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THE GRAPHIC NATURE OF THE SYMMETRIC GROUP

J. L. BRUMBAUGH, MADELEINE BULKOW, LUIS ALBERTO GARCIA,
STEPHAN RAMON GARCIA, MATT MICHAL, AND ANDREW P. TURNER

Abstract. We investigate a remarkable class of exponential sums which are

derived from the symmetric groups and which display a diverse array of visually
appealing features. Our interest in these expressions stems not only from their

astounding visual properties, but also from the fact that they represent a novel

and intriguing class of supercharacters.

1. Introduction

Our aim in this note is to study a remarkable class of exponential sums which
are derived from the symmetric groups and which display a diverse array of visually
appealing features. To be more specific, we are concerned here with the properties
of certain complex-valued functions associated to orbits in (Z/nZ)d arising from
the natural permutation action of the symmetric group Sd. The images of these
functions, when plotted as subsets of the complex plane, display a wide variety of
striking features of great complexity and subtlety (see Figures 1 and 2).

Our interest in these functions stems not only from their astounding visual prop-
erties, but also from the fact that they represent a novel and intriguing class of
supercharacters. The theory of supercharacters, of which classical character theory
is a special case, was recently introduced in an axiomatic fashion by P. Diaconis
and I.M. Isaacs in 2008 [6], who generalized earlier work of C. André [1–3]. More
recently, the study of supercharacters on abelian groups has proven surprisingly
fruitful [4,5,7,9,10]. It is in this novel framework that our exponential sums arise.

We make no attempt to survey the rapidly evolving literature on supercharacters
and focus only on the essentials necessary for our investigations. To get started, we
require the following important definition.

Definition (Diaconis-Isaacs [6]). Let G be a finite group, let X be a partition of
the set IrrG of irreducible characters of G, and let Y be a partition of G. We call
the ordered pair (X ,Y) a supercharacter theory if

(i) Y contains {1}, where 1 denotes the identity element of G,

(ii) |X | = |Y|,

(iii) For each X in X , the character σX =
∑
χ∈X χ(1)χ is constant on each Y

in Y.

The characters σX are called supercharacters and the elements Y of Y are called
superclasses.

S.R. Garcia was partially supported by NSF Grant DMS-1001614. We also gratefully acknowl-
edge the support of the Fletcher Jones Foundation and Pomona College’s SURP Program.
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(a) n = 96, d = 3, X = S3(1, 6, 1) (b) n = 10, d = 8, X = S8(0, 1, 3, 3, 3, 3, 3, 8)

-4 -2 2 4

-4

-2

2

4

(c) n = 15, d = 4, X = S4(1, 1, 1, 3) (d) n = 173, d = 3, X = S3(1, 2, 170)

(e) n = 19, d = 6, X = S6(1, 1, 1, 1, 1, 14) (f) n = 47, d = 4, X = S4(0, 1, 1, 45)

Figure 1. Images of supercharacters σX : (Z/nZ)d → C for vari-
ous moduli n, dimensions d, and orbits X.
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(a) n = 24, d = 5, X = S5(1, 1, 2, 2, 2)

-5 5

-5

5

(b) n = 12, d = 4, X = S4(0, 3, 3, 4)

(c) n = 16, d = 7, X = S7(3, 5, 8, 8, 8, 8, 8) (d) n = 12, d = 7, X = S7(1, 1, 1, 1, 1, 1, 6)

-10 -5 5 10

-10

-5

5

10

(e) n = 12, d = 4, X = S4(3, 4, 4, 6) (f) n = 30, d = 4, X = S4(0, 1, 1, 28)

Figure 2. Images of supercharacters σX : (Z/nZ)d → C for vari-
ous moduli n, dimensions d, and orbits X.
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It turns out that a variety of exponential sums which are of interest in number
theory can be viewed quite profitably as supercharacters on certain abelian groups
[5, 7, 9]. Although the sums we propose to study do not appear to have such
celebrated names attached to them, they are produced by the same mechanism as
the expressions displayed in Table 1.

Name Expression G Γ

Gauss ηj =

d−1∑
`=0

e

(
gk`+j

p

)
Z/pZ nonzero kth powers mod p

Ramanujan cn(x) =

n∑
j=1

(j,n)=1

e

(
jx

n

)
Z/nZ (Z/nZ)×

Kloosterman Kp(a, b) =

p−1∑
`=0

e

(
a`+ b`

p

)
(Z/pZ)2

{[
u 0
0 u−1

]
: u ∈ (Z/pZ)×

}

Heilbronn Hp(a) =

p−1∑
`=0

e

(
a`p

p2

)
Z/p2Z nonzero pth powers mod p2

Table 1. Gaussian periods, Ramanujan sums, Kloosterman sums,
and Heilbronn sums appear as supercharacters arising from the
action of a subgroup Γ of AutG for a suitable abelian group G.
Here p denotes an odd prime number.

