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DYNAMICAL SYSTEMS
Volume 33, Number 1, January 2013 pp- 123-140

EXISTENCE AND QUALITATIVE PROPERTIES OF SOLUTIONS
FOR NONLINEAR DIRICHLET PROBLEMS

ALFONSO CASTRO

Department of Mathematics
Harvey Mudd College, Claremont, CA 91711, USA

JORGE Coss1o AND CARLOS VELEZ

Escuela de Matematicas
Universidad Nacional de Colombia, Sede Medellin
Apartado Aéreo 3840, Medellin, Colombia

Dedicated to Professor Jean Mawhin with admiration for this leadership role in the
Nonlinear Functional Analysis community

ABSTRACT. In this paper we study the existence of sign-changing solutions to
semilinear elliptic problems in connection with their Morse indices. To this
end, we first establish a priori bounds for one-sign solutions. Secondly, using
abstract saddle point principles we find large augmented Morse index solutions.
In this part, extensive use is made of critical groups, Morse index arguments,
Lyapunov-Schmidt reduction, and Leray-Schauder degree. Finally, we provide
conditions under which these solutions necessarily change sign and we comment
about further qualitative properties.

1. Introduction. We consider the nonlinear Dirichlet problem

Au+ f(u) =0 in Q, 1
u =0 on 01, (1)

where Q ¢ RN with N > 3 is a smooth bounded domain, and f : R — R is a
function of class C'. We will also denote by 0 < A\; < Ay < --- < X\, < --- the
sequence of eigenvalues of —A with zero Dirichlet boundary condition in €2, and by
{¢k }ken we denote a corresponding sequence of orthonormal eigenfunctions which
is complete in the Sobolev space H}(€). All our results hold in the case N = 2.
However for the sake of brevity, we write all the statements for N > 3, where the
formulae have a uniform notation (see, e. g. Theorem 2.1).

Existence of solutions for this kind of problems and some of their qualitative
properties have been studied by many authors (see [2], [3], [7], [4], [5], [6], [8], [9],
[10], [16], [19], [20], [21], [27], [29], [28], [30]). In this paper we mainly consider
problem (1) when f satisfies either of the asymptotic linearity conditions

(f1) f'(00) := limjs 00 f'(t) € (A, Aky1) for some k > 2 (non-resonance), or
(f1") f'(00) := limy o0 f'(t) = Ap for some k > 2 (resonance).

2010 Mathematics Subject Classification. 35J20, 35J60, 35B38.
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We present results showing that there exist solutions with relatively large augmented
Morse indices and prove that these solutions must change sign, at least when f is
relatively small on an interval around zero.

Using classical facts of the theory of elliptic PDE’s, we establish an estimate
whose simplified version reads as follows (the precise statement is presented in
Section 2).

Theorem A. Given ¢ > 0, A > 0, and D > 0 there exists a positive constant
B :=B(e, A, D,Q, N) such that if f satisfies

(E1) f(0) =0,
(E2) |f'(t)] <D forallteR,
(E3) f'(t) > M\ +e, for all |t| > A,
and u is either a positive or a negative solution of
Au+ f(u) =0 in Q, @
u =0 on 08,
then u satisfies

lul| oo () < B. (3)

We point out that hypotheses (E2) and (E3) in Theorem A are much weaker
than conditions (f1) or (f1’), since they allow f to be sublinear. On the other hand,
here f cannot be superlinear as in [7] and [20].

In order to prove the existence of large augmented Morse index solutions to (1),
we apply abstract results contained in [26] and [16]. To be more precise, let us
introduce the functional J : H}(Q) — R defined by

T(u) = /Q (;Vu|2 _ F(u)> da,
where F'(§) = f(f f(s) ds. Under conditions (f1) or (f1’), J € C? (see [29]) and,

moreover,

DJ (u)v=(VJ(u),v) = /Q (Vu-Vo — f(u)v) de, Vu,v€ Hi(Q), (4)

<D2J(u)v,w>:/Q(Vv~Vw—f'(u)vw) de, Vu,v,we H}(Q).  (5)

It is well known that solutions to (1) agree with critical points of the functional
J (see [23]). Since some of the techniques require so, from now on we assume the
critical points of J to be isolated. If no such assumption were made, problem (1)
would have infinitely many solutions.

For c € R, let us denote by J¢ the set
J¢:={ue H|J(u) < c}.

When J € C! and ug is an isolated critical point of J, we define the critical
groups of J at ug as

Cy(J,ug) == Hy(J°NU, JNU\ {uo}),
where U is any neighborhood of 1y that does not contain any other critical point

of J, J(ug) = c and Hy(X,Y) denotes the g-th relative singular homology group of
the topological pair (X,Y") taking R as the coefficient group.
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For J € C? and wg a critical point of J we define the Morse index of J at ug as
follows: if there is a nonnegative integer m such that there exists an m-dimensional
subspace of H on which D?J(ug) is negative-definite and m is maximal with respect
to this property, we say that m is the Morse index of J at ug and we denote it by
m(J,ug), or m(ug) when there is no way of confusion. If such an m does not exist,
we say the Morse index of J at wug is infinity. We define the augmented Morse
index of J at ug in a similar fashion, changing the expression “negative-definite” by
“nonpositive-definite”. In this case we use the notation mg (ug, J), or mq(ug) when

there is no way of confusion. A critical point uy of J is said to be non-degenerate
if D%J(up) is invertible.

