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Donnan phenomena in membranes with charge due to ion adsorption.
Effects of the interaction between adsorbed charged groups
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A physical model for the modified Donnan phenomenon associated with ion adsorption on
localized membrane sites is presented. This model accounts for the dependence of the
concentration of adsorbed ions on electrolyte concentration and pH as it is influenced by the
electrostatic interaction between adsorbed ions. The equilibrium thermodynamic

concepts employed are based on the Donnan formalism for the ion equilibria between
membrane and solution, and the Bragg—-Williams approximation for an adsorption isotherm
that incorported interaction between adsorbed ions. Our results include the
concentration of charged groups in the membrane, the pH of the membrane phase solution,
and the Donnan potential as functions of the pH and the electrolyte concentration of

the external solution for different degrees of the electrostatic interaction. These magnitudes
are of considerable interest in biopolymers, membranes, and conducting polymers.

I. INTRODUCTION

The presence of charged groups attached to the mem-
brane structure plays a central role in many observed equi-
librium and transport phenomena in biological' and syn-
thetic membranes.? Charges can be due to the ionization of
functional groups present in the membrane matrix,” as well
as to the adsorption* of ions of external origin when the
membrane is immersed in an electrolyte solution.

Ion adsorption in biopolymers,l’5 membranes,“’6 and
conducting polymers’™ constitutes a problem of consider-
able experimental interest. A number of theories describing
the thermodynamics of such adsorption phenomena have
been advanced."*%!%!! Most of these make use of the clas-
sical theory of the electrical double layer at charged inter-
faces.b>>®10 Others*® invoke the Donnan equilibrium the-
ory. However, it seems that no theoretical study
accounting simultaneously for the electrolyte concentra-
tion and pH dependence of reversibly adsorbed charged
species on the one hand, and the electrostatic interaction
between these species on the other hand, has been pre-
sented previously. The present paper addresses this prob-
lem.

Our model is simple. It is based on the Donnan for-
malism® for the ion equilibria, and makes use of the
Bragg—Williams approximation'?!* to estimate how inter-
action between the adsorbed charges influences the adsorp-
tion isotherm. The theoretical results predict the concen-
tration of charged groups in the membrane, the pH of the
membrane phase solution, and the Donnan potential (the
electrical potential difference established between the mem-
brane and the bathing solution) as functions of the pH and
electrolyte concentration of the bathing solution for differ-
ent degrees of electrostatic interaction between adsorbed
charges. We also discuss the conditions under which such
interaction is important enough to be considered. Given
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the multidisciplinary nature of the problem, it is expected
that the simplified model presented here will be useful as a
starting point for more elaborate treatments that account
for the special features of each particular case.

Il. FORMULATION OF THE PROBLEM

Figure 1 illustrates the system to be studied. The ex-
ternal solution is designated as phase 1 and the membrane
solution as phase 2. Subscripts 1 and 2 will denote the
phases, while subscript 3 is reserved for the charged species
adsorbed to the membrane matrix. We consider a ternary
electrolyte, say NaCl-HCI-H,0, in order to be able to
treat the effects of both pH and electrolyte (NaCl). For
simplicity, thermodynamic activities are replaced by con-
centrations, and we ignore the structural changes that the
membrane may undergo as it is charged. Concentrations #,
p, and # refer to sodium, hydrogen, and chloride ions, re-
spectively. Finally, N symbolizes the concentration of ad-
sorption sites in the membrane. All concentrations are ex-
pressed in mol/L (M) unless otherwise indicated.

At equilibrium, the respective electrochemical poten-
tials of the various ions in phases 1 and 2 must be equal,’®
ie.,

Pl +kT Inny+edp=p ,+kT Inny+ep,,  (la)

1051 +kT In py+epy=p’pp+ kT In py+ed,,  (1b)

,u.O,,I—l—kT In rl—e¢1=,u,°,,2+kT Inr,—ed,, (1c)
which leads to the set of equations

In(K,n) =Inn,+¢p, (2a)

In(K,p,)=Inp+¢p, (2b)

In(Kr)=Inr—e¢p, (2¢)
where K /s are partition coefficients defined by

Ky=expl — (42— 1’ 1) /KT ], (3a)
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FIG. 1. Schematic view of the equilibrium problem dealt with.

