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SPATTIAL ISOMORPHISMS OF ALGEBRAS OF TRUNCATED
TOEPLITZ OPERATORS

STEPHAN RAMON GARCIA, WILLIAM T. ROSS, AND WARREN R. WOGEN

ABSTRACT. We examine when two maximal abelian algebras in the truncated
Toeplitz operators are spatially isomorphic. This builds upon recent work of
N. Sedlock, who obtained a complete description of the maximal algebras of
truncated Toeplitz operators.

1. INTRODUCTION

Let H? denote the Hardy space of the open unit disk I, H> denote the bounded
analytic functions on D, and L>® := L*>®(dD), L? := L?(0D) denote the usual
Lebesgue spaces on the unit circle 9D [14,20]. To each non-constant inner function
O we associate the model space [6l23][24]

Ko := H*© ©H?,
which is a reproducing kernel Hilbert space corresponding to the kernel

NERE..

We sometimes use the notation kf\a when we need to emphasize the dependence on
the inner function ©. The model space Kg carries the natural conjugation

, z,AeD. (1.1)

Cf:= fz20, (1.2)
defined in terms of boundary functions [I5HI7] and a computation shows that
O(z) —O(A
(Ohal(e) = 22O (1.3)

Since each kernel function (LIJ) is bounded and since their span is dense in Kg, it
follows that Kg N H> is dense in Keo. For each symbol ¢ in L? the corresponding
truncated Toeplitz operator A, is the densely defined operator on Kg given by the
formula

A, f = Polef), feH*nNKe,
where Pg is the orthogonal projection of L? onto Kg. When we wish to be specific
about the inner function ©, we write AS.

Interest in truncated Toeplitz operators has blossomed over the last few years
[THA7|T828H30], sparked by a series of illuminating observations and open problems
provided by D. Sarason [27]. Although one can pursue the subject of unbounded
truncated Toeplitz operators much further [28/29], we focus here on those A, which
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have a bounded extension to g and we denote this set by Tg. One can show that
To is weakly closed [27, Thm. 4.2] and contains A, whenever ¢ € L>°. On the other
hand, every A, € To can be represented by an unbounded symbol [27, Thm. 3.1].
In fact,

Ay = Ay, & 01 — o € OH? + OH2. (1.4)
Moreover, a recent preprint [2] has revealed that there are bounded truncated
Toeplitz operators A, which cannot be represented by a bounded symbol.

For a given pair of inner functions ©; and ©2, Cima and the current authors
recently obtained necessary and sufficient conditions for 7g, and 7e, to be spatially
isomorphic 4], meaning there exists a unitary operator U : Ko, — Ko, such
that 7o, = U*Te,U. We denote this relationship by Te, = Te,. In this paper
we examine when certain algebras of truncated Toeplitz operators are spatially
isomorphic.

Although Tg is not an algebra of operators (a simple counterexample can be
deduced from [27, Thm. 5.1]), it does contain certain algebras of interest. Two
examples are

{A, 1 p € H*Y}, (1.5)
the set of analytic truncated Toeplitz operators on Kg and
{Ag: p € H*}, (1.6)

the corresponding set of co-analytic truncated Toeplitz operators. Algebras of the
form (LE) are of particular interest since a seminal result of D. Sarason [26] states
that (C3) is precisely the commutant of the compressed shift A, on Keg.

Recently, N. Sedlock [30] determined all of the maximal abelian algebras in 7e.
These algebras Bg, where the parameter a belongs to the extended complex plane
C:=CuU {o0}, are described in detail in Section 2l The purpose of this paper is to
determine when two such Sedlock algebras are spatially isomorphic to each other.
In particular, we develop a precise condition describing when Bg == Bg. For certain
inner functions O, there will be many a # o’ for which Bg = Bg. For others, it
will be the case that B = B‘(Z)/ if and only if a = d’.

We also address the question as to whether or not the notion of spatial isomor-
phism can be replaced by the weaker notion of isometric isomorphism. For example,
given a finite Blaschke product © with distinct zeros, we will show that the algebras
Bg and Bg are spatially isomorphic if and only if they are isometrically isomorphic.
As a consequence, we will show, for finite Blaschke products ©1, ©2, each with dis-
tinct zeros, that the corresponding quotient algebras H*/©1H*> and H*> /O H>
are isometrically isomorphic if and only if there is a unimodular constant ¢ and a
disk automorphism % such that ©1 = (O3 o 1.

An important reason to consider the problem of spatial isomorphisms of Sedlock
algebras is that it gives us a useful tool to address the question: Which operators
are unitarily equivalent to analytic truncated Toeplitz operators (which turn out
to be the commutant of the compressed shift)? The authors in [I9] examine this
question for matrices. Since the analytic truncated Toeplitz operators on some
model space Ko are the Sedlock algebra B%, this naturally leads us to consider
spatial isomorphisms of Sedlock algebras. The results of this paper will show that
if an operator T is unitarily equivalent to an operator in some Sedlock algebra,
with the parameter a ¢ 0D, then T is unitarily equivalent to an analytic truncated
Toeplitz operator.
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2. SEDLOCK ALGEBRAS

In [30] N. Sedlock examined the following subclasses of Tg. For a € C, define

Bg_) = {A¢+am+c€T@Z@EK@,CEC}.

The C appearing in the previous line is the conjugation in (LZ) on the model space
Ke. Following Sedlock, one can extend the definition of Bg to a = oo by adopting
the convention that BZ denotes the set of co-analytic truncated Toeplitz operators
on Kg from (L6).

In light of the fact that the map ¢ — ¢+aA,Cy is linear, it follows immediately
that each Bg is a linear subspace of Tg. One of the main theorems of Sedlock’s
paper [30] is that each Bg is actually an abelian algebra. We therefore refer to the
algebras Bg as Sedlock algebras.

Sedlock also observed that

AeBY & A eBY” (2.1)

whence the definition of Bg consistent with the fact that BY = {A9 : ¢ € H>}
consists of the analytic truncated Toeplitz operators. Indeed, we have (B3)* = BY.
Sedlock algebras can be described in several different, but equivalent, ways. For

each a € D™ = {|z| < 1}, one can consider the following rank-one perturbation of
A, on Kg:
a
: ke O (22)

A result of Sarason shows that these rank-one perturbations of A, belong to 7g [27].
In fact, for a € D one obtains the so-called Clark unitary operators [5,[8125].