Condition (f1) allows the application of the abstract results contained in [26] to
the functional J. Actually, this is done in [14] and [15] under additional assumptions
on the critical set of J. By applying a convenient version of Lazer-Solimini results
from [26], here we prove the following proposition. Recently, we discovered that a
more general result was proved by Chang, Li and Liu in [17] using similar arguments.
Hence, we claim no originality for it.

Proposition B. Let f satisfy (f1). Then:

(a) There exists a solution ug of (1) such that Ci(J,uo) # {0}. In particular,
m(ug) < k < mg(ug).

(b) If, in addition, f satisfies
(f3) f(0) =0,
(f4) 1(0) < A,
then (1) has at least three nontrivial solutions uy, u— and ug of (1). Moreover,
uy >0in Q, u_ <0 in Q, and Cx(J,ug) # {0}.

The reader is referred to [4] (Theorem 2.3) where the existence of sign-changing
solutions u with Cj(J, u) # {0} is obtained allowing f/(0) > A;. Unlike the methods
in [4] that use critical point theory on partially ordered Hilbert spaces, our methods
rely on a priori estimates of one-sign solutions (see Section 2 below). See also [12].

Now, since f € C!, condition (f1) (alternatively (f1’)) implies the existence of

j > k+1sothat f'(t) <w < Aj for all t. Then condition
(f2) there exist v > 0 such that f/(t) <y < Agy; for all t € R,

is a kind of limit case of (f1) (or (f1’)). Under conditions (f1)-(f2), starting with the
work by A. Castro and A. Lazer in [16], the Lyapunov-Schmidt reduction method
has been used in connection with problem (1). We use some of the arguments and
results of [16] and [8] to obtain solutions of (1) whose augmented Morse indices
are exactly k. More recently (see [27] and its references), the Lyapunov-Schmidt
method has been applied in the resonant case (f1’)-(f2), and here we use some of
the results of [27] to also get the existence of solutions of (1) whose augmented
Morse indices equal k. For doing this, we first prove that the Morse index and
the augmented Morse index are invariant under the Lyapunov-Schmidt reduction
method, which is essentially contained in [16] although not explicitly stated there.

By combining the a priori estimates of Theorem A and the existence of large
augmented Morse index solutions of Proposition B, we prove the following.

Theorem C. Let f: R — R satisfy (f1) and (f3). Let e >0, A >0, D > 0, and
B >0 as in Theorem A. If

f(t) <\ Vte[-B,B], (6)
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then there exists at least one sign-changing solution u. of (1) such that
usll Lo () > B.
In the limit case given by conditions (f1) and (£2), we have the following

Theorem D. Let f : R — R satisfy (f1)-(f4). Lete >0, A>0, D >0, and B >0
as in Theorem A. If

f'(t) <\ Vte[-B,B], (7)
then there exist at least two sign-changing solutions u, and v. of (1). Moreover,
one of them, let us say u,, satisfies

||U*||LOO(Q) > B.

See also [4] (Corollary 2.4) for the existence of two sign-changing solutions. In
the resonance case given by conditions (f1’) and (f2), we have:

Theorem E. Let f : R — R satisfy (f1°)-(f4). Lete >0, A>0, D >0, and B >0
as in Theorem A. Assume, in addition, that f satisfies

(f5) F(t) — £\t = 00 as [t| — oo.
If

f'(t) < A\ Vte€[-B,B] (8)
then there exists at least one sign-changing solution u, of (1) such that

l[tsl| Loe () > B.

We remark that in [10] the existence of sign-changing solutions is proved, regard-
less of resonance, under different hypotheses and by means of a different argument.
In [11] it is shown that the solution given by Theorem E is different from the solution
given by [10] when k > 3.

The body of this paper is organized as follows. In Section 2 we state and prove
the precise form of Theorem A and include Lemmas to be used in Section 4. In
Section 3, we re-state an abstract Lazer-Solimini result in a convenient way, and we
recall the Lyapunov-Schmidt reduction method. In Section 4 we prove Proposition
B, Theorems C, D, and E, and we include some additional results concerning Morse
index, sign-changing solutions, and symmetries.

2. A priori estimates. Throughout this section we assume A, D and € are positive
constants and f satisfies the following hypotheses:

(E1) £(0) =0,

(E2) |f'(t)] <D forallteR,

(E3) f'(t) > A1+, for all || > A.

We define
—m:= r&igf(t), 9)
= M= min{ f(1) = O + o)t} (10)
~ K= rggmﬂﬁ - f()}. (11)

We observe that hypotheses (E2) and (E3), particularly for ¢ > 0, guarantee that
these constants are well-defined. Before continuing, some comments are in order.
First we note that (E2) implies f' € L>®(R). Secondly, m < M. Thirdly, as we
shall see, we could have chosen a power of the form 1+ ﬁ, u € (0,00), when
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defining — K. For the sake of simplicity we choose ;= 1. Finally, we observe these
constants are bounded in terms of A, D and e.

In this section, a positive (respectively negative) solution of (1) is a non-zero
function v € C?(Q) which is non-negative (respectively non-positive) in Q and
satisfies both conditions in (1). Now we state the main result of this section.

