄ (3.25)

Notice that (n)γZ and (n)ZZ are propagator-like quantities
For the vertex graphs (o), (p), and (q) we have (there is a relative minus sign from the difference

in the ZWW and γWW vertices, as given in Eq.(2.15)):

(o) = (o)ξW =1 + Vµ
γff̄

Dγ(q)sw

(
λ2

W
I4q

2kµkν − 2λW I3

[
q2gµν − (k + q)2gµν + kµkν

])
Vν

Wνν̄

(p) = (p)ξW =1 − Vµ
Zff̄

DZ(q)cw

(
λ2

W
I4q

2kµkν − 2λWI3[q
2gµν − (k + q)2gµν + kµkν ]

)
Vν

Wνν̄

(q) = (q)ξW =1 − Vµ
Wff̄

cw

(
λ2

W
I4q

2kµkν − 2λWI3

[
q2gµν − (k + q)2gµν + kµkν

])
DZ(q)Vµ

Zνν̄

(3.26)

Notice that the parts depending on ξW are again propagator-like. To further exploit this fact, we
use the identities of Eq.(2.11) to rewrite the vertices Vµ

W ff̄
and Vν

Wνν̄ in terms of the fundamental
ones, thus obtaining

(o) = (o)ξW =1 + (o)γZ

(p) = (p)ξW =1 + (p)ZZ

(q) = (q)ξW =1 + (q)γZ + (q)ZZ

(3.27)

with

(o)γZ = −Vµ
γf f̄

Dγ(q)

[
swcw

(
λ2

W
D−1

γ (q)I4kµkν − 2λWI3

[
D−1

γ (q)gµν − (k + q)2gµν + kµkν

])

D−1
Z

(q)

]

DZ(q)Vν
Zνν̄

(p)ZZ = Vµ
Zff̄

DZ(q)

[
c2
w

(
λ2

W

{
D−1

Z
(q) + M2

Z

}
I4kµkν − 2λWI3

[
D−1

Z
(q)gµν + M2

Z
gµν

−(k + q)2gµν + kµkν

])
D−1

Z
(q)

]
DZ(q)Vν

Zνν̄

(q)γZ = −Vµ
γf f̄

Dγ(q)

[
swcwD−1

γ (q)

(
λ2

W

{
D−1

Z
(q) + M2

Z

}
I4kµkν − 2λWI3

[
D−1

Z
(q)gµν + M2

Z
gµν

−(k + q)2gµν + kµkν

])]
DZ(q)Vν

Zνν̄
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(q)ZZ = Vµ
Zff̄

DZ(q)

[
c2
wD−1

Z

(
λ2

W

{
D−1

Z
(q) + M2

Z

}
I4kµkν − 2λW I3

[
D−1

Z
(q)gµν + M2

Z
gµν

−(k + q)2gµν + kµkν

])]
DZ(q)Vν

Zνν̄ (3.28)

where we have judiciously rewritten q2 = D−1
γ (q) or q2 = D−1

Z
(q)+M2

Z
. Notice that (p)ZZ = (q)ZZ.

In addition, the remaining Abelian-like vertex graphs together with the external fermion wave
function corrections give:

(s) + (t) = [(s) + (t)]ξW =1 + [(s) + (t)]ZZ

(r) = (r)ξW =1 + (r)γZ

(u) + (v) = ((u) + (v))ξW =1 + ((u) + (v))ZZ + [(u) + (v)]γZ (3.29)

with

[(s) + (t)]ZZ = −Vµ
Zff̄

DZ(q)

[
c2
wλWD−1

Z
(q)I1gµν

]
DZ(q)Vν

Zνν̄

(r)γZ = Vµ
γff̄

Dγ(q)

[
swcwλWD−1

Z
(q)I1gµν

]
DZ(q)Vν

Zνν̄

((u) + (v))ZZ = −Vµ
Zff̄

DZ(q)

[
c2
wλWD−1

Z
(q)I1gµν

]
DZ(q)Vν

Zνν̄

((u) + (v))γZ = Vµ
γff̄

Dγ(q)

[
swcwλWD−1

γ (q)I1gµν

]
DZ(q)Vν

Zνν̄ (3.30)

where again all ξW dependent contributions are effectively propagator-like. Notice that [(s) +
(t)]ZZ = ((u) + (v))ZZ .

Next continue with the conventional self-energy diagrams. We will focus first on (a) since a big
part of its gauge dependent part cancels the entire gauge dependence coming from the vertices and
the boxes, given above. Straightforward calculation, using only the elementary Ward identities
triggered by the action of the longitudinal parts of the internal W propagators on the three-boson
vertices yields:

(a)ZZ = (a)(ξW =1)
ZZ

+ LZZ(ξW )

−Vµ
Zff̄

DZ(q)

[
c2
w

(
λ2

W
q4I4kµkν − 2λWI3

[
q4gµν + 2q2kµkν − 2q2(k + q)2gµν

])]
DZ(q)Vν

Zνν̄

(a)γZ = (a)(ξW =1)
γZ

+ LγZ(ξW )

+Vµ
γff̄

Dγ(q)

[
swcw

(
λ2

W
q4I4kµkν − 2λWI3

[
q4gµν + 2q2kµkν − 2q2(k + q)2gµν

])]
DZ(q)Vν

Zνν̄

(3.31)

with

LZZ(ξW ) = Vµ
Zff̄

DZ(q)

[
2c2

wλWI1

(
(k + q)4gµν − (k + q)2kµkν

)]
DZ(q)Vν

Zνν̄

LγZ(ξW ) = −Vµ
γf f̄

Dγ(q)

[
2swcwλWI1

(
(k + q)4gµν − (k + q)2kµkν

)]
DZ(q)Vν

Zνν̄ (3.32)
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Notice the appearance of I1; this term has no q dependence .
Next we will rewrite the expressions containing an explicit q2 in terms of D−1

Z
(q) and D−1

γ (q):

(a)ZZ = (a)(ξW =1)
ZZ

+ LZZ(ξW ) + RZZ(ξW )

−Vµ
Zff̄

DZ(q)