Remark 2.3. Let us take a moment to briefly describe some facts about these
Clark operators S&, a € ID, since they will appear later on. See [5[8L25] for more

details. If a € 9D, then
a+ 0
"(5)

is a positive harmonic function on D and so, by the Herglotz theorem [I4, p. 2],
there is a positive finite measure u, on 0D with

a—i—@(z)) / 1—1z2

R (7 = dpia(Q).

= 0()) " Jop i p

The family of measures {u, : a € D} obtained in this way are called the Clark
measures (sometimes called Aleksandrov-Clark measures) for © and they turn out
to be the spectral measures for 5§, i.e., 5§ is unitarily equivalent to the multipli-

cation operator g — (g on L?(p).
One can show that a carrier for p, is

r—1-

E, = {Q € dD: lim O(r¢) = a},

ie., pa(0D\ E,) = 0. Since p, is carried by E,, a set of Lebesgue measure zero,
it is singular with respect to Lebesgue measure. For example, if © is an n-fold
Blaschke product, then E, is the set of n (distinct) points {(1, (2, ...,(,} C OD for



4 STEPHAN RAMON GARCIA, WILLIAM T. ROSS, AND W.R. WOGEN

which O({;) = a and p, is given by
~ 1
fa = E ~70¢- (2.4)

If © is the atomic inner function
6(2’) = e_%7
then, for each a € 9D, E, is a countable set which clusters only at {( = 1. Moreover

1P
pa= D S

0(¢)=a

The following observation, essentially due to Sedlock [30], provides yet another
description of Bg.

Lemma 2.5. For each a € C we have

B ={Ay € To : ¢ = ¢o(1 + a®) + ¢, po € Ko, po(0) =0,c € C}. (2.6)
Proof. Tt is shown in [30] that

BY ={Ay € To : 1 = o + aA,Cpq + cko, o € Ko, ¢o(0) =0,c € C}.

Since the function pg© belongs to Keg (easily checked from the definition of Kg) it
follows that
A.Cpo = Po(27000) = Po(v00) = %00,

from which, using the fact that Ay, = I, we get the desired conclusion. O

Sedlock algebras can also be described succinctly in terms of commutants. Recall
that for a collection A of bounded operators on a Hilbert space H, the commutant
A’ of A is defined to be the set of all bounded operators on H which commute with
every member of A.

Theorem 2.7 (Sedlock). For any inner function © we have the following.
(i) ForaeD~, B4 ={S&}.

(ii) ForaeC\D~, BS = {(S5")Y}.
(iti) If a # o', then B4 N Bg = CI.

As a consequence of Theorem [2.7] one sees that Bg, being the commutant of
an operator, is weakly closed. Sedlock goes on to show that each Bg is a maximal
algebra in 7g in the sense that every algebra in 7o is contained in some Sedlock
algebra Bg. We should also point out that Sedlock algebras are maximal in another
natural sense. Recall that an algebra A C B(H) is called mazimal abelian if A = A'.
Since every algebra in 7g is abelian [30], it follows immediately from Theorem 2.7]
that every Sedlock algebra is maximal abelian.

It turns out that every member of a Sedlock algebra Bg with a € C \ D can be
represented by a bounded symbol [30]. This is significant since there exists an inner
function © and an a € 0D such that Bg contains a truncated Toeplitz operator
which does not have a bounded symbol [2].

Part (i) of Theorem 2.7 asserts that the Sedlock algebra B, for a € D, is the
commutant of S§. However, we can say a bit more. For a bounded operator A on a
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Hilbert space, we let W(A) denote the weak closure of {p(A) : p(z) a polynomial}.
In particular, observe that W(A) C {A}".

Proposition 2.8. For any inner function © we have the following.
(i) Ifa € D™, then BE =W(S5g).

(i) Ifa € C\D~, then BS = W((S§™)").

The remainder of this section concerns Proposition and its proof. We state
a number of preliminary observations which will be useful later on. Let us begin
by observing that if a € D, then S@ is a Clark unitary operator. It is well-known,
and discussed earlier in Remark 2.3] that all such operators are cyclic and possess
a singular spectral measure on 0D which is carried by the set {© = a}. Since Sg
is cyclic, it follows from Fuglede’s Theorem and the Double Commutant Theorem
that {S&}’ is the von Neumann algebra W*(Sg) generated by S& [II]. Since Sg
is a singular unitary, an old result of J. Wermer says that W(Sg) = W*(Sg) [B1}
Thm. 6]. This establishes Proposition 2.8 when a € oD.

Remark 2.9. From the previous paragraph and from Remark 23] we see that
when a € 0D, B is spatially isomorphic to L> (1), where we think of L>(u,) as
the algebra of multiplication operators on L?(p,) with symbols from L> (). This
was also observed by Sedlock [30].

To prove Proposition2.8lin the special case when a = 0, we require the following
lemma which will itself prove useful later on.

Lemma 2.10. For any inner function © we have W(SQ) = BY.

Proof. Since SQ = A., it suffices to show, by (ZI]), that W(Az) = Bg. Since
the reverse inclusion 2 is clear, we focus on establishing that Bg C W(Az). For
g € L™, we let T, denote the corresponding Toeplitz operator on H? and recall
that

W(T:) ={T, : g€ H*} = {T:}".
In light of the Commutant Lifting Theorem [26], it follows that
BE ={Az}' = {T=}'|Ke = W(T%)|Ke.

We now claim that W(T%)|Ke is contained in W(Az). Indeed, if a sequence of
polynomials p, (T¥) in Tz converges weakly to T}, then it follows that p, (T%)|Ke =
pn(Az) converges weakly to Ay. In particular, this demonstrates that B € W(Az)
and concludes the proof. (|

To complete the proof of Proposition [Z.8, we require some additional notation.
For a € D we define

z—a
bo(2) i = ——, 2.11
()= 2 (211)
O, := by, 00.
Now recall that for each a € D, the Crofoot transform
V1= lal?
Us: Ko = Ke,, U,f:="——"-Ff (2.12)

1-a0
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is unitary [I2] (see [27 Sect. 13] for a thorough discussion of Crofoot transforms
in the context of truncated Toeplitz operators). Furthermore, it has the property
that
U S8Us = SQ., (2.13)
where S§ is the generalization of the Clark operator defined in ([2.2)). Using this
observation, we see that
Bg =By, VaeD. (2.14)
In particular, the proof of Proposition 2.8 for a € D now follows from Lemma 2.10,
@13), and (214). The proof in the case a € C\D~ is settled by appealing to (2.1]).

