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A SEMILINEAR WAVE EQUATION
WITH NONMONOTONE NONLINEARITY

ALFONSO CASTRO AND SUMALEE UNSURANGSIE

We prove that a semilinear wave equation in which the range of the
derivative of the nonlinearity includes an eigenvalue of infinite multi-
plicity has a solution. The solution is obtained through an iteration
scheme which provides a priori estimates.

1. Introduction. Here we study the nonlinear wave equation

(1.1) up—uxx+Au=cq(xt)+r(xt)+gu), (xt)el[0,rn]xR,

(1.2) u(0,¢) =u(n,t)=0, u(x,t) =u(xt+2n),
(x,t) €[0, ] xR,

where A € R—{k? - j2: k =1,23,...,j=0,1,2,...} and g is a
function of class C! such that
(1.3) |ullim g'(u)=0.

A main difficulty in studying (1.1)-(1.2) arises when —1 € g'(R).
This causes compactness arguments to fail because O is an eigenvalue
of uy —uxx, (1.2) of infinite multiplicity. Recent studies on (1.1)-(1.2)
either: (i) assume that g(u) — Au is monotone (see [B-N], [R], [W]),
or (ii) assume enough symmetry on g, ¢, and r so that the kernel of
Uy — Uyy, (1.2) reduces to {0} (see [Col), or (iii) use dichotomy on
whether the Palais-Smale condition holds proving existence for values
of cq+r which cannot be given explictly (see [H], [W]). Our main result
(Theorem A below) does not fall in any of the above three classes.

Let Q = [0, 7] x [0,27]. Let H!, L?, and L* denote the Sobolev
spaces H!(Q), L?(Q2), and L>°(Q) respectively. We let || ||, || ||, and
| llo denote the norms in H!, L?, and L™ respectively. Let

N = {u el u= i(ak sin(kx) sin(kt) + by sin(kx) cos(kt))} :
k=1

Let N+ € L2 denote the orthogonal complement to N in L2. Let P de-
note the orthogonal projection onto N and Q the othogonal projection
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216 ALFONSO CASTRO AND SUMALEE UNSURANGSIE

onto N+. Let ¢ be a solution to

(14) ou—0x+ip=q(xt), (xt)e[0,n]x[0,2x]
(0, ) =9(n,t) =0, ¢@(xt)=0e(xt+2n).

Throughout the rest of this paper we will assume that
(1.5) m{(x,t) € y;|lp(x,t)| <6} —0 asd—0

uniformly in y, where y is any characteristic of the operator d;; — Jxx.
Our main result is

THEOREM A. If (P(r)); € L?, ¢, € L, and (1.5) holds, then there
exists co such that for |c| > ¢y the problem (1.1)-(1.2) has a weak
solution u € H' n L*.

Our proof is based on an iteration argument that resembles the
proof of the inverse function theorem. We give (see §3) estimates in
H' N L* which show the convergence of the scheme. Even though
our arguments and main result suggest applicability of the standard
inverse function theorem, our hypotheses are not enough to guarantee
1t.

2. Preliminaries and notations. A direct calculation shows that if
u € N, then uy; — uy, = 0 in the sense of distributions. Let Au =
Uy — uxx. We recall (see [B-N]) that 4 subject to condition (1.2) is
selfadjoint, the range of A4 is closed in L?, and R(4) = N+. The eigen-
values of A4 subject to (1.2) form the set {k? — j2: k=1,2,3,...,j =
0,1,2,...}. The corresponding eigenfunctions are sin(kx) sin(jt) and
sin(kx) cos(jt). The operator 4~! is compact from N1 into N+, and
there exists a real number ¢ such that

147 fllo < cllfIl for all f € R(4),
4~ Al < cllfll - for all f € R(A).

Using Fourier series it is easy to show thatif u € H!,y € NN H! then

2.1) //(P(u)),v, - // e,

(2.2) /O 7 P s) ds < / /Q (2dxdt forall x € [0, ].
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Let A; denote the operator defined by

S
NIE

(ayj sin(kx) sin(jt) + by sin(kx) cos(jt))

k=1

j=0

k#j
—i[ B in(hox) sin(jt) + 2 sin(k) ('t)]
= msm x) sin(j kz—_msm( x) cos(jt)| -
g

k#j

It is easy to see that if f € L2, then w = A;(f) is a weak solution to
Wy —Wxx +AW = f. An elementary Fourier series argument shows that
if w=4,(Q(f)), then

2n
(2.3) /0 ((wx)? (. 1) + (we)* (. 1))dt < BEIIQ(NI)?
for all x € [0, ].

where by = max{(2/n)(k?2 + j2)/(k* ~ j2+ A% k# j k=1,273,...,
j=123,...}. In particular

