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A SEMILINEAR WAVE EQUATION WITH SMOOTH DATA AND
NO RESONANCE HAVING NO CONTINUOUS SOLUTION

Jost F. CAICEDO

Departamento de Matematicas
Universidad Nacional de Colombia
Bogoté, Colombia

ALFONSO CASTRO

Department of Mathematics
Harvey Mudd College
Claremont, CA 91711, USA

ABSTRACT. We prove that a boundary value problem for a semilinear wave
equation with smooth nonlinearity, smooth forcing, and no resonance can-
not have continuous solutions. Our proof shows that this is due to the non-
monotonicity of the nonlinearity.

1. Introduction. Here we consider the hyperbolic boundary value problem

{ O(u) + g(u) = p(x,t) = p(x,t + 27) = p(z + 27,t) z,t€R

1
u(z,t) =u(x,t +27) = u(z + 2m,t)  x,t €R, S

where [J denotes the D’Alembert operator 0y — 0y,

g(t) = 1t + h(t) with 7€ (0,00) — {k* —j%k,7=0,1,...}, (2)
and h : R — R is a differentiable function with support in [0, D] and such that
h(D/2) < —TD/2. (3)

Thus, for some ¢ € (0, D), ¢'(t) < 0.

The wave operator [J subject to the boundary conditions in (1) has discrete
spectrum. It is given by o(0) = {k? — j%k,j = 0,1,...}. All the eigenvalues have
finite multiplicity except for 0 whose eigenspace is spanned by

{0 ks Broykos Yieskor Ok s k= 0,1,2, ...}, (4)

where

ag,j(z,t) = sin(kx) cos(jt), Bk, (z,t) = sin(kx) sin(jt),
Vi,j(z,t) = cos(kx) cos(jt), and Ok ;(x,t) = cos(kz)sin(jt).

(5)

In [2] it was shown that if g is monotone and lim;_ o g(t)/t = 7, the boundary
value problem

O(u)+g(u) = p(x,t) = p(x, t + 2m) (z,t) € (0,m) xR
)=u(mt)=0 teR (6)
) =u(x,t +2m), (z,t) €[0,7] x R,

2000 Mathematics Subject Classification. 34B15, 35J65.
Key words and phrases. Semilinear wave equation, resonance, continuous solution.

653


http://dx.doi.org/10.3934/dcds.2009.24.653

654 JOSE F. CAICEDO AND ALFONSO CASTRO

has a weak solution in L?([0, 7] x [0,27]). A related result for systems of equations
is found in [1]. Also in [2] it is shown that if, in addition, there exists e > 0 such
that ¢/(z) > € > 0 for all z € R then such a solution is of class C°° when p is
of class C*°. Here we prove that such a result cannot be extended to (1) when g
is nonmonotone. In fact we show that the lack of monotonicity prevents even the
existence of continuous solutions regardless of the smoothness of of p.

Studies of (6) for non-monotone g may be found in [8] and [5] where is it proved
that it has a solution for p in a dense set of L?([0,7] x [0,27]). In [4], also for
non-monotone g, sufficient conditions for the existence of a solution in the Sobolev
space H([0, 7] x [0,27]) are given in terms of the components of p in the kernel
and range of the operator [J. Here H'([0,7] x [0,27]) denotes the Sobolev space
of square integrable functions in [0, 7] x [0, 27] having first order partial derivatives
in L2([0, 7] x [0, 27]) and satisfying the boundary condition in (1). Extensions of
this result to cases where the period 27 is replaced by a number such that all the
eigenvalues have infinite multiplicity were are found in [3]. For additional studies
on solvability of equation (6) with multiple eigenvalues of infinite multiplicity the
reader is referred to [7]. For a survey on boundary value problems for semilinear
wave equations we refer the reader to [6].