Remark 2.15. When a € 0D, the algebra Bg is generated by a single unitary
operator and is therefore an algebra of normal operators. The situation is quite
different for a € C\ dD. In [, Prop. 6.5] it is shown that if A belongs to BY and
A is normal, then A = cI. Using (ZI4) one can see that the same is true for Bg
whenever a € D. Although the same result still holds if a € C \ D™, to prove it one
needs Proposition B (see below) along with (Z14)).

3. BASIC SPATIAL ISOMORPHISMS

3.1. The spatial isomorphisms Ay, Ay, and Ayx. It turns out that every spa-
tial isomorphism between Sedlock algebras can be written as a product of certain
fundamental spatial isomorphisms, which were used in [4, Thm. 3.3] to determine
when To, = To, holds for two inner functions ©;, ©5. These spatial isomorphisms
are explicitly defined in terms of unitary operators between Ko spaces.

The first basic building block is the Crofoot transform U, : Ko — Kg, which
we have already encountered in ([212)). Each Crofoot transform U, implements the
following spatial isomorphism [4, Prop. 4.2]:

Aa:To = To,,  Aa(A) = U AU (3.1)

The second class of spatial isomorphisms arises from composition with a disk
automorphism. To be more specific, for fixed disk automorphism ) we set

Uy : Ko = Kooy, Upf =\ (f o).

A routine computation [4, Prop. 4.1] reveals that Uy, is unitary,

Uy AQU; = A2, (3.2)

and
UpToU; = Tooy.
In particular, this implies that the map
A¢ : 7E~) — %ow, Aw (A) = UwAU:L (33)

is a spatial isomorphism.
Our last class of spatial isomorphism arises from the unitary operator (discussed
in [4])
U# Ko — Ko, [U#f](z) = Cf(?),
where ©%(z) := O(%Z) and C denotes the conjugation (L2) on Ke. In terms of
boundary functions on the unit circle 9D, this can be written as

Uy f1(z) = 2f ()07 (2). (3-4)
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Although the preceding does not appear to represent the boundary values of a
function in Kg#, note that f(z) = f#(z) whence Uy f is simply the conjugate, in
the sense of (L2)), of the function f# in Kg#. A computation in [4, Prop. 4.6] now
yields

Uy ASUS = Ag_j (3.5)
and

UypToUy = Tox,
giving us our final class of spatial isomorphisms

Ay :To = Tow,  Au(A) :=UxAU}. (3.6)

3.2. Images of Sedlock algebras. We now wish to discuss the images of the
Sedlock algebras Bg under the three basic spatial isomorphisms A,, Ay, and Ay
defined above.

To this end, let us first note that the image of a maximal abelian algebra under
a spatial isomorphism is also a maximal abelian algebra. To be more specific,
suppose that H; and Ho are Hilbert spaces, A;, As are linear subspaces of B(H;)
and B(H3) respectively, and that A : A; — Aj is a spatial isomorphism, i.e., there
is a unitary U : H1 — Hao such that A(A) = UAU* for all A € A;. If Ais a
maximal abelian algebra in A;, then its image A(A) is maximal abelian algebra
in As. In particular, any spatial isomorphism A induces a bijection between the
maximal abelian algebras in A; and those in As. In the setting of Sedlock algebras,
we conclude that if A : Tg, — To, is a spatial isomorphism, then there is a bijection
g: C — C such that

_ p9(a)
A(Bg,) =By,
The following three propositions explicitly describe the bijection g for the basic
classes of spatial isomorphisms which we introduced above.

Proposition 3.7. For any inner function © and a € (E,

Ay(B) = BY. (3.8)

Proof. From (B.H), the sharp operator Uy satisfies U#ASU;; = A%T, ¢ € L2. Thus
for ¢ € Ko with ¢(0) = 0 we have

A (Asa(1+a@)+0) = Aaraeror

= Ao (14d0@) e
=A@ (0@ ta) e
Note that since ¢(0) = 0, then ¢(z)0# € Kg#. The result now follows from

2.6). O

Proposition 3.9. For any inner function ©, disk automorphism v, and a € C we
have

¢(2)0(Z)(1+16%)+c’

Aw(B%) = Bg—)ow'
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Proof. Suppose that A € Bg. By (2.6)

A=A 1148+ ¥ € Ko,p(0)=0,ceC.

By (.2,

_ Oy
Aw (A) - A@o¢(1+a(~)70¢)+c'

To show this operator belongs to Bg,,,, we will use ([Z.6]) and prove that there exists
an F' € Kooy, F'(0) =0, and a d € C so that

Ooy _ A©0y
Acpow(l-‘ra@_ol/))-i-c - AF(l-‘,—ll@—O’l/j)-‘,-d' (310)

To do this, let us first observe that if Pgoy is the orthogonal projection of L2
onto Kgoy and Py is the usual orthogonal projection of L? onto H?, then

Pooyf=f—O©o0ypPr(O©of). (3.11)
Next we observe that by the conjugation C' from (L.Z) we know that zZp© € Ko C
H?. This means that ¢© € H2 and so

(pot)O@ot) € H2. (3.12)
Let us compute Pooy (¢ 0 9):
Pooy(p o) =potp— (©oy)Pr(poyOoy) (by BII))

= ot —(001)(poy)(0)(©0¥)(0) (by BI)

=(pot = (po1)(0)) + (v o1)(0)(1 = (O o) (O 0)(0))

= (po1p — (po1)(0)) + (v 0 ¥)(0)k5*.
Let

F=ypotp—(pov)(0)

and notice from the above calculation that

Fe /C(—)od” F(O) =0 (3.13)
and
Pooy(p o) = F + (9 0 ) (0)k5 . (3.14)
A similar computation will show that
Pooy((po)(©01)) = (©oy)F. (3.15)

Since o1 and (p o) (O o1p) € H? (see (B.I2)) we know, from basic properties
of projections, that

p ot — Pooy(pot) € (©0y)H? (3.16)
(9o 1)(©01) = Pooy((wo ) (O 09)) € (B 09)H?. (3.17)
By BI4)) and @BI6]), along with the identity Ax, = I,
Qo 4,001 _ 400y
Asoow - AF+(¢0¢)(0)k§)°¢ B AF+(¢O¢)(0)' (3.18)
By BI0) and (3I7)
o) _ 1©o0y
pop(Ooy) T (Qoy)F’
Now take adjoints on both sides of the above equation to get
A%V = A9 (3.19)

@o(©o) F(©oy)’
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Combine (BI8) and BI9)) to obtain
Oop

9
=A%V
potp+a(pory)Oor) F+aF(©01)+(poy)(0)’
By BI3]) we have verified (8.10) and thus the proof is complete.