(2.4) 4 QU1 < bor 2 Q(N]-
Also it is easy to show that
(2.5) 14(Q(Nleo < DG
where

1/2

Z:: —J2+/1)

j=0
k#j

We can rewrite (1.1) as the following:
(2.6) Uy — Usx + AU = (c/R)Rg(x, t) +7r(x, t) + g(u)
where
R = max{2(2)'2dK2, 2(2)"/2,16d%||g" 134 16118" 1%/ 2}/ (91 llo+2"2),

K = byn'/? + b, and d > 0 is a constant such that ||u||;s < d||u|; and
llull < d|lull; for all u € H! (the existence of d follows the fact that
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the embeddings H! — L* and H! — L? are continuous (see [A])). Let
w = Ru/c and f = R/c. Then (2.6) becomes

(2.7) Wit — Wxx +Aw = Rq(x, 1) + B(r(x. 1) + g(w/B)).
Inductively we define wy = 0, wy as the solution to

(2.8)  (Wi)u — (Wi)xx + 4wy = B(r(x,2) + 8(Rop/B)).
wi(0,¢t) = wi(m, t) =0, wi(x, t) = wi(x, t + 2n),

and w,; as the solution to

(2.9) Wns1)ir = Wna)xx + AWy = B(r(x, 1) + g((Ro + wy)/B)),
Wni1(0,8) = wop (1) =0, Wy (X, 1) = Wppi(x, ¢ + 2n).

3. Estimates. For the sake of simplicity we will assume throughout
the rest of this paper that 1 > 0, and ¢ > 0. Thecase A < 0,0orc< 0
requires only obvious modifications.

LEMMA 3.1. Let {w,}, be defined by (2.8) and (2.9). Under the
assumption of Theorem A, there exists B, > 0 such that if € (0, 1)
then forall n = 1,2,3,... we have

3.1) Wnlly + [IWnlleo < 1.

Proof . Since for each characteristic y, m{(x,t) € y: |p(x,t)| <o} —
0 as 6 — O uniformly in p then there exists d; > O such that if 0 < d <
Jp then

(3.2) m{(x.1) € 7: op(x, 1) < 6}
< (A/(327R([lg"loo + 1) (lleclloo + 21/)))?

for any characteristic y. Because of (1.3) there exists L > 0 such that
forallu e R

(3.3) lg()] < (Jul/64nKR(||pllo + 1)) + L,
and there exists M > 0 such that if |u| > M then
(3.4) |g' ()] < 2/(647°R(llgclloo + 2'/2)).
Now we define f; by

(3.5) By =min{1/(32(M + (L + 1)nK + K||r}))),
Af(32x(||re][ + 1)), Roo/M }.
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Next we prove (3.1) by induction. First we observe that

(36) lg(Ro/B)I? = / /Q (g(Ro/B))*
<2f[ 42 ( /[ (Rw/ﬂ)2> /(64TKR (g ]loo + 1))’
< 4n’L? + (1/32KB)%

We write w; = v; + z; with v; € N and z; € N1. From (2.4), (2.5),
and (2.7) it follows that if 8 € (0, ;) then

(3.7) lzilli + 1210 < 1/4.

Projecting (2.8) into N, differentiating with respect to ¢, multiplying
by (vi):, and integrating over Q we have

2 oo2ax ar=p | [ P+ gRo/ B (1) dxdr
y; / /Q (r + g(Rg/B))i(v1): dx dt

=8 [[ e+ [[ ¢ ®orB)ROIM)
= BlIrll - 10)ell + Rll@ellooll () ( /[ (g’(R¢/ﬂ))2> "

Therefore

1/2
(vl < (ﬂ!lrzll+Rll¢zHoo (//Q(g’(R(/’/ﬁ)V) )//1-

In order to estimate [[,(g'(Rp/B))* we define sz = {(x.t): |[Rp(x,?)|
< MB} and cg = Q — sg. Since MB/R < dy we have

m(s) < (2/(327R(l|&'llo + D([lg1lleo +2'7%)))?
(see (3.2) and (3.5)); then

(f) ¢ mornr?) " [[ & rornr+ [[ (g’(Rw/ﬂ))Z] 1/2

< UIg'I3m(sg) +27°A2 /(64n* R(llgelloo + 2'/2))%]'/2
< 22%/(32R([lgello +21/%))%11/?
< A/(16R(|l9tlloo + 2'72)).
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Hence if 8 € (0, ) then ||(v;):|| £ 1/8. Since ||v;|| = ||vx| for all
v € NN H!, we have ||v|; < 1/4. Because of (2.2) we have

Ilet|_‘/ i) ds| < (/(Vl (xs)ds)l/2</0tds)l/2

< (2m)Y2||(n))l < (2m)'72/8 < 1/3.