One way to construct a supercharacter theory on a given finite group G is to
employ the action of a subgroup Γ of AutG to obtain the partition Y. In this setting,
the elements of Y are precisely the orbits in G under the action of Γ. One then seeks
a compatible action of Γ on IrrG and appeals to a result of Brauer [11, Thm. 6.32,
Cor. 6.33] to conclude that the actions of Γ on G and on IrrG yield the same
number of orbits. The precise details of the general case do not concern us here, for
the groups and automorphisms we consider below will be completely transparent.

In the following, we denote by x = (x1, x2, . . . , xd) and y = (y1, y2, . . . , yd)

typical elements of (Z/nZ)d and let x·y =
∑d
i=1 xiyi. We also set e(x) = exp(2πix),

so that the function e(x) is periodic with period 1. We are interested here in the
supercharacter theory on (Z/nZ)d induced by the natural permutation action of
the symmetric group Sd. In this setting, the superclasses are simply the orbits
Sdy = {π(y) : π ∈ Sd} in (Z/nZ)d. Recalling that IrrG = {ψx : x ∈ G},
where ψx(y) = e(x·y

n ), we let Sd act upon IrrG in the obvious manner by setting
ψπx = ψπ(x). Letting X denote the set of orbits in IrrG and Y denote the set of
orbits in G, it is clear that |X | = |Y|. We often denote this common value by N .

Although the elements of each orbit X in X are certain characters ψx, we identify
ψx with the vector x so that X is stable under the action x 7→ π(x) of Sd. Having
established this convention, for each X in X we define the corresponding character

σX(y) =
∑
x∈X

e
(x · y

n

)
, (1.1)
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noting that σX(y) = σX(y′) whenever y and y′ belong to the same Sd orbit.1 The
pair (X ,Y) constructed above is a supercharacter theory on (Z/nZ)d.2

We refer to the characters (1.1) as symmetric supercharacters (or often just
supercharacters) and the sets Y as superclasses. Expanding upon the notational
liberties we have taken above, we choose to identify X, whose elements are the
irreducible characters which comprise σX , with the set of vectors {x : ψx ∈ X}.
Having made this identification, we see that X = Y. In light of this, we frequently
regard the elements X of X as superclasses. Since σX is constant on each superclass
Y , if y belongs to Y we often write σX(Y ) instead of σX(y).

In addition to (1.1), there is another description of symmetric supercharacters
which is more convenient in certain circumstances. Letting Stab(x) = {π ∈ Sd :
π(x) = x}, it follows that the orbit X = Sdx contains |Stab(x)| copies of x whence

σX(y) =
1

|Stab(x)|
∑
π∈Sd

e

(
π(x) · y

n

)
. (1.2)

Although we do not need the following observation for our work, it is worth
mentioning since it indicates that symmetric supercharacters also enjoy a variety
of nontrivial algebraic properties. Fixing an enumeration X1, X2, . . . , XN of X =
Y, we label the supercharacters corresponding to these sets σ1, σ2, . . . , σN . It is
possible to show that the N ×N matrix

U =
1√
nd

(
σi(Xj)

√
|Xj |√

|Xi|

)N
i,j=1

(1.3)

is symmetric (i.e., U = UT ) and unitary. In fact, U encodes a type of Fourier
transform on the space of superclass functions (i.e., functions f : (Z/nZ)d → C
which are constant on each superclass). This is a consequence of more general
considerations, of which symmetric supercharacters are a special case. Complete
details can be found in [5], although some of these ideas are already present in [8,9].

We are now ready to proceed to the heart of the paper, where a variety of
features of symmetric supercharacters are surveyed, documented, and explored. In
particular, for each of the qualitative properties we discuss, a rigorous quantitative
explanation is provided along with several examples and illustrations.

2. Graphical properties

Our approach here will be to survey and explain a variety of intriguing qualitative
features exhibited by the images of symmetric supercharacters. We proceed roughly
in order of increasing complexity, starting here with the most elementary properties.

1If X = Sdx, then σX(y) = per
(
e(

xjyk
n

)
)d
j,k=1

, where per denotes the permanent of a matrix.
2One can also view this endeavor in terms of the classical character theory of the semidirect

product (Z/nZ)d o Sd (sometimes referred to as a generalized symmetric group). However, the
supercharacter approach cleaner and more natural since (Z/nZ)d o Sd is highly nonabelian and

possesses a large number of conjugacy classes, whereas (Z/nZ)d is abelian and, by comparison,
has relatively few superclasses. Moreover, many of the irreducible characters of (Z/nZ)d o Sd are
uninteresting for our purposes (e.g., assuming only 0 or nth roots of unity as values).
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2.1. Maximum modulus. Since there are precisely |X| terms of unit modulus
which comprise the sum which defines σX , it follows that |σX(y)| ≤ |X| for all y
in (Z/nZ)d. Setting y = 0 reveals that this inequality is sharp. If X = Sdx where
the vector x in (Z/nZ)d has precisely k1, k2, . . . , kn occurrences of the elements
1, 2, . . . , n (so that k1 + k2 + · · ·+ kn = d), then it follows that

|σX(y)| ≤ d!

k1!k2! · · · kn!
.

