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CHAPTER 1

Introduction

When he first listed his axioms for set theory [Zer08], Zermelo omitted the axiom
which states that the image of a set under any function is a set, the Axiom of Re-
placement. Zermelo’s axioms of Infinity and Power set suffice to prove the existence of
w,P(w),P(P(w)), ..., but the existence {w, P(w), P(P(w)), ...} necessitates Replace-
ment. Fraenkel [Fra21, Fra22] and Skolem [Sko23] later added Replacement thus elim-
inating this pathology. This revised list of axioms has been dubbed Zermelo-Fraenkel
set theory (ZF) and is widely accepted as the standard axioms for set theory.

For most mathematicians, the inability of Zermelo’s set theory (Z) to form the
above set causes little concern because the overwhelming majority of mathematical
objects can be found within a finite number of iterations of the power set operation.
Yet for set theorists, Replacement is vital. Von Neumann [vN23| used Replacement
to define the ordinal numbers which became the backbone for the higher type sets
(i.e., sets formed by the unrestricted use of the Power Set operator). However, the
full usage of Replacement remained latent; no proof of a theorem requiring higher
type sets existed. Coincidentally, Zermelo’s interest in games was the genesis of such
a theorem.

Besides his innovations in set theory, Zermelo also introduced the modern math-
ematical investigation of finite games [Zer12] and showed that chess is determined.
That is, either both players have drawing strategies or one player has a winning strat-
egy. Borel [Bor21, Bor24, Bor27], von Neumann [vN28] and Steinhaus [Ste25] con-
tinued the analysis of finite games which culminated in von Neumann’s and Morgen-
stern’s monograph [vNM44]. Meanwhile, adumbrating the notion of infinite games,
Sierpinski used game concepts such as strategy and play to prove that every uncount-
able Borel subset of R contains a copy of the Cantor space [Sie24]. But, according to
Ulam [Ula60] and Oxtoby [Oxt71], Mazur pioneered the application of infinite games

to real analysis.



In 1928, while considering a problem relating to the Baire Category Theorem,
Mazur imagined a game in which both players made w many moves. He later de-
scribed this to Banach during a conversation at the Scottish Cafe. The infinite game,
along with Banach’s reference to a solution dated 4 August 1935, became known
as the Banach-Mazur game (number 43 in the Scottish Book [Mau81]). Subsequent
comments to problem 43 contain a variation suggested by Ulam: A subset X of the
unit interval is chosen and two players alternate playing 0 or 1. Player I wins if, and
only if ¥72 472 € X and Player II wins otherwise. Ulam then asked, for which X does
Player I (or IT) have a winning strategy? This question would remain unanswered for
nearly twenty years.

Gale and Stewart [GS53], and independently Mycielski and Zieba [MZ55], partially
answered the question by proving that on the one hand, open and closed games are
determined but on the other, a nondetermined game can be constructed using the

Axiom of Choice (AC). The search for a more robust answer to Ulam’s question

prompted the following two refining questions:
1. Is determinacy invariant under unions and intersections?
2. For what classes of sets are games determined? Gy? F,? Borel? Analytic?

G5 and F, determinacy was proven by Wolfe [Wol55], and independently by Mycielski,
Swierczkowski, and Zieba [MSZ56]. Davis proved F,; and Gy, determinacy [Dav64].
Moreover, he proved that determinacy is not invariant under union and intersection,
and thus eliminated the feasibility of a direct proof of Borel Determinacy. Even though
Davis’ proof was far from full Borel Determinacy, it remained the best result for almost
ten more years. During this time, determinacy hypotheses gained popularity.
Mycielski and Steinhaus first formulated [MS62] the hypothesis that all subsets of
reals are determined, the Axiom of Determinacy (AD). In light of the aforementioned
non-determined game and its heavy dependence on AC, AD blatantly contradicted
AC. Coupled with the paucity of determinacy proofs then available, AD seemed to be
a dubious proposition. What prompted Mycielski to propose AD was its consequences

on subsets of R, collected in [Myc64]. These are: (1) every subset of R is Lebesgue



measurable [MS64]; (2) every subset of the Cantor space has the Baire property
(attributed to Banach and proven in [Oxt71], p. 27, using the above Banach-Mazur
game); (3) every uncountable subset of the Cantor space has a perfect subset [Dav64];
and, (4) the Axiom of Countable Choice (CC) [Myc64]. These regularity properties
for subsets of reals precipitated a new program to discover, via consistency results
and large cardinal hypotheses, the full potential of AD. In 1970 Martin [Mar70]
proved that if a measurable cardinal exists, then all analytic games are determined.
Therefore, because every Borel set is analytic, Borel determinacy follows. But the
existence of measurable cardinals is not provable in ZF with AC (ZFC). Consequently,
a ZFC proof of Borel Determinacy remained elusive.

During this period of investigation into the relationship between large cardinals
and AD, an unexpected development occurred. Without a proof of Borel Determi-
nacy, Friedman [Fri71] proved that ZC (Z + AC) was insufficient to prove Borel
Determinacy. Thus, a proof of Borel Determinacy, a simple statement about sets of
reals numbers, would require uncountably many iterations of power sets of integers
and would become the first known theorem realizing the full potency of the Axiom
of Replacement. Following this development, Paris [Par72] proved that X9 games are
determined and concluded that no further determinacy progress was possible using
the methods of analysis.

Fifty years after Replacement’s introduction as an axiom of set theory, Martin
proved Borel Determinacy [Mar75]. Refinements of the proof in [Mar85] revealed a
purely inductive proof and the full use of Replacement in the notion of a covering. A
covering reduces the Borel game to a closed (and hence determined) game; the size
of the covering needed to reduce the game on a Borel set of rank o < w; was roughly
the size of P*(w).

This paper contains Martin’s proof of Borel Determinacy and Friedman’s related
metamathematical result, and is accordingly divided into two parts. The first part
sets forth preliminary definitions and notations and concludes with the proof for Borel
Determinacy. The second part constructs in ZFC a non-determined coanalytic game,

mimicking the Friedman result (a nondetermined Borel game in ZC) which follows.
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CHAPTER 2

Preliminaries
In this chapter we establish the definitions, notations, and basic results necessary for
our reproduction of Martin’s inductive proof of Borel Determinacy in Chapter 3. As
much of this material is standard, we suppress proofs, referring the reader to [Mos80]
and [Kec95] for details.

2.1 Polish spaces

Though many of the results of classical descriptive set theory pertain to R, they
also work in a more general context. Let (X,7T) be a topological space. (X,T) is
separable if X contains a countable dense subset. If p is a metric on (X, 7)), then
(X, T) is complete if every p-Cauchy sequence converges in X. (X, 7T) is Polish if
it is separable and completely metrizable. Thus, R, R*, RY, C, C*, C¥, T (the unit
interval [0, 1]), I" (the n-dimensional cube), I" (the Hilbert cube), T (the unit circle),
T" (the n-dimensional torus), T (the infinite dimensional torus) are all Polish.
Two Polish spaces of particular interest are the Baire space and the Cantor space.
Given sets A, B, B4 denotes the set of all functions f : A — B. Let w = {0,1,2,...}.
With w having the discrete topology, give w* the product topology to form the Baire
space, N. The Cantor space C or 2“ is constructed similarly. It is a theorem that
N is homeomorphic to the irrationals as a subspace of R. The following proposition
shows that either A or C can be found in any Polish space and thus justifies the use

of N and C as the canonical Polish spaces,
Proposition 2.1.1. For any Polish space X,

1. there is a continuous surjection f: N — X

2. if X has no isolated points, then there is a continuous injection f :C — X

Products of Polish spaces can be avoided when convenient by the next proposition

and consequently dimension plays virtually no role in descriptive set theory.



Proposition 2.1.2. N is homeomorphic to N, for alln € w and N'v.

We shall work almost exclusively with the Baire space throughout this paper.
Subsets of N are called pointsets; sets of subsets of N are called pointclasses.
Given a pointclass ', the dual pointclass is given by I' = {X¢: X € T'} where X*¢

denotes the complement of X.

2.2 Borel sets

Suppose X # () and let P(X) denote the power set of X. A C P(X) is a o-algebra of
sets if X € A, and A is closed under countable unions, countable intersections, and
complements. For (X,7) Polish, Y C X is Borel if Y is contained in the smallest
o-algebra of X containing 7. The Borel sets of X, denoted B(X), can be put in a
hierarchy as follows. Let w; be the first uncountable ordinal and define by transfinite

recursion for 1 < a < w; the following pointclasses:

YeX(X) & YeT,
Y e B(X) & YV =|JA,such that A, € I, (X), eacha, < o

Y elll(X) & YeX(X)
Y eAVX) & YVeX(X)nIT(X)
It is a theorem that B(X) = U, Z¢(X) = Ueco, T(X) = U, ALUX).

Moreover, the following diagram illustrates this hierarchy (we suppress the X for

readability)

where § < « and any class is contained in every class to the right of it. These

containments are proper for uncountable X and thus, all of these classes are distinct.



In the classical notation, X is the class of F, sets, IT the Gy sets, Eg the G, sets,
Hg the F; sets, etc. Closure properties for these pointclasses are summarized in the

next, proposition.

Proposition 2.2.1. For each o« > 1, the pointclasses Zg, Hg, and Ag are closed

under finite intersections, finite unions, and continuous preimages. Moreover,
1. X2 is closed under countable unions,
2. II) is closed under countable intersections, and
3. AL is closed under complements.

Thus, the Borel sets are closed under the Boolean operations, countable unions,
countable intersections, and continuous preimages. The continuous image of a Borel
set, however, need not be Borel. The hierarchy of projective sets extends the Borel

hierarchy to accommodate this.

2.3 Projective sets

For any Polish space X, a set A C X is analytic if there is a continuous function
f: N — X such that A = f(N). The complement of an analytic is coanalytic.

Define recursively for each n € w, the following pointclasses:

Y € £1(X) & Yis analytic

Y €%, ,(X) & Yis the continuous image of aIl, set
Y eIl (X) & YieX(X)
YeALNX) & YeXH(X)NIIL(X)

Define the projective sets of X P(X) = [J°2, AL. A famous result of Souslin

relates the projective hierarchy to the Borel hierarchy.

Theorem 2.3.1 (Souslin). For any Polish space X, B(X) = A1,



Thus, we have the following diagram

2 2, =,
B=A] A AL
IT; IT, IT,

P
where each class is contained in every class to the right of it; it is a theorem that each

of these inclusions is proper.

2.4 Sequences and Trees

Let A # (). Given s € A", we consider s as a finite sequence from A of length n
and write s = (sg,..., 8, 1). In the case n = 0, A° = {0}, where () here denotes the
empty sequence. We indicate the length of a finite sequence s by length(s). Given
se A" and m <n, s | m=(sg,...,Sm_1), the restriction of s to m. Given finite
sequences s,t from A, s is an initial segment of ¢ (equivalently, ¢ is an extension
of s) if s = ¢ [ m, for some m < length(t). We write s C ¢ to denote that s is an
initial segment of . Two finite sequences are compatible if one is an initial segment
of the other. If s and ¢ are incompatible, we write s L t. Given two finite sequences
s,t we write s't to denote the concatenation of s and ¢.

Given z € A and n € w, x [ n = (xg,...,T, 1), the restriction of z to n. Given
x € AY, we say that s € A" is an initial segment of z € A¥ if s = x [ n. We write
s C x to denote that s is an initial segment of . Note the difference in notation for
finite versus infinite sequences: (a,) denotes the infinite sequence {a,},c, whereas
(an) is the length 1 sequence whose only member is a,,.

A¥ can be viewed as the product topology of infinitely many copies of A, each
having the discrete topology. The standard basis for this topology on A“ consists of
the sets Ny = {x € A¥ : s C z}, where s € A<, Note that s C ¢t & Ny O N; and
slte N,NN, =0.

For a nonempty set A, let A<“ =, A", the set of all finite sequences from A. A

tree on a set A is a subset ' C A<¥ closed under initial segments. Each s € T is called



a node of T. A tree T pruned if every s € T has a proper extension ¢ 2 s, tefT.
A branch of T is a sequence x € A“ such that z [ n € T, for all n. The set of all
branches of T is written as [T] = {z € A : Vn(z [ n € T)}. The primacy of pruned

trees in descriptive set theory follows from the following foundational proposition.

Proposition 2.4.1. Let A # 0 and T C A< a nonempty pruned tree. Then [T] C A¥

1s closed.

Proof. Let A, T be as above and let x ¢ [T]. Then there is n € w such that 2 [ n ¢ T.
So x € Ny, C [T]°. Hence, [T]° is open, and [T is therefore closed. O

It is a theorem that there is a bijection between pruned trees and closed sets.
Given a closed set F', T denotes the tree of F.

Finally, for trees S, T (on sets A, B, resp.), amap ¢ : S — T is called monotone
if s C t implies p(s) C ¢(t). For a tree T on A and any s € A<, define Ty = {t €
A<¥: st € T}, the subtree of T at s; for X C A“ define Xy = {2z € X : s C z}.

2.5 Infinite games of perfect information

An infinite two-player game of perfect information with rules, or simply game, is
a contest between two players, I and II, played using two sets, A and X, and a
prescribed set of legal moves, or rules. The nonempty set A specifies those objects
used to play the game, while X C A“ determines the winner of the game. A run of
the game begins with Player I making a play by choosing ay € A in compliance with
the rules as his first move. Player IT makes her play by choosing a; € A in compliance
with the rules. (We will maintain this convention of referring to Player I as masculine
and Player IT as feminine to improve readability.) Player I then chooses as € A as his
second play. Player II responds, and so on. At any time during a run of the game,
each player is able to see all, including the opponent’s, previous moves. (Thus it is a
game of perfect information.) Play alternates along these lines for infinitely many
(w many) moves. The winner of a particular run (a,) € A of the game is determined
by the payoff set X C A“. Player I wins if, and only if @ € X, otherwise Player 11

wins.



More formally, let A be a nonempty set, X C A“ be the payoff set, and T' C A<¥
a nonempty pruned tree. Insisting that each player’s moves must occur in 7', T serves
as the rules of the game. We denote a game on a set A with rules 7" and payoff set X
by G(T, X), or if T is understood, we will write G(X). A run (a,) € A“ of the game
G(T,X) (illustrated below) begins with Player I playing aqg € A such that (ag) € T,
followed by Player II playing a; € A such that {(ag,a;) € T, followed by I playing
ay € A such that (ag,aq,as) € T, etc.

1 ap a9

II aq as

I wins if, and only if (a,) € X. II wins if, and only if (a,) € X°.
A strategy for a player in a game is a way of determining the player’s next
move from the previous moves. We view a strategy for I in the game G(T, X) as a

nonempty, pruned subtree o C T such that

L. if (ag, a1, ..., aq5) € o, then for all (ag,a1,...,a2+1) € T, (ao, ..., a2, azj+1) €
g;

2. if (ag,a1,...,a2;_1) € o, then there is a unique (ag, a1,...,a;) € T such that
<a0, sy 0251, a2j> co.

We denote the set of all strategies from a tree T by S(7'). We say that I follows a
strategy o if I begins by playing the unique ay € A such that {(ag) € o, then, regardless
of II’s legal response a; € A, I plays the unique ay € A according to (ag, as, as) € o,
and so on. A strategy for player II is defined mutatis mutandis.

A strategy o for I is winning if [0] C X; that is, if every run (a,) of the game
G(T, X) in which I follows o results in (a,) € X. A winning strategy for II is defined
similarly. Clearly, I and II cannot simultaneously have winning strategies in the same
game G(T, X). We say that a game G(T, X) is determined if one of the players has
a winning strategy. For a pointclass ', Det(I") denotes that for every A € T, G(A) is

determined.

10



[Tel87] and [Myc92] survey games and their history.
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CHAPTER 3

ZFC \ Det(A7)
This chapter contains Martin’s proof by induction of Borel Determinacy. We present
Gale and Stewart’s result, the determinacy of open and closed games in the first

section, followed by Martin’s proof in the section.