[
c2
w

(
λ2

W
I4

{
D−2

Z
(q) + 2M2

Z
D−1

Z
(q)
}
kµkν

−2λW I3

[
D−2

Z
(q)gµν + 2D−1

Z
(q)
(
kµkν + M2

Z
gµν − (k + q)2gµν

)])]
DZ(q)Vν

Zνν̄

(a)γZ = (a)(ξW =1)
γZ

+ LγZ(ξW ) + RγZ(ξW )

+Vµ
γff̄

Dγ(q)

[
swcw

(
λ2

W
I4

{
D−1

Z
(q)D−1

γ (q) + M2
Z
D−1

γ (q)
}
kµkν − 2λWI3

[
D−1

Z
(q)D−1

γ (q)gµν

+D−1
γ (q)

{
kµkν + M2

Z
gµν − (k + q)2gµν

}
+ D−1

Z
(q)
{
kµkν − (k + q)2gµν

}])]
DZ(q)Vν

Zνν̄

(3.33)

with

RZZ(ξW ) = −Vµ
Zff̄

DZ(q)

[
c2
w

(
λ2

W
I4M

4
Z
kµkν − 2λWI3

{
2M2

Z

(
kµkν − (k + q)2gµν

)
+ M4

Z
gµν

})]
DZ(q)Vν

Zνν̄

RγZ(ξW ) = −Vµ
γff̄

Dγ(q)

[
2swcwλWI3M

2
Z

(
kµkν − (k + q)2gµν

)]
DZ(q)Vν

Zνν̄ (3.34)

Adding the contributions from the diagrams (n),(o),(p),(q), (a)ZZ , and (a)γZ a massive cancel-
lation takes place, and we obtain:

(n) + (o) + (p) + (q) + (a)ZZ + (a)γZ = (n)(ξW =1) + (o)(ξW =1) + (p)(ξW =1) + (q)(ξW =1)

+(a)(ξW =1)
ZZ

+ (a)(ξW =1)
γZ

+ RZZ(ξW ) + LZZ(ξW )

+RγZ(ξW ) + LγZ(ξW ) (3.35)

Thus, at this point all ξW -dependent pieces are contained in the sum of RZZ(ξW ) + LZZ(ξW )
and RγZ(ξW )+LγZ(ξW ); we will next show how these terms cancel exactly against the terms given
in Eq.(3.30)) and the gauge-dependent terms of the remaining self-energy diagrams.

Indeed, straightforward algebra allows one to recast the sums RZZ(ξW )+LZZ(ξW ) and RγZ(ξW )+
LγZ(ξW ) in the following form:

RZZ(ξW ) + LZZ(ξW ) = −Vµ
Zff̄

DZ(q)

[
c2
w

(
λ2

W
I4M

4
Z
kµkν − 2λW

{
(k2gµν − kµkν)I1

+(2M2
Z
− M2

W
)I3kµkν + (M2

Z
− M2

W
)2I3gµν + D−1

Z
(q)I1gµν

+(M2
W
− M2

Z
)I1gµν

})]
DZ(q)Vν

Zνν̄ (3.36)

and

RγZ(ξW ) + LγZ(ξW ) = −Vµ
γff̄

Dγ(q)

[
2swcwλW

{
(k2gµν − kµkν)I1 + (M2

Z
− M2

W
)I3kµkν

11



+M2
W

(M2
W
− M2

Z
)I3gµν +

1

2
D−1

Z
(q)I1gµν +

1

2
D−1

γ (q)I1gµν

+
(
M2

W
− 1

2
M2

Z

)
I1gµν

}]
DZ(q)Vν

Zνν̄ (3.37)

One notices immediately that the terms proportional to D−1
Z

(q) and D−1
γ (q) in Eq.(3.36)) and

Eq.(3.37)) cancel exactly against the terms in Eq.(3.30)). From the rest of the self-energy diagrams,
with the aid of the identity in Eq.(3.23)), we obtain

(b)ZZ + (c)ZZ = (b)(ξW =1)
ZZ

+ (c)(ξW =1)
ZZ

+Vµ
Zff̄

DZ(q)

[
2s4

wM2
Z

(
λ2

W
M2

W
I4kµkν − λW I3

{
M2

W
gµν + kµkν

})]
DZ(q)Vν

Zνν̄

(d)ZZ + (e)ZZ = (d)(ξW =1)
ZZ

+ (e)(ξW =1)
ZZ

+Vµ
Zff̄

DZ(q)

[
2c4

wM2
Z

(
λ2

W
M2

W
I4 − 2λWI3

)
kµkν

]
DZ(q)Vν

Zνν̄

(f)ZZ = (f)(ξW =1)
ZZ

− Vµ
Zff̄

DZ(q)

[
(c2

w − s2
w)2M2

Z

(
λ2

W
M2

W
I4 − 2λW I3

)
kµkν

]
DZ(q)Vν

Zνν̄

(g)ZZ = (g)(ξW =1)
ZZ

− Vµ
Zff̄

DZ(q)

[
2λWc2

w(k2gµν − kµkν)I1

]
DZ(q)Vν

Zνν̄

(h)ZZ = (h)(ξW =1)
ZZ

− Vµ
Zff̄

DZ(q)

[
1

2
λW (c2

w − s2
w)2M2

Z
I1gµν

]
DZ(q)Vν

Zνν̄

(i)ZZ = (i)(ξW =1)
ZZ

− Vµ
Zff̄

DZ(q)

[(
M2

Z

M2
H

)
λW k2I1gµν

]
DZ(q)Vν

Zνν̄

(j)ZZ = (j)(ξW =1)
ZZ

+ Vµ
Zff̄

DZ(q)

[(
M2

Z

M2
H

)
λW k2I1gµν

]
DZ(q)Vν

Zνν̄

(k)ZZ = (k)(ξW =1)
ZZ

+ Vµ
Zff̄

DZ(q)

[
1

2
λW M2

Z
I1gµν

]
DZ(q)Vν

Zνν̄ (3.38)

and

(b)γZ + (c)γZ = (b)(ξW =1)
γZ

+ (c)(ξW =1)
γZ

+Vµ
γff̄

DZ(q)