Theorem 2.1. Let f: R — R be a C'-function satisfying (E1), (E2) and (E3).
There exist positive constants C;(Q,N), i =1,....,5, and r > 0, depending only
on Q, N and D, such that if u is a positive solution of (1) then

[ull ooy < MR 2 NOY(Q, N) + K 127N Co(Q, N) + mCs(Q,N)  (12)

and
[ul| Lo () € MD1?"NCy(Q, N) +mCs(2 N). (13)

Note: r is defined by (34) and (39).

Before proving these estimates, we recall some facts we extensively use along the
proof. Given ¢ > 0, denote by €5 the set {x € Q|d(z,0Q) < 6}. For z € 99, let
us denote by 7/ (z) the inward unit normal to 9 at z. Because of smoothness of
Q (see [22]), the following lemma about the existence of a tubular neighborhood of
0% can be shown.

Lemma 2.1. There exists dg > 0 such that
(i) if z € s, there exists a unique (x,,t,) € I x (0,d00) such that
z=x,+t, 1 (x,). Moreover, t, = |z, — z|| = d(z,00).
(ii) If x € OQ then, for every t € (0,30),  +t7 (z) € Q.

Secondly, according to the Sobolev embeddings, for j,m € NU {0} and p > 1
the inclusion WitmP(Q) — C7*(Q) is continuous if mp > N > (m — 1)p and
O<a<m-— % (see [1] for definitions and proofs).

Finally, we recall the Agmon-Douglis-Nirenberg estimates (see [23]):
Let p € (1,00). If h € LP(Q) then
{ —Au = hin Q,

u € Wyt (Q), (14)

has a unique solution ug € W2P(£). Moreover, there exists a positive constant C
(independent of u) such that

ullwzr ) < CllAul| o) Yu € WyP(Q) N W2P(Q).

Proof of Theorem 2.1. We complete this proof in three steps. Given a positive
solution u of (1), in the first step we estimate the integrals fQ uP1, fQ u, fQ uHﬁ,
and fQ f(w) in terms of K, m and M. In the second step, we demonstrate that if
§u € Q and ||ul| () = u(&u), then the distance from &, to 9§ is bounded below
in terms of ||f'|| (). In the last step, we make use of Green’s function and the
previous estimates to prove the theorem.

STEP 1. Let u be a positive solution of (1). Multiplying the differential equation
in (1) by the eigenfunction ¢; and integrating by parts, we get

0= / o1 A+ 1 f(u) = /Q(f(u)—Alu)%- (15)
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From the definition of M we have

M
upr < — [ 1. (16)
Q € Ja

Now, because of classical existence results and the Strong Maximum Principle (see
[23]), there exists a unique solution ¥ > 0 to

Ay =1 in Q,
{ b =0 on 90 (17)

As an application of Hopf’s Lemma and comparison arguments between ¢; and v
in €2, one can prove the existence of positive constants ¢; and cs, depending only
on (2, such that

c11 < 1 < capp in (18)
(we will consider a more general case below). Multiplying the differential equation
in (17) by u and integrating by parts, we obtain

/Qu:/ﬂf(u)w. (19)

As a consequence of (18) and (19), it follows that

/Q us< /f e /f L Jwa=e ( / Flu)pr — /f (u)@f(u)sol).

From (15), (16) and the definitions of m and M,

/ngMc2 <A€1+1>/ﬂ¢1. (20)

Using (20), a combination of Hopf’s Lemma, Sobolev embeddings and Agmon-
Douglis-Nirenberg estimates, allow us to bound fQ u"t¥F . To this end, let us
consider the auxiliary problem

“Aw = yne in €,
{ w =0 on OfL. 1)

Because of Sobolev embeddings and Agmon-Douglis-Nirenberg estimates, there ex-
ists a unique weak solution w € C'(Q) for this problem. Moreover w > 0 (see
[23]). Again, Agmon-Douglis-Nirenberg estimates imply the existence of a constant
c3 > 0, depending only on 2 and N, such that
1
[wllwz~+1@) < cal|u™ T || Ly q). (22)

Thus, from (20) and (22) it follows that

1

1 A N+I
lwllwe~+10) < M~ (Cz (61 + 1) / @1) cs. (23)
Q

From the continuity of the embedding W2N*1(Q) c C*(Q), there exists ¢4, de-
pending only on €2 and N, such that

1 A beos
e 21 o (20) ) o
Q

Now we intend to compare w and ¢ in 2. We make use of Hopf’s Lemma and
the existence of a tubular neighborhood of 92.
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Lemma 2.2. There exists a positive constant c, depending only on Q and M, such
that

w < cpp in Q. (25)
Proof of Lemma 2.2. Let m; := mingq |V¢1|. Observe that Hopf’s Lemma im-
plies m; > 0. Now let us consider Jy as in Lemma 2.1. Let us denote by ﬁ)(x) the
inward unit normal to 0f2 at x.
Claim 1: There exists § such that 0 < § < dg and

(a) For every z € Qs, [Vipi1(2)] > $ma,
(b) For every z € 0Q and every t € (0,9),

Vi (z+t7 (x)) ) > T

Vi (x4 t77 ()] 2
This claim comes from the uniform continuity of the function z — |V (2)| on €,
the uniform continuity of the function (z,t) — m%}% -7 (z) on HQ x [0, 4]
and the fact that %ﬁ% -7 (z) =1 for all z € HQ.

Now, take ma := ming\q; @1 > 0. We observe that my, §, and my depend only
on ). Being motivated by (24), let us pick ¢ > 0 so that

1 . A Nh—l
cmin{-my,ma} > M¥+ (¢ | — +1 / o1 c3C4.
4 € O
Claim 2: If z € Q\ Qs then w(z) < cp1(2).