3.1 The Gale-Stewart Theorem

Given a game G(T, X ) and p € T, the subgame of X at p is G(7},, X,) where T}, X,
are as in Section 2.4. If during a run of the game G(7T, X) a position p € T is reached
with I to play next and such that II has no winning strategy in the game G(T,, X,),
then we say that p is not losing for I. We define not losing for II mutatis mutandis.

The following lemma contains the germ of the proof of the Gale-Stewart theorem.

Lemma 3.1.1. Let G(T, X) be a game on a set A. If p is not losing for I, then there
s a € A such that for all b € A, p"a’b is not losing for L

Proof. Suppose not. Let p = (ap,a1,...,a2j—1) € T be not losing for I, and suppose
that for each a € A such that p’a € T, there is b € A such that p' = p"a’b € T and
IT has a winning strategy in the game G(7,,, X,y). So, for each a € A, choose b, € A
and a winning strategy o, for II in the game G(T,, X}y) where p' = p"a’b,. Hence,
IT now has a winning strategy in G(7},, X,) defined as follows: if I plays ay; € A, II
responds by playing b,,; € A and then follows 0,,; to win. Thus, p is losing for I, a

contradiction. O

Theorem 3.1.2 (Gale-Stewart). Let T be a non-emptly pruned tree on A. Let
X C [T] be open or closed in [T]. Then G(T, X) is determined.

Proof. Assume X is closed and that II has no winning strategy in G(T,X). We
construct a strategy o for I as follows: () is not losing for I since II has no winning
strategy in G(T, X'). By Lemma 3.1.1 there is ay € A such that for all a; € A such that

12



(ag,a1) € T, {ap, ar) is not losing for I. Since (ag, a1) is not losing for I, there is ay € A
such that for all a3 € A such that (aog, a,as,a3) € T, {(ag, a1, as,as) is not losing for
I, again by Lemma 3.1.1. In general, given p = (ag, ay,...,as, 1) € T which is not
losing for I, choose ay, € A so that for any as, 1 € A such that p“{as,, asni1) € T,
p “(a2n, azny1) is not losing for 1. Tt is clear that a subtree 0 C T formed in this fashion
is a strategy for I. We claim this strategy is winning for I.

Consider a run of the game (a,) in which I followed o so that every position of
even length is not losing for I and suppose that (a,) ¢ X. Then as X¢ is open, there
is k such that Ny 4,

IT can win by playing arbitrarily for the rest of the game. Therefore, ¢ is a winning

ase ) N[T] € X° and hence, (ag, a1, .., ax_1) is losing for I as
strategy for I.
In the case that X is open, assume that I has no winning strategy in G(7T, X); use

the above argument to construct a winning strategy for II. O

3.2 An Inductive Proof of Borel Determinacy

Martin’s proof of Borel determinacy associates to each Borel game G(7, X') an auxil-
iary closed or open game G(T, X) in such a way that a winning strategy in G(7T', X)
gives rise to a winning strategy in G(7, X'). As the auxiliary game is determined by
the Gale-Stewart Theorem, so is the Borel game. The notion of a covering makes this
association rigorous.

Let T' be a nonempty pruned tree on a set A. Recall that S(T") denotes the set of
all strategies from T. A covering of T is a triple (T, 7, ) such that

1. T is a nonempty pruned tree (on some A);
2. 7 : [T] — [T] is continuous;

3. ¢ : S(T) — S(T) maps strategies for player I (resp. II) in 7" to strategies for
player I (resp. II) in 7', in such a way that ¢(&) restricted to positions of length

< n depends only on & restricted to positions of length < n, for all n.

4. If & is a strategy for I (resp. II) in T and z € [T such that = € (&) then there
is # € [T] such that Z € [5] and 7(%) = =.

13



Note that the map 7 naturally arises from a monotone map 7’ : T — T such
that length(n'(s)) = length(s). Condition three is stated informally for simplicity.
Formally, ¢ is a monotone map on partial strategies & [ n and (&) is define by
p(@) Tn=(G [ n)

A covering (T, m,0) of T unravels a set X C [T] if 7~ }(X) is clopen. The next

proposition follows immediately from the Gale-Stewart Theorem.

Proposition 3.2.1. Let T be a nonempty pruned tree on a set A and X C [T]. If
(T,7,0) is a covering of G(T,X) such that (T,w,0) unravels X, then G(T,X) is

determined.

If (T, 7, ) is a covering such that for k € w, T [ 2k =T | 2k and « [ (T | 2k) is
the identity, then (7,7, ) is a k-covering.

Lemma 3.2.2. Let T be a nonempty pruned tree and X C [T). If (T, 7, ¢) is a

k-covering that unravels X, then (T, 7, @) also unravels X°.

Proof. If T, X, and (T, w, ) are as above, then 77 1(X¢) = (7~'(X))* is also clopen

as 7 is continuous. O

Relaxing the uniqueness condition in the definition of a strategy yields the no-
tion of a quasistrategy. A quasistrategy for I in G(7, X) is a nonempty, pruned
subtree ¥ C T such that (agp,a1,...,a2;) € ¥ and (ag,as,...,a241) € T implies
(ag,...,as;,a2+1) € X. Since ¥ is pruned, if (ag, ay,...,azj—1) € X, then there is a
as; € A such that (ag, aq,...,a25-1,as;) € .

By modifying our definition of not losing, we can isolate the quasistrategy con-
structed in the Gale-Stewart Theorem. Let p € T be of arbitrary length. We say
that p is not losing for I if II has no winning strategy in the game G(7,,X,). So
if p = (ag,a1,...,as,), then G(T), X,) is the subgame at p in which II plays first.
Let ¥ be the quasistrategy for I given by ¥ = {p € T : p is not losing for I}. This
special quasistrategy we call the canonical quasistrategy for I in G(7, X'). Define
the canonical quasistrategy for II mutatis mutandis.

The next lemma is the heart of the inductive proof of Borel Determinacy and

constitutes the bulk of this section.

14



Lemma 3.2.3. Let T be a nonempty pruned tree. For every X € II)([T]) and for

each k € w there is a k-covering of T that unravels X .

Proof. Let T be a nonempty pruned tree, X C [T] closed, and k € w. Let Tx be the
tree of the closed set X. So G(T, X) is of the form

1 X T2

II T T3

where for all I, (zg,...,2z;) € T. I wins if, and only if (x,) € X. The k-covering
(T, m,¢) that we will define is an auxiliary game in which players I and II play
according to a run of G(T, X) except at the k™ turn (moves 2k and 2k + 1) where
they play their usual moves along with some additional objects which simplify the
game G(T, X). The moves described below define 7.

In T both players play as in T for the first & — 1 turns:

I Zo Tok—2

II T Tok—1

In his next move in 7', I plays (2o, X7) where (zq,...,2) € T and % is a quasis-

trategy for I in T\, . .,.). By offering this quasistrategy, I obliges that he will play

.....

according to ¥ for the duration of G(T, X). So we have
I Zo T2k—2 (Tar, X1)

II a1 Tok—1

IT responds with x9;,1 and either accepting or rejecting I's offer so that the game
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thus far is

I Lo Tok—2 <$2k, EI>
II Ty Tok—1 (To41,0)
IT accepts: In this case, II responds by playing (w1, u) where (g, ..., Zors1) €

T and u is an even length sequence such that u € Ti,, y and u € (21)<2k+1> ~

e L2k 41
(T ) (20, wa41)- Both players continue playing oog12, Zog4s, . .. so that all moves are

in 7" and compatible with u.

IT rejects: In this case, IT responds by playing (zor1 1, X77) where (g, . .., Zopy1) €
T and Xy is a quasistrategy for ITin (37) ) With 377 € (Tx)(20,....000.,)- In this
case, both players continue playing Tog.2, Togis, ... S0 that (Topio, Togys,...,x;) €
E[[, for all / Z 2k + 2.

Formally, T is the set of all finite sequences of the form:

(w0, .., Top—1, (Tok, X1), (Toks1, @), Tokgo, - - -, 1)

such that

L. {xg,...,2;) € T for all i <1,

2. ¥ is a quasistrategy for Iin Ty, . 5.,y

3. ¢ = (1,u) where u is of even length, u € Ty 201y, ¥ € (B1)2k+1) N

(T ) (20,..swos1) OF ® = (2, ¥7) where Y7 is a quasistrategy for 1T in (3r)

$2k+1)

1'07---1532k-+1>'

Since both players have always have legal moves at each turn, it is clear that T is
pruned. Moreover, T # () implies T # 0.

The map 7 : T — T is given in the obvious way:

7T(<5170a ceey Tok—1, (IEQk, EI>, <$2k+1, °>, Tok42, - - - ,$l>) = (550, e ,$l>-
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Again, 7 induces a map from [T'] to [T'] which we also refer to as 7; no confusion will
result from this slight abuse of notation.

As 7 is clearly continuous, 7~'(X) € TI’([T]). Moreover, observe that
i erm Y(X) & £(2k + 1)is of the form (zg 11, (2, S17))

so that 7~!(X) is also open in [T] since for any & € 7~!(X), the cone N, -
7 1(X) contains z. Thus, 7 1(X) € AY([T7]).

To complete the definition of (7', 7, ¢), the k—covering of T, we now define, infor-

7-"7x2k'+1>

mally, ¢ which maps for each player a strategy ¢ in T to a strategy 0 = ¢(d) in T in
such a way that if € [0] is a run of a game on 7', then there is a run & € [5] such
that 7(2) = z. Let 6 C T be a strategy. We argue two cases as & can be a strategy
for I or II.

Case 1 — 7 is a strategy for I: For the first 2k moves, o0 [ 2k —1 =06 [ 2k — 1.
Next, & produces a unique (o, X5) where X7 C Tiy . 4,.y is a quasistrategy for I; o
corresponds with xo;. II then responds with xox, ¢ in T

Consider now the game on (),
As TX(zo ..... Tokp1)

[(30) @ors)) ~ X(zo,.wanss) is oPen. Hence, by the Gale-Stewart Theorem, the game

y having payoff set [(X), N X

is a nonempty pruned tree, X(xg,...,ZTo,y1) is closed, and thus,

Tok41 I2k+1>] L0 5oy T2k 1) "

G((Z0) @orr1) (B0 @) ~ X(woyowopyr)) 18 determined. There are two subcases ac-
cording to which player has a winning strategy in this game.

Subcase 1A:Thas a winning strategy in G ((X71)(wp1)> [(51) (@) ) NX(z0,zonin))- O
then requires I to follow this strategy. For in this case, after a finite number of moves, a
) & T4
for I. That is, there is u = (@op2, ..., Ty_1) such that u € (X7)p41y ~ (Tx)q
Thus,

position u € (X)( y of even length is reached such that v is winning

T2k +1 L0y T2k 41

Io,...,$2k+1>'
<$0, sy T2k—1, <$2k, 21); <5U2k+1, <17 U>>, Tok+2y - - - ,x21,1> € T

and henceforth o requires I to follow 6. So if € [o] is a run of G(T, X), it is clear
that there is & € [] such that 7(Z) = z, namely = in which IT plays (zo 41, (1,u)) in
her 2k + 1 move.

17



.....

Let E[[ g (2[)(
game on T, II plays (xok+1, 211), | follows o by playing &. (For if II plays otherwise,

zar11) D€ her canonical quasistrategy in this game. Provided that in the

[ now has a winning strategy in this game and can proceed via Subcase 1A.) As long

as II plays (Topy2,. .., %2-1) € (X11)(zo,..mar_,)» 1 continues to play o by following
o. However, if at any point II plays (@opi2,.-.,T2-1) & (X71)(z0,..a00,1)s then it
follows that (o2, ..., 29 1) is losing for II, consequently winning for I, in the game

G((Z1) @) (B0 (@) ™ X(zoyzanys)) and I can again continue as in Subcase IA.
Case 2 — 7 is a strategy for II: Again, for the first 2k moves, o [2k—1 =46 |
2k — 1. Next I plays z9; in G(T, X). Define

S={%;C Tz ) 1 X is a quasistrategy for I}

and

U = {(@ok+1) U € Tiay,...sp,) - whas even length and
3%, € S(6 requires IT to play
(Z2k41, (1, u)) when T plays (224, 1) ) }

and U = {2 € [Tiag,..z0)) * F(@ons1) v € U ((xopy1) v C x)}. So then, U C

[T<IO ..... l‘zk)] 1s open in [T<I0 ..... $2k>]

Consider now the game G(T\y,,....2,.): U)

I Tok+2

II 2ok Tok43

where II plays first and wins if, and only if (o1, Tog1o,...) € U. As U is open, this
game is determined by Gale-Stewart, and hence there are two subcases.
Subcase 2A: 11 has a winning strategy in this game. Define a strategy o for II

as follows: II should follow this winning strategy in G(Tz,. 4,,), ) until a position

.....
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(Tory1) "u € U is reached, for some even length u = (zogy0,...,29_1). By the defini-
tion of U, let ¥; witness that (xor 1) "u € U. So from z9 on, II returns to playing o
in G(T, X) according to & on

(@0, .., Tok—1, (Toks 21), (Tak+1, (L, ), Topso, ..., ) €T

It is then clear that if x € [o], there is & € [§] such that m(Z) = z. Let ¥ C
(21) @orsr) N (Tx) (o,..;a0,1) De the quasistrategy for II that & produces as II response
to (xor, X7) in the game on 7.

Subcase 2B: 1 has a winning strategy in this game. Let ¥; be his canonical
quasistrategy in this game. Since X; is winning for I, [¥;] C [Ti4,...200)] ~ U, that
is, X1 € Tizg,...z;) \ U so that no sequence of ¥y is in U. Suppose then that I
plays (2o, ¥7) in the game on T; & must tell IT to respond with something of the
form (zory1,(2,%77)). (Otherwise, if & produced something of the form (zoy1, (1, u))
by the rules of T, then by the definition of U,

¥; would be a witness that (zo1) "u € U, a contradiction.) Let (zagi1,(2,3,)) be

where u € (X7) k1) N (Tx )¢

évoy---7902k+1)

IT’s response to (wor, X7) according to &. Then IT plays xor,; in G(T, X) and plays o

according to ¢ on

<$0a sy T2k—1, <$2k, 21); <5U2k+1, <27 EH>>; Tok+2y -+ - ;$2z>

provided that (zogio,...,22) € Xyr. If for some [ > k + 1, T plays such that

(Tokgas - -y Tok) & Sz, then (Togyo, ..., ook) & (X1)@k41y since Xy is a quasistrat-
egy for I in (3;)r4+1y. Hence, (wopyo,...,xa) is losing for I, and we are back in
Subcase 2A. O

The following technical lemma is the final fact needed to carry out the induction.

Lemma 3.2.4. Let k € w and suppose (Ti11, miv1, pit1) is a (k+1)-covering of T;, for
each i € w. Then there is a pruned tree Ty and Too i [Too] = [Ti], Yoo+ S(Too) —
S(T;) such that (Tso, Too i, Pooyi) 1S @ (k4 1)-covering of T;, Tit1 © Teoit1 = Mooy, and

Pi+1 © Poo,i+1 = Pi-
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Proof. Let k € w, and for each i € w, let (T;41, Ty1, @iy1) be a (k + i)-covering of T;.

Define T, as follows:
s €Ty < 3diewls e€T; A length (s) < 2(k +1i)].

Since for each I, T} is a nonempty pruned tree, it easily follows that so is T,,. Moreover,
it is clear that Ty, [ 2(k +14) =T; | 2(k + 0).