[
2cws3

wM2
Z

(
λ2

W
M2

W
I4kµkν − λW I3

{
M2

W
gµν + kµkν

})]
DZ(q)Vν

γνν̄

(d)γZ + (e)γZ = (d)(ξW =1)
γZ

+ (e)(ξW =1)
γZ

+Vµ
γff̄

DZ(q)

[
2swc3

wM2
Z

(
λ2

W
M2

W
I4 − 2λWI3

)
kµkν

]
DZ(q)Vν

Zνν̄

(f)γZ = (f)(ξW =1)
γZ

+ Vµ
γff̄

DZ(q)

[
2cwsw(c2

w − s2
w)M2

Z

(
λ2

W
M2

W
I4 − 2λW I3

)
kµkν

]
DZ(q)Vν

Zνν̄

(g)γZ = (g)(ξW =1)
γZ

+ Vµ
γff̄

Dγ(q)

[
2λWswcw(k2gµν − kµkν)I1

]
DZ(q)Vν

Zνν̄

(h)γZ = (h)(ξW =1)
γZ

+ Vµ
γff̄

Dγ(q)

[
2cwswλW

(
M2

W
− 1

2
M2

Z

)
I1gµν

]
DZ(q)Vν

Zνν̄ (3.39)
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Using that 2s4
w + 2c4

w − (c2
w − s2

w)2 = 1 and that (c2
w − s2

w)2 = 1− 4s2
wc2

w one can easily verify that
all remaining ξW -dependent terms cancel. Notice in particular that the terms proportional to λ2

W

in (b)γZ + (c)γZ , (d)γZ + (e)γZ, and (f)γZ, cancel among 0: each other.

4 The polarized case in the Rξ gauges

We next turn to the case where the target fermions are right-handedly polarized. As already
mentioned, in that case, due to the helicity mismatch, there is no coupling of the W to the
fermions, and therefore there is no WW box. The purpose of this section is to demonstrate how
the gauge cancellation go through in the absence of the box. As we will see one arrives at precisely
the same expressions for the individual propagators and vertices which couple electromagnetically
to the target fermions as in the previous section. Thus, even though the aforementioned vertices
and propagators will be further rearranged following the PT algorithm, it is already clear at this
stage that the remaining box graphs simply cannot enter in the (process-independent) definition
of the NCR.

The mechanism which enforces the gauge cancellations in the absence of the box has already
been outlined at the end of section 3. The modification of the bare vertices Γµ

γfRf̄R
and Γµ

ZfRf̄R

given in Eq.(2.19) allows the communication between Feynman diagrams whose only difference
is whether the incoming gauge boson is a photon or a Z (for example the diagrams (a)γZ and
(a)ZZ of Fig.1, respectively). In particular, due to Eq.(2.19)) the sum of any two such graphs
would cancel if it was not for the fact that the tree-level propagators connecting them to the
external right-handed fermions are different (Dγ(q) for (a)γZ , DZ(q) for (a)ZZ). But the gauge
dependent pieces coming from these graphs are precisely proportional to inverse bare photon and
Z propagators, (D−1

γ (q) for (a)γZ , D−1
Z

(q) for (a)ZZ), a fact which allows their cancellation to be
actually implemented.

We now turn to the details of the calculation. Having right-handedly polarized fermions
is equivalent to saying that there are no contributions coming from the graphs (n), (q), and
(u) + (v), since these graphs vanish identically. Next we show in detail how the cancellations of
all GFP-dependent contributions take place. The general strategy is to let the propagators on the
left of each parentheses hit there inverses inside the parentheses, and then employ the identity of
Eq.(2.20). For example, the contributions from (o)γZ and (p)ZZ can be rewritten in the form

(o)γZ = −Vµ
γff̄

Dγ(q)

[
swcw

(
D−1

γ (q)
(
λ2

W
I4kµkν − 2λWI3gµν

)
− 2λWI3

[
kµkν − (k + q)2gµν

])
D−1

Z
(q)

]

DZ(q)Vν
Zνν̄

(p)ZZ = Vµ
Zff̄

DZ(q)

[
c2
w

(
D−1

Z
(q)
(
λ2

W
I4kµkν − 2λWI3gµν

)
+ λ2

W
M2

Z
I4kµkν − 2λWI3

[
M2

Z
gµν

−(k + q)2gµν + kµkν

])
D−1

Z
(q)

]
DZ(q)Vν

Zνν̄ (4.1)

and so in the case where the initial fermions are right-handed we have

(o)RR

γZ
+ (p)RR

ZZ
= Vµ

γfRf̄R
Dγ(q)

[
swcw

(
2λW I3

[
kµkν − (k + q)2gµν

])
D−1

Z
(q)

]
DZ(q)Vν

Zνν̄
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+Vµ
γfRf̄R

DZ(q)

[
swcw

(
λ2

W
M2

Z
I4kµkν − 2λW I3

[
M2

Z
gµν − (k + q)2gµν + kµkν

])
D−1

Z
(q)

]

DZ(q)Vν
Zνν̄ (4.2)

Similarly we obtain from the Abelian-like graphs of Fig. 7

[(s) + (t)]RR

ZZ
+ (r)RR

γZ
= −Vµ

γfRf̄R
DZ(q)

[
swcwλW D−1

Z
(q)I1gµν

]
DZ(q)Vν

Zνν̄

+Vµ
γfRf̄R

Dγ(q)

[
swcwλWD−1

Z
(q)I1gµν

]
DZ(q)Vν

Zνν̄ (4.3)

Here there is no cancellation except for the simplification of writing the vertices in front using the
relation of Eq.(2.20) . Turning to the self-energy graphs we have

(a)RR

ZZ
= (a)RR (ξW =1)

ZZ
+ LRR

ZZ
(ξW ) + RRR

ZZ
(ξW )

−Vµ
Zff̄

DZ(q)