Proposition 3.20. For any inner function ©, c € D, and a € ((A:, we have
where

(|
Ac(B3) = Bg.",
1a —_c if a % é7
l(a) == ca ; (3.21)
00 ifa=—
c
Proof. Let us first show that
Ac(S8) =S5, aeD,ceD. (3.22)
To this end, we appeal to [27, Lemma 13.2] to obtain the identities
1-cO0(0), ¢
Uck? = ¢ ( ) 6)‘:7
V1 —]cf?

UC(C@kf?) _ 1—2¢0(0)

ke,
VI
where k§ and Cok$ are defined by (L) and (L3)), respectively []. Therefore
Ac(kg ® Cokg) = (

1-0(0) o, 1—20(0)
wfﬂﬁ%>®<____c
_ (1-20(0))?

ke

T2 " )
O, O,

Wko ® Ceo kg “.

Recall that [27, Lemma 13.3] asserts that A.(S§) = S . In light of the fact that
S8 = 5§ + ( -

c
 — — | kY @ Cokd
1— a0(0) 1—06(0)> 0 = et
=8¢+ i
we conclude that

(1 —a©(0))(1 — cO(0))

—k§ ® Cok§,
ay _ c a—-c e )
Ae(56) _AC< ot o)1 e) M@’%)
a—c (1 —20(0))?
=59 — S
o 1= ae)(1 - o)
_ s,

1 —|ef?

(a—c)(1—cO(0))

kS ® Co kg
——_ k5 ® Co, kg .
(1~ [eP)(1 —aB@) "~
Recalling the definition ([2:2]), we see that it suffices to demonstrate that

(a—c)(1—cO(0))

V) le(a)
(1= 1[e)(1 = aB(0)) 1 —Le(a)O.(0)
conjugation on Keg_.

INote that we need a subscript © on C in order to distinguish the conjugation on Kg from the
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However, the right-hand side of the preceding can be written as

(a—c)(1—cO(0)) _ (a—0)(1-cO(0))

(1—-2a)(1-cO(0)) = (a—c)(©(0) =2) (1 —[c[*)(1—aB(0))
This proves [3.22). Using Proposition [Z8] this also proves the proposition in the
case a € D™. N _
Suppose that ¢ € C\ D~ and recall from (2.1]) that BE = (B(la/a)*. By (822, it
follows that , W
1/a t.(1/a
Ac(Bg ") =Bg. ',
whence, by the definition of £.(a) from (B2I]), we conclude that
(5
Ac(By) = B '™ = Bg (). .
3.3. Words of unitary operators. Composing any of the basic spatial isomor-
phisms A, Ay, and Ay introduced in Subsection Bl naturally leads one to consider
words in the corresponding unitary operators U,, Uy, and Uy and their adjoints.
The following proposition lists many of the basic words that arise in our work.

Proposition 3.23. If © is an inner function, then

(i) UplUa = |1I§Z‘U1ﬁ% (v) UpUs = UpUy
(i) Ur =U_, (vi) UpU, = UgUy
(lll) Uwa = Uwow (Vll) U#U",Z’ = U,LL,#U#
(iV) U; = U(,D71

Proof of (i) and (ii). To obtain (i), we employ the identity

2
_ (L)1 — b
1+ bal?

a+b
1+ ba
from which it follows that

UpUaf = Us <ﬂf>

)

1—-ao
V1= /1 af?
1-0, 1-—ao !
_ _VI-PE VTP,

1_5(1@—7;@) 1—-a®o

_ VITRPVITP,

1—-a® — b0 +ab

_VIPPVISTP S

b a+b
1 +ba 1— m@
2
_ | a+bd
_ \/1 — |b|2\/1 —lal? ’1+Ea 1 f
o —z b " a+b
_ Etb 1+ba 1 1+Ea®
1+ba
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_ _ |a+e 2
- |1+ bal 1+-ba
o ba atb
1 + ba 1 — m@

|1+ bal

" 1+4ba U% f
Statement (ii) follows immediately from (i) and the definition ([212)) of the Crofoot
transform U, . O

Proof of (i) and (iv). For (iii), simply note that
UpUsf = Up\/¥'(f 0
= VeV () f((9)
=V@og)fo(doy)
= Uyop f-

Statement (iv) is an immediate consequence of (iii). O

Proof of (v). This is a straightforward computation:
/1 —[bJ?
UpUpf =Uy | —=—

wUf = Uy < 3o f)
VI

(fov)
- b(© o)
=UpUyf. O

Proof of (vi). Regarding z as an element of the unit circle, we use ([B.4]) to obtain

a2
- (1)

_ Vi—leP 2) Oz) —a
10k V10

_ VTP 6F ()1 —T0()

1-a0(32) 1 — a®%#(z)
v/1—1al?
- 1-— a|®7‘?|E Ef(E)G#
— UUyf. 0

Proof of (vii). We first note that for any disk automorphism

zZ—C

, (¢ € O, c € D)

a simple computation shows that

VU'(Z) (W#)'(z), =ze€ ID. (3.24)
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Using (4] we conclude that

— VI B (f o) (2)Z(© 0 )
)

=/ W)Y (@)f(¥(2)z0(¢) (by @B.24))
=/ (W#) 0#(2) [ (0# (2))07 07

— Uy (2(z)0%)

=UysUgf. O

Maintaining the notation (B1I), (33), and (B.6)) established in Subsection Bl we
see that Proposition [3.23] has the following immediate corollary.

Corollary 3.25.

(1) Apha = Aase (v) AyAp = ApAy.
(i) A;'=A_, (vi) Aghg = Aghy
(iil) ApAy = Aoy (vi)) ApAy = AysAy
(iv) At = A,

Consequently, any finite word in the A spatial isomorphisms as above can be
written as A = AgAy or A = AgAy Ay, where we allow a =0 and Y(z) = 2.