2.2. Conjugate symmetry. For each superclass Y , the set −Y obtained by negat-
ing each element of Y is another superclass. The definition (1.1) now yields

σX(−Y ) = σX(Y ) = σ−X(Y ). (2.1)

Thus the image of any σX is symmetric with respect to the real axis (see Figure
3). Furthermore, if X = −X, then σX is real-valued (see Figure 4).

-10 -5 5 10

(a) X = S4(0, 0, 1, 6)

-10 -5 5 10

(b) X = S4(0, 1, 1, 6)

-8 -4 4 8

(c) X = S4(0, 1, 6, 6)

Figure 3. Images of supercharacters σX : (Z/14Z)4 → C for
various X. Each plot is symmetric with respect to the real axis.

-10 0 10 20 30

(a) n = 7, d = 5, X = S5(0, 1, 1, 6, 6), |X| = 30

-6 -4 -2 0 2 4 6

(b) n = 13, d = 4, X = S4(6, 6, 7, 7), |X| = 6

Figure 4. Images of two real-valued supercharacters. In each
case, the superclass X is closed under negation.

2.3. Dihedral Symmetry. Let us introduce several notational conventions which
will prove useful in what follows. For each x = (x1, x2, . . . , xd) in (Z/nZ)d, we let

[x] :=

d∑
`=1

x` (mod n),

observing that [x] = [π(x)] for all π in Sd. For each superclass X we may define
[X] unambiguously by setting it equal to [x] for any representative x of X. We also
let 1 = (1, 1, . . . , 1) so that X+ j1 = {x + j1 : x ∈ X} is superclass whenever X is.
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We say that a subset of the complex plane has k-fold dihedral symmetry if it is
invariant under the action of the dihedral group of order 2k. To establish that a
given supercharacter plot enjoys k-fold dihedral symmetry it suffices to show that
it is invariant under rotation through an angle of 2π

k . The degree of symmetry
enjoyed by a supercharacter plot is governed by the quantity [X] (see Figure 5).

Proposition 1. The image of a symmetric supercharacter σX : (Z/nZ)d → C has
n

(n,[X]) -fold dihedral symmetry.

Proof. First observe that

σX(y + `1) =
∑
x∈X

e

(
x · (y + `1)

n

)
= e

(
[x]`

n

)∑
x∈X

e
(x · y

n

)
= e

(
[X]`

n

)
σX(y).

Since the congruence [X]` ≡ b (mod n) is solvable if and only if (n, [X]) divides b,
it follows that the image of σX has n

(n,[X]) -fold dihedral symmetry. �

-20 -10 10 20

(a) X = S5(0, 0, 0, 1, 5)

-20 -10 10 20

(b) X = S5(0, 0, 0, 1, 7)

-20 -10 10 20

(c) X = S5(0, 0, 0, 1, 2)

-10 -5 5 10

(d) X = S5(0, 0, 0, 1, 1)

-20 -10 10 20

(e) X = S5(0, 0, 0, 1, 6)

-20 -10 10 20

(f) X=S5(0, 0, 0, 1, 10)

Figure 5. Supercharacter plots σX : (Z/nZ)d → C corresponding
to n = 12 and d = 5 for various X. In accordance with Proposition
1, each image enjoys 12

(12,[X]) -fold dihedral symmetry.

Although individual supercharacter plots may have only D2 symmetry (e.g., Fig-
ure 4), when one considers the images of all symmetric supercharacters on (Z/nZ)d

simultaneously, one obtains a much higher degree of symmetry (see Figure 6).

Proposition 2. For n, d fixed, the union⋃
X∈X

σX
(
(Z/nZ)d

)
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of all symmetric supercharacter plots on (Z/nZ)d has n
(n,d) -fold dihedral symmetry.

Proof. Fixing n and d, we first note that

σ(X+j1)(Y + k1) =
∑
x∈X

e

(
(x + j1) · (y + k1)

n

)
=
∑
x∈X

e

(
x · y + [y]j + [x]k + djk

n

)
= e

(
[Y ]j + [X]k + djk

n

)
σX(Y ). (2.2)

We therefore wish to identify the smallest positive m for which the congruence

aj + bk + djk ≡ m (mod n) (2.3)

can be solved for j and k given any prescribed values of a = [X] and b = [Y ].
Setting a = b = 0 reveals that m ≥ (n, d). In fact, we wish to show that (2.3) can
always be solved when m = (n, d).