[
c2
w

(
D−1

Z
(q)Sµν + λ2

W
M2

Z
I4D

−1
Z

(q)kµkν

−2λW I3D
−1
Z

(q)
(
kµkν + M2

Z
gµν − (k + q)2gµν

))]
DZ(q)Vν

Zνν̄

(a)RR

γZ
= (a)RR (ξW =1)

γZ
+ LRR

γZ
(ξW ) + RRR

γZ
(ξW )

+Vµ
γff̄

Dγ(q)

[
swcw

(
D−1

γ (q)Sµν − 2λWI3D
−1
Z

(q)
{
kµkν − (k + q)2gµν

}])]
DZ(q)Vν

Zνν̄

(4.4)

with

Sµν = λ2
W

I4

(
D−1

Z
(q) + M2

Z

)
kµkν − 2λW I3

(
D−1

Z
(q)gµν + kµkν + M2

Z
gµν − (k + q)2gµν

)
(4.5)

Adding by parts we see that the terms proportional to Sµν cancel, and we are left with

(a)RR

ZZ
+ (a)RR

γZ
= (a)RR (ξW =1)

ZZ
+ (a)RR (ξW =1)

γZ
+ LRR

ZZ
(ξW ) + RRR

ZZ
(ξW ) + LRR

γZ
(ξW ) + RRR

γZ
(ξW )

−Vµ
γfRf̄R

DZ(q)

[
swcw

(
λ2

W
M2

Z
I4D

−1
Z

(q)kµkν

−2λW I3D
−1
Z

(q)
(
kµkν + M2

Z
gµν − (k + q)2gµν

))]
DZ(q)Vν

Zνν̄

−Vµ
γfRf̄R

Dγ(q)

[
swcw

(
2λW I3

{
kµkν − (k + q)2gµν

}
D−1

Z
(q)
])]

DZ(q)Vν
Zνν̄

= (a)RR (ξW =1)
ZZ

(a)RR (ξW =1)
γZ

+ LRR

ZZ
(ξW ) + RRR

ZZ
(ξW ) + LRR

γZ
(ξW ) + RRR

γZ
(ξW )

−
(
(o)RR

γZ
+ (p)RR

ZZ

)
(4.6)

At this point it is clear that one has effectively arrived at the same stage one was in the
previous section right after Eq.(3.37), except for the fact that now, instead of the ξW -dependent
contributions from [(s) + (t)]ZZ , (r)γZ, ((u) + (v))ZZ, ((u) + (v))γZ in Eq.(3.30), we only have the
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ξW -dependent contributions from [(s) + (t)]RR

ZZ
and (r)RR

γZ
. Notice however that, again by virtue

of Eq.(2.20), now there is an extra cancellation possible between the part in LRR

ZZ
(ξW ) + RRR

ZZ
(ξW )

proportional to D−1
Z

(q)I1 and the part in LRR

ZZ
(ξW ) + RRR

ZZ
(ξW ) + LRR

γZ
(ξW ) + RRR

γZ
(ξW ) proportional

to D−1
γ (q)I1, a fact which exactly compensates for the absence of (ξW -dependent) contributions

from ((u) + (v))ZZ, ((u) + (v))γZ. Having realized that, then the rest of the cancellations proceed
exactly as in the unpolarized case.

5 The gauge cancellations in the Background Field Method

The BFM [28,29,30,31] is a special gauge-fixing procedure which preserves the symmetry of the
action under ordinary gauge transformations with respect to the background (classical) gauge
field, while the (quantum) gauge fields appearing in the loops transform homogeneously under
the gauge group, i.e. as ordinary matter fields which happened to be assigned to the adjoint rep-
resentation. As happens within every gauge-fixing scheme the off-shell Green’s functions derived
in this formalism depend explicitly on the GFP, but due the residual background symmetry they
have the advantage of being gauge-invariant, i.e. they satisfy naive QED-like Ward identities to all
orders in perturbation theory, and for every value of the GFP. As has been shown in detail, when
the GFP-dependent BFM Green’s function are computed in the Feynman gauge they coincide
with the GFP-independent PT Green’s function, both at one loop [27] and at two loops [25].

In this section we will demonstrate that the GFP cancellations in the context of the BFM
proceed exactly as in the case of the Rξ gauges, i.e. through algebraic manipulations only, pro-
vided that one exploits again the fundamental cancellation mechanism operating in the S-matrix
element; the latter holds regardless of the gauge-fixing scheme chosen when quantizing the the-
ory. It turns out that once the GFP cancellations have been implemented one recovers exactly
the same set of Feynman diagrams one had ended up with in the context of the Rξ gauges once
the corresponding GFP cancellation procedure had been completed, i.e. at the end of section 3.
Evidently the GFP cancellation carried out using the PT rules projects us from one gauge-fixing
scheme (BFM) to another (Rξ). This makes abundantly clear the fact that the BFM Feynman
gauge (which is different from the Rξ Feynman gauge) has not been singled out in any a-priori
manner, since, in fact, one is effectively led to the Feynman rules of a different gauge fixing scheme.
Of course, one will reach eventually the BFM in the Feynman gauge (regardless of the starting
point) once the PT procedure has been completed, i.e. once the final rearrangement, described in
the following section, has been carried out.

In the BFM the elementary three-boson vertex between a background field Ãµ(q) and two
quantum fields Aρ(p2) and Aσ(p3) for a general value of the quantum gauge-fixing parameter ξW

Q

reads [40]

Γ̃µρσ(q, p2, p3) =

(
q − p2 −

1

ξW
Q

p3

)

σ

gµρ + (p2 − p3)µgρσ +

(
p3 − q +

1

ξW
Q

p2

)

ρ

gµσ . (5.1)

which, inside the loop can be written as

Γ̃µρσ(q, k,−k − q) = ΓF

µρσ −
(

1 − ξW

Q

ξW
Q

)
ΓP

µρσ (5.2)
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or

Γ̃µρσ(q, k,−k − q) = Γµρσ(q, k,−k − q) − 1

ξW
Q

ΓP

µρσ (5.3)

In what follows we will employ the latter decomposition. This will allow to project a large part of
the calculation into effectively the Rξ diagrammatic formulation and expedite the demonstration
of the cancellations by using directly the results of the previous section, by simply setting ξ → ξW

Q
.