Define 7, ; : Too — T; as follows:

s if length(s) < 2(k + 1)
Too,i(s) =
(Tiy1 0 migg 0---om;)(s) if 2(k+ 1) < length (s) < 2(k + j) for some j

It should be clear that m ; is well-defined because in the second case, T ;i(s) is
independent of the choice of j. As each 7; is monotone with length(m(s)) = length(s),
it follows from the definition that 7w ; is also. Moreover, it is clear that for each i,
Too,i = Ti+1 © Too,i+1-

Define ¢ ; from the set of strategies in 7%, to the set of strategies in 7; as follows:
Pooi(00) [ 2(k+1) = 000 [ 2(k + 1)
and for all 7 > 1,

Po0,i(0s0) [ 2(k +J) = (iy1 0 @iga 0 - 09;) (0 [ 2(k + j))

Similarly, it is clear that ¢, ; maps strategies for player I (resp. II) in T, to
strategies for player I (resp. II) in T;, in such a way that ¢ ;(0) restricted to
positions of length < n depends only on ¢ restricted to positions of length < n,
for all n. Moreover, it is clear that for each I, ¢ = @it1 © Yoo ir1. Thus, for
(Tso, Tooir Pooyi) O be a (k + i)— covering of T}, it remains to show that if oo, C T
is a strategy and z; € [¢eo,i(0c0)], then there is zo € [00] such that T ;(700) = ;.
We argue the case ¢+ = 0; it should be clear that the argument easily generalizes to

any ¢ € w.
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Let 00 C Tw be a strategy, and let 2y € [900,0(00)] € Lo AS Qoo0 = ©1 © Yoot
2o € [P1(Po01(0))]. Since (11,71, 1) is a k—covering of Ty, let 21 € [Pno1(000)] be
such that m (1) = z5. Moreover, as T} | 2k = T, | 2k, for any sequence s having
length(s) < 2k, 7 is the identity. Next, as ¢uo1 = ¥2 © Y02, 1 € [P2(Poo2(0))]-
Since (T3, T, p2) is a (k+1)—covering of T1, let 25 € [Peo2(000)] be such that my(xs) =
x1. Moreover, as Ty [ 2(k+1) =T, | 2(k + 1), for any sequence s having length(s) <
2(k+1), mo is the identity. In this way, we define for each i € w, ;11 € [Poo.it1(00)] C
[T;11] such that m; 1 (z;41) = x;. Recall from our definition of T, that T [ 2(k+1) =
T; | 2(k +1i). As a result, it is clear that g, 21,2, ... converges to zo € [Ts] given
by oo [ 2(k +j) = xo | 2(k + j) for each j > 0. Furthermore, zo, € [04] since
Ooo [ 2(k 4+ J) = ¥o0,i(00) [ 2(k + j) for all j > 0. Finally, it remains to show that
Too0(Too) = To. From the definition of 7y it follows that 7w o(700) [ 2k = xg | 2k.

For j > 0 we have the following
Too0(Too [ 2(k+ 7)) =T (v0o [ 2(k+ 7)) = mi (21 [ 2(k+ 7)) =0 | 2(k + 7).

Thus, it follows that 7. 0(%e) = To. It is clear that the above argument is completely

general for any ¢ € w. O

Theorem 3.2.5 (Martin). If T is a nonempty pruned tree on A and X C [T] is

Borel, then for each k € w there is a k-covering of T that unravels X .

Proof. Let T be a nonempty pruned tree on some set A and let X C [T] be Borel.
Suppose X € IIY([T]) and let k¥ € w. By Lemma 3.2.3, there is a k—covering of
T which unravels X. Moreover, Lemma 3.2.2 insures that such a k—covering also
unravels X ¢ so that the result holds for X € 39([T7).

Now suppose that 1 < a < w; and that for all § < o, if Y € E%([T]) and k € w,
then there is a k-covering of T' that unravels Y; by Lemma 3.2.2, the result holds for
all < a,Y € IIY([T)).

Let X € 30 ([T]). Thus, X = {J,c, X; such that for each I, X; € IT} ([T]) some
f; < a. By the induction hypothesis, let (77,7, ¢1) be a k-covering of Ty = T that

unravels Xo; that is, 7, *(X,) € A}. Moreover, since 7, is continuous, and since
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any pointclass is closed under continuous pre-images, it follows that = ' (X;) € I}
for each i > 0. Again by the induction hypothesis, there is a (k + 1)-covering of T},
(T3, 72, o) that unravels 7, ' (X;). Thus, (7, omr; ") (X;) € I} ([T3]) for all i > 1, and
(m3 ' o) (X;) € AY([T3]) for i = 0,1. In this fashion, define recursively for each I,
(Ti11, Tiv1, Piy1) to be a (k+i)-covering of Tj, that unravels (7; ' om; 0. --om ") (X)).
Now, for each i € w, let (T, Toois Pooi) be a (k 4 i)-covering of T;, as in Lemma
3.2.4. Then (T, Too0, Poo,0) Unravels X; for each I. That is, for each I, W;O{U(Xi) €
AYTL). Thus, m.05(X) = 1y (Uiey ) = Uy, Tado(Xs) € B(Zhc)). Finally,

using Lemma 3.2.3 and Lemma 3.2.4 again, let (T, 7, ¢) be a k-covering of Th, that

-1
00,

X. O

unravels 7.'o(X). Then, (T, 700 © T, Psop © @) is a k-covering of T that unravels

Corollary 3.2.6 (Martin). ZFC I~ Det(A})
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Part 11

The Metamathematics of Borel Determinacy
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Prior to Martin’s proof of Borel Determinacy, Friedman showed ZC ¥ Det(II0, ,,)
[Fri71]. Using a earlier result of Martin [Mar68], Friedman established the necessity
of the Axiom of Replacement to any proof of Borel Determinacy.

If there exists an algorithm that computes = from y, then x is recursive in y,
written x <7 y. Two reals x and y are Turing equivalent, denoted x =7 y, when
x <7 yand y <r z. The equivalence classes of reals in = are called Turing degrees
and we denote the set of Turing degrees by D. For every real x, the degree of wis
denoted by x. Given a pointclass I' and A C D, we say that A is a ['—subset if
{rew:x e A} €T. Let (D, <) be the partial order induced by x <y < = < y.
Forx € D, theconeof xisCy ={y e D:x <y}. f A CDandx € D, A contains
the cone of x if, and only if Cy C A and omits the cone of x if Cy C D ~ A.

Theorem (Martin). Assuming Det(T"), every I'-subset of D either contains or omits

a cone.

Proof. Let I be a pointclass and assume Det(T"). Let A C D be such that A = {z €
w?:x € A} € T'. Consider the game G(A)

1 ao a9

II a1 as

where a; € w. T wins G(A) if, and only if a € A; II wins otherwise. By assumption,
G(A) is determined. Suppose ¢ : w<¥ — w is a winning strategy for I in G(A). Fix
a recursive bijection ¢ : w — w<¥ and define x = ¢ o). We claim that Cy C A.
Suppose y € Cy; thus x <7 y. Consider a run a € w* of the game G(A) in which
IT plays y = (a1, as, ...) and I responds by playing (ag, as, . ..) according to ¢ so that
a € A. Now, y <7 a, hence y < a. But also, a <r y as x <7 y. So, a <y, and thus
y =a € A. A symmetric argument shows that if IT has a winning strategy in G(A),
then Cx C D\ A. O

Thus, producing a set A € I' of degrees that neither contains nor omits a cone
implies Det(T) is false. Both Friedman’s proof of ZC' ¥ Det(I1°,,) and our proof
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of ZFC ¥ Det(Il}) use Martin’s theorem in this way. Simpler counterexamples to
Det(I1}) exist, but it is not known at this time whether the literature contains any
incidence of the following proof of ZFC }£ Det(I1;).
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CHAPTER 4

ZFC ¥ Det(I1})
Arguing in ZFC, we produce a II} set of degrees of reals that neither contains nor
omits a cone. Each real in this set is the real coding the theory of a limit stage
of L in which a new real occurs. In the first three sections of this chapter, we
establish the existence of an L(\)-definable function from w onto L()\); the reader
familiar with these standard L arguments should skip to the final section containing

the construction of the II} set.

4.1 Properties of L

Using the notation of Kunen ([Kun80]), we define the following by transfinite recursion

on the ordinals

L(0)=0
L(a+1) = D(L(a)), for a successor

L(\) = [ JL(g), for A limit
E<A

where D is the definable power set operator. Informally, D(A) is the set of subsets
of A definable from a finite number of elements from A by a formula relativized to
A. A formal definition of D follows shortly. So L = |J,con L(®). A set x is said
to be constructible if z € L. “V =L” abbreviates the sentence Vx(x € L). This
section’s goal is the proof of the statement: for every A\ > w limit, L(\) =V = L.

A few L facts are needed. A set is transitive if every element is a subset. For
every ordinal «, L(«) is transitive; it follows then that L is transitive. Given z € L,
the rank of x, denoted p(x) is the least « such that x € L(a+1). For every ordinal «,
p(a) = . We write ZF' to denote Zermelo-Fraenkel set theory without the Axiom of
Choice. The following is an important theorem in its own right; the proof is standard

and we omit it.
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Theorem 4.1.1. L £ ZF

We prove in the second section that L is a model of ZF plus Choice (ZFC). The
following lemma catalogs the ranks of some commonly formed sets. We write (z,y)

to denote the ordered pair of z,y and z¥ denotes the set of all functions from y to .
Lemma 4.1.2. Let z,y € L be such that p(x), p(y) = «, for some o > w. Then

1. pz Ny),plz Ny) =a,

2. p({z,y}) =a+1,

3. p((2,9)) =+ 2,

4. NVNkew, if f:k—x p(f)=a+2,

5 Vkew, p(a*) = a+3,

6. p(x xy) =a+ 3.

Proof. Let x,y € L(a + 1) for some a. As a = 0 is trivial and as the limit case
easily follows from the successor case, suppose « is a successor. Let o, 1 be such that
v={z¢€ L(a): " (2)} and y = {z € L(a) : »*®(2)}. Then

zNy={z€ L(a): Lla) E(pA)(2)} € L(a+ 1).

Similar reasoning shows z \ y € L(a + 1).
Since {z,y} = {2z € Lla+1) : Lla+ 1) E (z = 2V z = y)}, it follows that
{z,y} € L(a+2). Hence, (z,y) = {{z},{z,y}} € L(a+3) and thus, x xy € L(a+4).
Now suppose k € w and f : k — x. Then f = {(i,f;) : i < kA f; € z}. By
the transitivity of L(« + 1), for each i < k and f; € z, we have i, f; € L(«). (Note
that this is the point where we use the hypothesis @ > w for convenience.) Thus,
(i, f;) € L(a+ 2). Hence, f € L(a+ 3), and z* € L(a + 4) for every k. O

We now formalize the definition of the D operator in order to aid our discussion

of certain absoluteness results, beginning with the satisfaction relation.
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Every formula in the language of set theory (LST) can be rewritten using only
the membership (€) and equality (=) predicates, the logical relations of negation
(=), conjunction (A), and existential quantification (3). Exploiting this fact, our
first definition inductively captures every k-ary relation on a set A definable from a
formula relativized to A in a manner that codes every formula by an integer. Let

A#0and k € w. Fori,j € w and 7,5 < k, define

Diage (A, i, j, k) = {s € A*: 5(i) € s(5)},
Diag—(A,i,j,k) = {s € A¥: s(i) = s(j)},
Proj(A,R, k) ={sc AF : 3t € R(t | k = 5)}.

where t | k denotes the restriction of ¢ to k. Define D f(A,n) by recursion on n as
follows:

1. Df(A,n)=0,ifn=0

2. Df(A,n) = Diage(A,i,j, k), if n=2-3".5 .75 where i,j < k

3. Df(A,n) = Diag—(A,i,j, k), ifn=2%-3"-5 . 7% where i,j < k

4. Df(A,n) = AF N Df(AQ), if n =2%.3".5 . 7% where i = 27 - 375" - 7% for
p=1,2,3,4,5 and some ¢,r, and j =0

5. Df(A,n) = Df(A,i)nDf(A,j),ifn= 24.31.57.7F where § = 2P.3%.5".7F j =
o' .30 .57 .7k for p,p' =1,2,3,4,5 and some ¢, ¢, 7,7’

6. Df(A,n) = Proj(A, Df(A,i),k),if n=2°-3".5 . 7% where i = 2P . 3%. 57 . 7F+1
forp=1,2,3,4,5 and some ¢,r, and j =0

7. Df(A,n) =0, if n is not of one of these forms.

A simple induction on n shows that {Df(A,n) : n € w} enumerates all relations
on A definable by a formula relativized to A. This is possible because, given n, we
can recursively recover both the LST formula ¢, and its arity, denoted Ar(n). As

¢n involves no parameters of A, the set of formulas is countable.
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At last, we have the following for A # (:

D(A)={X CA:Ink,s,RIn€wAhk=Ar(n)Asec AF!
AR=Df(An)ANX ={z € A:s"z € R}|}

where s x denotes the concatenation of s with x. Our immediate goal is the proof
that D is absolute for L(\), A > w limit; what we mean by absolute will become clear
in the lemmas to follow. To this end, we begin by establishing the absoluteness of
the Diage, Diag—, Proj, and D f relations for L(\), A > w limit.

A formula in which all quantifiers are bound is called Ay. Any formula equivalent
to a Ag formula is absolute for any transitive, well-founded set. Note that each of the

formulas in Lemma 4.1.2 is equivalent to a Ay formula.
Lemma 4.1.3. Let A > w be limit and A € L(\) be such that p(A) = a < A.

1. For alli, j, k € w, p(Diage(A, 1, j,k)), p(Diag—(A,i,j,k)) = a+ 3.

2. For all relations R on A, if p(R) = (3, then p(Proj(A, R, k)) = .

3. Diage, Diag—, and Proj are absolute for L(\).

Proof. Let A > w be limit and A € L()\) such that p(A) = a. We prove the first claim
for Diagc; the proof for Diag— is similar. Let 4, j,k € w with 7,7 < k. By Lemma
4.1.2, for every s € A*, p(s) = a + 2. Thus,

Diage(A,i,j,k) = {s € AF . 5; € 55}
={ze€L(a+3):Lla+3)Ez:k— ANz €z}

Hence, p(Diage(A, i, j,k)) = o+ 3.
For the second claim, let R a relation on A be such that p(R) =  and let k € w.
Thus,

Proj(A,R,k) ={sc A*: It € R(t | k = s)}
={zeLB):LB)FEz:k—>ANTye Ry | k=2)}
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So Proj(A,R,k) € L(f+1).

Finally, we prove that Proj is absolute for L()); the proof is similar for Diage
and Diag—. First observe that “z € Proj(A, R, k)" & 2 € A* ANz € R(z | k = s),
which is Ag. Thus, “z € Proj(A, R,k)” is absolute for L(\), as L()\) is transitive.
Now we want to show that for all y, A, R, k € L()),

y = Proj(A,R. k) & L(\) E y = Proj(A, R. k)

where “y = Proj(A, R,k)” abbreviates Vz(z € y < 2z € Proj(A,R,k)). Let
y, A, R,k € L(\). Suppose y = Proj(A, R, k). As universal quantification is down-
ward absolute and as “z € Proj(A, R,k)” is absolute for L()), it follows that
L(\) E y = Proj(A,R,k). Now suppose L(\) = y = Proj(A, R, k). We must
show Vz(z € y & 2z € Proj(A, R, k)). Suppose z € y. By the transitivity of L(\),
z €y € L(N). Since L(\) =y = Proj(A, R, k), we have L(\) | z € Proj(A, R, k),
which is absolute for L(\). Thus, z € Proj(A, R, k). Now suppose z € Proj(A, R, k).
As R € L()\), Proj(A, R, k) € L(\); again by the transitivity of L(\), z € L(X). Since
L()\) =y = Proj(A, R, k), we have L()\) = z € y, which is Ay and hence absolute
for L(A). Thus, z € y. O

The next lemma proves that the D f function is absolute for L(A) for A > w limit.
Due to the inductive definition of Df, “R = Df(A,n)” abbreviates the formula
dgv(g, R, A,n) where g is a finite function building up the Df sets such that g(n) =
Df(A,n).