Therefore
(3:8) Ivills + lvilleo < 7/12.
Combining (3.7) and (3.8) we have

[willi + Wi fleo < 1.

Suppose now that ||wy||; + ||Wnlleo < 1. We write Wy = Vyy1 + Zp4i

with v, € N and z,,; € N+. Again from (2.4), (2.5) and (2.7) we
have

lznrilly + 1 zns1lloo < BE(lI7Il + g (Ro + wa)/B)I]).
In order to estimate ||g((Re + wy)/f)|| we observe that

/ / (Rp +wa)/ B))?

<2f[ 12+ ( J[[(®o+ wn)/mz) /(647RK ([[9lloo + 1))
< 4721 4 872[(R|plloo + 1)/(647RK (|00 + 1)1/ B2
Therefore if § € (0, ;) then

(3.9) Nzn+illt + |zn+1llo < 1/4.

Now projecting (2.9) into N, differentiating with respect to ¢, multi-
plying by (v,41); and integrating over { we have

(3.10) i//gz((vnﬂ)t)
iy ( /[ et

+ [[[ €(Ro+ )/ B)(RD + )/ D))
< Bl 1wl

+ 7R pdloo +2') [ )| &' Ro+ w8 ((vnmt)z] "
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Now we consider

311 1= / / (R + wn)/ B)2(Vas1)0)
2r
/ / (R + W)/ B))H(Vns1)e)? dx dt.

Without loss of generality we can assume that v,,; = h(x —¢) or
(Vue1): = —h'(x —t). Because the integrand in (3.11) is 27 periodic in
t we have

n 2n+x
=[] (& (Rp +wa) (5, 1) B)P (K (x — 1))? dt di.

By defining n = x, { = —x+ ¢, yr = {(ss+{):s € [0,xn]} and
Ag = {(x, 1) € Q: |Rp(x,t)| < M + 1} we have

(3.12)
2
1-/ / (Ro(n 1+ C) + a1+ 0/ B)2(H (=0))? dy ¢

- / (R (=0))? ( / "(g'((Rw(n,n+c>+wn(n,n+cn/ﬂ))2dn) d
0 0

2n
- / (H(=0)) [/ (8 (Ro(n, 1+ 0) + waln, 1 + 0))/B))? dn
0 7NAg

+/ (g'((Rp(n,n+ Q) +wn(n,n+C))/ﬂ))2dn] d¢
ve—(r¢NAp)

SN Onr)ePLU1E oo/ (327 (18" oo + 1))
+ (An'/2/647%)%1/ (2R (l9lloo +2'72))2.

Hence if g € (0, 8;) then

[(Vns1)ell < 1/8.
Imitating the argument in (3.8) we have
(3.13) IVnsillt + Bvasilloo < 7/12.
Combining (3.9) and (3.13) we have

IWnsillt + IWnsilloo £ 1,
which proves the lemma.
LEMMA 3.2. If {a,} is a sequence of nonnegative real numbers such

that
ant1 < t(an + an-1), n=2234,...,
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then
ny1 < C,,+1k‘[[n/2],
where k = max{a,, a,}, and c, is the nth Fibonacci number of the
sequence defined by cpy = cp + Cp_1, ¢ = 2 and ¢y = 0, and [x]
denotes the largest integer less than or equal to x. In particular the
series Y_ ap converges if T is small enough.
Proof. We prove the lemma by induction. For n = 2 we have
a3 < 1(ay + ay) < 2tk = (c3 + ¢1)tk = c3ktl?/?),

Suppose that
ay S Cn k‘[[(n“‘ l)/2]

If » is even we have
Ani1 < T(an + Any) < 1(Cpktl=D72 4 ¢, krl(r=2)/2])
< th(c,t"2/2 ¢, 1(7=2/2)
< (en + cp_1)kt™? < cpyi ket
Similarly if n is odd we have
Api1 < T(cnkt D2 4 ¢, krn=3)/2)
= cpkrt D2 o, kD2 < (¢ + ey kT2,
which proves Lemma 3.2.