By the Chinese Remainder Theorem, it suffices to show that

aj + bk + djk ≡ (n, d) (mod p`) (2.4)

can be solved for each prime power p` which appears in the canonical factorization
of n. There are three special cases which are easy to dispatch:

• If (a, p`) = 1, then let j = a−1(n, d) and k = 0.

• If (b, p`) = 1, then let j = 0 and k = b−1(n, d).

• If (d, p`) = 1, then let j = d−1(1− b) and k = (n, d)− aj.
We may therefore assume that a = pαa′, b = pβb′, and d = pδd′, where (a′, p) =
(b′, p) = (d′, p) = 1 and α, β, δ > 0. This leads to two special cases:

• If δ ≥ `, then both d and (n, d) are divisible by p` so that (2.4) becomes

aj + bk + 0 ≡ 0 (mod p`),

which has the solution j = k = 0.

• If 1 ≤ δ < `, then let µ = min{α, β, δ} and observe that 1 ≤ µ < `. It
follows from (2.4) that

a

pµ
j +

b

pµ
k +

d

pµ
jk ≡

( n
pµ
,
d

pµ

)
(mod p`−µ) (2.5)

By our choice of µ, at least one of pα−µ, pβ−µ, and pδ−µ must equal 1.
In other words, at least one of the coefficients in (2.5) is relatively prime
to the modulus p`−µ of the congruence. In light of the three special cases
considered above, we conclude that (2.5), and hence (2.4), is solvable.

Putting this all together, we see that when m = (n, d), the congruence (2.3) can be
solved for j and k, given any fixed values of a and b. This concludes the proof. �
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-1.0 -0.5 0.5 1.0

(a) n = 9, d = 3, 9
(9,3)

= 3

-20 -10 10 20

(b) n = 3, d = 6, 3
(3,6)

= 1

-20 -10 10 20

(c) n = 4, d = 6, 4
(4,6)

= 2

Figure 6. Examples of the sets
⋃
X∈X σX

(
(Z/nZ)d

)
for various

n and d. In accordance with Proposition 2, these plots exhibit
n

(n,d) -fold dihedral symmetry.

2.4. Restricted walks. The simplest nontrivial symmetric supercharacters for
which a nice qualitative description exists are those of the form σX : (Z/nZ)d → C
where X = Sd(0, 0, . . . , 0, 1). Writing y = (y1, y2, . . . , yd), we find that

σX(y) =

d∑
i=1

e
(yi
n

)
, (2.6)

so that the values attained by σX coincide with the endpoints of all d-step walks
starting at the origin and having steps of unit length which are restricted to the n
directions e( jn ) for j = 1, 2, . . . , n.

The “boundary” of the image σX((Z/nZ)d) is easy to describe. The furthest

from the origin one can get in d steps are the n points de( jn ), which correspond to
taking all d steps in the same direction. Also accessible to our walker are the points
(d − `)e( jn ) + `e( j+1

n ) for 0 ≤ ` ≤ n which lie along the sides of the regular n-gon

determined by the vertices de( jn ). There is also an iterative interpretation of (2.6),
for we can also think of our d-step walk as being the composition of a m-step walk
followed by a (d−m)-step walk (see Figure 7).

A similar treatment exists for the supercharacters σSd(0,0,...,0,a) : (Z/nZ)d → C.
If (a, n) = 1, then a glance at (2.6) indicates that the image is identical to the image
corresponding to X = Sd(0, 0, . . . , 0, 1). On the other hand, if n = (n, a)r where
(n, r) = 1, then the image obtained is identical to the image of the supercharacter
σSd(0,0,...,0,1) : (Z/rZ)d → C. This corresponds to a d-step walk with directions
restricted to r = n/(n, a) directions (see Figure 8).

2.5. Spikes. Under certain circumstances, the image of a symmetric supercharac-
ter is contained in the union of a relatively small number of evenly spaced rays
emanating from the origin. The following proposition provides a simple condition
which ensures such an outcome (see Figure 9).

Proposition 3. If X = r1 − X for some r in Z/nZ, then the image of σX is

contained in the union of the 2n
(r,n) rays given by arg z = πj(r,n)

2n for j = 1, 2, . . . , 2n
(r,n) .
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-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

(a) d = 1, X = {1}

-1.5 -1.0 -0.5 0.5 1.0 1.5 2.0

-1.5

-1.0

-0.5

0.5

1.0

1.5

(b) d = 2, X = S2(0, 1)

-2 -1 1 2 3

-2

-1

1

2

(c) d = 3, X = S3(0, 0, 1)

-3 -2 -1 1 2 3 4

-3

-2

-1

1

2

3

(d) d = 4, X = S4(0, 0, 0, 1)

Figure 7. The images σX : (Z/5Z)d → C for d = 1, 2, 3, 4 (best
viewed in color) illustrate two principles. Each successive image
is obtained by placing copies of the image corresponding to d = 1
(i.e., the vertices of the regular pentagon) centered at each point
of the preceding image. Alternatively, the dth image can be con-
structed from 5 copies of (d− 1)st image, each centered at the 5th
roots of unity.