3.4. Spatial isomorphisms of 7o spaces. In [4], Cima and the authors showed
that for two inner functions ©; and ©y the corresponding spaces 7o, and 7o, of
truncated Toeplitz operators are spatially isomorphic, i.e., 7o, = To,, if and only
if either
O1=po0BOy01¢% or O;=¢po (0% oy

for some disk automorphisms ¢ and . Informally speaking, the 1 will come from
applying the A, spatial isomorphism (B.3)), the ©# from applying Ay @8], and ¢
from applying A, BI). We make this more precise with the following theorem.

Theorem 3.26. If A : To, — To, is a spatial isomorphism, then A = A Ay or
A=A ApAy, where we allow a =0 and Y (z) = =.

Proof. The proof of [4, Thm. 3.3] shows that there exists an inner function © and
a finite sequence A1, Ao, ..., A, of spatial isomorphisms from among the families
Ay, Ay, and A, so that

(Ar- - AAAgyr - Ay)

is the identity on To. Now apply Corollary [3.25] O

3.5. A density detail. In the next section we will need the following density
result. We would like to thank Roman Bessonov for pointing this out to us.

Proposition 3.27. For any inner function u, the set {Ag D € L™} is weakly
dense in T,.
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Proof. In [1] they define the space

Xu:=19> fi75: firgi € K Y Ifillllgsll < oo
j

with norm defined as the infimum of 3 || f;|||lg;]| over all possible representations
of the element of the form ) f;G;. Notice, by the Cauchy-Schwarz inequality, that
> fj9; converges in L' and so X,, C L'. In the same paper they show that the
dual of X, can be isometrically identified with 7, via the pairing

(Z figi, A) =Y (Afj,95)-

They go on further to show that the ultra-weak topology on 7,,, given by the above
pairing, coincides with the weak topology on 7.

So to show that {AY : p € L} is weakly dense in Ty, we just need to show that
the pre-annihilator of this set is zero. To this end, suppose F' = )" f;g; € X, with
(F,A,) =0 for all ¢ € L*°. Using the fact that ¢ is bounded and the sum defining
F converges in L' we see that

(FA%) = S04t £, 00 = 3 / P / oS figidm = / oFdm

for all ¢ € L>. Since F € L', we conclude that F' = 0 almost everywhere and so
the pre-annihilator of {AY : ¢ € L™} is zero. O

Remark 3.28. It can be the case, for example when u is a one-component inner
function [I], that {AY : ¢ € L=} = T,, i.e., every bounded truncated Toeplitz
operator on Ky, has a bounded symbol. It can also be the case that {A} : p € L} is
a proper subset of 7,, [2]. In either case, Proposition[3.27lshows that { A} : ¢ € L>}
is weakly dense in T,.

4. SPATIAL ISOMORPHISMS OF SEDLOCK ALGEBRAS

For a fixed inner function © and a,a’ € C, when is B ~ B‘(Z)/? When a,a’ € D
it is possible to give a complete answer. For a positive measure p on 9D, let
k(1) = (e,n) where 0 < n < oo is the number of atoms of p and € is 0 if p is purely
atomic and 1 if y has a (non-zero) continuous part. An old theorem of Halmos and
von Neumann [I112T] asserts that L>(u) = L*°(v) (considered as multiplication
operators on L?(u), respectively L?(v)) if and only if x(u) = x(v).

Theorem 4.1. If © is an inner function, a,a’ € 0D, and piq, ftar denote the corre-
sponding Clark measures, then
Bs =By & klia) = (ta)-

Proof. From our discussion in Remark 2.15 we have the spatial isomorphisms Bg =

L>(ug) and Bg 2 [,°°(pq). Applying the Halmos-von Neumann theorem referred
to above yields the result. ([

Corollary 4.2. If © is a finite Blaschke product, then Bg = B‘(Z)/ whenever a,a’ €
aD.

Proof. Let n denote the number of zeros of ©, counted according to their multiplic-
ity. If a,a’ € 9D, then, from (2.4), the Clark measures p, and . are both discrete
and each consists precisely of n atoms (see also [5l, p. 207]). O
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For a finite Blaschke product ©, the preceding corollary indicates that the Sed-
lock algebras Bg for a € 0D are all mutually spatially isomorphic. In other words,
spatial isomorphism induces an equivalence relation upon these algebras which
yields precisely one equivalence class. It is somewhat surprising, however, to learn
that there exists an inner function © for which the Sedlock algebras Bg for a € 0D
form precisely two equivalence classes.

Corollary 4.3. There exists an inner function © such that
(i) BE =B for all a,a’ € 9D\ {1},
(ii) B % BY for alla € 0D\ {1}.
Proof. This is a simple consequence of Theorem [.J] and the fact that there exists

an inner function © such that py is discrete but pu, is continuous singular for every
a € 0D\ {1} [13}125]. O

Provided that a,a’ € 9D, Theorem [E.] provides a complete characterization of
when two Sedlock algebras Bg and Bg are spatially isomorphic. In this setting,
a straightforward, measure-theoretic answer is to be expected since Bg and Bg
are both algebras of normal operators. On the other hand, if a,a’ € D then the
situation turns out to be quite different.

Theorem 4.4. If © is an inner function and a,a’ € D, then BY = Bg if and only
if there is a unimodular constant ¢ and a disk automorphism ¢ such that

© =b_y(Cby) 0O 0P,
where be, for ¢ € D, denotes the disk automorphism (Z1TI).

Proof. (<) We first require the following two elementary identities:

by 0 b, = (}igi) bate,  a,cED, (4.5)
ba(C2) = Chz(2), aeD,( e dD. (4.6)

If © =b_u(Cbar) 0 © 01, then O, = (O, 01 whence
Ke, = Kco, o0 =Ko, 0p-
By Proposition the unitary operator
Uy :Ke, — Ke,op=Ke,, Uf:=V'(for))
induces a spatial isomorphism between Bg and B . In light of (2I4) we have
BY, = Bg and B = Bg from which we conclude that Bg = Bg.