Lemma 4.1.4. For all A > w limit, A € L(\), and n € w,
1. if p(A) = «, then p(Df(A,n)) = a+ 3, and
2. Df is absolute for L(\)

Proof. Let A € L(A) for A > w limit with p(A) = « for some w < a < A. We first

show by induction on n that Df(A,n) € L(a +4). The case n = 0 is trivial as

Df(A,n) = 0. Suppose now that n > 0 and that for all i < n, Df(A,i) € L(a + 4).
Case 1: n =2-3"-5 - 7% where 4, j < n.
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So Df(A,n) = Diage(A,i,J,k) € L(a + 3), by Lemma 4.1.3.

Case 2: n =22-3"-5 - 7% where 4, j < n.

So Df(A,n) = Diag-(A,1,j,k) € L(a+ 3), by Lemma 4.1.3.

Case 3: n=23-3".5/ . 7% for j = 0 and some k and where i = 27 - 39 . 5" - 7% for
p=1,2,3,4,5 and some g, r.

Asi < n, Df(A,i) € L(a+3) by the [H. By part 5 of Lemma 4.1.2, A* € L(a+3);
thus, by the first part of the same lemma A* \ Df(A,i) = Df(A,n) € L(a + 3).

Case 4: n = 2*.3%.5/.7% for some k and where i = 27.3%9.5".7% and j = 2¥".3¢.5"".7%
for p,p’' =1,2,3,4,5 and some ¢, ¢, r,r'.

Asi,j<n, Df(A,i),Df(A,j) € L(a+3) by the IH. By the first part of Lemma
4.1.2, Df(A,i)NDf(A,j) =Df(A,n) € L(a + 3).

Case 5: n = 25-3".5/ . 7% for j = 0 and some k and where i = 2P . 39 . 57 . 7TF+1
for p=1,2,3,4,5 and some ¢, r.

Asi <n, Df(A,i) € L(a+3) by the IH. Thus, Df(A,n) = Proj(A,Df(A,i),k) €
L(a+ 3) by Lemma 4.1.3.

Case 6: Suppose n is not of the above forms. Then Df(A,n) =0 € L(a + 3).

Therefore, Df(A,n) € L(a + 3) for every n.

Next, to show the absoluteness of the relation “R = Df(A,n)” for L()), let
R,A € L(\) and let n € w. “R = Df(A,n)” abbreviates 3gv(g, R, A,n) where
v(g, R, A, n) is the formula

g is a function Adom g =n+ 1AV 1 € dom g[Vi,j,k,p,p,qq¢,rr" €w
[[(1=2-3"-5-7"ANi,j <k)= g(l) = Diage(A,i, 7, k)]
A[(1=2%-3"-5-T"Ni,j <k)= g(I) = Diag—(A,1i,j,k)]

AN[(1=2%3.50 . TFANi=20.30.5" . TFAj=0A1<p<5)= g(l) = A" < g(i)]
A(l=2%3-5-TFAi=2P.37.5" . T" Aj =27 .37 .57 . TF A1 < p,p <5)

= g(1) = g(i) N g(5)]
AN[(1=2°-3.5.TFNj=20.30.5" . TF A j=0A1 < p<5)

= g(l) = Proj(A, g(i), k)]
A[(I#2P-3.5 - T"A1<p<5)=g() =0)]]AR=g(n)
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By inspection, v faithfully represents the inductive definition of Df. Moreover, v
is absolute for L(\) since it is comprised of subformulas which either are Ag or are
absolute for L(A) by Lemma 4.1.3. First, L(\) = dgv(g, R, A,n) = Jgv(g, R, A,n)
is immediate as existential quantification reflects upward. Next, suppose ¢ is such
that v(g, R, A,n). As A€ L(a+1), Df(A,n) € L(a + 4) for every n; so by Lemma
41.2 (n,Df(A,n)) € L(a + 6) for every n. Thus, g € L(a+7) C L(\). By the
absoluteness of v we have L(\) = 3dgv(g, R, A, n). O

As a consequence of Lemma 4.1.4, we have the following closure property.

Corollary 4.1.5. For A\ > w limit, let A,R € L()\) be such that p(A), p(R) = a.
Then p(g) = « + 6 where g is from the relation “R = Df(A,n)”.

We write “X € D(A)” to abbreviate

X CAAInk,s,RIn€cwAk=Ar(n)A s A=A
R=Df(An)A\Vx € A(r € X & sz € R)]

Lemma 4.1.6. “X € D(A)” is absolute for L(\) for A > w limit.

Proof. Let A > w be limit and let X, A € L(«) for some o« < A. We want to show
“XeD(A) & L(\) E “X e D(A)".

Suppose that “X € D(A)”. Thus, X C A and there exist n, k, s, R such that
n € whk = Ar(n)\s € A¥ AR =Df(A,n)AVz € A(x € X & s’z € R). Replacing
“R=Df(A,n)” with 3gv(g, R, A,n), let n,k, s, R, g be such that “X € D(A)”. As
A > w, n,k € L(\). Since A € L(a), A*!' € L(a +3) and s € L(a + 2) by
Lemma 4.1.2. Lemma 4.1.3 insures that R € L(« + 3). Since v(g, R, A,n), we have
g={(i,Df(A,i)) : i <n}. By Lemma 4.1.4, for all I, Df(A,i) € L(a + 3). Thus,
g € L(a+6) C L(A). Since each subformula of “X € D(A)” is Ay, except for v which
is absolute for L(A\) by Lemma 4.1.4, we have L(\) = “X € D(A)”".

Conversely, suppose L(\) = “X € D(A)”. As existential quantification is upward
absolute, X € D(A). O
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We can now prove that D is absolute for L(A), A > w limit. In order to insure the
existence of D(A) for each A, we abbreviate “Y" = D(A)” by

VX[ X €Y = X € D(A)] AN, k,s[(n € w Ak = Ar(n) As € AF1)
= AR, X[R=Df(A,n)A\Vz e A(zre X & sz € R)ANX €Y]]

Lemma 4.1.7. For all A\ > w limit and A € L(\)
1. if p(A) = «, then D(A) € L(a + 8), and
2. D is absolute for L(\).

Proof. Let A € L()) for A > w limit and suppose p(A) = a. Using the definition of
D and Corollary 4.1.5 we have

DA)={X e L(a+7):
Lla+7) EX CAANTnk,s,Rn€wAk=Ar(n)A
s€ A AR =Df(A,n)AVz € Alz € X & s"v € R)]}.

Thus, D(A) € L(a +8) C L(\).

In order to show “Y = D(A)” & L(A\) = “Y = D(A)”, let Y, A € L(«) for some
w<a<A

Suppose “Y = D(A)”. As universal quantification is downward absolute and as
“X € D(A)” is absolute for L(A) by Lemma 4.1.6, L(\) E VX[X € YV = X €
D(A)]. For the second conjunction of “Y = D(A)”, suppose n,k,s € L()\) are
such that L(A) E n € w Ak = Ar(n) A s € A¥ 1. As these formulas are Ay,
n) As € A¥"1. By assumption, Y = D(A). So let g, R, X be such
AVz € Alx € X & s’ € R)AX € Y where v is as in Lemma
A), Corollary 4.1.5 implies that g € L()\). Now R € [JJg; by the
A), R € L()\). Similarly, X € Y € L()) implies that X € L(\).

newAnNk=Ar
that v(g, R, A,n
41.4. AsAe L
transitivity of L

—~
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Since v is absolute for L(\) by Lemma 4.1.4 and the rest is Ay, it follows that

L) EVn,k,s[(n€wAk=Ar(n) As e AF )
= dg, X[v(g) A\Vz € Alz e X & sz € gn)AX e€Y]]

Thus, L(\) E “Y = D(A)".

Conversely, suppose L(A) | “Y = D(A)”. First, let X € Y. Since L(\) is
transitive, X € L(\). So by assumption, L(A) E X € D(A). But “X € D(A)” is
absolute for L(\). So X € D(A), and thus, VX[X € Y = X € D(A)]. For the second
conjunction of Y = D(A), let n, k, s be such that n € w Ak = Ar(n) As € AF7L. As
A>w,n k€ L(A). As A € L(\), Lemma 4.1.2 gives s € L(A). Since these formulas
are Ag, L(\) En € wAk = Ar(n)As € A¥~!. As existential quantification is upward

absolute and since the following formula is absolute for L()),
dg,R, X(v(9, R, Ain)ANVz e Azr e X &sx e R)NX €Y)

hence, “Y = D(A)”. Therefore, “Y = D(A)” is absolute for L(\). O

Consider the map « — L(«a); we write £ [ o+ 1 = {(5, L(#)) : 8 < a}. Thus,

“F=Lla+1"=a€ ONAS is a function Adom f = o + 1A
¥ € dom f[(5=0= f(6) =0) A (Blimit = f(5) = | F(1)A

v<B

(Bsuccessor = F(#) = D(F(8 — 1))

The following proposition is the germ of the proof that oo — L(«) is absolute for
L()), A limit.

Proposition 4.1.8. For each « € ON, L [ a+1 € L(a + w).

Proof. By transfinite induction on «. The case o = 0 follows from £ [ 1 = {(0,0)} €
L(3) C L(a+ w). Now suppose « > 0 and that for all 3 < a, L | 4+ 1 € L(f + w).
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Ifa=pF+1then L] B3+1€ L(B+k) for some k € w. Since B+ 1,L(B+1) €
L(B +2), it follows that {(3+ 1,L(3+ 1))} € L(3 + 5). Thus,

LTa+1=LIB+1U{(B+1L,LB+1)}EL(B+k+5)C Lia+w).

If o is limit, we claim that £ [ a4+ 1 € L(a+ 1). It suffices to show that

Ucrs+i={zeLa): L) 38,99 =L B+1Az=(8,9(8))}

B<a

Suppose z € Uy, £ [ B+ 1. Then for some 8 < « we have z € L | §+ 1.
Thus, z = (4,L(8)) € L(B+4) C L(a). By the induction hypothesis, there is
ag € L(B+ k) C L(a) such that ¢ = L [ f + 1 for some k. Now the formula
“g=L1]F+1"is Ay, except for the occurrence of the D function. As « is limit, D
is absolute for L(«). Thus, L(«) =g = L | f+ 1, and hence

Lla) =368,9(g=LIB+1Nz=(B,9(0)))

The reverse inclusion follows from the fact that existential quantification is upward
absolute. O

Lemma 4.1.9. For all A > w limit and « < A\, L [ o+ 1 is absolute for L(\).

Proof. Let A > w limit and o < A. Letting f = L [ a + 1, Proposition 4.1.8 implies
that f € L(a + w) C L(A). Moreover, the formula “f = £ [ o+ 1”7 is Ay, except for
the occurrence of the D function, which is absolute for L(A) by Lemma 4.1.7. O

Abbreviating f[f = L [ a+ 1Az € f(a)] by “z € L(«)” produces the following.
Proposition 4.1.10. “z € L(«)” is absolute for L(\), A > w limit.
Proof. Combine Proposition 4.1.8 and Lemma 4.1.9. O

Finally, we reach the goal of this section. Recall that
“V=L"&Vz(rel)eVeIa(r € Lla))
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Theorem 4.1.11. For every limit ordinal A > w, L(\) = V=L.

Proof. Let x € L()\) for some A > w limit; so € L(«) for some w < a < A. Letting
f =L | a+1, it follows that f € L(a +w) € L(\) by Proposition 4.1.8. The
absoluteness of “f = £ [ a+1” for L(\) from Lemma 4.1.9 insures that L(\) = “f =
LTa+1". Asz € f(a)is Ay we have L(\) EVeda, f[f =L [a+1Ax € f(a)]. O

4.2 Consequences of V=L

In this section, we present a few important consequences of V=L. First, we show
under what circumstances will a set M = L()\) for some A > w limit. Next, we prove
that there is a parameter-free uniformly L(\)-definable well ordering of L(\); hence,
L(\) = AC. Finally, we define Skolem functions and Skolem hulls and prove some

fundamental absoluteness and definability results.

4.2.1 Transitive models of V=L

In this section we show that if M is a transitive set modeling V = L and a finite frag-
ment of ZFC, then M = L(\) for some limit \. We define ¥; to be the conjunction of

Axioms of Extensionality, Infinity, Pairing, Foundation, and the following sentences:

Va3ylz € ON = y = Suc(z)]
Vo, nIyln € w = y = 2"
VzIyly = D(z)]

It should be clear that for all A > w limit, L(\) E ¥;.
Let M be any set. We define the ordinal of M, denoted o(M), to be the least

ordinal not in M. Given oo € ON we denote the successor of a by Suc(a).
Proposition 4.2.1. For all transitive M such that M = V=L A\ ¥y,

1. o(M) > w is limit,

2. D is absolute for M, and
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3. M = L(o(M)).

Proof. Let M be a transitive set modeling V=L and ¥;. That M is well-founded
follows from M & Foundation. M = Infinity AVa3ylr € ON = y = Suc(z)]
implies that o(M) > w is limit. Also, the transitivity of M implies that any A,
formula is absolute for M; hence, all of the defined functions in Lemma 4.1.2 are
absolute for M.

To show D is absolute for M, let A € M. Since M | VzIyly = D(z)], let
Y € M be such that M =Y = D(A); we show that Y = D(A). For the definition
of “YY=D(A)”, see the comments immediately preceding Lemma 4.1.7. For the first
conjunction, suppose X € Y. As M is transitive, Y € M implies that X € M.
This is Ag, thus M = X € Y. By assumption, M = X € D(A). We claim that
“X € D(A)” is absolute for M; the argument is similar to the proof of Lemma 4.1.6
To see this, we first observe that since M | Vz,n3y[n € w = y = 2"|, then for all
n, Df(A,n) € M. Since M = Pairing, the function g from the inductive definition
of “R = Df(A,n)” is also in M. The rest follows from the fact that all of the
subformulas in “X € D(A)” are Ay. Thus, X € D(A). For the second conjunction,
let n, k,s be such that n € w Ak = Ar(n) As € A¥=1. As o(M) > w, it follows that
n,k € M. Since M = Vz,nIyln € w = y = z"], it follows that s € M. Moreover,
MEnewAk = Ar(n) As € A¥ ! since this formula is absolute for M. So by
assumption, 3g, R, X € M[v(g,R,A,n) A\Vrx € Alr € X & sz € RIANX € Y]. As
v is absolute for M and the rest is A, it follows that Y = D(A). Similar arguments
show that

Y =D(A) = MEY =D(4)

Finally, we show M = L(o(M)). Let o(M) = A for some A > w limit.

Suppose x € M. By assumption, M = V=L. So let o, f € M be such that
MEf=Lla+1Az € f(a). The formula “f = L [ a+17 is Ay, except for the D
function, which we proved is absolute for M. Thus, as M is transitive, “f = L [ a+1”
is absolute for M. So f =L [a+1 and z € f(a). As a € M it must be that o < .
Thus, o € L(aw+ 1) C L(A\). By Proposition 4.1.8 f € L(aw 4+ w) C L(\). Hence
z € f(«) implies & € L(\). Therefore, M C L()).
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Suppose x € L(A). As A > w is limit, Theorem 4.1.11 gives L()\) = V=L. So let
a,f € L(A) besuch that LA ) E f=L [ a+ 1Az € f(a). Since a < A = o(M),
it follows that a € M. By assumption, M = V=L. So let 3,9 € M be such that
MEg=L|B+1Na€ g(B). Now a € g(3) implies that o« < 3. We claim that for
all v < «, f(v) = g(v) (by induction on 7). For v = 0 this is immediate. Suppose
that for all § < v, f(§) = ¢(0). If v is a limit ordinal, then

fn=Uro =0 =90

o<y o<y

If v is a successor, it follows that

f()=D(f(v=1)) =D(g(y - 1)) =D (g9(v — 1)) = 9(v)

as the D function is absolute for M. Thus, f(v) = g(v) for all v < a. Consequently,
z € f(a) = g(a). Moreover, @ < 8 implies g(a) C g(8). Thus, x € g(3) € M.
Therefore, L(A) C M and we are done. O

42.2 ACinL

Another consequence of L(A) =V =L is a uniformly definable well-ordering of L(\)
for A > w limit. To improve the readability of the formula defining this well-order,
we make the following abbreviations and notations.