Proof. Since X = r1−X, for each x in X there exists a permutation ρ such that
x = r1− ρ(x). Using (1.2) we find that

σX(y) =
1

|Stab(x)|
∑
π∈Sd

e

(
π(x) · y

n

)

=
1

|Stab(x)|
∑
π∈Sd

e

(
π
(
r1− ρ(x)

)
· y

n

)

=
1

|Stab(x)|
∑
π′∈Sd

e

(
r1 · y − π′(x) · y

n

)
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-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

(a) X = S3(0, 0, 1)

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

(b) X = S3(0, 0, 2)

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

(c) X = S3(0, 0, 3)

-3 -2 -1 1 2 3

-2

-1

1

2

(d) X = S3(0, 0, 4)

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

(e) X = S3(0, 0, 6)

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

(f) X = S3(0, 0, 8)

Figure 8. Images of the supercharacter σX : (Z/24Z)3 → C cor-
responding to various superclasses. The values attained coincide
with the endpoints of all 3-step walks starting at the origin and
having steps of unit length which are restricted to the 24

(24,a) direc-

tions e( j(24,a)24 ) for j = 1, 2, . . . , 24
(24,a) .

= e

(
r[y]

n

)
1

|Stab(x)|
∑
π′∈Sd

e

(
−π′(x) · y

n

)
= e

(
r[y]

n

)
σX(y)

= e

(
j(r, n)

n

)
σX(y),

where j is an integer which depends on y. It follows from the preceding that

σX(y)

|σX(y)|
= ±

(
j(r, n)

2n

)
,

from which the desired result follows. �

Example 1. With more information, we can sometimes improve substantially upon
Proposition 3. Consider the supercharacter σX : (Z/nZ)d → C corresponding to

X = Sd(0, 1, 1, . . . , 1︸ ︷︷ ︸
d−2 times

, 2).
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-6 -4 -2 2 4 6

-6

-4

-2

2

4

6

(a) n = 17, d = 3, X = S3(1, 2, 3),
r = 4, 2n

(r,n)
= 34

-6 -4 -2 2 4 6

-6

-4

-2

2

4

6

(b) n = 16, d = 4, X =
S4(1, 1, 10, 10), r = 11, 2n

(r,n)
= 32

Figure 9. The image of a supercharacters σX : (Z/nZ)d → C for
which X = r1−X is contained in the union of 2n

(r,n) rays.

Since X = 21−X, it follows from Proposition 3 that the image of σX is contained
in the union of 2n

(2,n) equally spaced rays emanating from the origin. However, we

can be much more specific. Letting y = (y1, y2, . . . , yd), we see that

σX(y) =
∑
x∈X

e
(x · y

n

)
=

∑
1≤j 6=k≤d

e

(
[y] + yj − yk

n

)

= e

(
[y]

n

) ∑
1≤j 6=k≤d

e

(
yj − yk
n

)

= e

(
[y]

n

) d∑
j=1

e
(yj
n

)( d∑
k=1

e
(yk
n

))
− d


= e

(
[y]

n

)∣∣∣∣ d∑
j=1

e
(yj
n

) ∣∣∣∣2 − d
 . (2.7)

Noting that the second term in (2.7) lies in the interval [−d, d2−d], we can see that
the qualitative behavior of σX depends heavily upon the parity of n (see Figure
10).

• If n is odd, then the image of σX is contained in the union of 2n rays,
n of which have length d2 − d while the remaining n rays have length
approximately d (see Figure 10a).

• If n is even, then the image of σX is contained in the union of n rays, each of
length d2−d (see Figure 10b). Due to “double coverage,” the concentration
of points is higher in the region |z| ≤ d.
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-10 -5 5 10

-10

-5

5

10

(a) n = 11, d = 4, 2n
(2,n)

= 22

-10 -5 5 10

-10

-5

5

10

(b) n = 14, d = 4, 2n
(2,n)

= 14

Figure 10. Images of the supercharacter σX : (Z/nZ)4 → C
corresponding to the superclass X = S4(0, 1, 1, 2) for several values
of n. In accordance with Proposition 3, the number of rays is given
by 2n

(2,n) since X = 21−X.

2.6. Hypocycloids. Hypocycloids are suggested in many symmetric supercharac-
ter plots and they form the basis of more complicated constructions. Recall that
a hypocycloid is a planar curve obtained by tracing the path of a fixed point on a
small circle which rolls inside a larger circle. The parametric equations

x(θ) = (d− 1) cos θ + cos[(d− 1)θ],

y(θ) = (d− 1) sin θ − sin[(d− 1)θ],
(2.8)

describe the d-cusped hypocycloid obtained by rolling a circle of radius 1 inside of
a circle of integral radius d centered at the origin.