=exp[ — (o) /KT, (3b)
Kr=exp[ - (.u'or,Z_.u‘Or,l)/kT]- (3c)

In Egs. (2) and (3), the ,uo’s refer to the standard-state
chemical potentials while gp=e(¢$,—¢;)/kT is the Don-
nan potential in k7 /e units established between the two
phases, while k is the Boltzmann constant, T, the temper-
ature, and e, the absolute value of the electronic charge.
The NaCl and HCl concentrations can be varied arbi-
trarily, but the ion concentrations in Egs. (2) are con-
strained by the respective bulk phase electroneutrality con-
ditions,

m+p1=ry, (4)

Hy+prtp3=rs. . , (5)

Now consider the interaction between adsorbed
charges on neighboring sites. An exact treatment would
require the computation of the configurational partition
function, for the system of charges covering all possible
arrangements on the available sites. This is a formidable
problem, and so we elect to approximate this partition
function using the Bragg—-Williams model. 12.13 Thus we as-
sume that the arrangement of particles is random (this
would be the case in the absence of interaction). Proceed-
ing in this way may not be quantitatively correct. In fact,
there are approximations significantly better than the
Bragg—Williams one, but it seems that this approximation
is the simplest possible that retains the correct qualitative
features.'> For the adsorbed particles, the partition func-
tion in the canonical ensemble is derived as follows.'” Let
p3/N be the fractional surface occupation. Suppose there
are z sites surrounding any adsorbed particle. Then, an
average number zpy/N will be occup1ed by other particles,
so that a total number of zp;>/N interacting pairs would
result. However, we have counted each pair twice, and
therefore the final number of interacting pairs is zps2/2N,
which gives an average total energy wzp;2 /2N, w being the
interaction energy assumed constant for one pair. Now, the
partition function can be written as

M

Q= I ? eXp( INKT

(6)
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where g is the partition function for a single adsorbed par-
ticle and the preexponential factor is the number of ar-
rangements of adsorbed particles on N sites. Equation (6)
is the only equation throughout the present analysis where
N and p, are expressed in particles per unit volume rather
than in mol/L. Note that, in accordance with the Bragg—

Williams method, the preexponential factor and the num-
har of interactine nairs are evaluated ag if the narticles were

OCT O IECialullig palis QiC CVaiuaiols as 2k LIS pPalllils

randomly distributed among the sites. Once the partition
function is available, calculation of the chemical potential
of the adsorbed particles, and the derivation of the adsorp-
tion isotherm is immediate.®!? The result for the isotherm
is, in our case,

__exp(@) y
N/ TTkT’

- N LT AT

k=expl — (13— 1) /KT /N, (7

where p° »3=—=kT In(gN) and the dimensionless energy is
positive, since the interaction between the adsorbed
charged species is repulsive. Note that #=0 in absence of
interaction, and Eq. (7) reduces to the well-known Lang-
muir adsorption isotherm'>** with adsorption constant .
Adsorption isotherms having the dependence on the frac-
tional surface occupation given by Eq. (7) are known as
Frumkin isotherms in the electrical double layer litera-
ture.’> More refined treatments for ion adsorption have
been discussed, *'*1® though they apply mainly to “mobile”
adsorption (e.g., ion adsorption at electrodes'®) rather
than to the localized adsorption involving membrane sites
considered here.

Before proceeding to solve the system of equations,
Egs. (1)-(7), it is worthwhile to examine the conditions
under which interaction between the adsorbed species
should be considered. To this end, we estimate the electro-
static interaction energy between adsorbed charges for the
case where u is a screened Coulomb potential,” and write

1 e exp(—r/Lp,) eRT \?