Indeed, if z € Q\ Qs,
1 N bes
+I <02 < + 1> / s01> czcq < cmg < cpi(z).
€ Q

In order to complete the proof of (25), we demonstrate the following

Claim 3: If z € Q5 then w(z) < cp1(2).

w(z) < Wl < M™

To prove this claim, let us write 2 = z + tﬁ)(x), for some z € 02 and ¢ € (0,9),
which is given by Lemma 2.1. Since w € H}(Q) N C1(Q2), w(z) = 0. Hence,

w(z) = /0 Vo(z + s7(z) - 7 () ds < /Ol \Vw(z + 570 ()| ds.

On the other hand, from the choice of ¢ and Claim 1, for every s € [0,¢] it follows

that

1
V(e + 57 (2))] < |wller g < Fem

< Ze|Voi(z + T (2))] < Vi (z + sT (z)) - 7 ().

N =

Consequently,
t

t t
w(z) < / \Vw(z + s7 (x))] ds < / Vo (x4 570 (2)) - T (x) ds = cp1(2).
0 0
This is just (25). Finally, observe that ¢ can be taken so that
c=cs M~ (26)
where c¢; depends only on £ and N. O
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Now we proceed to estimate fQ utt Multiplying by u the differential equa-
tion in (21), integrating by parts and using (25), we have

/QuHN¥+1 = /Qf(u)w < C/f(u)>0 flu)pr

Arguing as we did to get (20), from (15) and (16) it follows

/Qul"rﬁ < Mc ()‘1 + 1) / 01 (27)

Therefore, from (27) and the definition of K it follows that if Qc Q,

/f / v 4 K[Q| < Me (/\€1+1)/@1+KQ|. (28)
Q

As a variant of the previous estimate, we observe that because of the Mean Value
Theorem and (E1), f(¢) < Dt for all ¢ > 0. Keeping into account this fact, as well

as (20) we get
[t <310 (2 41) [ o (29

where € is any measurable subset of ).

STEP 2.

Lemma 2.3. Let f : R — R satisfy (E1), (E2) and (E3). Then, there exists rg > 0
depending only on Q, N and || f'||p~®) such that if u is a positive solution of (1),
then:

V& € Q1 |ulle @) = uléu) = d(§u, 0Q) = ro. (30)

Proof of Lemma 2.3. Since € is smooth and bounded, there exists dp > 0, that
depends only on (2, satisfying (i) and (ii) in Lemma 2.1. Let u a positive solution
of (1). Let &, € Q such that |lu g = u(§,). In order to prove the lemma, it
suffices to consider the case in which &, € Qs, (otherwise d(&,,9Q) > dy and the
result follows).

Let us write &, = « + t7 (), with € dQ and t € (0,dy). As a consequence of
(i) in Lemma 2.1, function s — u(z+ st 7 () is well-defined and it is differentiable
in [0, 1]. Because of the Mean Value Theorem, there exists s € (0,1) such that

w(€y) = (Vu(z + st (z)) - t7 ().
Since &, is a critical point of u, Vu(x 4 t7 (x)) = Vu(&,) = 0. Thus,
w(€y) = (Vu(z 4 st7 () — Vu(z 4+ t7 (z))) - t 7 (2). (31)
On the other hand, from Sobolev imbeddings and Agmon-Douglis-Nirenberg esti-

mates, there exist positive constants ¢g and c7, depending only on 2 and N, such
that

ell 1.ty ) < Collullwe ey < erllf()llver ). (32)

Applying the Mean Value Teorem to f(u), because of (E1),
I f ()]l Lr+10) < esllf 1o @)llwll e (@), (33)

for some positive constant cg that depends only on (2.
From (31), (32) and (33), it follows that

1 1
Julzoe @ = w6 < 5T ] g
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1
< crest' T EETD | £ oo iy |0l Loe () -

Because of the previous and the note after Lemma 2.1, we have

(A&, 00)) T = |¢, — o' FERTD = T

1 1+ 2(Nl+1)

> =7 34
el Pl (34
and the proof is complete. O

Remark: In the case (2 is, in addition, convez, there exists ry that depends only
on ), such that if w is a positive solution of (1), there exists &, € Q such that
lull Lo (o) = w(&u) and d(&y,02) > ro (see [21] and [20]).

STEP 3. Now we complete the proof of Theorem 2.1. Using Green’s function
for u in Q (see [23]), we get

ue) = | (”CQNH)N —v<su,x>) (), (35)

where v(&,,.) is a positive harmonic function in  and C(N) > 0. Observe that

/Q <|x_céﬁ|)1v2 - U(fuw)) dz >0

(from applying Green’s function to the solution of (17)). Hence
C(N) C(N)
o6, 2)da < / e < / e = C(N, Q)
/Q o llz—&ulV=2 Br(en) o= &ul¥72

where R = 2diam(Q)). Therefore, from the definition of m
[ ~v(6wn) f(u@)ds < O, Q)m. (36)
Q

Now we estimate u(&,). Let r € (0,79). Because of (30), B,.(&,) C 2. Hence, from
(35) and (36),

(€) < /B PRl /Q s TN O m. (91)

Now we bound the integrals on the right hand side of (37). First, we observe that
by virtue of the Mean Value Theorem, (E1) and the definition of D, it follows