Proposition 4. If X = Sd(1, 1, . . . , 1, 1− d), then the image of σX : (Z/nZ)d → C
is bounded by the hypocycloid determined by (2.8).

Proof. Given y = (y1, y2, . . . , yd), let ξ` = [y]− dy` for 1 ≤ ` ≤ d, noting that

ξ1 + ξ2 + · · ·+ ξd = d[y]− d(y1 + y2 + · · ·+ yd) = 0,

so that ξd = −(ξ1 + ξ2 + · · ·+ ξd−1). Next, we observe that

σX(y) =

d∑
`=1

e

 (1− d)y` +
∑d
i=1
i6=`

yi

n


=

d∑
`=1

e

(
[y]− dy`

n

)
=

d∑
`=1

e

(
ξ`
n

)

=

d−1∑
`=1

e

(
ξ`
n

)
+ e

(
−(ξ1 + ξ2 + · · ·+ ξd−1)

n

)
.
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Letting T denote the unit circle |z| = 1 in C, we see that the range of σX is contained
in the range of the function g : Td−1 → C defined by

g(z1, z2, . . . , zd−1) = z1 + z2 + · · ·+ zd−1 +
1

z1z2 · · · zd−1
, (2.9)

which is known to be the filled hypocycloid determined by (2.8) [12, Sect. 3]. �

Noting that ξ1, ξ2, . . . , ξd are completely determined by the values of the arbitrary
parameters y1, y2, . . . , yd−1 and [y] in Z/nZ, it follows that (ξ1, ξ2, . . . , ξd−1) runs
over all values in (Z/nZ)d−1 when (n, d) = 1 and over the set of all (d − 1)-tuples
of the form j1 + (n, d)(v1, v2, . . . , vd−1) otherwise. Thus the image of σX closely
approximates the filled hypocycloid when n/(n, d) is large (see Figure 11).

(a) n = 19 (b) n = 20 (c) n = 21

(d) n = 22 (e) n = 23 (f) n = 24

Figure 11. Plots of the supercharacter σX : (Z/nZ)6 → C corre-
sponding to the orbit X = S6(1, 1, 1, 1, 1, n − 5) for several values
of n. The density of the image depends upon n/(n, 6), being high
for the primes n = 19 and n = 23 and very low for n = 24.

Before proceeding, we should remark that the fact that the range of the multivari-
ate complex mapping (2.9) is indeed a filled hypocycloid is familiar to specialists in
Lie theory and mathematical physics. Indeed, if U belongs to SU(d), the Lie group
consisting of all d× d unitary matrices having determinant 1, then the eigenvalues
λ1, λ2, . . . , λd of U are of unit modulus and satisfy λ1λ2 · · ·λd = 1. In particular,
this implies that

trU = λ1 + λ2 + · · ·+ λd−1 +
1

λ1λ2 · · ·λd−1
.
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Therefore the range of the mapping (2.9) is precisely the set of all possible traces
of matrices in SU(d) (we thank G. Sarkis for calling this result to our attention).
A similar treatment of several other classical Lie groups can be found in [12].

2.7. Fireballs. For the sake of reference, we recall the key identity (2.2) and write
it here for convenient reference:

σX+j1(Y + k1) = e

(
[Y ]j + [X]k + djk

n

)
σX(Y ). (2.10)

By starting with a known supercharacter σX whose image is of interest to us and
then selecting the parameters j and k appropriately, we can often generate spectac-
ular new supercharacter plots. This turns out to be a matter of some finesse and
experimentation. Rather than attempt to formulate a general theorem, we prefer
to present the main ideas through a series of instructive examples.

Example 2. By Proposition 4, the image of the supercharacter σS4(1,1,1,12) :

(Z/15Z)4 → C is contained in the four-sided hypocycloid (sometimes referred to as
an astroid) centered at the origin and having one of its cusps located at the point
z = 4 (see Figure 12a). Using the identity (2.10) with the parameters n = 15,

-4 -2 2 4

-4

-2

2

4

(a) X = S4(1, 1, 1, 12), 4
cusps, D1 symmetry

-4 -2 2 4

-4

-2

2

4

(b) X = S4(2, 6, 6, 6), 12
cusps, D3 symmetry

-4 -2 2 4

-4

-2

2

4

(c) X = S4(0, 4, 4, 4), 20
cusps, D5 symmetry

Figure 12. Images of supercharacters σX : (Z/15Z)4 → C which
illustrate the method of Example 2.

d = 4, [X] = 15, j = 5, and k = 4(`− [Y ]), we find that

σS4(2,6,6,6)(Y + k1) = e

(
`

3

)
σX(Y ).