2. Preliminaries and statement of main result. Throughout this paper 2 =
(0, 27) x (0,27), We denote the norm in L”(Q2) by || ||,- We let N denote the closed
subspace of L?(2) spanned by {c k, Bk.k, Viks Ok ks k = 0,1,2,...}, see (4). That
is, N is the null space of the wave operator [ subject to the boundary conditions
in (1). We let H denote the Sobolev space of functions u that are 2m-periodic in
both x and ¢, and such that u as well as its first order partial derivatives belong to
L?(2). The norm in H is denoted by || ||1,2. We let Y denote the subspace of H of
functions y such that

/y(x,t)v(:z:, t)dzdt =0 for all v e N. (7)
Q
We say that u =y +v € Y & N is a weak solution of (1) if

, {(Wedt — Yolie) — (9(u) — p)(§ + 0)} dwdt = 0, (8)
forall y 4+ € Y & N. Our main result is:

Theorem 2.1. There exists co > 0 such that if |c| > co, and p(x,t) = esin(z + t)
then (1) has no continuous weak solution.

Corollary 2.2. There exists co > 0 such that if |c¢| > ¢o, and p(x,t) = csin(x + t)
then (1) has no weak solution in H*([0,2n] x [0, 27]).

The corollary follows immediately from the theorem since every element u in
H([0,27] % [0, 27]) may be written as u = y+2 with y € Y and 2(z,t) = 21 (z+1t) +
zo(z —t) with 21,22 € H'([0,27]). Since the elements in H!([0,27]) are continuous
function, z is continuous. Hence it cannot be a solution to (1).

3. Regularity. Let u = y + v be a weak solution to (1). We write a(x,t) =
sin(z +t), v = aa + w, a € R, and w = ¥ + z where

/awd:z:dt =0, and 47%0 = /vd:z:dt = /wd:cdt. (9)
Q Q Q
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Since z € N we may write z(x,t) = zi1(x +t) + z2(x — t) with 21, zo 27-periodic
functions such that

/zl (x + t)dzdt = /zz(:v + t)dxzdt = 0. (10)
Q Q

Lemma 3.1. Under the above assumptions, ||zillco < 3||h|oo/T, and |0 < ||h]|oo/T-

Proof. Taking § = 0 and © = « in (8) we have

a u))adzdt = | caldzdt.
/Q(Ta + h(u))adzdt / dxdt (11)

Q
This and ||l = V27 yield
[ra — ¢| < 2[|h]l (12)

For b positive odd integer, it is easy to see that z;(z,t) = 2%(z +t) and Zy(x,t) =

25(z —t) are in N. Hence, taking © = z; in (8) we have

T||zl||gﬂ = —/Q(h(u(:v, t)) + o1 — (c— Ta)a(x,t))zll’(x,t)d:vdt

b (13)
1 b+1
< st ( [t opria)
Q
which yields
Tz b1 < 4l1A] ool (14)
Since b may taken arbitrarily large and ||21|loo = limp— oo ||21]|p+1 We have
Tlz1lle < 4f[7]lco- (15)
Similarly 7{|22]|cc < 4]]h||sc- Since
4r?r|o| = T|/w(a:,t)d:cdt| = | [ hu(z,t))dzdt| < 47%|| R s, (16)
Q Q
the lemma is proven. O

Lemma 3.2. There exists K > 0, independent of ¢ such that if u=y+v €Y &N
is a weak solution to (1) then |y(z,t)| < K||h||s for all (z,t) € Q, and ||y|l12 < K.

Proof. Let
Y= ok j + briBh + ckjkg + dijOk; and
P
#J (17)
Py (h(y+v)) = > Axjan; + BijBrj + Cijh,j + DijOr ;-
ki

Since || Py (h(v + y))ll2 < [h(y + v)ll2 < 27[|hllos, ar; = Ag;/(k* = 52 + 7), by =
Ayj/(k*=j2+7), ek = Ck;/(k*— 32 +7), and dyj = Dy;/(k*—j>+7), by Parseval’s
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identity we have

ly(z,t)| = ’Z ke, (@, 8) + bk Br,j (2, 1) + CrjYh,j (2, 1) + dijor, (@, 1)