/ de < C1(N)D r2u(&,), (38)
Br(&u)

[ = &ul N2

where C1(NN) > 0 is a constant that depends on N. Let us take r > 0 in (0,79) so
that

1
2 —
0<r <201(N)D' (39)
This choice of r depends only on ©, N and D. Moreover, from (37), (38) and (39)
e CN) ()
1 N)f(u(z
Suléu) < / —————dx + C(N,Q)m. (40)
2 B, (e, [ —&lV 2
Regarding the integral on the right hand side of (40), due to (28),
A
/ %d:ﬁ < Mer?™N <1 + 1> / o1+ Kr*NQ). (41)
O\B-(£4) |z — &ull € Q
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From (40) and (41) there exist positive constants Cy (€2, N), C2(£2, N) and C5(2, N),
that depend on €2 and N, such that

l[ul| oo () < Mer* NCy(Q,N) + K r* NCy(Q,N) + mCs(Q,N).  (42)
As a variant of the previous estimate, using (29) as well as (40) we obtain
[ul| o () < MDr* " NCy(Q, N) +mCs (2, N), (43)

for some positive constants Cy4(2, N) and C5(2, N). From (26), (42) and (43) our
result follows. O

Similarly we can obtain estimates for the L>°(€)-norm of negative solutions of

(1).

Corollary 2.1. Let f : R — R be a C'-function that satisfies (E1), (E2) and (E3).
There exist positive constants C;(Q, N), i =1,...,5, and 7 > 0, depending only on
Q, N and D, such that if u is a negative solution of (1) then

Jul| oo 0y < M= 02Ny (Q, N) + K2 NOy(Q, N) + mCs(Q, N)  (44)

and
[l oo () < MD 2~ NCy(Q, N) + mCs(Q, N), (45)
where the constants m, M, and K are defined by
—m = min{—f(-)}, (46)
=M = min{—f(~t) = (A + )t} (47)
— R = min{th 757 + (-0} (48)

Note: r is defined by (34) and (39).

Throughout the remaining part of this paper we extensively make use of the
following inequalities coming from the variational characterization of {\;};: given
keN,

leliig e < M [ 0 Vo€ X = spanforenpn} © HYQ), (49)

and

Wiy = Mss [ 2 Vo€ ¥ =X = Torrnonna ] CHI@.  (60)
We remark that conditions (E2) and (E3) in the following proposition are purely

technical and can be changed by some condition that ensures .J € C2.

Proposition 2.1. Let f: R — R be a C*-function satisfying (E2) and (ES3). Let
us assume u is a solution of (1) and there exists j € Ny such that

() < Xjg1 for all t € u(9).
Then mq(J,u) < j.
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Proof. From (5),
(D?J (u)v,v) = / (Vo Vv — f'(u)v?) da.
Q

Thus, if Y = (p;, pj+1,...) C H}(Q) and v € Y \ {0}, from the hypothesis and
the inequality (50), it follows that (D%J (u)v,v) > 0.

If j = 0 the result is already proven. If j > 1 we argue by contradiction. Suppose
there is a subspace W C H{} () such that dim W =:p > j—1y (D*J (u) w,w) <0
for all w € W\ {0}. Let {wi,...,wp} be a basis for W. Let us define X :=
span{p1,¢2,...,¢j—1 }. Then, because of the decomposition H}(Q2) = X &Y, we
have w1 = x1 +y1, ..., wp = Tp +Yp, for some z1,...x, € X and y1,...,y, € Y. Given
that p > j — 1, there exist a1, ...,ap € R, not all zero, so that ayz1 + ... + oz, = 0.
Hence, w := acqwi + ... + aw, € WNY \ {0}. But this is a contradiction and the
result follows. O

To complete this section we state a proposition which will be useful to prove the
existence of sign-changing solutions in Section 4. Let us introduce the following
notations

By = MY~ 2 NO(Q,N) + K 1> NCy(Q, N) + mCs(Q, N),
by := MDr* NCy(Q,N) +mCs(Q, N),
where the right-hand sides are those appearing in (12) and (13). Similarly,
B_ = MY~ 2 NOy(Q,N) + K r> NCy(Q, N) + mCs(Q, N),
b_ = MDr* NCy(Q,N) + mCs(Q, N),
where the right-hand sides are those appearing in (44) and (45).

Proposition 2.2. Let f : R — R be a C*-function satisfying (E1), (E2) and (ES3).
In addition, suppose f satisfies

f'(t) <\ Vte[-B_,B]. (51)
Then, every solution u of (1) whose augmented Morse index is greater than k — 1
is a sign-changing solution and satisfies

[ul[ Lo () > min{B_, B;}.

The same conclusion follows if we change By by by and/or B_ by b_ in (51).

Proof. Apply Theorem 2.1, Corollary 2.1, and Proposition 2.1. O

3. Abstract results. In this section H denotes a real Hilbert space with inner
product (-,-) and X and Y will denote closed subspaces of H such that dim X =:
k<ocoand H=X @Y. Given a functional J : H — R, we recall that J is said to
satisfy the Palais-Smale condition, referred to as (PS), if given a sequence {uy,}, in
H such that DJ(u,) — 0 and {J(uy)}n is bounded, {u,}, contains a convergent
subsequence.