U=7—————, Lp=[—} -

kT 4mer 2 2
’ (8)

where Ly, is the Debye length! for the membrane solution
phase, r is a typical distance between the adsorbed species,
€ is the dielectric permittivity of the medium in which
these groups are immersed, and the ¢; are the ion concen-
trations in the membrane solution (F is the Faraday con-
stant and R the gas constant; note that kT/e=RT/F).
These inner concentrations can now be estimated from the
Donnan equilibrium relationships. 12 For a uniunivalent
electrolyte with charge numbers z;=1= —z,, we have 12

X 2 1/2
Secd@elt o

where X is the concentration of charged species in the
membrane, and cg, the concentration of ions in the bathing
solution. Substitution of Eq. (9) into Eq. (8) yields

2 (2F2[(X/2)2—|-6’02] 1/2)1/2]

(4
~4rerkT eRT

exp| —*~ (10)
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TABLE L Electrolyte Debye length in the membrane phase solution, Lp,, and the distance between
adsorbed ions that makes #=1(r,,,,), as functions of the concentration of charged groups in the membrane,

X, and the external electrolyte solution concentration, c,.

X=1M X=10"'M X=10"3M
[4)] (M) LDe (A) Tmax (‘&) LDe (‘&) Pmax (A) LDe (A) Pinax (‘&)
10-4 1.55 4,04 4.90 8.91 48.5 29.8
103 1.55 4.04 4.90 8.91 32.7 254
10~2 1.53 4,01 4.85 8.86 10.9 14.6

Now, for electrostatic interaction to be important, u
should be at least of order unity. This condition can only
be met when the distance between the adsorbed particles is
less than r,,, obtained from Eq. (10) by solving for  after
u has been set to unity. Table I gives the values of Ly, and
Fmax derived from Egs. (8)~(10) as functions of ¢, and X,
using the values: kT /e=25.7 mV, F=96500 C/mol, and
€=106,=8.85X 10" C/Vm for the various constants,
where ¢, is the vacuum dielectric permittivity. Note that
the charged groups are attached to the polymer and, there-
fore, they “see” a dielectric constant smaller than that of
bulk water.

Consider the results in Table I. If the average distance
between adsorbed ions is 7> 7,,,, then the interaction be-
tween them will be small, and the adsorption isotherm in
Eq. (7) will tend to the Langmuir limit. According to
Table I this will be the case for highly charged membranes
(X=1 M) immersed in concentrated electrolyte solutions.
However, for weakly charged membranes (X=~10"> M)
interaction effects can be important, especially when low
electrolyte concentrations are used, since it is likely that
r~10A in many experimental situations (see, e.g., Ref. 7).
Let us note finally that we have ignored the effects of con-
formational changes,'” assuming that the adsorption of the
ions on the sites produces no dramatic changes on the
membrane structure. This assumption will be invalid when
that structure is not rigid enough. Still, the above analysis
presented may suggest the way to further refinements.

Hl. MATHEMATICAL SOLUTION

The equilibrium under consideration is characterized
by five unknowns (n,, p,, 75, p3, and @p), whose values
must be determined by the simultaneous solution of Egs.
(2), (5), and (7). Equation (4) simply establishes a rela-
tionship between the values of n,, p;, and #,. The method of
solution is as follows. First, substitute for #,, p,, and 7, in
Eq. (5) by using Eqgs. (2) and obtain

K.ny exp(—@p) +Kp; exp(—@p) +p;

=K, exp(@p). (11)

This yields a quadratic equation in exp(¢p), whose solu-
tion can be written in the form

D3+ [ P+ 4K (ny+p1) (K + K p,) [V

2K, (n+p1) ’
(12)

@p=In

where we have substituted for r, from Eq. (4). Now, it is
clear from Egs. (2b) and (7) that

D3 ups
kpy=kKp; exp(—@p) ~N—p, exp( N ) (13)
Elimination of ¢p, between Egs. (12) and (13) yields
2K K.p\(n1+p1)
D3+ [P +4K,(ny+py) (K, +Kp1)] 7z
D3 ups
e (14)

This is the desired result. Solving for p; will allow us to
investigate the effects of the interaction parameter u be-
tween adsorbed ions as n;, p;, and k are varied, while the
parameters K,, K,, K,, and NV remain constant. Note that
Eq. (14) has only one physical meaningful solution, and
can be easily solved by standard numerical methods. Once
the value of p; is known, Egs. (12) and (2b) give the
values of @p and p,, respectively. Thus, the whole set of
Egs. (2), (5), and (7) can be solved without resorting to

any additional simplifying assumption.