4. Proof of Theorem A. For n = 1,2,3,... we write w,, = v, + z,
where v, € N and z, € NL. Let n > 2. From the Sobolev imbedding
theorem and (2.4) and (2.5) we have

4.1) |zpp1 - Zn”2 < d2||z,,+1 - Zn”%

<@KP? [[ (s(Ro+wn)/ ) = £((Rp +ws-1)/ )
= @K [[ (&/((Rp +0)/B)2 (-1 = wn)?
2K )? | [[ (g'((Ro +0)/B)?00n = 11
+ [[ & (Ro+01B) (20 = z-1)?

where { € [wy(x, 1), wy—1(x, t)] U [Wp—((x, t), ws(x, t)]. Since v, and
V,—1 € N, imitating the argument in (3.11)-(3.12) we see that

/ [ (& (Ro+0)/B)20n = 0o

< (Alvn = va-1ll/327R(|9slloo + 2'/%))%.
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Thus
(42)  2(dK) [ / (&' (Rp + )/ B))*(¥n — Vno)?
dK [// R¢+C/ﬂ (Vn_vn—l)2

+ [, @R+ 0/ 0n =)

< 2(dK)2[(A/327R (|90 +2'/7))?
+ (4/647R(|9clloo + 2'/2))2|vn = Va—1ll?
< 2(dK)*(/16R(|9zlloo +2'72))21Ve = V1.

where we also have used that |(Rg + {)/B| > M for (x,t) € Q — Ag
(see (3.4)). On the other hand we have

(43) 2(dK) // (Rp + )/ B))*(2n — zn_1)?
< 2(dK)? [ / /A (&'(Rp +0)/ )X (zn = Zn-1)?

//wﬁ (Rp +0)/B))X(2n — 2n_ n]

< 2(dK)? [ng'nio / /A (2n = 2n1)?

+(2/64n° R(|l9clloo +2/2))2 |20 — Zn-—l”z]

< 2(dK)? [Ilg’Hﬁo //Q(XA,g(Zn ~ 2p-1)?

+(4/647°R(|9elloo +2'7%))?(|zn — Zn—IHZ}

< 2(dK)? [ug'nﬁo (/] (a?) " (f]cn-2n-00%) "

+(4/641° R(|9tlloo +2'72))2 | 20 — zp—1 |

< 2(dK)*[l1g"l13Ad% 1 2n = zn-111*/322R (118" lloo + 1) (| 9elloo +2'/2)
+ (A/64m?R(|0llo +2'/%)) | zn — Zn-1])
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where we have used that by the Sobolev imbedding theorem (see [A])
|zn — zn—1llze < d||zn — zp-1]}1- Also since g’ is bounded,

18(g(e +wn)/B) — g((9 +Wn-1)/ Bl <118 lloclWn—1 = Wn—2]l1.
This, (4.2) and (4.3) give

(4.4) 2(dK)’ / /Q (€' (Rp + 0)/B)) (2 — zn-1)?
y 1 NAAE) 2 Wae s — Waal?
327R(|'Too + D) (101llo0 + 2172)
< 2(dK) g B AAK)2 [War — Wo—2l2/32R (| 9elloo + 272)
+ (47647 ([@clloo + 272?120 — Za1[12]
Combining (4.2) and (4.4) we have
(45)  Nzns1 = zall < 22dKA Wy — Wo_ |
+ 22 (dK ) & 2 Wt — Wl
x (4/32R([plloo +2'/2)) /2,

< 2(dK)

Also
2t — Va2 < / (&'((9 + 0)/ B))(Wn — Wnr)?

<2 [[ (0 + O/BT0n = a0+ (2n = 200
Using now (4.2) and (4.4) we have
A2 Va1 — Vn”
< 2(A/16R(|@tlloo + 2'72)) | vn = Vs |
+ 2[)| &' 13A (@K ) | Wa—t = Wa_2|*/32R(|l@t]lo + 2'/7)
+ (Al zn = za-111/64R(l9ello + 2'/%))%)
Hence
(4.6) |[vny1 = val|
< 21/2“Wn — W, ”/8R(“¢t”oo + 21/2)
+ 212|135 Wy = W2l / (32AR (|1l + 2'72)) /2.
Combining (4.5) and (4.6) and using the definition of R we have
IWni1 = wall < (IWn = Wnr[| + IWn—1 — wp2ll)/8.
Hence by Lemma 3.2 we have
Wni1 — wall < k27(1/8)72, n=234,....
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Hence )7 5 ||wn, — w,_1|| converges. Thus the sequence {w, = (w, —
Wno1) + Wy = Wy_2) +---+ (W —w;) + (w; — wy)} converges in L? to
some w € L2. Since {w,} is bounded in H! N L™ we see that w also
belongs to H! N L*. Hence by (2.11) we see that w + R is a solution
to (1.2), (2.7). Hence u = c(w+ Rp) is a solution to (1.1)-(1.2) which
proves the Theorem.

REMARK. Double checking the proofs it is easily seen that Theorem
A also holds when the limits in (1.3) are allowed to be in some interval
of the form (—s, 5), with s depending on the distance from A to {k? —
j:k=123,...j=0123...}%
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