Concerning the numbering of formulas, it should be clear from our definition of
the Df function in Section 4.1 that for every formula ¢(zg,x1,...,zx_1), there is a
canonical n such that {s € A% : p4(s,51,...,50-1)} = Df(A,n). As a result, we
write ¢, to denote the n'* formula in this enumeration. Moreover, this enumeration
is primitive in the sense that if ¢,, is a subformula of ¢,,, then m < n. Finally, recall
that the Ar function recovers the arity of the free variables of ¢,,.

Given x € L, recall that p(x) denotes the rank of z; that is, “a = p(x)” & o €
ONAzx ¢ L(a)ANx € L(a+1). For x € L(a+ 1), let n(x) be the least n such that x

is definable from the n'* formula for some parameter s € L(a)*~! where k = Ar(n).
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Formally, “m = n(z)” if, and only if

m € wAJala = p(x)
Ads € La)" ™z = {z € L(a) : 92 (2,50,. .., S ar(m)-1)})
AVI<mVse L) DYz # {2 € La) : cplL(a)(z, 50y Sar()=1)})]-

Given z € L(«), let Ar(n(z)) — 1 = ay; let £(z,y, j, f, 5) be the formulaz [ j =y |
JN(z(f),y(45)) € f(B—1). These are A, and hence absolute for L()). Since “z € L(a)”

and the satisfaction relation are absolute for L()), the formulas “a = p(z)

«

m = n(x)” are absolute for L(\).

O(x,y, f,a) is the formula :

fis a function A « € ON Adom f=a+1A f(0)=0A

V3 € dom f
(8 limit A 8> 0) = £(8) = ] F(6)A

0<pB

B successor = f(3) = {(z,y) € L(B) x L(p) :

(r,y) € FB—)V (x € LB-1)A y¢ L(B— 1)V

(2,5 ¢ L(B—1) A n(z) < n(y)V
(z,y ¢ L(B—1) A n(z) =n(y) A
ds,t € L(f —1)*
v ={z € LB-1): 450 (=9}
Vre L(B —1)=Vj < a,
(€(r5,5,£,8) v o £ {z € L(B 1) : o0V
y={zeL(B-1): gni (2. t)IN
Vr e L(f —1)"Vj < a,
[€(r,t,5,£,8) =y # {2 € L(B 1) : o5
3j < aa(€(s.t, 0, £ B A (2,9) € f(o)
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and

We fix a formula @ of two free variables. 0(z,y) < 3 f, af(x,y, f,a) where



Proposition 4.2.2. The relation (x,y) uniformly defines a well order <y of L(\)
for A > w limit.

Proof. Let A > w be limit. # induces a well-order <175y of L()) in the following way.
Given two elements of L(\), first compare by rank using the usual well-order of the
ordinals. If they have the same rank, then compare by formula using the canonical
enumeration of formulas and the usual well-order on the integers. If two sets of the
same rank are definable by the same formula, then compare the set of parameters
defining each set using the lexicographic order on the set of k-tuples. This ordering is
necessarily a linear order such that every nonempty subset of L()) has a <1;(»)-least
element. It remains verify the absoluteness of 6 for L(\).

Let z,y € L(\). From Corollary 4.1.5 and Proposition 4.1.10, we have the ab-
soluteness for L(A) of the forumlas “R € Df(A,n)” and “z € L(5)”. It follows
that A(z,y, f,a) is absolute for L()\). Thus, 8"V (z,y) = 0(z,y) is immediate, as
existential quantification is upward absolute.

Now suppose #(z,y). Let f, o be such that §(x,y, f, ). Without loss of generality
we assume that o < A. (If @ > A, then let o/ = max{p(x),p(y)} + 1 so that o/ < A.
Thus, 6(z,y, f',a') follows by taking f' = f [ o.) Since a € L(a+ 1) C L(\)
it remains to show that f € L(\). Reasoning similarly as in Proposition 4.1.8,
it should be clear that f € L(a + w). As @ is absolute for L()), it follows that

L) E b(, ). O

Hereafter, when we write <iz(n) we mean the L(\)-definable well order of L(X)
induced by #. As all of L can be well ordered by 6, we can now complete Theorem
4.1.1.

Theorem 4.2.3. L = ZFC

4.2.3 Skolem functions and Skolem hulls

Given formula ¢, (vy, . . ., vx) with free variables among vy, .. ., v, a Skolem function

for ¢, over A is a function f : A¥ — A such that
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1. if ¢, is Fup;(u, vy, ..., v) and there is y € A such that ¢;(y,zq,...,xg), then

f(z1,...,x) is the <4-least such y, or

2. if @, is Jup;(u,v1,...,v;) and there is not y € A such that p;(y, z1,...,z1),
then f(z,...,25) =0, or

3. if ¢, is not of the form Jup;(u, vy, ..., vg) or if &£ =0, then
f(lUl, TN ,l'k) = @
Recall from Section 4.1 that Proj codes the existential formulas. That is, Df(A,n) =
Proj(A,Df(A,i), k), if n=25-3".5/ . 7F where i = 2P - 37- 5" - 7F+1 for p = 1,2,3,4,5
and some ¢,r, and j = 0. So we have “f,(z1,...,zx) =y’ & o(n,x1,..., Tk, Y)

where o abbreviates the formula

d4,5,k,p,q, 7 €W
[(n=2°-3".5 TP ANi=20.30.5" . 7" Aj=0Ak>0ADP <6)A
((pi(x1, -z, y) AV 2[0(2,y) = —pi(21, ... 2k, 2)])V
V2(=pi(xe,y .y mp,2) Ay = 0))]V
-34,5,k,p,q,7 €W
[(n=2°3".5.7TFNi=20.30.5" . TF A =0Ak>0Ap<6)
ANy =0

As 6 is L(\)-definable for A > w limit and since the satisfaction relation is absolute
for L()\), the relation “f,(xy,...,zx) =y” is L(\)-definable. Furthermore, any finite
set of Skolem functions fi, ..., fx is L()A)-definable.
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Suppose N € w and fi,..., fy are the Skolem functions for A corresponding to

the formulas ¢, ..., ¢oy. Consider the following subset H C A :
H() =w
N
Hl+1 = H U (U{fl(xla s Jxki) CTpy ., Tk € Hl}>
i=1
H=|]JH

lew
H is the Skolem hull of w inside A under fi,..., fy. It should be clear that the
formulas ¢y, ..., oy corresponding to the Skolem functions fi,..., fy are absolute
for H, A. This is critical since a hull H need not be transitive so that even A,
formulas are not absolute for H, A. As we can close H under fi,..., fy for any N,
by choosing N large enough, we can make any finite number of formulas absolute for
H, A. Note that given an LST-formula ¢, we write "¢ to denote the Gédel number

of ¢ according to our enumeration given by the D f function on page 28.

Lemma 4.2.4. Let A > w be a limit ordinal. Suppose H the Skolem hull of w
inside L(X\) under fi,..., fx where N > "™V =LA ¥;". Then, for 1 < n < N,
“fo(x1, ... xk) =y is absolute for H, L(\).

Proof. Let A\, N, H, and n be as above and let z1,...,x;,y € H where k = Ar(n).
In order to show H = o(n,z1,...,x,y) < L(A) Eo(n,zi,..., 2, y) we concentrate
on that part of o, denoted here by ¢ (i, x1, ..., 2k, y),

(pi(x1, . 2k, y) AV 2[0(2,y) = —wi(@y, ..., 2k, 2)])V
Vz[npi(xy, . xk, 2) ANy = 0]

as the absoluteness of the rest of o easily follows.

First suppose H = ¢(i,x1,...,2k,y) where i < n. In order to show that L(\)
models the first half of the disjunction, observe first that ¢; is absolute for H, L(\)
since H is closed under the i Skolem function. Thus, gpf(’\) (x1,..., 2k, y). Now

suppose z € L()) is such that 6™ (z,y). If 2 € H, then 67 (z,y) as 6 is absolute
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for H,L()\). Thus, by assumption =/ (zy,..., 24, 2), hence ﬂgoiL()‘)(

(N (

Tlyeeny Thy 2).
So suppose z ¢ H and suppose for contradiction that gpiL T1y. .., Tk, 2). Now,
0'M(z,y) implies that y must not be the < -least element of L(A) such that
goz-L()‘) (@1,..., Tk, 20). Let 29 € L(A) be <p(x)-least such that goz-L()‘) (x1,..., 2Tk, 29). Since

H is closed under the i*" Skolem function, z, € H, and hence,

H = pi(xy, ..., x5, 20) AV 2[0(2, 20) = i@, ..., Tk, 2)]

) (

contradicting the hypothesis H = ¢ (i, x1,. .., Tk, y). Thus, —wiL Tlyeeny Thy 2).

For the second part of the disjunction, suppose that z € L(\) is such that
o™
As ) € H, “y =" is absolute for H, L(\); hence, L(\) EV z[~p; (21, ..., 2k, 2) Ay =
(b] So H ): w(iaxla s 7xkay) = L()\) ): w(iaxla s 7xk7y)'

L) E (i, z1,. .., 26,y) = H E (i, 21, ..., 25, y) follows from H C L(\) and

since universal quantification is upward absolute. O

Ti, . T, y). S0 @l (xy, ..., 2y, y) follows by the absoluteness of ¢; for H, L()).

Next, we show there is an L(\)-definable surjection F : w — H. Let (nq,...,ng)
be a finite sequence of integers and let {p }rew be the usual enumeration of the primes.
We say that the code of (ny,...,n) is

— gmtl gnatl ni+1

(ny,...,ng) <Dy

It is clear that the coding function (-) : w<% — w is injective. Furthermore, (-) is a
recursive function as is the decoding function that maps a k-tuple to its code. Thus,
we will use (-) freely in future formulas with the understanding that it can be replaced

by a formula that is absolute for L(A), A > w limit.
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Define F': w — H recursively as follows:

.

c if n =(0,c¢);
filzy, ... zy,) ifn={+1i¢,...,¢) for 1 <i < N and

for each 1 < j <k;, z; = F(c;) for x; € Hj;

\Q) if n is not one of the above forms.

Clearly, F' is surjective. Moreover, “F(n) = x” is L(\)-definable as a relation by the

formula ®(n, z):

Jg[gis a function Adomg =n+1
Vm <nVl,ce<n[l=0Am=(,c) = g(m) = c]A
Vii,cr,...,cp <n, Vo, ...z
[(1>0AV 1 <)<k = gle) =]
Am=(l,i,¢c1,...,c) = o(i, 21, ..., Tk, g(m))]A
Vii,ery..o 06, Sy Vg, ..., o,
[(I>0AFj[1<j<kNgle;) #zi]Am=(li,c1,...,ck))
VI>0Am=(,i))Vm={)Vm=0,1)= g(m)=10]

Ag(n) = x|

where ¢ is as in Lemma 4.2.4. We claim that “F(n) = 2” is absolute for H, L(}).
Upon examination ®(n,z), we see that we need to close the hull under the Skolem
functions corresponding to the formulas insuring that the following are absolute for
H, L(\): ordered pairing; given an ordered pair (zp, z1), each coordinate zy, z; exists;
and given a finite function g, every image g(n) exists. Define ¥y to be the conjunction

of ¥, and the sentences that insure the absoluteness of the above formulas.

Lemma 4.2.5. Let A\ > w be a limit ordinal. Suppose H is the Skolem hull of w inside
L(A\) under fy,..., fx where N > TV =L AWy Then, for 1 <n < N, ®(n,x) is
absolute for H, L(\).
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Proof. Similar to Lemma 4.1.4. Let A be limit. The absoluteness of ® for H, L(\)
follows from the absoluteness of o for H, L(\) from Lemma 4.2.4. O

4.3 The theory of L(\)

A structure (in the language of set theory) is an ordered pair (A, E) such that A is
a nonempty set and F is a binary relation on A. For a structure (A, F), the theory
of (A, E) is the set of all sentences that are true in (A, F); that is, Th(A, F) = {n €
w: (A, E) E ¢,}. When E is understood, we simply write Th(A). We show in this
section that if x € w* N L is such that p(z) = «, then Th(L(a+ w)) € L(a +w + 2).

Suppose x € w* NL, p(x) = a. A priori, z may have parameters, that is infinite
ordinals, figuring in its definition. Our first two lemmas of this section shows that we
can eliminate the parameters. Note that we write Lim(«) to abbreviate the formula

“or is a limit ordinal.”
Lemma 4.3.1. Let A = a+w and let N be the largest limit ordinal less than A. Then,
1. for alll € w, N+ 1 is L(\)- definable without parameters, and

2. forally € L(\) and | € w, if y is L(N + 1)-definable without parameters, then
y is L(\)-definable without parameters.

Proof. We prove the first claim by induction on [. For [ = 0, consider p(a) =
Lim (o) A VG[Lim () = (8 < a)] Clearly, p(«) is parameter-free and L(\) = o(N).
Suppose now that the result holds for A’ + [; let ¢(«) be the parameter-free formula
such that L(\) E (X +1). Consider p(a) = B[ () A a = 3+ 1]. Clearly, ¢ is
parameter-free and L(\) = (N + 1+ 1).

For the second claim, let ¢)(«) be the parameter-free formula defining A" + [ over
L(A\). Define a new formula ¢(z,«) to be the formula ¢(z) having all unbound
quantifiers bound by L(«a). Then, it is clear that

y={z€ L) : L(A) ETalp(a) A “z € L(e)” A @(z, )]}

as “z € L(«)” is absolute for L(\) by Proposition 4.1.10. O
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Lemma 4.3.2. Suppose x € w*NL is such that v € L(a+1)\ L(a) and let A = a+w.
Then there is a parameter-free L(X\)-definable y € w” N L such that y ¢ L(a).

Proof. Let x,«, A be as above. Define S C L(\) as follows:
S={(n,by,....bp):n€wAby,....bpy € L(a)A{z €w: ot (2,by,...,bp)} ¢ L(a)}

As x witnesses that S # 0, let @ = (n,a1,...,a;) be the <p(y)-least element of S.
We claim that for some | € w, y = {z € w: cpﬁ(a)(z, at,y...,ax)} ¢ L(a) is L(a + 1)-
definable; thus, by Lemma 4.3.1, y is L(\)-definable without parameters, and we are
done.

To prove the claim, let £(/3) be the parameter-free formula from Lemma 4.3.1 defin-
ing a over L()\). Let 1(3,b,v) be the formula Vm € w[m € v < cpﬁ(ﬁ)(m, bi, ..., be)l.

Let ((z) be the formula

36,5, v[€(8) A @2 (2,by, ... be) A(B,5,v) Av ¢ L(B)A

Ve, wl(0(c,b) A (8,6 w)) = w e L(B)]]

where 6 is as in Proposition 4.2.2. Recall that “v € L(/3)” abbreviates the formula
Af[f = L | B+1Av € f(3)]. The formula “6(Z,b)” abbreviates a similar exis-
tential formula (see Section 4.2). Next, recall that @fo(ﬁ)(z,bl, ...,b,) = 3AR[R =
Df(L(8),bo) Aby"---"b,"2 € R]. Recall that the absoluteness of these formulas for

L(\) required going up a finite number of levels beyond L(«). Thus, for some k € w,
y={z€ew:Lla+k)EC((2)}. O

Hereafter, ( is used to designate the parameter-free real y from Lemma 4.3.2 so
that y = {n € w: L(\) = ((n)}. Clearly, y is different for each A.