IV. RESULTS

We now present some of the results. We take N=10"2
M, since we expect the interaction effects to be most im-
portant for weakly charged membranes (see Table I).
Also, we consider K,=K,=K,=~1 for the s1mpllclty of in-
terpretation. It has been lndlcated previously® that when
the K’s are of this order of magnitude, their exact values
exercise little influence on the Donnan phenomenon (Ref.
11 addresses the problem of partition coefficients having
very different values). The adsorption constant « is varied
over a wide range of values, namely k=107, 10* and 10°
M, the two extreme values being the most interesting
k= 102 M~! when u° A= ~u® 2 s€e Eq. (7)]. According to
Eq. (7), they correspond to the limits kp, <1 and kp,>1
(saturation), respectively. Moreover, the HCl concentra-
tion is varied from p;=0 to p;=N=10"2 M for the cases
n;=0, 1073, and 10~ M. This permits the study of the
influence of electrolyte concentration (NaCl) on adsorp-
tion. We present curves ps;(ppn,u), p,(py,n,u), and
@p(ppn,u) for u=0, 3, 6, and 9. In accordance with our
above estimate, these levels of interaction correspond to
Fmax=9.11, 5.85, and 4.37 A when substltuted into Eq.
(10) with X=10"2 M and Co=5>10"% M. Therefore,
u=9 may be considered as unrealistically high, and it is
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presented only as a limiting case. Likewise, the opposite
limiting case, #=0 (absence of interaction) is also pre-
sented for comparison.

Figures 2 (k=102 ML, ;=107 M), 3 (xk=10*M"",
n,=10"3 M), 4 (k=10° M~}, ;=0 M), and 5 (k=10°
Y n= 10~2 M) are a survey of our results. The num-
bers in the figures denote the associated values of u. The
general trends may be summarized as follows.

A. p; and p, versus p; curves

The increase of p; with p; is clearly reduced as u is
increased (see curves 2a-5a). As anticipated previously,®
addition of NaCl (n,5£0) significantly increases hydrogen
ion adsorption beyond that observed for the case n;=0 for
which xp,>1 (see curves 4a and 5a). On the other hand,
the increase of p, with p; does not seem to be affected
dramatically by interaction between adsorbed ions, al-
though the effect, an increase, is slightly faster as u be-
comes larger (see curves 2b-5b). As expected, the pH is
greater within the membrane than in the external solution.

Mafé, Manzanares, and Reiss: Donnan phenomena in membranes
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FIG. 2. (a) py/N vs pi/N, (b) po/N vs p/N, and (¢) gp vs py/N for
«=10> M~! and n,=10"° M. The numbers in the figures correspond to
the values of the parameter u [the values #=3 and u=6 are omitted in
(b) for the sake of clarity]. ‘

Note, finally, that the interaction between the adsorbed
ions significantly modifies the adsorption isotherms, the
interaction effect being quantitatively more important in
the limit of low adsorption constant (see curves 2a—3a).

B. ¢p versus p, curves

) Again, we see that electrostatic interaction signifi-
cantly changes the values of the Donnan potential, espe-
cially in the limit of low adsorption constant (see curves
2¢-3c). The shape of the gp vs p; curves can easily be
explained if we consider the following limiting cases of Eqg.

(12),
2 172
D3 D3
In —+[(——) —i—l} }, >ny, 15a
(Zpl 2p, P>t (152)
$p= 73 .
ln[1+2—n; , Piim (15b)

Equation (15a) predicts that @p, decreases with p; for large
enough p,, since p3/p, decreases with p; in this limit (see
curves 2a—5a). This is the general rule observed in ¢y, for
high p; values (see curves 2c-5¢). Equation (15a) also

J. Chem. Phys., Vol. 98, No. 3, 1 February 1993
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applies for small values of p; when n;=0. Note that when
21—0, p3/p; assumes a constant value (see curves 2a—5a).
Thus, we see from Eq. (15a) that in the case n;=0, the
limiting value of ¢p when p; —0 is different from zero (see
curve 4c). On the other hand, Eq. (15b) gives the limit
@p—0 as p;—0 (and then p;—0), provided that n; is con-
stant. According to Eq. (15b), ¢p will increase with p,
when p,<ny. These are indeed the cases, as shown in curves
2¢, 3¢, and Sc.