Similarly, the elementary four-gauge-boson vertex involving two background fields, Ãµ and Ãν ,
and two quantum fields, Aρ and Aσ, reads

Γ̃µνρσ = 2gµνgρσ +
(

1 − ξW

Q

ξW
Q

)
gµσgνρ +

(
1 − ξW

Q

ξW
Q

)
gµρgνσ

= Γµνρσ +
1

ξW
Q

(gµσgνρ + gµρgνσ) (5.4)

Finally, the tree-level gauge boson propagators ∆̃µν

Ṽ
(k) are identical to those given in Eq.(2.1), with

ξ → ξW

Q
. The strategy of the proof consists in splitting all BFM Feynman graphs as a part which

is identical to the corresponding Feynman graph in the Rξ gauge, plus a leftover ξW

Q
-dependent

contribution. Then, all one has to show is that all such additional contribution cancel against
each other.

To prove that this is indeed the case, let us first list the graphs which are identical to those in
the Rξ after the trivial change ξ → ξW

Q
:

(ñ) = (n)

(r̃) = (r)

(s̃) + (t̃) = (s) + (t)

(ũ) + (ṽ) = (u) + (v)

(f̃) = (f)

(h̃) = (h)

(̃i) = (i)

(j̃) = (j)

(k̃) = (k)

(5.5)

The rest of the diagrams differ from those in the Rξ gauge. In particular, for the vertex graphs
we have

(õ) = (o) + (õ)γZ

(p̃) = (p) + (p̃)ZZ

(q̃) = (q) + (q̃)γZ + (q̃)ZZ (5.6)

with

(õ)γZ = −Vµ
γf f̄

Dγ(q)

[
2swcwI5∆

W

µν(k + q)D−1
Z

(q)

]
DZ(q)Vν

Zνν̄
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(p̃)ZZ = Vµ
Zff̄

DZ(q)

[
2c2

wI5∆
W

µν(k + q)D−1
Z

(q)

]
DZ(q)Vν

Zνν̄

(q̃)γZ = −Vµ
γf f̄

Dγ(q)

[
2swcwD−1

γ (q)I5∆
W

µν(k + q)

]
DZ(q)Vν

Zνν̄

(q̃)ZZ = Vµ
Zff̄

DZ(q)

[
2c2

wD−1
Z

(q)I5∆
W

µν(k + q)

]
DZ(q)Vν

Zνν̄ (5.7)

Similarly, the self-energy graphs give

(ã)ZZ = (a)ZZ + GZZ(ξW

Q
)

(ã)γZ = (a)γZ + GγZ(ξW

Q
) (5.8)

with

GZZ(ξW

Q
) = Vµ

Zff̄
DZ(q)

[
2c2

w

(
2D−1

Z
(q)I5∆

W

µν(k + q) + 3I2kµkν +
(

1

ξW
Q

)
∆W

µν(k)

−2I5gµν + (2M2
Z
− M2

W
)I5∆

W

µν(k + q)

)]
DZ(q)Vν

Zνν̄

GγZ(ξW

Q
) = −Vµ

γff̄
Dγ(q)

[
2swcw

({
D−1

γ (q) + D−1
Z

(q)
}
I5∆

W

µν(k + q) + 3I2kµkν +
(

1

ξW
Q

)
∆W

µν(k)

−2I5gµν + (M2
Z
− M2

W
)I5∆

W

µν(k + q)

)]
DZ(q)Vν

Zνν̄

(5.9)

and the remaining self-energy graphs yield

(b̃)ZZ + (c̃)ZZ = (b)ZZ + (c)ZZ + Vµ
Zff̄

DZ(q)

[
2c2

w(2M2
Z
− M2

W
)I5∆

W

µν(k + q)

]
DZ(q)Vν

Zνν̄

(d̃)ZZ + (ẽ)ZZ = (d)ZZ + (e)ZZ + Vµ
Zff̄

DZ(q)

[
6c2

wI2kµkν

]
DZ(q)Vν

Zνν̄

(g̃)ZZ = (g)ZZ + Vµ
Zff̄

DZ(q)

[
2c2

w

(
1

ξW
Q

)
∆W

µν(k)

]
DZ(q)Vν

Zνν̄

(ℓ̃)ZZ = Vµ

Zf f̄
DZ(q)

[
4c2

wI5gµν

]
DZ(q)Vν

Zνν̄ (5.10)

and

(b̃)γZ + (c̃)γZ = 0 = (b)γZ + (c)γZ + Vµ
γff̄

Dγ(q)

[
2swcw(M2

Z
− M2

W
)I5∆

W

µν(k + q)

]
DZ(q)Vν

Zνν̄

(d̃)γZ + (ẽ)γZ = (d)γZ + (e)γZ + Vµ
γff̄

Dγ(q)

[
6swcwI2kµkν

]
DZ(q)Vν

Zνν̄

(g̃)γZ = (g)γZ + Vµ
γff̄

Dγ(q)

[
2swcw

(
1

ξW
Q

)
∆W

µν(k)

]
DZ(q)Vν

Zνν̄ (5.11)
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Adding Eq.(5.5)-Eq.(5.11), by parts it is straightforward to verify that all additional contributions
cancel and one recovers simply the entire S-matrix element, expressed now as a sum of the Rξ-
gauge Feynman diagrams. Notice again that no integration over virtual momenta have been
carried out .