k#j
1/2 1/2
1
2 2 2 2
< ZAkj+Bkj+ij+ij Z(kz_j2+7)2
k) k+#j (18)
1/2
1
< 27| 2] o T R
; (k2= j2 +1)2
= Ki[|Allco,
where we used that the last series in (18) converges. Similarly
k2 4 i2)(A2. + B2 + O2. + D2.
||y||%2 < 22( J )( kj : kj kj k])
' / (k2 —j2 4+ 1)2
k#j , (19)
< Kol[h(u)]2
< AT K|l
Taking K = max{K;, 27/ K>} the lemma is proven. O
Let D > 0 be as in (3). Now (see (12))
[ule, )] = lasin(@ + ) + 5 + 2(a, ) + y(a, 1) )
> [(e] = 2[hlloo) [sin(z + )] = (9 + K17)||Aloo] /7
Hence
D K Il so
h(u(z,8) = 0 if [sin(z + )] > Z2HOF K|kl (21)
el = 2[[lloo
Therefore there exists a positive constants ¢y and m such that if |¢| > ¢y then
m{(x,t) € X h(ul, 1) # 0} < = (22)
Hence ||h(u)]|2 < m'/2||hl|soc™ /2 for |¢| > ¢o. Replacing this in (18) we have
ly(, )] < K|lhlscc™?, (23)
for |¢| > ¢g. Also
TIo] = |/h(u(a:,t))d:cdt|
Q
< [1Alloem{(z,t) € € h(u(z, 1)) # 0} (24)
_ il
o c
Similarly (see (12))
|Ta — c| < m||hljec™t. (25)

For 0 <r < s <2, let x| be the 27m-periodic function such that x|, 4 t)=1
if t € [r,s], and xp,q(t) = 0if t € [0,27] — [r,s]. Let ¢(x,t) = xpg(2z — 1),
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zZi(x,t) = z1(x + t), and Zo(x,t) = 29(x — t). Using that ¢ € N and the mean value
theorem for integrals we have

0= [ ¢((am — c)a+ 7(Z21 + 2Z2) + U + h(u))dzdt
Q (26)
=2m(s — r)T22(s2) + /ngh(u)d:z:dt +270(s — 1),

where s3 € (r,s). Since | [¢h(u)dzdt] < ||h||s(r — s)m/c, we conclude
|22(r)] < M||hl[oc/c, (27)

with M independent of c. Similarly, letting ¥(z,t) = x5 (2 + t) and multiplying
(1) by 4,

0= [ ¥((ar — )+ 7(21 + 22) + 0 + h(u))dzdt
Q

=2m(s —r)((am — c)a(0, s3) + 721(s1)) + 7027 (s — 1) (28)

+ [ (h(u) — h(aa + z1))dzdt + | Yh(aa + Z1)dzdt,
Q Q

with s1,s3 € (r, s). Letting s — r,
0 =27n((am — c)a(0,7) + 721(r) + h((acx + 21)(0,7)) + V)

+ /OQW(h(y + 0+ 21 +aa+ Z2) — h(aa+ 21))(z,r — x)dx (29)
Hence (see (23), (24), (27))
721(r) + h(aa(0,7) + 21 (r)) = O(c~Y/?) (30)
4. Proof of Theorem 2.1.

Proof. Without loss of generality we may assume that ¢ > 0. Since for ¢ large
ac(0,7/2) 4+ z1(w/2) > D and aa(0,37/2) + z1(37/2) < 0, there exists t1,%2 such
that 7/2 < t; < t2 < 37/2, aa(0,t1) + z1(t1) = D/2, and ac(0,t2) + z1(t2) = 0.
From (30)

T21(t) = —h(D/2) + O(c™V/?). (31)

Thus aa(0,t1) = D/2 — z1(t1) = D/2 + (h(D/2)/7) + O(c~'/?) < 0. On the other
hand, by (30), 721 (t2) = —h(0)+O(c~/?) which implies that ac(0,ts) = —21(t2) =
O(c™Y2) > O(c™Y?) + (D/2 + h(D/2)/7)/2 > aa(0,t;), which contradicts that
t — «(0,t) defines a decreasing function on [r/2, 37/2].

O
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