We recall the Saddle Point Theorem of P. Rabinowitz (see, for example, [29]).
Theorem 3.1. (SADDLE POINT THEOREM) Let J € C'(H,R) be a functional
satisfying the (PS) condition and the following hypotheses
(S1) inf{J(y) 1y €Y} =:d > —o0,

(52) J(x) — —o0 as ||z|| — oo with xz € X.
Then J has at least one critical point.
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A. Lazer and S. Solimini in [26] show that, under additional conditions, at least
one of the critical points of J has Morse index equal to dim X. More precisely, they
prove the following lemma.

Lemma 3.1. (LAZER-SOLIMINI) Let J € C%(H,R) be a functional satisfying (PS)
condition and hypotheses (S1)-(S2). Assume J has only a finite number of critical
points, all of which are nondegenerate. Then there must exist at least one critical
point whose Morse index equals k = dim X.

A careful reading of the proof presented in [26] makes clear that this lemma
can be reformulated in terms of critical groups instead of Morse index, eliminating
the nondegeneracy hypothesis of critical points. In fact, the proof needs not be
modified at all. Besides, J has just to be assumed of class C in this reformulation.
We also point out that the following version of Lazer-Solimini’s result, which will be
very useful for our purposes in Section 4; it is a consequence of infinite dimensional
Morse theory (see, for example, [13], chapter II). Hence, we omit its proof.

Lemma 3.2. Let J € C1(H,R) be a functional that satisfies (PS) condition, and
hypotheses (S1)-(52). Suppose J has only a finite number of critical points. Then
there exists a critical point uy of J such that Cr(J,ug) # {0}. If, in addition,
J € C?(H,R) then the critical point ug is such that m(ug, J) < k < mq(ug,J).

Now we recall a version of the Lyapunov-Schmidt reduction method. We refer
the reader to [16] and [8] for details. We recall that if ug € H is a critical point
of a functional J € C! and ¢ = J(ug), then ug is said to be a critical point of
mountain pass type of J if there exists a neighborhood U of ug such that, for every
neighborhood V' C U de uy, the set

Vn{ue H J(u) <c}
is neither empty nor path-connected (see [24] and [13]).

Lemma 3.3. Let J : H — R be a function of the class C*(H,R). Suppose there
exists ¢ > 0 such that

(D*J(w)y,y) >clyllz;  YueH Vyey. (52)

Then:
(i) There exists a function 1 : X — Y, of the class C', such that

J(x+¢Y(z)) = zl’él)r/l J(x +y).

Moreover, given x € X, ¢(x) is the unique element of Y such that
(VJ(x+¢(x)),yy =0 Vyev. (53)
(ii) The functional J : X — R, defined by J(x) := J(x 4+ (z)) for x € X, is of
class C?. Moreover,

DJ(x)h = <Vj(:c), h> = (VJ(z +¥(z)),h)  Va,he X. (54)

(i) Given x € X, x is a critical point of J if and only if u = x+(x) is a critical
point of J.

(i) If ug = g + ¥(xg) is a critical point of mountain pass type of J then xzq is a
critical point of mountain pass type of J.
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(v) If xg € X is an isolated critical point ofj then the local Leray-Schauder degree
is preserved under reduction, i.e.

dioc(VJ, 20) = dioe(V.J, ug).

(vi) If xog € X is a critical point of J then the Morse index is invariant under
reduction, i.e.
m(ug, J) = m(zo,J)
and .
Mg (uo, J) = me(zo, J).
(vii) If ug = xo + V¥(xo) € H is a nondegenerate critical point of J then xg is a
nondegenerate critical point of J.

4. Sign-changing solutions, Morse index and further qualitative proper-
ties. Along this section, f will be assumed to satisfy one of the asymptotic linearity
conditions

(f1) f'(00) := lims 500 f'(2) € (Ak, A1) for some k > 2, or

(f1") f'(00) := limy oo f'(t) = Ap for some k > 2,
unless otherwise stated. Any of these assumptions automatically guarantee that f
satisfies (E2) and (E3) as in Section 1.

Our starting result is an application of Lemma 3.2 and some previous results
regarding critical groups of critical points of mountain pass type (see [13]). The
first part gives a solution to (1) whose augmented Morse index is bounded below.
This fact will be useful to get sign-changing solutions. For the most part the proof
of the following proposition is well-known (see [17]). We include it here for the sake
of completeness.

Proposition B. Let f satisfy (f1). Then:

(a) There exists a solution ug of (1) such that Ci(J,uo) # {0}. In particular,
m(ug) < k < mg(ug).

(b) If, in addition, f satisfies
(f3) £(0) =0,
(f4) 1'(0) < Aq,
there exist at least three nontrivial solutions uy, u— and uy of (1). Moreover,
uy >0in Q, u_ <0 in Q, and Cx(J,ug) # {0}.

Proof. a) Due to condition (1), it is well-known that the functional J, defined in
the introduction, is of the class C?(H}(2), R), satisfies condition (PS) and its set of
critical points is bounded in HE () (see [29], [18], [15]). In order to apply Lemma
3.2, we must verify J satisfies (S1), (S2) and that the set of critical points of J be
finite. This last condition is simply a consequence of the fact that the critical set

of J is bounded, (PS) condition and the assumption of isolation of critical points of
Hy ()

J. Let X := span{p1, 2,... ¢ } and YV := X = {pp41, @i, -}

Claim 1: J satisfies (S1).
Indeed, let y € Y. because of (f1), there exist a; < Agy1 and as € R such that

F(s) < %52 tay VseR.
Thus,
1 2 al 2
I0) = 3l — 3 [ o el
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From (50),
Iy > = (1- 2 2 0
(y) = S\t m ||yHHg(Q) —az Q2.