(=) Conversely suppose that Bg = Bg. Appealing to (2.14) once more we see
that B?_)a = B?_) ,- Thus there exists a unitary operator U : Kg, — Kg_, such that

A(BS.) = BY ,, where A(A) = UAU*. Taking conjugates and using the fact that
(B%a)* = Bg we obtain A(Bg’ ) = Bg’,. In particular, this implies that
A(B%a + B(%oa) = B%a/ + B(%oa/ ° (4'7)

We now remark that for any inner function wu, the weak closure of B? + B>
contains {AY : p € L>}. Indeed, it is clear from the definitions of BY and B that

B)+ By ={AL:pe H®+H®}.
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By approximating ¢ € L> weak-x by its Cesaro means [22], p. 20], we see that L>°
equals the weak-x closure of H> + H>. Therefore the weak closure of B? + B°
contains {Ag : ¢ € L} which is dense in 7, (Proposition B.27). Based upon the
discussion in the previous paragraph and ([{1]), we conclude that

ATe,) = To,, -

Theorem [3.26] now implies that A is a product of at most three spatial isomor-
phisms from the families Ay, Ay, A, such that no two are of the same type. Next
observe that

(i) From (B2) we see that A, preserves analytic truncated Toeplitz operators,

(ii) From (B.5) we see that Ay takes analytic truncated Toeplitz operators to
co-analytic ones,

(iii) The Crofoot transforms A, preserve neither analytic nor co-analytic trun-
cated Toeplitz operators.
Since A(Bg ) = B ,, it follows that A = A,,. Thus

B, = AB,) = Blo,oy-

Note that we must allow for the possibility of a unimodular constant ¢ since the
corresponding Sedlock algebra does not change. Thus 0, = (©,01, as claimed. [

Using Theorem 4] along with (3.8)) yields the following corollary.

Corollary 4.8. If © is an inner function and a,a’ € (E\D_, then Bg = Bg if and
only if there is a unimodular constant ¢ and a disk automorphism i such that

O% =b_1/4(Cbyjar) 0 OF 0 9. (4.9)
IfaeD andd’ € C\D~, @) is replaced by
O =b_a(Cbiyar) 0 OF 0 9.

Remark 4.10. We have examined when B% = B in the case a,a’ € 9D (Theorem
1), the case a,a’ € D (Theorem [, the case a,a’ € C \ D, and the case
a€D,a’ € C\D~ (Corollary IR). The reader might be wondering when B =~ BY
in the case where a € 9D, a’ € C\ dD. Recall from Remark 215 that when a € 9D,
Bg is an algebra of normal operators while Bg, for a € C \ 0D, contains no normal
operators (other than scalar multiplies of the identity). So in this situation, Bg,
a € 0D, is never spatially isomorphic to Bg, aeC \ OD.

Corollary FL8 says that when a = 0 and o’ = co we have BY = B if and only if
O = (O7%(1)). We now describe a situation when this occurs.

Corollary 4.11. Suppose © is a Blaschke product whose zeros all have the same
argument. Then B = B .

Proof. Since the zeros of © have the same argument, there is a unimodular v so
that the zeros of ©(vz) are real. This means that the Blaschke products 0O (vz)
and ©7 (7z) have the same zeros and so O(vz) = (©% (vz) for some unimodular (.
Thus ©(z) = (0% (72z). The result now follows from Corollary A8 O
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4.1. Toeplitz matrices. For specific inner functions ©, one can obtain more pre-
cise results. For instance, if © = 2" we can prove the following.

Corollary 4.12. Fora € D and n > 2, we have B%, = B%, if and only if |a| = |d/|.
Proof. The implication (<) follows immediately from the identity
2" =b_o(Chea) 0 2" 0 (CV72).
and Theorem 1.4l For the (=) implication, we start with the following two facts.
Fact 1: If ¢ and % are disk automorphisms which satisfy
poz" =" oy, (4.13)

then ¢ and 9 are both rotations. To see this, observe that if 1(c) = 0, then taking
the derivative of (@3] and evaluating at ¢ yields

0= nyp(c)" ' (c) = ¢ (¢")nc" !
whence ¢ = 0, implying that ¢ is a rotation. Evaluating both sides of (LI3) at
¢ = 0 reveals that ¢ is also a rotation.

FAcT 2: If a,c € D and b, o b, is a rotation, then a = —c. To see this use ([@H).

With these two facts in hand, we are ready to complete the proof. Suppose that
a,a’ € D and BY = Bg. By Theorem 4] and Fact 1, there exist unimodular u, w
such that

B(z) = b_g 0 why 0 B(uz),

where B(z) = z™. Now use the fact that B(uz) = u"B(z) along with ([@I3]) to see
that
B =b_g,0wu"byyn 0o B =wu"b_smgn © byrgn © B.
By Fact 1, the automorphism pre-composing B is a rotation. Fact 2 now implies
that awu™ = ¢'u" and hence ¢’ = aw. In particular, this implies that |a| = |a’|. O
Corollary 4.14. Suppose that a,a’ € CU {o0}.
(i) If a,a’ €D, then B%, = B, .

n

& la| = |a

(ii) Ifa,a’ € C\ D™, then B% = B

o < laf = la’].

(it) If0 < |a| < 1 and |d’| > 1, then B%, = B%, < |ad'| = 1.
(iv) Ifa,a’ € OD, then B%, = BY,.

(v) BY = Bx

Zn .

Proof. Use the previous several results along with (3.8]). ([l

4.2. The atomic inner function. The opposite extreme to Corollary [4.12 occurs
with the singular atomic inner function.

Theorem 4.15. If © denotes the atomic inner function

O(z) = exp <_1 +Z> : (4.16)

1—=2

then, for a,a’ € D, we have B = Bg Sa=ad.



SPATIAL ISOMORPHISMS OF ALGEBRAS OF TRUNCATED TOEPLITZ OPERATORS 17

Proof. We first note that if |(| = 1, then by (@3] and (@8] we get
— ¢a' —a
C—CLCL/ Z_(C—a?)

1 —ad¢ 1_(?—EC )z

1—aa’¢

b_a(Cbar)(2)

(4.17)

If BY = Bg, then by Theorem [£4] there exists a ¢ € D and an automorphism 1)
such that
© =b_4(Cby) 0O 0. (4.18)
We will first argue that a = (a’. If this were not the case, then by ([@IT) the map
b_q(Cbyr) 0 © 0 9p will have a zero in D (since © ot maps D onto D\ {0}) which
cannot happen by ([AI8]) and because © has no zeros in D.
Having shown that a = {a’, we now claim that { = 1. To do this we observe by

using (£T7) and (AI]) again that © = {(© o). Writing

¥(z) = A

1—az

we find

O(z) 14z 1+9(2)
sy~ (TG
A little algebra reveals that

1+z+1—|—1/1(z) 2<( 2Za+z(A—1) —a\ )

T1—z  1—-9(z) z—=1)(z(A+a) —ar—1)
which is constant precisely when a = 0 and A = 1. In other words, ¥(z) = z and
¢ = 1, from which we conclude that a = o. O

Using Theorem [T and Remarks 23] and 2.9 we get the following.