Since the integer ` is arbitrary, it follows from the preceding computation that the
image of σS4(2,6,6,6) : (Z/15Z)4 → C is precisely the union of three rotated copies
of our original image, yielding a “fireball” with 4× 3 = 12 cusps (see Figure 12b).
Because the original image (Figure 12a) has no rotational symmetry, the resulting
fireball image possesses only D3 symmetry, despite the fact that a careless glance
at the figure suggests the existence of D12 symmetry. Along similar lines, setting
j = 3 and k = 4(`− [Y ]) yields

σS4(0,4,4,4)(Y + k1) = e

(
`

5

)
σX(Y ),

so that the resulting “fireball” has 4 · 5 = 20 cusps (see Figure 12c).
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Example 3. In light of Proposition 4, the image of the supercharacter σS5(1,1,1,1,8) :

(Z/12Z)5 → C resembles a filled hypocycloid with five cusps (see Figure 13a). It
follows from the method of the preceding example that replacing (1, 1, 1, 1, 8) with
(1, 1, 1, 1, 8) + j1 yields a “fireball” having 5·12

(j,12) cusps (see Figure 13).

-4 -2 2 4

-4

-2

2

4

(a) j = 0, D1-symmetry, 5
cusps

-4 -2 2 4

-4

-2

2

4

(b) j = 6, D2-symmetry,
10 cusps

-4 -2 2 4

-4

-2

2

4

(c) j = 4, D3-symmetry,
15 cusps

-4 -2 2 4

-4

-2

2

4

(d) j = 3, D4-symmetry,
20 cusps

-4 -2 2 4

-4

-2

2

4

(e) j = 2, D6-symmetry,
30 cusps

-4 -2 2 4

-4

-2

2

4

(f) j = 1, D12-symmetry,
60 cusps

Figure 13. Images of the supercharacter σX : (Z/12Z)5 → C
where X = S5(1, 1, 1, 1, 8) + j1 for several values of j.

2.8. Asymptotic results. As suggested in the comments following Proposition 4
and illustrated in Figure 11, it is occasionally possible to predict the asymptotic
behavior of specific families of supercharacter plots as the modulus n tends to infin-
ity (perhaps with some congruence restrictions imposed upon n). We develop here
a general approach to determining the asymptotic appearance of certain families of
symmetric supercharacter plots.

To begin with, fix n and d and let X = {x1,x2, . . . ,xr} be a Sd-orbit in (Z/nZ)d.
We next form the d × r matrix A = [x1|x2| · · · |xr] whose columns are the vectors
xi in (Z/nZ)d. Suppose that A can be row reduced over Z/nZ to obtain a simpler
matrix B = [b1|b2| · · · |br]. This is equivalent to asserting that B = RA where R
is a d × d matrix over Z/nZ such that detR belongs to (Z/nZ)×. Moreover, we
also see that Rxi = bi for i = 1, 2, . . . , d. Since detR is invertible modulo n, it
follows from Cramer’s Rule that for any ξ = (ξ1, ξ2, . . . , ξd) in (Z/nZ)d the system
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R−Ty = ξ has a solution y. Putting this all together we find that

σX(y) =

r∑
`=1

e
(x` · y

n

)
=

r∑
`=1

e

(
x` ·RT ξ

n

)

=

r∑
`=1

e

(
Rx` · ξ
n

)
=

r∑
`=1

e

(
b` · ξ
n

)

=

r∑
`=1

e

(
b1,`ξ1 + b2,`ξ2 + · · ·+ bd,`ξd

n

)

=

r∑
`=1

e

(
ξ1
n

)b1,`
e

(
ξ2
n

)b2,`
· · · e

(
ξd
n

)bd,`
.

If the final k rows of B are zero (which happens, for instance, if [X] ≡ 0 (mod n)),
then the preceding computations imply that the image of σX : (Z/nZ)d → C
roughly approximates the image of the function g : Td−k → C defined by

g(z1, z2, . . . , zd−k) =

r∑
`=1

d−k∏
j=1

z
bj`
j .

Although there may be complications which arise depending upon the arithmetic
relationships between the entries of B and the modulus n, in many cases the pre-
ceding recipe is sufficient to determine the asymptotic appearance of a family of
supercharacter plots.

Example 4 (Hypocycloids revisited). Suppose that (n, d) = 1 and let X =
Sd(1, 1, . . . , 1, 1−d) denote the Sd-orbit of the vector (1, 1, . . . , 1, 1−d) in (Z/nZ)d.
Following the preceding recipe note that

0 1 1 · · · 2
1 0 1 · · · 2
1 1 0 · · · 2
...

...
...

. . .
...

1 1 1 · · · 1


︸ ︷︷ ︸

R


1− d 1 1 · · · 1
1 1− d 1 · · · 1
1 1 1− d · · · 1
...

...
...

. . .
...

1 1 1 · · · 1− d


︸ ︷︷ ︸

A

=


1 0 · · · 0 −1
0 1 · · · 0 −1
...