The experimental fact®® that the addition of electrolyte
(NaCl here) causes greater hydrogen adsorption (see
curves 4a and 5a) can now be rationalized on the basis of
curves 4c and 5c. Indeed, the minimum value of the Don-
nan potential in the absence of NaCl (curve 4c) is very
similar to the maximum value of this potential in the pres-
ence of NaCl (curve 5c). Since the sign of ¢, is such that
it favors hydrogen desorption, a higher adsorption should
be expected for the smaller @, values, as is the case. Note
that for p; =N, the @y, values in curves 4c and Sc are of the
same order of magnitude, and then the effect of the NaCl
addition on adsorption is much smaller.
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FIG. 3. (a) py/N vs pl/N (b) p»/N vs p/N, and (c) @p vs py/N for
x=10* M~" and n,=10"* M

V. DISCUSSION

We have derived an equilibrium theory for the ion
adsorption on localized membrane sites, which accounts
for interaction between the adsorbed ions. The theory uses
the Bragg—Williams approximation for the adsorption iso-
therm. The question arises if the charged synthetic mem-
brane considered here behaves qualitatively differently
from a polyion chain. If the polymer network constituting
the membrane were lightly cross-linked, no such difference
would be observed and spatial correlations among ad-
sorbed ions would be described as linear along the contour
of a single polymer chain. However, most charged syn-
thetic membranes and conducting polymers are not
“lightly cross-linked” and the three-dimensional Bragg—
Williams approach could retain the correct quantitative
features.

Despite its simplicity, the theory may find an applica-
tion in a number of problems, where the concept of
“charged membrane” is invoked.!” However, we find it
difficult to make a quantitative comparison of our theory
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with other theoretical or experimental approaches. Ver-
brugge and Pintauro'® introduced an adsorption isotherm
accounting for the interaction between ions in adjacent
sites in their study of the electric potential profile in the
pores of an ion-exchange membrane. However, these au-
thors ignored this interaction in their analysis of the effect
of ion adsorption on the profile of the electric potential
within a pore, possibly because they were mainly interested
in other effects related to changes in the dielectric con-
stant.!® On the other hand, although the adsorption iso-
therm derived here deviates significantly from the Lang-
muir isotherm for large enough values of the interaction,
the fact remains that both isotherms behave similarly in
the limit of low external HCI concentration, especially if
the level of interaction is small.

There are, however, some qualitative features that de-
serve comment. The first refers to the role of the dielectric
constant. In their study of nonaqueous electrokinetic trans-
port in charged porous media, Westermann-Clark and
Christoforou® found experimentally that the absolute value
of the adsorbed pore charge (due to chloride ions in their

Mafé, Manzanares, and Reiss: Donnan phenomena in membranes

FIG. 4. (a) py/N vs pi/N, (b) p,/N vs pi/N, and (¢) @p vs p/N for
k=10 M~! and n,=0 M [the values #=3 and =6 are omitted in (c)
for the sake of clarity].

case) decreased when the solvent dielectric constant was
decreased. Indeed, chloride ion adsorption was clearly in-
hibited in pure methanol. No conclusive explanation for
this behavior was offered. It is risky to attempt a compar-
ison between their results and our model, since the pore
charge was due to both adsorption of chloride ions and
dissociation of the functional groups present in the mem-
brane matrix.® All we can say is that according to our
model, small values of the dielectric constant can lead to
high values of the interaction parameter u. Therefore, it
seems plausible that the ion adsorption would be smaller
for the solvents employed in Ref. 6 than for solvents with
high dielectric constant (e.g., water). These effects should
be even more important for adsorbed ions of higher charge.
Note finally that there seems to be an increased interest in
the Donnan phenomena (particularly for the Donnan po-
tential) in the field of conducting polymers.”” In fact, the
question of the interaction between the adsorbed ions in
the polymer has already been mentioned in this context.”!®
It is worthwhile to indicate that our model predicts a Don-
nan potential very sensitive to this interaction when n,540.
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The present study constitutes a further step in the formu-
lation of “modified Donnan phenomena” theories® relevant
to the field of conducting polymers.
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