Corollary 4.19. If © is the atomic inner function ([EIG), then BS = BE whenever
a,a’ € OD.

From the proof of Theorem [A.15] we see the following.

Corollary 4.20. If © is any singular inner function and a,a’ € D, then Bg =
Bg = la| =|a’l.

This next group of results shows that when there is some sort of symmetry in the
inner function ©, we can have spatially isomorphic Sedlock algebras. We will make
this more precise in Theorem [£.23 below. For now we begin with a few examples.

Proposition 4.21. Suppose that © is inner such that there is a u € 9D\ {1} with
O(uz) = vO(z) for some v € OD\ {1}. Then for any a € D, BY = BEY.

Proof. With ¢(z) = vz and 9(z) = wv, a simple computation shows that © =
po O o. Using (A8 we see that p(z) = b_,(vbsz). Now use Theorem 4] O

Proposition [£.2T] will be generalized in Lemma [£24] below.

Example 4.22. (i) If © is any odd inner function, then B = Bg“ for any
a € D. One can see this by letting u = v = —1 in Proposition [£.21]
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(ii) Fix zo € D\ {0} and n € N. Let
©(2) = 2ba, (2)bay (2) - - - ba,, (2),

where a1, as,...,a, are the n-th roots of zg. If u is a primitive root of
unity one can check that

O(ufz) = u*O(z) 1<k<n-1)
and so for any a € D we have Bg = Bgﬂk.

(ili) Let ©(z) = 2S5,(%), where S, is the singular inner function with singular
measure p = 01 +0_1+09;+0_;. A computation shows that S,(iz) = S, (z)
and so O(iz) = i©(z). This with v = v = ¢ in Proposition E2]] we see
that Bg = (f)i“ for any a € D. One can continue this as follows: If u is a
primitive nth root of unity and x has unit point masses at u*, k =1,...,n,
then S, (u*z) = S,,(2). From here we have ©(uz) = uO(z). Then for each

aeD,Bg%ng fork=1,2,...,n.

We have seen examples where Bg = Bg with a # a’ and some examples where
Bg = Bg implies ¢ = o/. What are conditions on © so that Bg = Bg always
implies a = a’?

Theorem 4.23. For an inner function ©, the following are equivalent.
(i) Ifa,a’ € C\ 0D and Bg = BY, then a =d’.
(ii) If @, are disk automorphisms with either po© = Qo1) or poO = OF o1}
then p(z) = z.
The proof of Theorem requires the following technical lemma.

Lemma 4.24. Let ¢ be a disk automorphism. Then for each a € D, there is a
¢ €D and a’ €D so that ¥ = b_q(Cbar)-

Proof. Let
P(z) = Abe. (A€ 0D, ceD)
Note, for a,a’ € D and ¢ € 9D, that
b_a(Cbar) = Abe < by (Abe) = (b
From ([LIT) we see that
C:)\l_'—gXE, o — aX—_!—c_'
1+ake 1+ caX
This completes the proof. (I

(4.25)

Proof of Theorem[{.23 Without loss of generality, we will assume that a,a’ € D.
Assume (ii) and suppose that Bg = Bg. By Theorem .4l we know there is a { € D
and a disk automorphism 1 so that

boul(Cbur) 0O = O 0.

But by our assumption (ii) we see that b_,(Cb,/) is the identity automorphism.
From (£20)) it follows that a = o/, which proves (i).

Conversely suppose that (i) holds and assume that ¢, are disk automorphisms
with p 0 © = © o). Our goal is to show that p(z) = 2. In Lemma [£24] choose
a = 0 to produce ¢ € 9D and a’ € D so that ¢ = b_¢(Cby/). By Theorem 4] we
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have BY 22 BY and so, by our assumption (i), it must be the case that a’ = 0. Thus
¢(z) = (z. We will now show that ¢ = 1.
Choose a # 0 and argue from above that ¢ = b_,({,b,) for some ¢, € ID. But
from (£28) we have
b—a(Caba) = Mbdu

where
= Ca — |af?  Ga—a
1—aGa’ Ca —lal?”
But ¢(z) = ¢z and so d = 0 (which implies (, = 1 and g = 1) and g = ¢. Thus
¢ = 1. This proves (ii). Our proof is now complete. O

Theorem [4.23] has an interesting corollary.

Corollary 4.26. Suppose a,a’ € C \ OD with a # o, and Bg = Bg.
(i) If a,a’ € D, then there is a non-trivial automorphism of((A: mapping D
to itself so that Bg = Bg(c) for every c € D.
(ii) Ifa,a’ € @\D_, then there is a non-trivial automorphism of@ mapping
C\ D~ to itself so that B = Bg(c) for every c € C\ D
(i) If a € D,a’ € C \ D~, then there is an automorphism ¢ of C mapping D
to C\ D~ so that Bg = Bg(c) for every c € D.
Proof. Proof of (i): From ([27]) we see that
ba(Char) = piba,

where —

¢ —ad _Cd —a

1—aa'¢’ C (—ad’

From Lemma [£.24] we know that for each ¢ € D, there is a w € 9D and a ¢/ € D so
that

'LLZ

b,a(Cba/) = b,C(’LUbC/).
By Theorem [4.4] (applied to Bg = Bg and Bg = Bg) we conclude that Bg = Bg.
Note, from (£25) that

d = c—|—,u§.

w+cd

If we define J
__ctap
Z/J(C) _:ul_*_cm

then ¢ is a disk automorphism with the desired properties.

Proof of (ii): By Corollary [48] there is a (non-trivial) disk automorphism 1) so
that B¢, = ngf) for ¢ € D. By Proposition [3.7] we have Bé)/c = B(la/w(c).

o# —
Proof (iii): By By Corollary .8 there is a (non-trivial) disk automorphism v so
that Bg = ngf). Now apply Proposition B to get ngf) = Bé/w(c). O

Example 4.27. From Corollary L.11] we know that if © is a Blaschke product
whose zeros all have the same argument then BE = BZ. From the techniques in

the proof of Corollary [£.20] we see that there is a { € 0D such that Bg = B(g/ © for
every c € D.
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The proof of Theorem [£.4] can be easily modified to prove the following.

Theorem 4.28. Suppose ©1, 02 are inner functions and ay,as € D. Then

a1 ~v Ra2
BC"')l - MO,

if and only if there is a unimodular constant ¢ and a disk automorphism 1 such
that

O1 =b_4,(Cba,) 0 O3 0. (4.29)
Ifay,ay € C \ D, then condition [A29) is replaced by

OF = b_1/4,(Cb1/ay) 0 (©2)% 0 4p.