Since a1 < Ag41, J satisfies (S1).

Claim 2: J satisfies condition (S2).
To prove this, let x € X. Again, (f1) implies the existence of ag > \; and a4 € R
such that
as 2
F(s) > 58 +aq4 VseR
Hence,
J@) = 3l — [ F) < 5lele - 2 [ o - aol
= gy~ f < gl =5 4|4

From (49),

1 as
s <5 (1= 52) ol - aalo

As az > Ap, J satisfies (52).
Consequently, part a) follows directly from Lemma 3.2.

b) Let ug be the solution coming from part a). The existence of one-signed solu-
tions uy and u_ of (1) is a well-known application of the Mountain Pass Theorem.

By virtue of a result by H. Hofer (see [24] and [13]),
Oq(J, U+) = Cq(J, ’Z,L_) = 5[171R.
Since k > 2 and Cy(J,ug) # {0}, uy # up and u_ # ug. Finally, from hypotheses
(f3), (f4) and Poincar’s inequality, a direct computations shows 0 is an isolated

local minimum of J. Consequently, Cy(J,0) = 64,0R and ug # 0, which proves part
b). O

Remark: We observe that Proposition B improves those results presented in [14]
and [15] thanks to the reformulation of Lemma 3.1 in terms of critical groups as in
Lemma 3.2, which gives finer information of ug. On the other hand, if nondegen-
eracy is assumed, the existence of at least four nontrivial solutions is obtained, as
pointed out in [15].

As an application of the estimates of Section 2 and the previous proposition, we
have the following result about existence of sign-changing solutions.

Theorem C. Let f satisfy (f1) and (f3). Let e >0, A >0, D >0, and B > 0 as
in Theorem A. Suppose, in addition, that
f'(t) <\, Vte€[-B,B. (55)
Then, there exists at least one sign-changing solution u, of (1) such that
[wsllzo< @) > B.

Proof. Because of (f1), part (a) in Proposition B implies the existence of a solution
ux of (1) whose augmented Morse index is at least k. From Proposition 2.2 the
result follows. O

In the remaining part of this section we consider the limit case of condition (f1)
mentioned in the Introduction. From now on, we assume that f satisfies, besides
(f1), condition
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(f2) there exist v > 0 such that f/(t) <y < Agy; for all t € R,
where k is as in (f1). As we mentioned above, since f € C', condition (f1) forces
the existence of a j > k + 1 so that f'(t) <w < A; for all t. So (f1)-(f2) is simply
the case j = k + 1.

In [16], A. Castro and A. Lazer considered the case in which the range of f’
crosses exactly one eigenvalue. In [8], f’ is supposed to cross several eigenvalues,
gaining the existence of more solutions. Let us recall a result on multiplicity of
solutions to (1) proved in [8].

Theorem 4.1. ([8]) If f satisfies (f1)-(f4), then, problem (1) has at least five
solutions. Moreover, exactly one of the following cases holds:

(a) k is even and problem (1) has two sign-changing solutions.

(b) k is even and problem (1) has six solutions, three of which have the same sign.
(c) k is odd and problem (1) has two sign-changing solutions.

(d) k is odd and problem (1) has three solutions of the same sign.

Let us denote by u;,i = 1,---,5 the solutions of (1) given by Theorem 4.1.
The solution u; = 0 is an isolated local minimum of J. Using the Mountain Pass
Theorem (see [29]) A. Castro and J. Cossio proved the existence of a positive solu-
tion uy and a negative solution uz. The solution u4 comes from an application of
the Lyapunov-Schmidt reduction method (see Lemma 3.3), and the solution us is
obtained by using Leray-Schauder degree arguments.

The following proposition is, somehow, a big remark after a careful reading of
the proof of Theorem 4.1 in [8] and partially complements it by means of the use of
Mountain Pass Theorem and Morse index invariance under the Lyapunov-Schmidt
reduction method. On the other hand, it opens some interesting questions.

Proposition 4.1. Let f : R — R satisfy (f1)-(f4) where k > 4 is even. Suppose
that the critical points of J are nondegenerate. Then:
(a) m(J,uyg) = k.
(b) m(J,us) is even and m(J,us) < k.
(c) If m(J,us) =k, there exist two additional solutions ug and uz of (1). More-
over m(J,ug) =k — 1.
(d) If uy has one sign, there also exist two additional solutions ug and uy of (1).

Proof. As in the proof of Theorem 4.1, mg(J, us) = k. Hence, (a) follows from the
nondegeneracy assumption. Let us prove (b). The inequality m(J, us) < k follows
from hypothesis (f2) and Proposition 2.1.

In the case uy changes sign, a review of the proof of Theorem 4.1 makes it clear
that us satisfies djo.(VJ,u5) = (—1)* = 1. On the other hand, the nondegeneracy
assumption implies djo.(VJ,us5) = (—1)™(/%5) (see [25]). Then, m(J,us) is even in
this case. To complete the proof of (b) we consider the case in which uy has one sign.
As in the proof of Theorem 4.1, there exists a one sign solution ug. Moreover, the
existence property of the Leray-Schauder degree and the nondegeneracy assumption
imply the existence of solutions us and w7 such that dje(VJ,us) = 1 = djoe(VJ, ur)
(see [25]). Again, m(J,us) is even and the proof of (b) is complete. Also, as a by-
product, we have proved (d).