...
. . .

...
...

0 0 · · · 1 −1
0 0 · · · 0 0


︸ ︷︷ ︸

B

,

where detR = (−1)d+1d is invertible over Z/nZ (here R is obtained from the all
ones matrix by first subtracting the identity matrix and then adding 1s to every
entry of the dth column). It follows that the image of σX : (Z/nZ)d → C is
contained in the range of the function (2.9) encountered in our previous treatment
of hypocycloids.

Example 5 (Hummingbirds). Suppose that (n, 5) = 1 and let X = S3(1, 2, n− 3).
In this case,3 1 0

2 −1 0
1 1 1


︸ ︷︷ ︸

R

 1 1 2 2 −3 −3
2 −3 1 −3 1 2
−3 2 −3 1 2 1


︸ ︷︷ ︸

A

=

5 0 7 3 −8 −7
0 5 3 7 −7 −8
0 0 0 0 0 0


︸ ︷︷ ︸

B

,
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where detR = −5 is a unit in Z/nZ. It follows that as n increases, the image of
σX : (Z/nZ)3 → C resembles the image of the function g : T2 → C defined by

g(z1, z2) = z51 + z52 + z71z
3
2 + z31z

7
2 +

1

z81z
7
2

+
1

z71z
8
2

. (2.11)

The result is a plot which, for sufficiently large n, one might say, resembles a
hummingbird in flight (see Figure 14).

(a) n = 47 (b) n = 73 (c) n = 173

Figure 14. Plots of σX : (Z/nZ)3 → C corresponding to X =
S3(1, 2, n− 3) for several values of n.

Example 6 (Manta rays). Consider the symmetric supercharacter σX : (Z/nZ)4 →
C corresponding to X = S4(0, 1, 1, n− 2). Working over Z/nZ we find that

0 1 0 0

0 0 1 0
1 2 −1 0

1 1 1 1


︸ ︷︷ ︸

R


−2 1 −2 0 0 1 1 1 1 −2 0 1

1 0 1 1 1 −2 −2 0 1 0 −2 1
0 1 1 1 −2 1 0 −2 0 1 1 −2

1 −2 0 −2 1 0 1 1 −2 1 1 0


︸ ︷︷ ︸

A

=


1 0 1 1 1 −2 −2 0 1 0 −2 1
0 1 1 1 −2 1 0 −2 0 1 1 −2
0 0 −1 1 4 −4 −3 3 3 −3 −5 5

0 0 0 0 0 0 0 0 0 0 0 0


︸ ︷︷ ︸

B

,

where detR = 1. Thus the image of σX is contained in the image of the function
g : T3 → C defined by

g(z1, z2, z3) = z1 + z2 +

(
z1z2
z3

+ z1z2z3

)
+

(
z1z

4
3

z22
+

z2
z21z

4
3

)
+

(
1

z21z
3
3

+
z33
z22

)
+

(
z1z

3
3 +

z2
z33

)
+

(
z2
z21z

5
3

+
z1z

5
3

z22

)
.

For large n, the image of σX : (Z/nZ)4 → C bears an uncanny resemblance to a
manta ray followed by a trail of bubbles (see Figure 15).

We conclude this note with a final example which combines a number of the
ideas and techniques developed in the preceding pages.
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(a) n = 17 (b) n = 27 (c) n = 47

Figure 15. Plots of σX : (Z/nZ)4 → C corresponding to X =
S4(0, 1, 1, n− 2) for several values of n.

Example 7 (Manta rays as graphical elements). In light of Example 6, plotting the
symmetric supercharacter σX : (Z/30Z)4 → C corresponding to X = S4(0, 1, 1, 28)
yields the familiar manta ray (see Figure 16a). Using (2.10) we are able to con-
struct a number of intriguing new images based upon the initial manta ray image.
Applying (2.10) with the parameters n = 30, d = 4, j = 15, and k = 0 we find that

σS4(15,16,16,13)(Y ) = e
( [Y ]

2

)
σX(Y ).

Roughly speaking, the image of σS4(15,16,16,13) is obtained by leaving half of the
points in σX in place while negating the other half. This is precisely the behavior
that is illustrated in Figure 16b. In particular, the image in Figure 16b is not
symmetric with respect to the imaginary axis. On the other hand, applying (2.10)
with n = 30, d = 4, j = 10, and k = `− [Y ] yields

σS4(10,11,11,8)(Y + k1) = e
(
`
3

)
σX(Y )

whence the image of σS4(10,11,11,8) is precisely the union of three rotated copies of
Figure 16a (see Figure 16b). Plots corresponding to various values of the parameter
j are provided in Figure 16. The reader is invited to experiment with (2.10) in
order to explain the symmetries of these figures (e.g., Figure 16e gives the initial
impression of having D6 symmetry, whereas a closer inspection reveals that it only
enjoys D3 symmetry).

References
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