To see how the above cancellation proceeds in the polarized case, simply notice that in that
case (i) (q̃)γZ = (q̃)ZZ = 0 since the diagram (q) is identically zero in this case; (ii) half of the
term in GZZ(ξW

Q
) proportional to D−1

Z
(q) and the term in GγZ(ξW

Q
) proportional to D−1

γ (q) cancel
against each other; (iii) finally, the remaining term in GZZ(ξW

Q
) proportional to D−1

Z
(q) cancels

against (p̃)ZZ and the term in GγZ(ξW

Q
) proportional to D−1

Z
(q) cancels against (õ)γZ . The rest of

the cancellation proceeds as in the unpolarized case.
The construction presented above is in a way complementary to that presented in [41]; there

it was shown that the judicious use of tree-level WI allows one to to start from the Feynman
diagrams written in the Rξ gauges and project oneself into the BFM set of Feynman diagrams for
any choice of the BFM GFP. Here the reverse has been shown: one may start from the Feynman
rules of the BFM (in any GFP) and, by eliminating longitudinal momenta, end up in the Rξ

gauges. Notice that the freedom in moving diagrammatically from one gauge fixing scheme to
the next does not mean that all gauges are physically equivalent; indeed, as has been explained
in detail in the literature [23,24], it is only in the context of the PT, i.e. once all (and not only
some) of the longitudinal momenta have been eliminated by virtue of the WI that one arrives at
a physically meaningful separation of the original amplitude into self-energy, vertex, and box-like
sub-amplitudes.

6 The final rearrangement

It is known that, when the remaining longitudinal momenta stemming from the decomposition of
the vertex described in Eq.(2.3) - Eq.(2.4) are allowed to trigger the same WI as their counterparts
originating from the tree-level propagators, the final one-loop answer reorganizes itself further into
effective one-loop self-energies,vertices and boxes which, in addition to being GFP-independent,
are gauge-invariant, i.e. they satisfy naive, QED-like WI [19,20,21]. To see that one simply
employs the vertex decomposition given in Eq.(2.3) - Eq.(2.4) inside vertex diagrams containing a
tri-linear vertex, and reassigns the propagator-like contributions which emerge to the conventional
self-energy graphs, thus constructing the one-loop PT self-energy Π̂µν . The remaining genuine
vertex graphs constitute the effective one-loop PT vertex Γ̂µ.

In what follows we will use hats to denote the individual PT Feynman diagrams emerging after
this final rearrangement has been carried out. Clearly,

(n̂) = (n)(ξW =1) = (ñ)(ξW
Q

=1)

(r̂) = (r)(ξW =1) = (r̃)(ξW
Q

=1)

(ŝ) = (s)(ξW =1) = (s̃)(ξW
Q

=1)

(t̂) = (t)(ξW =1) = (t̃)(ξW
Q

=1)

(û) = (u)(ξW =1) = (ũ)(ξW
Q

=1)

(v̂) = (v)(ξW =1) = (ṽ)(ξW
Q

=1) (6.1)
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The first relation in the above equation simply states that the PT box is equal to the conventional
one in the Feynman gauge, both in the Rξ gauges and in the BFM.

From the vertex graphs containing tri-linear vertices we have:

(ô) = (o)(ξW =1) − (o)ΓP

γZ
= (õ)(ξW

Q
=1)

(p̂) = (p)(ξW =1) − (p)ΓP

ZZ
= (p̃)(ξW

Q
=1)

(q̂) = (q)(ξW =1) −
{
(q)ΓP

ZZ
+ (q)ΓP

γZ

}
= (q̃)(ξW

Q
=1) (6.2)

where

(o)ΓP

γZ
= −2Vµ

γff̄
Dγ(q)

[
swcwI0D

−1
Z

(q)
]
DZ(q)Vν

Zνν̄

(p)ΓP

ZZ
= 2Vµ

Zff̄
DZ(q)

[
c2
wI0D

−1
Z

(q)
]
DZ(q)Vν

Zνν̄

(q)ΓP

γZ
= −2Vµ

γff̄
Dγ(q)

[
swcwD−1

γ (q)I0

]
DZ(q)Vν

Zνν̄

(q)ΓP

ZZ
= 2Vµ

Zff̄
DZ(q)

[
c2
wD−1

Z
(q)I0

]
DZ(q)Vν

Zνν̄ (6.3)

are the propagator-like parts emerging after the longitudinal momenta composing ΓP
αµν (see

Eq.(2.4)) have triggered the WI of Eq.(2.6). Evidently the effective proper one-loop photon-
neutrino vertex Γ̂µ

γνν̄ and the PT one-loop Z-neutrino vertex Γ̂µ
Zνν̄ are given by

Vν
γff̄

gνµDγ(q)Γ̂
µ
γνν̄ = (õ)(ξW

Q
=1) + (r̃)(ξW

Q
=1)

Vν
Zff̄

gνµDZ(q)Γ̂µ
Zνν̄ = (p̃)(ξW

Q
=1) + (s̃)(ξW

Q
=1) + (t̃)(ξW

Q
=1) (6.4)

Finally, the PT self-energies Π̂ZZ

µν (q) and Π̂γZ

µν (q) are simply the sum of all remaining self-energy-
like contributions, i.e.

Vµ
Zff̄

DZ(q)

[
Π̂ZZ

µν (q)

]
DZ(q)Vν

Zνν̄ = Vµ
Zff̄

DZ(q)

[
ΠZZ

µν (q, ξW = 1)

]
DZ(q)Vν

Zνν̄ + (p)ΓP

ZZ
+ (q)ΓP

ZZ

Vµ
γff̄

Dγ(q)

[
Π̂ZZ

µν (q)

]
DZ(q)Vν

Zνν̄ = Vµ
γff̄

Dγ(q)

[
ΠγZ

µν (q, ξW = 1)

]
DZ(q)Vν

Zνν̄ + (o)ΓP

γZ
+ (q)ΓP

γZ

(6.5)

It is a matter of straightforward algebra to prove that in fact

Π̂ZZ

µν (q) = Π̃ZZ

µν (q, ξW

Q
= 1)

Π̂γZ

µν (q) = Π̃γZ

µν (q, ξW

Q
= 1) (6.6)

To see that in detail, use the identity

ΓµρσΓρσ
ν = ΓF

µρσΓFρσ
ν + ΓP

µρσΓρσ
ν + ΓµρσΓPρσ

ν − ΓP

µρσΓPρσ
ν (6.7)

to cast the diagrams (a)
(ξW =1)
ZZ and (a)

(ξW =1)
γZ in the form

(a)(ξW =1)
ZZ

= (ã)
(ξW

Q
=1)

ZZ + GΓP

ZZ

(a)(ξW =1)
γZ

= (ã)
(ξW

Q
=1)