In order to achieve our goal Th(L()\)) € L(A+2), we need an L(\)-definable map
from w onto L(A), A < w;. From the previous section, we have ® defining a surjection
of w onto a Skolem hull H so it might seem natural to use Proposition 4.2.1 to get
H = L()\), except that H need not be transitive. Yet this is easily remedied by
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the Mostowski Collapsing Lemma. Briefly put, the Lemma states that every well-
founded extensional structure is isomorphic to a unique €-structure. Moreover, the
isomorphism is unique. Once we close H under a sufficient number of functions, we
collapse H to a transitive M. To insure M = L(\), we define W3 to be the conjunction

of ¥y and 32V n € w[n € z < ((n)] where ( is as in Lemma 4.3.2.

Proposition 4.3.3. Suppose x € w* N L is such that v € L(a + 1) ~ L(a) and
let \ = a+w. Let H be the Skolem hull of w inside L(\) under fi,..., fx where
N >V =LAV3" and let M be the transitive collapse of H. Then, M = L(\).

Proof. Let x,a, A\, H N, M be as above. Let y = {n € w : (*™(n)} be such that
y € L(A\) \ L(«) as in Lemma 4.3.2. We observe that as H = M, every formula that
is absolute for H, L(\) is also absolute for M, L(\). As M =V =L A ¥y, it follows
from Proposition 4.2.1 that M = L(3) for some limit 3. Clearly, 3 < A as H C L(\).
By the absoluteness of ¢ for M, L()), it follows that y € M. As y ¢ L(«), we have
a < B. If a is a successor, then § limit implies o +w = A < . If « is limit, then
a+ 1< and thus a+w < j. O

Corollary 4.3.4. Suppose © € w” N'L is such that x € L(a+ 1) \ L(a) and let
A = a+w. Then, there is an L(\)-definable surjection G : w — L(\).

Proof. Use the formula ®(n, z). O

Theorem 4.3.5. Suppose © € w* N L is such that x € L(a + 1) \ L(«) and let
A=a+w. Then Th(L(\)) € L(A + 2).

Proof. Let z,a, A be as above. By definition, Th(L(\)) = {n € w : L(\) E ¢,}.
Rather than explicitly writing the formula that defines Th(L())) over L(\A + 1), we
observe that by using the L(\)-definable map G : w — L()\), we can refer to any set
in L(A) by its code. So even though the satisfaction relation over L(\) amounts to a
formula involving the Df function and other sets in L(\), we can replace each such

reference by an integer. Thus, each n € w such that L(\) = ¢, is definable over L(\),
and hence Th(L())) is definable over L(A + 1). Hence, Th(L()\)) € L(\ + 2). O
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4.4 A non-determined IT} set

We conclude this chapter with our construction of a ITj set of Turing degrees which
neither contains nor omits a cone. Readers familiar with effective descriptive set
theory will recognize this set as being II}. In the first part of this final section, we
give a brief sketch of the rudiments of effective descriptive set theory (see [Mar77]
or [Mos80] for details) in order to motivate this change from boldface to lightface
notation. We then define our set of reals which codes the theories of structures that
fulfill the conditions of Theorem 4.3.5 and proceed to prove that this set is IT}. This
set of reals gives rise to a set of degrees which we prove neither contains or omits a
cone, and thus, by Martin’s theorem, this set must be non-determined.

Recall from Sections 2.2 and 2.3 the Borel and projective hierarchies. Because
they are topological in nature, these hierarchies constitute the domain of classical
descriptive set theory; for uncountable Polish spaces, the classical results are rich
and deep. Yet when defined on the countable Polish space w, the Borel and projective
hierarchies collapse as every subset of w is open. By replacing the topological notion
of open set with that of a semirecursive set, a nontrivial Borel and projective hierarchy
that retains much of the classical character emerges. Descriptive set theory on w from
this approach is generally referred to as effective descriptive set theory. Defining
the relationship between classical and effective descriptive set theory requires a brief
sketch of recursion theory.

Though the definitions of recursive and semirecursive functions can be rigorously
developed (see [End77] and [Sho67]), we omit these rudiments for the sake of pro-
ceeding directly to the main result and approach these definitions intuitively. A
function F' : w* — w is semirecursive if there is an algorithm such that given
(n1,...,ng) € wk, the algorithm eventually halts and produces F(ni,...,n;) <
(n1,...,n,) € dom F. A relation R is semirecursive if there is an algorithm which
when applied to the inputs (n,...,ng) gives an output iff R(nq,...,ng); that is,
the algorithm will eventually produce a ’yes’ or 1 iff (nq,...,nx) € R. A function

F : wk — w is recursive if there is an algorithm which accepts (ny,...,n;) € dom F
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as input and eventually produces F(ny,...,n;). In other words, a function is recur-
sive if its graph is semirecursive. A relation R C w* is recursive iff its characteristic
function is recursive; that is, given (ny,...,n;) € w*, the algorithm produces a "yes’
or 1iff R(ny,...,nx) and a 'no’ or 0 iff =R(n4,...,n).

A relation P is arithmetical if it has an explicit definition
P(z) & Qx1 ... QuryR(x, 21, ..., 2y)

where R is a recursive relation and each ;x; is an existential or universal integer
quantifier. Blocks of like quantifiers can be contracted so that the @Q;z;’s can be
considered alternating from 3 to V. For n > 1, an arithmetical relation is X% (resp.
I1%) if, and only if its explicit definition has n integer quantifiers, the first being
existential (resp. universal). If a relation P is both X% and I1?, P is said to be AY.
So the recursive relations are precisely the A? relations. Closure properties of the

arithmetical pointclasses are listed in the following theorem, stated without proof.
Theorem 4.4.1. 1. If P is % or 1%, then P is £ and I1° for all n > m.
2. If P is 30 (or resp. T12), then =P is T1° (or resp. 30).

3. For eachn > 1, both X0 and 112 are closed under recursive substitution, union,

intersection, and bounded existential or universal integer quantification.
4. For eachm > 1, X0 is closed under existential integer quantification.
5. For each n > 1, T1Y is closed under universal integer quantification.

6. For each n > 1, there is P € X0 such that P ¢ TI2 and there is P € 112 such
that P ¢ 30.

The upshot of Theorem 4.4.1 is that the finite levels of Borel hierarchy illustration
from Section 2.2 correspond to the arithmetical hierarchy; the boldface notation is
simply changed to lightface. (We will have more to say later about the direct rela-
tionship between boldface and lightface notation.) Also, just as the Borel hierarchy

extends well beyond the finite levels by taking unions at limit stages, the arithmetical
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hierarchy is extended by the hyperarithmetical hierarchy. Though we will encounter
these sets in the results to follow, we will develop only the theory germane to our
result.

Replacing the integer quantifiers with real number quantifiers yields the lightface
version of the projective hierarchy, the analytical hierarchy. A relation P is analytical

if it has an explicit definition

P(z) & Qx1...Que,R(z, 21, ..., 2,)

where R is a recursive relation and each Q;x; is an existential or universal real number
quantifier. Blocks of like quantifiers can be contracted so that the @Q;z;’s can be
considered alternating from 3 to V. For n > 1, a analytical relation is 3} (resp. TI})
iff its explicit definition has n real number quantifiers, the first being existential (resp.
universal). If a relation P is both ¥} and IT!, P is said to be Al. Closure properties

of the analytical pointclasses are listed in the following theorem, stated without proof.
Theorem 4.4.2. 1. If P is X} or 11! then P is B} and IT} for all n > m.
2. If P is X! (or resp. T} ), then =P is T1} (or resp. T} ).

3. For eachn > 1, both 3! and 11} are closed under recursive substitution, union,

intersection, and existential or universal integer quantification.
4. For eachm > 1, ¥} is closed under existential real number quantification.
5. For each n > 1, 1} is closed under universal real number quantification.

6. For each n > 1, there is P € X! such that P ¢ I\ and there is P € 11\ such
that P ¢ 2.

The upshot of Theorem 4.4.2 is that the Projective hierarchy illustration from
Section 2.3 corresponds to the analytical hierarchy; the boldface notation is simply
changed to lightface.

To complete our comments about effective descriptive set theory, we have the fol-

lowing definition. Given a lightface pointclass I and a real 2 € w*, the relativization
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['(z) of T to z is the pointclass containing all T' sets computable using z as an oracle.
That is, the algorithm has z sitting on a tape and can reference it finitely many times
for any calculation. With this in hand, we can finally state the relationship between

the lightface and boldface hierarchies: for any pointclass T,

r=|]JI(
ZEN

In the spirit of the pointclass hierarchies we have defined, a similar hierarchy can
be defined for the formulas in the language of set theory. Let ¢ be a formula in
LST. Then ¢ is Ay (or equivalently, 3, or IIp) if it does not contain any unbounded
quantifiers. That is, every quantifier in ¢ is of the form 4z € y or Vx € y. For each
n >0, pis X,y if @ is of the form Jzp(x) for some II,, formula . For each n > 0,
@ is I, 41 if ¢ is of the form Vzi)(x) for some ¥, formula ¢. For each n > 0, ¢
is A, .1 if ¢ is both ¥,,,; and II,, ;. Closure properties for each of these collections
of formulas are similar to those of the arithmetical hierarchy; we refer the reader to
Theorem 4.4.1 for details.

Let (w, E) be a structure. We code (w, E') by a real = € 2¢ in the following way:

1, if k= (n,m) and nEm;
x(k) =
0, otherwise.

We will often refer to a structure and its code interchangeably. For this reason, we
write (w, F) = (w, F;) where z is the real coding (w, E). For a structure (w, E,), the
following lemma details the relationship between the arithmetical hierarchy and the

formula hierarchy.

Lemma 4.4.3. If o(y1,...,yk) i a Xy (resp. I1,,) formula and ny, ..., ng € w, then
{r €2¥: (w,E,) | ong,...,ng)} €X° (resp. 1°)

Proof. By induction on the complexity of .
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If ©(y1,y2) is an atomic formula, then for n,m € w,

{re2’: (w,E;) Ep(n,m)} ={xe2’:nE,m}
= {r €2“:2(({n,m)) =1} € Al.

Now suppose ©(yi,...,yk) is a X, formula and that nq,...,np € w. Also,

suppose that for every X, (I1,) formula ¢(yi,...,yx) and all ny,... . ng € w,

{x€2¥: (W, Ey) E(ng,...,np)} € D2(I10).

Case 1: Qp(yla B 7yk) is of the form ,Ivb(yla B 7yk) N X(yla B 7yk)
Then {z € 2¥ : (w, E;) = (N, ..,n)} =

{r €2 (w,E) Evp(ny,...,ne)} N{x €2?: (w,E;) E x(n1,...,n%)}

which is 32| (TI9 ;) since it is the intersection of two X9, (12, ) sets.
Case 2: o(y1,...,yk) is of the form = (y, ..., y)
Then {z € 2¢ : (v, E;) = @(n1,...,n)} =

2\ {r €2*: (w,Ey) E(ny,...,ng)}

which is 12 (X2) C X9, (IT), ;) since it is the complement of a X9 (II7) set.
Case 3: ¢(y1, ..., yx) is of the form Jyg € w (yo, Y1, - - -, Yk)
Then {z € 2¥ : (v, E;) = @(ny,-..,n)} =

{r €2¥: (w,Ey) EIAng € wip(ng,ny,...,ng)} =
{z €2¥:3ng € w[(w, Ey) E ¥(ng,n1,...,n%)}.

which is 3°

0 1 (TIY ) by definition. ]

A structure (A, E) is well-founded if there are no infinite descending E-chains.
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For a structure (A, F) we define the first order definable over (A, E) sets by
FODO(AE)={zCA:InewVycAlyer < (A4, E) =va(y)}

Let (A% E°) be the following fixed structure: A° = {n € w : n isodd}, E° is a
recursive relation and (A% E°) = (V(w), €) by some fixed isomorphism so that each
odd integer codes a hereditarily finite set. Moreover, there is a recursive procedure
so that given any n € A%, we can recover the formula defining that element of V (w).
To distinguish between an actual integer (ie: an odd integer coding an element of w)
and an integer as an element of the structure, we use the symbol 7 to denote the code
of that element of A° which is satisfied in (A% E°) to be the integer n.

Given a structure (w, E,), we code its theory Th(w, E,) by a real y € 2¢ as follows:

0, otherwise.

y(k) =

We will not distinguish between T'h(w, F,) and its code y, unless absolutely necessary.
Fix an integer N > "V =LA U3 (see Prop. 4.3.3) and define T' C 2 as follows:

y €T < Jz € 2°[zcodes a structure (w, F,) Ay = Th(w, E;)
Aw, Ey) Epr,...,on ANE, [ A = E°
AVYn € w~ A°3i € wln = 2i Anis the unique element of (w, E,)
such that (w, E;) = ¢i(n) Aiis the least such that (w, E;) = ¢;(n)]
ANy € FODO(FODO(w, E,), €) A (w, E,) is well-founded]

We will show that all of the formulas inside the quantifier, except for the well-
foundedness condition which is IT}, define relatively simple (TI%) sets. But the real
number quantifier 3z € 2¥ seems to make T' € X1, Our first lemma shows that the

real quantifier 3 € 2“ can be replaced by an existential integer quantifier.

Lemma 4.4.4. For ally € T, if x is such that y = Th(w, E;), then x <p y.
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Proof. Let y € T and let x € 2 be such that y = Th(w, E;). We seek a recursive f
such that for all k € w, f(k,y) = x(k).

Let k € w. If there do not exist n,m € w such that k£ = (n,m), then f(k,y) = 0.
Now suppose n,m € w are such that k = (n,m). Note that given ¢ in LST, we let
"¢ denote the Godel number of .

Case 1: n=2i+ 1 and m = 25 + 1 for some 7, j € w.

f(k,y) = 1if nE°m and 0 otherwise.

Case 2: n = 2i+ 1 and m = 2j for some i, j € w.

Since there is a recursive procedure that accepts n as input and produces the
formula defining the corresponding element of V' (w) coded by n, let P, be this formula
defining n in (A% E°). Then f(k,y) = y("T3uP,(u) A Jv;(v) Au € v7).

Case 3: n = 2¢ and m = 2j + 1 for some 7, j € w.

Then f(k,y) = 0.

Case 4: n = 2¢ and m = 2j for some i, j € w.

Let f(k,y) = y("Fupi(u) A Jvy;(v) ANu € v?).

It is clear that for all k, f(k,y) = x(k) and that f is recursive. O

Since there is one algorithm that produces the code of a structure from its theory,
we henceforth fix an index e of this algorithm. Given y € 2¥, we will write (w, Ev)

to represent the structure having y = T'h(w, Eyv). Thus, T'(y) can be reformulated as
T'(y) < ecodes a total function A fY codes a structure(w, Ep) A ...

replacing every occurrence of x with f¥. Before we embark on the proof that 7' € II},

we isolate here for the reader’s benefit a delicate part of that proof.

Lemma 4.4.5. If o(yo, ..., yx) is a Xy (resp. I1,,) formula and nyg, ..., n; € w, then

{y€2¥:(w,Ep) = Extensionality A
(FODO(w, Egv), €) = ¢(nog, ... ,ng)} € Iy (resp. I17).

Proof. Let ¢ be ¥, ng,...,n; € w, and suppose y € 2. (The proof for II,, formulas
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is similar.) We consider each element of p € FODO(w, E}y) as finite sequence of

integers po, p1, - - ., pr Where

p= {Z €A: (waEfé’) ): Sopo(zapla"'apk)}-

coding this finite sequence of integers in the usual way: p = (po,p1,...,pr). Thus,
with the integers coding the elements of FODO(w, Ey), we think of p(ny, ..., n;) as
a tree T on w. All non-terminal nodes of a given rank in 7" correspond to a block of
existential or universal quantifiers. Consequently, as ¢, is ¥,, T has rank n. Each
terminal node of T' corresponds to a quantifier-free statement built up from the logical
connectives and atomic statements involving the finite number of integers along the
node. So the lemma easily follows if we can show that for all p,q € FODO(w, Epv),
we can verify recursively in Th(w, Eyy) that (FODO(w,Ep),€) = “p = ¢” and
(FODO(w, Ey),€) = “p e q.