Finally we prove (c). Suppose m(J,us) = k. Writing us as us = x5 + ¢¥(x5),
Lemma 3.3 guarantees m(J,xs5) = k, so x5 is a local maximum of J. Thus, z4 and
x5 are points of local minima of —J. Now we apply the Mountain Pass Theorem to
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—.J. Directly from its definition, J satisfies (PS) condition since .J does it so. The
Mountain Pass Theorem (see [24], [29]) implies the existence of a critical point zg
of mountain pass type for —.J. Since it is nondegenerate, m(—.J,zg) = 1 (see [24]).
Hence, m(j7 x6) = k — 1 > 3. Again, because of Lemma 3.3, ug = x¢ + (x¢) is a
critical point of J whose Morse index is k — 1.

Now we use a degree counting to obtain u7. Let S a sub-region of B r(0) such
that S N K = {uy,us, us,us, us, us}. Then, using djoc(VJ,us5) = (—1)¥ = 1 and
dioe(VJ ug) = (=1)*~1 = —1, we have

(=1)* = d(V.J, Bg(0),0)
=d(VJ,5,0)+d(V.J,Br(0)\S,0)
=1—-1-1+ D"+ (=D + (=) +d(VJ,Br(0)\ S,0).

Consequently, d(V.J, Bg(0) \ S,0) = 1 # 0 and existence property of the Leray-
Schauder degree implies that of uy. We have proved (c) and the result follows. [

Remarks:

1. A number of questions naturally arise from Proposition 4.1. To mention just
a couple: what can be said about (b)-(d) when k is 0odd? and, when k is still even,
how to make true the assumption in part (c)?

2. Parts (c) and (d) in Proposition 4.1 are not true when k& = 2. Suppose f
satisfies (f1)-(f4),

(f5) tf"(t) > 0, for ¢t # 0,
and (51) with & = 2. In this particular case, problem (1) has exactly five solutions,
all of which are nondegenerate. This is a consequence of some of the results con-
tained in [10] and Proposition 2.1. A similar result is contained in [16] when the
range of f’ crosses one eigenvalue.

3. Another natural thing to ask is whether uy changes sign or not. We give a
partial answer in the following result. It is analogous to Theorem C, but now in the
setting of the limit case given by hypothesis (f2). Its proof has three key ingredients:
the characterization of u4 and wus in the proof of Theorem 4.1, the invariance of
augmented Morse index under the Lyapunov-Schmidt reduction method in the form
of Lemma 3.3, and the estimates of Section 2.

Theorem D. Let f: R — R satisfy (f1)-(f4). Lete >0, A>0, D >0, and B> 0
as in Theorem A. If, in addition,

f(t) <\, Vte|[-B,B|, (56)

then (1) has two sign-changing solutions, u. and v.. Moreover, at least one of them,
let us say u., satisfies
il () > B.

Proof. Hypotheses (f1)-(f4) allow the use of those arguments leading to Theo-
rem 4.1. We use the same notations. First, we observe that Lemma 3.3 implies
ma(J, ug) = mqa(J,z4). Since x4 is a local maximum of a functional defined on a
k-dimensional space, mg(J, uq) = k. Proposition 2.2 implies uy := u, changes sign.
As in the proof of Theorem 4.1, solution v, := us also changes sign when u, = uy
does it so. The result follows. O

In the resonance setting, we use the results of [27], the estimates of Section 2 and
Lemma 3.3, to prove the following theorem also stated in the introduction.
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Theorem E. Let f: R — R satisfy (f1°)-(f4). Suppose, in addition, [ satisfies
(f5) $M\it? — F(t) = —o0 as |t| — oo,
and

f'(t) < A\, Vte|-B,B]. (57)
Then, there exist a sign-changing solution u. of (1) such that

llus|l Lo () > B.

Proof. Because of the results of [27], problem (1) also has at least five solutions
under assumptions (f1°)-(f5), as in the non-resonant case of [8]. One of those so-
lutions, let us say wu., is built up as u. = x, + ¥(x,), where ¥ : X — Y is as in
Lemma 3.3, and z, € X is such that j(x*) = maxx J. Consequently, by virtue
of the invariance of the Morse index under Lyapunov-Schmidt reduction method,

me(J,us) = ma(JA7 x4) = k. Then, from Proposition 2.2 the proof follows. O

Remark:

If Q is a ball or an annulus centered at 0 and f € C%(R) satisfies the hypotheses
in Theorem C for k < N, then, m(J,u,) < k and this solution changes sign. On
the other hand, from the results of A. Aftalion and F. Pacella in [2], every radial
sign-changing solution u to (1) satisfies m(J,u) > N + 1. Thus:

Corollary 4.1. Let Q be a ball or an annulus centered at 0. Let f € C? satisfy
(f1), (f3) and (51) with k < N. Then, solution u, in Theorem C' is not radially
symmetric.

Under hypothesis (f2), every solution of (1) has Morse index less than or equal
to k. So, the analogue of the previous corollary in reduction setting is:

Corollary 4.2. Let Q be a ball or an annulus centered at 0. let f € C? satisfy
(f1)-(f4) and (57) with k < N. Then, solutions u. and v, in Theorem D are not
radially symmetric.

Of course, an analogous statement holds in the resonant case considered above.
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