γZ + GΓP

γZ
(6.8)
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with

GΓP

ZZ
= −Vµ

Zff̄
DZ(q)

[
2c2

w

(
2D−1

Z
(q)I0gµν + 3I0kµkν − DW (k)gµν + (2M2

Z
− M2

W
)I0

)]
DZ(q)Vν

Zνν̄

GΓP

γZ
= Vµ

γff̄
Dγ(q)

[
2swcw

({
D−1

γ (q) + D−1
Z

(q)
}
I0gµν + 3I0kµkν − DW (k)gµν + (M2

Z
− M2

W
)I0gµν

)]

DZ(q)Vν
Zνν̄ (6.9)

Note that GΓP

ZZ
= GZZ(ξW

Q
= 1) and GΓP

γZ
= GγZ(ξW

Q
= 1) Then, simple algebra yields for the

remaining graphs:

(b)(ξW =1)
ZZ

+ (c)(ξW =1)
ZZ

= (b̃)
(ξW

Q
=1)

ZZ + (c̃)
(ξW

Q
=1)

ZZ + Vµ
Zff̄

DZ(q)

[
2c2

w(2M2
Z
− M2

W
)I0gµν

]
DZ(q)Vν

Zνν̄

(d)(ξW =1)
ZZ

+ (e)(ξW =1)
ZZ

= (d̃)
(ξW

Q
=1)

ZZ + (ẽ)
(ξW

Q
=1)

ZZ + Vµ
Zff̄

DZ(q)

[
6c2

wI0kµkν

]
DZ(q)Vν

Zνν̄

(g)(ξW =1)
ZZ

= (g̃)
(ξW

Q
=1)

ZZ − Vµ
Zff̄

DZ(q)

[
2c2

wDW (k)

]
DZ(q)Vν

Zνν̄

(6.10)

and

(b)(ξW =1)
γZ

+ (c)(ξW =1)
γZ

= = −Vµ
γff̄

Dγ(q)

[
2swcw(M2

Z
− M2

W
)I0gµν

]
DZ(q)Vν

Zνν̄

(d)(ξW =1)
γZ

+ (e)(ξW =1)
γZ

= (d̃)
(ξW

Q
=1)

γZ + (ẽ)
(ξW

Q
=1)

γZ + Vµ
γff̄

Dγ(q)

[
6swcwI0kµkν

]
DZ(q)Vν

Zνν̄

(g)(ξW =1)
γZ

= (g̃)
(ξW

Q
=1)

γZ + Vµ
γff̄

Dγ(q)

[
2swcwDW (k)

]
DZ(q)Vν

Zνν̄ (6.11)

Summing by parts Eq.(6.8) and Eq.(6.10) - Eq.(6.11), separating the ZZ from the γZ components
one arrives at Eq.(6.6).

The final rearrangement in the polarized case proceeds as follows: (i) (q)ΓP

ZZ
= (q)ΓP

γZ
= 0; (ii)

half of the term in GΓP

ZZ
proportional to D−1

Z
(q) and the term in GΓP

γZ
proportional to D−1

γ (q) cancel

against each other; (iii) the remaining term in GΓP

ZZ
proportional to D−1

Z
(q) cancels against (p)ΓP

ZZ
,

and the term in GΓP

γZ
proportional to D−1

Z
(q) cancels against (o)ΓP

γZ
.

7 Results

In this section we present closed expressions for the NCR obtained from the one-loop proper PT
vertex Γ̂µ

γνν̄ given in Eq.(6.4), as well as the slope at q2 = 0 of the effective self-energy Π̂γZ

µν (q)
defined in Eq.(6.6). The latter quantity has been traditionally considered as part of the NCR
; however recently it has been realized [24] that it can instead be interpreted as part of the
effective mixing angle sin2

W ,eff(q
2). This quantity, together with the effective charge originating

from the ZZ propagator, contains the universal (process-independent) corrections of every neutral
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current process. At the theoretical level the separation appears to be rather appealing, and the
experimental disentanglement of these two contributions will be a matter of further study.

We begin with the transverse PT self-energy Π̂γZ

µν (q); it may be written in the form

Π̂γZ

µν (q) =

(
gµν −

qµqν

q2

)
Σ̂γZ(q) . (7.1)

The scalar self-energy Σ̂γZ(q) consists of a fermionic and a bosonic part, i.e.

Σ̂γZ(q) = Σ̂γZ

f (q) + Σ̂γZ

b (q) , (7.2)

given by

Σ̂γZ

f (q) = − α

6π

∑

f

N c
f (−Qf )[C

R

f + CL

f ]

[
1

3
q2 + 2m2

fB0(0; m2
f , m

2
f ) − (q2 + 2m2

f)B0(q
2; m2

f , m
2
f )

]
,

(7.3)
where

α =
e2

4π
, CR

f = −sW

cW

Qf , CL

f =
T F

z − s2
W

Qf

sWcW

, N c
f =

{
3 quarks
1 leptons

, (7.4)

and

Σ̂γZ

b (q) =
α

12sWcWπ

{[(
21c2

W
+

1

2

)
q2 + (12c2

W
− 2)M2

W

]
B0(q

2; M2
W

, M2
W

)

−(12c2
W
− 2)M2

W
B0(0; M2

W
, M2

W
) +

1

3
q2

}
. (7.5)

B0 is the standard Passarino-Veltman two-point function. The counterterm corresponding to
Σ̂γZ(q) is given by

1

2
δZγZ = −ℜe

Σ̂γZ(M2
Z
)

M2
Z

=
α

4π

{
2

3

∑

f

N c
f (−Qf )[C

R

f + CL

f ]

[
1

3
− (1 + 2c2

W
xf)βf − B0(0; m2

f , m
2
f , )

]

−1

3sWcW

[
1

3
+

(
21c2

W
+

1

2

)
B0(0; M2

W
, M2

W
) +

(
12c4

W
+ 19c2

W
+

1

2

)
βb

]}
, (7.6)

where

xf =
m2

f

M2
W

βf = 2

{
1 −

√
4c2

W
xf − 1 tan−1

(
1

√
4c2

W
xf − 1

)}

βb = 2

{
1 −

√
4c2

W
− 1 tan−1

(
1

√
4c2

W
− 1

)}
(7.7)
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Thus, the renormalized derivative at the origin is given by

−Σ̂γZ
′

R
(0)

M2
Z

=
3GF

2π2
√

2

{
2

3

∑

f

N c
f (−Qf )[C

R

f + CL

f ]

[
sW

(
− 1

3
+ [1 + 2c2

W
xf ]βf

)]

+
1

3cW

[
−
(
2c2

W
− 1

3

)
+
(
c2

W
(12c2

W
+ 19) +

1

2

)
βb

]}
.