Let p,q € w code elements of FODO(w, Ev), say p = (po,p1,---,Pk) and ¢ =
{q0,q1,---,q) for some k,l € w. That is,

(w,E +y)

(w,E +y)
p= {Z * ©po e (Zapla .- 7pk)} and q = {Z ‘P Pao

Nz,q, ..., q)}-
So, (FODO(w, Ep),€) E “‘p=¢q" &

(w, Epy) EY 2[0p (2,01, - D) © €40 (2, 01,5 - -, @1)]
Next, (FODO(w,Ep),€) E “peq’ &

(w’Efgy) ): HyVZ[(Z € y<:> gppo(zapla"'apk)) /\(plIO(yaqla"'aql)]

In either case, as (w, E/yy) models Extensionality, it is clear that
(FODO(w, Ep),€) F “p=q" and (FODO(w, Ep).€) E “peq”

are recursive in Th(w, Ey). O
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The next proof contains the only instance of a hyperarithmetic sets in this chap-
ter. Despite the absence of any formal definition of a hyperarithmetic set, it will

nevertheless be clear that these sets is not arithmetical.
Proposition 4.4.6. T € IIj.

Proof. Let y € 2. The formula “e codes a total function” can be replaced by
Vk €wame w(fl(k)=m).

Thus, {y € 2¥ : Vk € wIm € w(f¥(k) = m)} € 1. Tt is clear that the formula
“f¥ codes a structure (w, Ev)” merely asserts that f¥ € 2 and hence is A. Similarly,
the formula “(w, Eyv) = ¢1,...,¢n" can be replaced with Vi < N [y(i) = 1]. Thus,
{ye2v: (w,Ep) = ¢1,...,on} € A} Next, the formula “E;y | A = E°” can be
replaced with

Vn,m,k € w[(n,modd Ak = (n,m)) = (f¥(k) =1 < nE’m)].

Since E° is recursive by definition, {y € 2 : Eyv | A = E°} e IIY.

Now the formula

Vnew~ A'3Ficwn=2i
A “n is the unique element of (w, Eyy) such that (w, Esy) = ¢i(n)”

A “iis the least such "]

abbreviates

VnIi[nis even = (n = 2i
N (w,Epw) = @i(n) AVm € wl(w, Ep) | @i(m) = n=m)|
AV G <il(w, Egy) = ¢;(n)])]

By Lemma 4.4.3, each instance of (w, Eyv) = ¢;(n) is ) where ¢; is a X formula.
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Thus, as n ranges over w, ¢ increases without bound. Hence,

{y € 2¥ :VnIi[nis even = (n = 2i
AN (w, Epw) = @i(n) ANVm € wl(w, Ep) | @i(m) = n=m)|
AV <il(w, Bp) @i (n)])]} € 11

By similar reasoning, the formula
“y=Th(w,Ep) & Vnewhecy s (v, Ep) = onl

also defines a IT° set of reals.
We claim next that {y € 2¥ : y € FODO(FODO(w, Ev),€)} € 0. First, we

observe that

“y € FODO(FODO(w,Ep),€)” &
dn,ny ... ,neVmly(m) =16 (FODO(w, Ep), €) E on(m,ny, ..., ny)]

It suffices to show that if ¢, (vo, y1,...,yk) is a X,y formula and ny,...,ny € w, then
{y €2 : (FODO(w, Es»),€) E ¢n(no,...,ng)} € To.

Thus, as n ranges over w, n' increases without bound and the claim easily follows.

Finally, the formula “(w, Ev) is well-founded” can be replaced by the formula
Va e w’Vn cwla(n+1)Epa(n)] = In € wja(n + 1) = a(n)]]

which is clearly IT}. As IT} is closed under intersections, T' € II}. O

Our next result shows that every structure whose theory is in 7" is isomorphic to a
limit stage of the L hierarchy. Recall that the ordinal of a set M is o(M) = M NON.

Lemma 4.4.7. For all y € T, there is a unique limit ordinal A such that if y =
Th(w, E;) for some x then (w, E;) = (L(A), €).
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Proof. Let y € T and let = be such that y = Th(w, E,). Since (w, E,) is a well-
founded structure, we can collapse (w, E,) to a transitive structure (M, €) = (w, E,).
So (M, €) is a transitive, well-founded modeling V=L and ¥,. Thus, A = o(M) is
limit by Proposition 4.2.1. Hence (M, €) = (L(\), €). 0O

Henceforth, for y € T, we write A\, to denote the unique limit ordinal such that
(w, E;) = (L(A), €) where y = Th(w, E,).

For z € 2¢, J(x) denotes the (Turing) jump of x. We view J(z) as the complete
Y9(x) set of integers. It is immediate that for any real x, * <7 J(x). For each n,
define inductively J"(x), the n*® jump of x as J°(z) = x and J"*!(z) = J(J"(z)).
Note that we always consider the jump of any real as another real by associating J(z)

with its characteristic function.
Proposition 4.4.8. For all y1,y2 € T, if Ay, < Ay,, then for all n, J"(y1) <7 vyo.

Proof. Let yi,y» € T and let xy, 25 € 2¥ be such that y; = Th(w, E,,) and y, =
Th(w, Ey,). Let A, < Ay, be limit ordinals such that (w, E,,) = (L(),,), €) and
(w, Ey,) =2 (L(Ay,), €). As Ay, < Ay, it follows that L(),,) € L(\,,) so that for some
least i € w, (w, Ey,) = ¢i(2i) < (L(A\y,), €) E @i(L(Ay,)). We prove the result by
induction on n.

Suppose first that n = 0. To see that J"(y1) = y1 <r Y2, we observe that for any
k€w, yi(k) =y2("32(pi(2) A (2, Euy | 2) [ 0k)7)-

Now suppose that n > 0 and let & € w be fixed. Since y; € T, we have y; €
FODO(FODO(w, E,,)). That is, Th(L(\y,),€) € L(\,, +2) C L(\,,) since A, is
limit. So let 7 € w be the least such that

(W, Br,) = 95 (27) & (L(Ay), €) F @i(Th(L(Ay,), €))-
So then, we observe that (J"(y1))(k) = y2("¢(k)") where ¢ (k) is the formula
3z, y[pi(2) A kcodes aX, formula A ¢;(y) A v, ()]
with ¢ is the formula ¢, (y) with all instances of the € relation replaced with E,,
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and all existential quantifiers replaced with existential number quantifiers. So then
J"(y1) <t 1. O

Now we define A C D as follows: x € A & Ay € T'(x =7 y).
Lemma 4.4.9. A s II}.
Proof. Replace “x € A” with Jy € TJej,en € w(x = fo, (y) ANy = fe,(T)). O

Proposition 4.4.10. For all x € A, there is a unique A such that if xt = y for some
y €T, then \y = A.

Proof. Let x € A and let y € T be such that x =7 y. So there is 2’ € 2 such that
y =Th(w, E,). Let A\, be the unique limit ordinal such that (w, E,) = (L()\,), €) as
in Lemma 4.4.7. Now suppose y' € T is such that x =7 y'. Furthermore, suppose for
a contradiction that A\, < A\,. By Proposition 4.4.8, J(y) <7 y'. But then,

y<rJy) <ry=rx=ry

and hence, J(y) =r v, a contradiction. A symmetric argument shows that A\, <

Ay =y =r J(y'), again, a contradiction. Thus, A\, = A,. O

Henceforth, for x € A, we denote the unique limit ordinal from Proposition 4.4.10

by Ax. As a corollary, we have the following:
Corollary 4.4.11. For all x1,x2 € A, if 11 <p T3, then Ay, < Ax,.

Given x € D, we define J(x), the jump of x, as J(x) = {y : y =r J(z)}. Our

next proposition is analogous to Proposition 4.4.8.
Proposition 4.4.12. For all x1,%x2 € A, if x5 1 x1, then for all n, J*(z1) <r x».

Proof. Let x1,X2 € A be such that x5 ﬁT x1. Let A, be the unique limit ordinal (as
in Proposition 4.4.10) such that for all y; € T such that y; = x4,



Define Ay, mutatis mutandis. Since x5 ﬁT x1, it follows from Corollary 4.4.11 that

Ax; < Axp- Thus, for all n € w, J*(z1) <t 3, by Proposition 4.4.8. O]

A set of degrees A contains a cone if there is x € D such that Cyxy C A. That is,
for all y such that x <y, y € A. The next theorem show that A does not contain

any cone.
Theorem 4.4.13. For all x € D there isy such that x <y y andy ¢ A.

Proof. Let x € A and let y = J(x). Suppose for a contradiction that y € A. Let
Ax; Ay be the unique limit ordinals from Proposition 4.4.10. There are three cases.

Case 1: A\ = Ay.

Because & =7 y, it follows that y =7 J(z) =r J(y), a contradiction.

Case 2: )\, < A&

By Proposition 4.4.8, J(y) <r x. Hence, y <r J(y) <r x <7 y. Thus y =r J(y),
again, a contradiction.

Case 3: A\ < Ay

By Proposition 4.4.8, J(J(z)) <r y. Hence, y =¢ J(z) <p J(J(z)) <r y. Thus
y =r J(y), again, a contradiction.

Hence, y ¢ A. O

A set of degrees A omits a cone if there is x € D such that Cy C D ~ A. That
is, for ally € A, x £ y. The next theorem show that A does not omit any cone.

Theorem 4.4.14. For all x € D there isy € A such that x <t y.

Proof. Let x € D, for some x € w” N L. So for some a < wf, p(r) = a. Let

A = p(x) + w. We define an isomorphism 7 : (L()), €) — (w, E;,) for some z; € 2
so that y = Th(w, E,,) € T, and thus y € A. Because L()\;) € L(}\,), it follows that
x < y using the argument from Proposition 4.4.8. Hence x <'y.

First, define 7 | V(w) to be the fixed isomorphism from (V(w), €) to (A", E?).
If a € L(A\) N\ V(w), let m(a) = 2¢ where I is the least such that (L(\), €) = ¢;(a)
and for any o’ € L(\) \ V(w), (L(A), €) = wi(d’). Let E,, be the relation induced
by 7 on w, and let ; € 2¥ be the characteristic function of E, . It is clear that
(L(A),€) = (w, E,,) via m and that y = Th(w, E,,) € T. O
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Theorem 4.4.15. ZFC ¥ Det(I1})

Proof. Use A and the contrapositive of Martin’s Theorem.
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CHAPTER 5

ZC' ¥ Det(I12 ,,)
This final chapter is devoted to the main metamathematical result concerning Borel
Determinacy. We argue in ZC set theory (ZFC - Replacement) the existence of a
Borel set of Turing degrees that neither contains nor omits a cone. We will structure

the argument similar to that of Chapter 4.

5.1 Properties of L“t¥

Because Borel Determinacy is a theorem of ZFC, L is an insufficient model for the
results of this chapter. Instead, we will work exclusively in the ZC model L¥™.
Recall that for a given structure (A, E), FODO(A,E) = {x C A : 3n € wVy €
Aly e v & (A, FE) = vn(y))}. Define a structure (L €) by transfinite recursion

on « as follows:

L7(0) = V(w)
LT (a+1) = FODO((L¥** (), €)) N V(w + w), for « successor
Lo (N = | L7(), for A limit

<
Loty — U [etw (CY)
ac ON
Note that L“** is similar to L in that for each o, L¥"“(«) is transitive. Thus,
L¥t is transitive. Yet, unlike L, L“*%(0) is the entire finite part of the structure.
Moreover, there is the liability of L“" C V(w + w). One important consequence of
this, which we will overcome, is that L™ contains no ordinal > w + w, and hence

ZC' £ Replacement. The other consequence is contained in our first lemma.

Lemma 5.1.1. There is a € ON such that L™ (a 4+ 1) = LYt («).
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Proof. Suppose not. Thus, for each « € ON there is 2, € L“"” such that z, €
L (a+ 1)\ LT («). But then, as L“* C V(w+w), it would follow that V (w+w)

is a proper class, a contradiction. O

We will occasionally need to calculate the V—rank of a set z, denoted pY (z). The

next lemma is nearly identical to Lemma 4.1.2, and we omit the proof.

Lemma 5.1.2. Let x,y be such that p¥(z) = a and pV¥(y) = B for some o, 3 > w.
Then,

1. p¥(Uz) =«

2. pV(P(z)) =a+1,

3. pV({z}) =a+1,

4. pV({zy}) =a+ 5 +1,
5. pV((z,y)) =a+B+2,
6. V(rxy)=a+f+3

The next proposition verifies that L“** is a transitive model of Z (ZF - Replace-
ment); we will show in section 5.2.2 that L« = ZC.

Proposition 5.1.3. [“*¥ E Z.

Proof. Let ay € ON be as in Lemma 5.1.1. Hence, L“t = L“"¥(qy).
Extensionality: Follows since L“*¥ is transitive.
Foundation: Follows from L“** C V(w + w).
Infinity: w € L¥*(w +1).
Now note that since w + w is limit, V' (w + w) is closed under the operations of
Pairing, Union, and Power Set.

Pairing: For any z,y € L™ (ay),
{ze L") :2=2Vz=y} € L“(ap+ 1) = L***.
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Union: For any = € L“ (),
{z€ L"“(ag) : Jw € x(2 € w)} € LM (g + 1) = L.
Power Set: For any = € L“"(ay),
{z € L*™(ag) : 2 Cx} € L (g + 1) = LT,

Comprehension: Fix a formula ¢(vg,...,v,) of n + 1 free variables and let
Zwy, .., wy € LMY = L9t (ag). Let y = {z € 2 : o (z,wy,...,w,)}. Now as

LY (qy) is transitive, if € z, x € LT (ay). Evidently then,
y={z € L"“(ag) : L’ Ez €2 Np(x,wy,...,w,)} € L (g + 1) = L

O

In order to show L“* also models Choice, we need to show that “V = L¥t«”
holds in L“*¥. The real crux of the problem is that L“** only contains ordinals
< w+w, not enough to carry out all of the construction of L“*¥. Using the concepts
of coded hierarchies and pure ordinals, we will show that L“*“ contains sets that look
like each L“*“(q) built up from sets which look like the ordinals. The bulk of this
section is devoted to definitions and absoluteness results necessary to develop these
two concepts. Arguments that are similar to those in Chapter 4 will be suppressed.

As in Section 4.4, we fix the following: a structure (A°, E°) such that A° = {i €
w : 7is odd}, E? is a recursive binary relation on A°, and an isomorphism 7 such that
(A% E0) =~ (V(w), €). In order to distinguish between an integer n and the coded
object of (A% EY) that stands for n, we write 71 for that element of (A% E°) that is
satisfied in (A%, E°) to be the integer n.

Rather than repeat the arguments from Section 4.1 that enumerated the formulas
of LST, we assume a fixed primitive recursive total one-one onto (Godel enumeration
of the formulas of LST. ¢,, denotes the n'* formula according to this enumeration;

"' denotes the Godel number of the formula .
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We say that © = (4,<) is a linear order if A # (), ANV(w) =0, and < is
transitive and connected binary relation on A. We write LO(x) for “z is a linear
order”; if x = (A, <), we write A = Flield(z).

Suppose LO(z). If v = (A, <) and y € A is such that for all z € A, z £ y then
y is the zero of (A, <) and we write “y = 0,”. If y,z € A and z < y and there does
not exist a € A such that z < a and a < y, then y is the successor of z and we write
“y = Sucy(2)”. If y € Aissuch that for all z < y, there is @ € A such that z < a < y,
then y is a limit element of x and we write “Limg(y)”.

Given A # (), define the set of all finite sequences of A, Seq(A) =

{y : yis a function A Ik € w(k #0A dom (y) = k A range (y) C A)}.

For a € Seq(A), we write len(a) = k to denote the length of the sequence and we
write a [ i for some i < len(a) to denote the restriction of a to I. If a,b € Seq(A),
then a b is the concatenation of a and b. () denotes the empty sequence, and it
is the only sequence of length 0.