If ay € D while ay € C\ D~ is in the exterior disk, then the condition [ZJ) is
replaced by

O1 = b_a,(Cb1/ay) © (O2)% 0 9.
Remark 4.30. It is worth mentioning again (see Remark [A.10) that B¢ , a1 € 9D,

is never spatially isomorphic to Bg’ , az € C \ OD.

5. ISOMETRIC ISOMORPHISMS AND PICK ALGEBRAS

To conclude this paper, we consider the closely related question of whether or not
isometric isomorphisms of Sedlock algebras are necessarily spatially implemented.
To be more specific, suppose, for two inner functions ©; and ©9 and extended
complex numbers ai,as € (E, that Bg' is isometrically isomorphic to Bg:. Is it
necessarily the case that Bgll is spatially isomorphic to Bgé? In certain cases, the
answer is yes.

Theorem 5.1. If ©1 and O3 are finite Blaschke products with n distinct zeros and
a1, az € C, then the algebras B and B, are isometrically isomorphic if and only
if they are spatially isomorphic.

The proof of Theorem [B.1] requires a few preliminaries. Fix n distinct points

21,29, -,2n in D and consider the following inner product on C™: For vectors
u = (up,uz,...,up), V=(V1,v2,...,0p),
in C™ define .
U Uk
u,v), = — 5.2
J,k=1

where z = (21, 22,...,2,). To emphasize the fact that C" has been endowed with
this inner product, we use the notation C}.

For a fixed vector w = (w1, ws, ..., w,) we define the corresponding diagonal
operator Ry, : C2 — C2 by setting, for u = (u1,usa, ..., un),

Ry (u) = (u1w1, ugwa, . . ., UpWy).

Among other things, it is clear that
Rw1 RW2 = RW1.W2

where w1 @ wo denotes the entrywise product of w; and wo. This implies that the
set

U, :={Rw : w e C"}
forms an algebra of operators on CJ}. This algebra, studied by B. Cole, K. Lewis,
and J. Wermer [9[10], is called the Pick algebra.
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Lemma 5.3. If O is a n-fold Blaschke product with distinct zeros z = (21, 22, .. ., zn),
then B = i,.
Proof. 1t is well-known that the reproducing kernels

1

. = <3<
kzj(z) 1_227 (1_]_”)

from ([J) form a (non-orthogonal) basis for the model space Kg. Define the unitary
operator U : Ko — CJ by setting

n
U Eajkzj = (a1,a2,...,an).
=1

The fact that U is unitary comes from the fact that C} is equipped with the inner
product in ([@2]). Since

Aghz; = ¢(2)k-;
holds for ¢ in H*, we have

UAg Z ajkz; | = (p(z1)ar, p(z2)az, ..., ¢(zn)an)
=1

= Ry (a1,as2,...,a,)

= R U zn:ajkzj ,
j=1

where w = (¢(21), ¢(22), - .., ¢(z,)). Now use interpolation to show that
UBZU" = i,.
Hence Bg = 4U,. O
The proof of Theorem [5.] requires one more little detail. For fixed a € D,

let wq,ws,...,wy, be distinct points in D which satisfy O(w;) = a. As Sedlock
demonstrated, the operators

Q= O’ (wy)

belong to Bg. Moreover, it is not hard to show that the @; are idempotents which
form a non-orthogonal resolution of the identity:

Okwj ®kwj7 (]:1,2,,71)

Q?:QJ—, ZQJ-:I, QiQi=6;,Q;, To= \/{ijQ;}'
j=1

j=1
Since Q] € Bé)/ “ we see that
By = \/{Q;}-
j=1

Furthermore, since each @); is a non-selfadjoint idempotent we also have

1Q; > 1. (G=1...,n)
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The setup for the case a € 9D is handled in a similar manner. Indeed, if a € 9D,

let ¢1, (o, ..,y be the distinct (necessarily unimodular) solutions to the equation
©((;) = a. As before, Sedlock shows that the orthogonal projections
1
Pi=—— ke @ ke, i=1,2.....n
J @/(CJ) C] C] (j )

belong to Bg. Moreover, we also observe that the P; form a resolution of the
identity

P?=P;, Y Pi=I PP=0,P, To=\/{P P}
Jj=1 j=1
and that
By = \/{P;}.
j=1
Furthermore, each P; is an orthogonal projection whence || P;|| = 1.

We are now ready to finish off the proof of Theorem [5.11

Proof of Theorem[51]. : For a finite Blaschke product © with distinct zeros and
a € D we have
Bg = Bo, (by @.14))
= E)(.i)a)# (by B.3))

= 3, (by Proposition [5.3])
where z is the vector of distinct zeros of (©,)%. For a € C \D~,
a ~ prl/a
B = BY; by (8))

= Blo#), . #

(

= Blo#), (by @.14))
(
(

= Uy,

where z is the vector of distinct zeros of ((0%),,)%.

Now suppose that ai,as € C \ D with Bg! and Bg isometrically isomorphic.
Then, by the computation above, their corresponding Pick algebras are isometri-
cally isomorphic. However, two Pick algebras are isometrically isomorphic if and
only if they are spatially isomorphic [10], whence, by the above computations,
Bg = Bg.

If a1,az € D, then, by Corollary 2] Bg! = B and so there is nothing to
prove.

Ifa; € OD and as € @\8ID) we see, using the above discussion, that any isometric

isomorphism will map Q; to P,(;y, for some permutation o of {1,2,...,n}. But
since || P,(;)|| = 1 and [|@Q;]| > 1, we see that this case never arises. The proof is
now complete. O

An interesting application to this theorem is the following Corollary.

Corollary 5.4. Suppose that ©1 and ©2 are finite Blaschke products with n distinct
zeros. Then the quotient algebras H®/O1H™> and H™ /©O;H™ are isometrically
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isomorphic if and only if there is a unimodular constant ¢ and a disk automorphism

(2

so that ©1 = (O3 0 1.

Proof. By means of extremal problems [I8] or Hankel operators [3] one can show,
for any inner function © and ¢ € H*, that

[Ag|l = dist(p/©, H™).

This means that BY is isometrically isomorphic to H>*/©H>. The corollary now

follows from Theorem [5.1] and Theorem ) O
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