(7.8)

where GF is the Fermi constant. Evaluating this last expression, summing over all quarks and
leptons, we obtain

− Σ̂γZ
′

R
(0)

M2
Z

= 1.6 × 10−32 cm2. (7.9)

Next we turn to the proper vertex. The Dirac form-factor F1(q
2) is usually defined as the

cofactor of the γµ in the Lorentz decomposition of Γ̂µ
γνν̄ . An elementary calculation of the two

diagrams contributing to Γ̂µ
γνν̄ yields

F1(q
2) = − αe

8πs2
W

{
1 +

(
1

2
+

M2
W

q2

)[
B0(q

2; m2
l , m

2
l ) − B0(q

2; M2
W

, M2
W

)
]

+ M2
W

(
2 +

M2
W

q2

)
C0(0, q

2, 0; m2
l , M

2
W

, M2
W

) +
(q2 + M2

W
)2

q2
C0(0, q

2, 0; M2
W

, m2
l , m

2
l )

}
,

(7.10)

where C0 is the Passarino-Veltman three-point function, and ml is the mass of the charged isodou-
blet partner of the neutrino under consideration.

In the limit q2 → 0, F1 = − q2

6
< r2

ν >1 with

〈r2
ν 〉1 =

GF

4
√

2π2

[
3 − 2 log

(
m2

l

M2
W

)]
(7.11)

The numerical evaluation of the above expression for the three different neutrino species yields:

〈r2
ν 〉1 =





4.1 × 10−33 cm2 for νe

2.4 × 10−33 cm2 for νµ

1.5 × 10−33 cm2 for ντ

. (7.12)

For a spin 1
2

particle, like the neutrino, the electric Sachs form-factor GE(q2) is given in terms
of the Dirac and Pauli form-factors as

GE(q2) = F1(q
2) +

q2

4m2
ν

F2(q
2) (7.13)

with F1(0) = 0 and F2(0) = µν , where µν is the anomalous magnetic moment of the neutrino. To
leading order in the mass of the Dirac neutrino, the value of µν is given by [16]

µν =
3m2

νGF

4
√

2 π2
. (7.14)

Its contribution (the so-called Foldy term [42]) to the charged radius is thus

〈r2
ν 〉2 = − 9GF

8
√

2 π2

= −3.7 × 10−34 cm2 (7.15)
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8 Conclusions and Outlook

This work has addressed the problem of correctly defining in the context of the Standard
Model the one-loop neutrino charge radius. The discussion of this topic has a long history and
it was attacked along its path with the philosophy of making “proposals”. In this work we have
presented a definite solution to this problem by resorting to the well-defined electroweak gauge-
invariant separation of a physical amplitude into “effective” (as opposed to “diagrammatic”) self-
energy, vertex and box descompositions, implemented within the pinch technique formalism. These
effective Green’s function are completely independent of the gauge-fixing parameter regardless
of the gauge-fixing scheme chosen. This latter property has been demonstrated explicitly by
considering two very different gauge-fixing schemes, i.e. the renormalizable gauge Rξ-scheme
and the background field method. In addition, the pinch technique “effective” Green’s functions
satisfy simple, QED-like Ward identities which replace the involved Slavnov-Taylor identities. In
the course of the derivation, we have explained in detail that the solution of the problem relies on
the proper identification of the longitudinal degrees of freedom, and in particular those associated
with the non-abelian character of the theory (tri-linear vertices). In addition, we have elaborated
on the tree-level origin of the one-loop cancellation mechanism, especially its realization in the
absence of t-channel tree-level graphs, i.e. in the case of W -pair production by right-handed target
fermions.

The conceptual requirement that the effective electromagnetic vertex of a particle has to be
process-independent, i. e., independent of the target used to probe the properties of the particle, is
automatically implemented in our solution. In fact, the right-handedly polarized electrons provide
the dynamical implementation of the earlier claim [18] that the effective boxes should not enter
in the definition of the neutrino charge radius. When studying the neutrino charge form-factor,
we have compared the effective neutrino vertex obtained as seen by both unpolarized electrons
and right-handedly polarized electrons. As it has to be, the effective vertex is the same. However,
in terms of diagrams this common result is obtained from vastly different contributions in both
cases: in particular, for unpolarized electrons there is a WW box contribution to the S-matrix,
which is absent in the latter case. We have thus a neutrino charge radius which is independent of
the gauge fixing parameter or the gauge-fixing scheme, couples electromagnetically to the external
probe and is completely independent of it. The resulting one-loop expression for the NCR given
in Eq.(7.11) depends only on the mass of the associated charged lepton.

Equipped with this theoretical identification, one can address the question of the observable
character of each one of the separated effective contributions to a given process. A positive answer
to this question would imply that the sub-amplitudes thus constructed not only are endowed
with nice theoretical properties but are in fact physical. For example, it is known that the
electroweak effective charge can be reconstructed from specific, separable contributions of the
physical differential cross-section describing W -pair production [24]. A similar study is now in
progress for the neutrino charge radius, making use of the opportunities offered by neutrino and
antineutrino cross-sections and by the different neutrino flavours to take appropriate ratios.

It goes without saying that the study presented here for the neutrino charge radius can be
extended to all q2-values (either space-like or time-like) of the charge form-factor, and to all the
other form-factors of the electromagnetic effective vertex.
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Figure 1: The self-energy graphs.
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