Suppose LO(z) and a,b € Seq(Field(x)). We write a <, b if a preceeds b in the
lexicographic order on Seq(F'ield(x)) induced by <,. The next lemma establishes the
absoluteness of <7, for limit stages of L“"* and for other transitive structures that
model enough of Z. Note that we use the sentence () to keep track of how much Z we
are using for absoluteness. We will maintain this convention throughout the rest of
this section, as it will become vital in later arguments (Cf. Prop. 4.2.1, Lemma 4.2.4,
Lemma 4.2.5, and Prop. 4.3.3). For the remainder of this chapter, our absoluteness

proofs will be brief, relying on the work we did in Chapter 4 for the details.
Lemma 5.1.4. There is a formula Py(z,a,b) and a sentence @y such that
1. for all X limit, (L*T¥()), €) = Q1, and

2. for all transitive A such that (A, €) |E Q1 and for all z,a,b € A,
(A, €) = Pi(x,a,b) & a <}, band
(A, €) EVazdwVz[z € w & 2= (a,b) A Pi(z,a,b)].

65



Proof. Let A be limit. We first define Py (z, a,b) and argue the LT ()) case, then we
will define the sentence @);. It will be clear the L“"“()) = @1, and that if (4, €) is
any transitive structure modeling ()1, then the second result follows.

Define P (z,a,b) =

LO(x) A a,b € Seq(Field(x))A
[a=0Vv3i<len(a)fai=bliAa; <;b]V (len(a) <len(b) Na="b | len(a))]

First note that L™ ()) is transitive and models Extensionality, Pairing, Union, and
Infinity. Consequently, given x € L“™()\) and any k € w, ¥ € L**“(\). Upon
inspection of the definition of P; it should be clear that it is Ay, and hence absolute
for L“*t¥(\) by transitivity. Moreover, as A is limit, for every x € L““()\), {(a,b) :
a <p,b} e LUT(N).

Define @); to be the conjunction of the Axioms of Pairing, Extensionality, Union,
Infinity, and the instance of Comprehension insuring the existence of {(a,b) : a <},
b}. It should be clear from the above argument that if (A, €) is a transitive structure

modeling (), the second result follows. O

We say that x = (A, F) is a coded structure if A is a non-empty set and FE is a
binary relation on A. We write C'S(z) for “x is a coded structure”; if x = (A, E), we
write A = Field(x).

Suppose C'S(x) for some x = (A, E). If n € w and y = (ag, a4, ...,a;) € Seq(A),

then we write Sat,(n,y) if y satisfies ¢, in the coded structure x; that is,

Satz(nay) <X ): (pn(amala ) ak)

Note that the Sat relation is the analog of the Df relation from Section 4.1. The

following lemma is similar to Lemma 4.1.4 and Corollary 4.1.5.
Lemma 5.1.5. There is a formula Py(z,n,y) and a sentence Qy such that

1. for all X limit, (L“T¥()), €) = Q2, and
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2. for all transitive A such that (A, €) E Q2 and for all z,n,y € A,
(A, €) = Py(x,n,y) & Saty(n,y) and
(A, €) EVzIwYz[z € w & 2= (n,y) A Py(z,n,y)].

Proof. Let A be limit. We first define Py(x,n,y) and argue the L“*¥()\) case, then
we will define the sentence Q5. It will be clear the L¥T¥()\) = @2, and that if (A, €)
is any transitive structure modeling (J-, then the second result follows.

Define Py(z,n,y) =

CS(x) An € wAy € Seq(Field(x)) Ny = (ag,...,ax) N0 < kA
r=(A,E)\ (A E) E oulao, ..., a)

where “(A, E) = ¢n(ag,...,a;)” is replaced with a formula similar to the formula v
in Lemma 4.1.4. By reasoning similar to that in Lemma 4.1.4, it should be clear that
the finite function building up the satisfaction relation can be found in L“*¥()\) as A
is limit. The rest of P, is clearly Ag, and hence is absolute for L“*(\). Moreover,
as A is limit, for every x € LT ()), {(n,y) : Saty(n,y)} € LT (N).

Define ()5 to be the conjunction of (); and the instances of Comprehension insuring
the existence of the above finite function and the existence of {(n,y) : Sat,(n,y)}.
It should be clear from the above argument that if (A, €) is a transitive structure

modeling ()5, the second result follows. O

If A # () and E, < are binary relations on A such that LO((4, <)) and CS((A, E))
and if F': A — w, then we say that (A, F, <, F') is a structured linear order. Note
that F' serves the purpose of keeping track of the V(w + k) rank of the sets in L.
If © = (A, E, <, F) is a structured linear order, we write SLO(z) and A = Field(x).

Suppose SLO(z) for some © = (A, E, <, F); suppose also that n € w and that
(bo,...,bm) € Seq(A) and a = (n) “(by, - .., by). Then for k # 0 we write De fn,(a, k)
if, and only if

Y = {b: Satia,p(n, (b,bo,...,bm))}

meets the following conditions:
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1. k—1€ Range(F 1Y) C{0,1,2,...,k — 1},
2. forallce A, Y # {b: bEc},

3. for all @’ = (j,¢cg,...,¢,) where j € w and (co,...,¢,) € Seq(A),
if Y = {b: Sata,m(j,(b,co,...,c))}, then a <A<y,

lex

So, Defn,(a,k) is the subset of V(w + k) defined by a = (n,ag,...,a,) where a is
the “least” (in the sense of being defined first by the least formula n, then by the

least parameter (aq, ..., a,)) in the structured linear order z.
Lemma 5.1.6. There is a formula Ps(x,a,k) and a sentence Q3 such that
1. for all X limit, (L*T¥()), €) = Q3, and

2. for all transitive A such that (A, €) E Qs and for all z,a,k € A,
(A, €) = Ps(x,a,k) < Defng(a, k) and
(A, €) EVzIwVz[z € w & 2= (a,k) A P3(x,a, k).

Proof. Let X be limit. We argue similarly as in Lemmas 5.1.4 and 5.1.5.
Define Ps(z,a, k) =

SLO(z) ANk > 0ATn,m € way,...,a, € Field(x)[a = (n,aq,...,an,)A\
Vb[Sata,,m,)(n, (b, ag, ... an)) = I < k(Fy(b) = 1)]A
b[Sat(a, ) (0, (b, ao, ..., am)) N Fp(b) =k —1]A
Ve € Field(x)3b[(bEyc A =Sata, g,y (n, (b, ao, . .., am)))V
(mbEgyc A Satia, g,y (0, (b, ao, ... am)))|A
Vj e wVad € Seq(Field(z))[(j) (a') <\ q

= 3b[(Sat(a, k) (J, () (') A =Sat(a, g,)(n, (b,ag, ..., an)))V
(mSat(a,,z.) (7, (0)"(a') A Sat(a, k) (n, (b ao, ..., an)))]]

The absoluteness of Py for L¥T¥()) follows from the same reasoning as in Lemma
4.1.6.
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Define (23 to be the conjunction of the sentence (5 and the instance of Comprehen-
sion that insures the existence of the set {(a, k) : Defn,(a,k)} for every € L¥T¥()\).
It should be clear that for any transitive structure (A, €) that models @3, the second

result follows. O

Up to this point, our development of L“* has differed little from that of L, except
for keeping track of the V(w + k) rank of the sets involved. Now, our discussion
diverges, due to the lack of enough ordinals in L“*. Without the ordinals > w + w,
we cannot construct the actual L“¥(«) sets inside L. Instead, we need construct
sets isomorphic, or nearly isomorphic, to the L“** ().

Suppose LO(z). We say that f is a coded hierarchy on z (equivalently, f codes
a hierarchy on z) if f is a function, dom(f) = Flield(z), and

Yy € Field(z)[SLO(y) A Field(f(y)) € A° U Seq(V (w) U )]

and f is recursively defined as follows:
1. if y = 0,, then f(y) = (A% E° €] A% 0); that is, for all a € A, F(a) = 0,

2. if z = Suc,(y) then f(z) = (A, E, <, F) where

A = Field(f(y)) U{({1},5,n) 00" - "o ({2}) :
Defnysy((n,bo, ..., by), k) for some k}

E = FEryy U{(a,s):a€ Field(f(y)) Ns € AN Field(f(y))A
s=({1},y,n)b0" - by ({2}) A Sat gy (n, (a,bo, - .. ;b)) }
<=<jupU{(a,s):aec Field(f(y)) Ns € AN Field(f(y))}
U{(a,s):a,s € AN Field(f(y)) ANa= ({1},y,n)b" - "b"({2})
As= ({1} y,m) ey b ({21 A (n,bo, ... b)) <IY (moco,... )}

And, for all a € A, if a € Field(f(y)), then F(a) = Fpy)(a); otherwise, if
a € AN Field(f(y)), say a = ({1},y,n)by" - -+ b, ({2}), then F(a) = k where
Defnf(y)((na bUa R bm)a k)
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3. if Lim,(y), then f(y) = (A, E, <, F) where

A= | Field(f(2)) E=J Ey
1<y 2<zy

<= < F=J F
1<y 2<zy

If f codes a hierarchy on z, we write Chy,(f). Note that we did not insist that x be
a well order. Because of the lack of ordinals in L*™*, we will rely sets in L“™ that on
one hand resemble ordinals enough to build these coded hierarchies, but on the other
may potentially contain an ill founded part. Note also we have unique readability of

the finite sequences that constitute the field of a given structured linear order.
Lemma 5.1.7. There is a formula Py(z, f) and a sentence Q4 such that
1. for all X limit, (L“T()), €) = Q4, and

2. for all transitive A such that (A, €) E Q4 and for all z, f € A,
(Aa E) ): P4(l‘, f) <~ Ohyx(f)

Proof. Let A be limit. Rather than write out the cumbersome formula Py (z, f) which
says f codes a hierarchy on z, we simply observe that P, is similar to the “f =
L | a+ 17 formula on page 34 from Chapter 4. Define ), to be the conjunction
of 3 along with the instances of Comprehension insuring the existence of the sets
of ordered pairs in the definition of a coded hierarchy. Again, A limit implies that
LYt (XN) E Q4. Moreover, is (A, €) is any transitive structure modeling @4, then P,
is absolute for (A, €). 0O

Our next lemmas contain the machinery to prove the L“*% analog of Proposition
4.1.8.

If LO(x) is such that for all y C Field(x), if y # () implies that there is a € y
such that for all b € y, b £, a, then z is a well order; we write WO(x) to denote
that z is a well order. Given a well order z, if o is the unique ordinal such that
(Field(z), <;) = (a, €), then we write x = «. If WO(x) and a € Field(x), we write
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z, to denote the initial segment a of x. For a € Field(z), if len(a) = [, we write
xp to denote the initial segment of x of length 3.

Using the closure properties of V from Lemma 5.1.2, our next lemma shows that
given a well order in V(w + w), we can code a unique hierarchy f € V(w + w) that

imitates the construction of the levels of LY.

Lemma 5.1.8. For allx € V(w+w) such that WO(x), there is a unique f € V(w+w)
such that Chy,(f). Moreover, for all a € Field(z),

1. there is a unique isomorphism g, such that iof x, = 3,

[RF

(A, Eq) = (L7(B), €)

2. WO(A,, <,)
3. for all c € A,, Fy(c) is the least n such that g,(c) € V(w + n).

Proof. Let © € V(w4 w) be such that WO(x) and len(z) = a. Define f such that
Chy,(f) in the obvious way. A simple transfinite induction shows that if f is such
that Chy,(f), then f = f.

To prove f € V(w + w), we will show that there is | € w such that for all
a € Field(x), f(a) € V(w+1); it then follows that f € V(w+1+3) C V(w+w). The
key observation is that since for some k € w, x € V(w+ k), then for all a € Field(z),
zq € V(w + k). For a € Field(x) such that len(a) = 5, we write f(a) = (A, Es, <p
, F3). Suppose < a.

If 3 =0, then f(a) = (A% E° €] A%, 0). As A% E° €] A%, 0 C V(w), it follows
that f(0) € V(w + 4). Because zy € V(w + k), (o, f(0)) € V(w+ k + 4).

If 3 > 0, and 3 is a successor, then we claim that f(a) € V(w+k+12). Examining
the definition of C'hy, we see that Az C A° U Seq(V(w) U zg). Since V(w) Uzg €
V(w+k) it follows that A°USeq(V(w)Uzs) € V(w+k+4). As Ag C V(w+k+4),
we have that Ag € V(w+ k +5). Now, Eg, <zC Az x Ag € V(w + k + 8), thus
Eg,<3€ V(w+k+9). Finally, Fy € v € V(w+k+9). So since Ag, Eg, <g, Fj €
V(w+k+9), we have f(a) € V(w+ k + 12).
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If 5> 0 and is a limit, we observe that the coordinates of f(a) involve taking
unions, which does not increase V-rank. So the limit case follows from the successor
case, and is the end of the first claim.

Now let a € Field(z).

Claim 1: For each a € Field(z), we will define the maps g, : (Ag, Es) —
(L¥*¥(f3), €) by transfinite recursion and show that these maps are isomorphisms.

If @ = 0,, then we let gy be the fixed isomorphism 7 (p. 64) from (A% E°) to
(V(w), €) .

Now suppose that @ = Suc,(b) and the isomorphism ¢, has been defined appro-
priately. Let s € A,. Recall that

Ao = A U{({1},6,n) 0"+ b ({2}) :
Defnywy((n, by, ..., bn), k) for some nonzerok € w}

If s € Ay, then g,(s) = gp(s). Otherwise, let s = ({1},b,1n)°by" - by ({2}) be such
that Defngw) ((n,bo,. .., bn), k) for some nonzero k € w. Define

ga(s) ={z € V(w+ (k= 1)) : (L*™(8), €) = ¢u(2,bo, .., bm)}

Observe that this map is well-defined because of the unique readability of sequences.
Evidently, g, is a surjection. Moreover, the definition of Defn insures that g, is
injective. To show that g, is an isomorphism, we must show that g, preserves the F,
relation. Let t, s € A, be such that tF,s. If t,s € Ay, then we are done since g, is an
isomorphism. Otherwise, ¢t € A, and s € A\ A, where s = ({1},b0,n)°by" - - - by, ({2})

9b

and Satyuy(n, (t,bo, ..., by)). Since (Ay, Ey) = (L“T(B), €), we have that

Satf(b)(na (tv bOa sy bm)) ~ (Lw—l—w(ﬁ)a E) ): (Pn(gb(t)a bOa ceey bm)

Thus, g,(t) € gu(s). Similar reasoning shows that g,(t) € g.(s) = tE,s. Hence, for
all successor a € Field(z), g, is an isomorphism.

Now suppose that Lim,(a) and that for all b <, a, the isomorphism ¢, has been
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defined appropriately. Since A, = [, , Ap, if s € A, then there is a <,-least
b € Field(r) such that s € A;. Define g, : A, — L**(3) where 8 = U,. , B as
follows: g4(s) = gs(s) where b is the <,-least b € Field(x) such that s € A,. As each
gp is an isomorphism, so is g,.

Claim 2: Let a € Field(z). We will show that WO(A,, <,).

If a = 0,, then (Ap, <o) = (4% €| A°%), a well order, as this is the usual ordering
of the integers.

Now suppose that a # 0, and that for all b <, a, WO(A,, <,). Let S C A,
be nonempty. If a = Suc,(b) and SN A, # 0, then we are done as we can choose
a <,-least element of S using the well order <;,. If S C A, ~\ A,, then we observe
that <, induces a well ordering <!, of Seq(V(w)U ;). Using this well order, choose
the <! -least element of of S; clearly then, this is the <,-least element of S. Now
suppose Limg(a) so that A, = {J,. , Ay and <,= ,.,, <. Thus, for all s € S,
there is b <, a such that s € Ay; that is, {b € Field(x) : s € S(s € Ap)} # 0. Since
WO(z), choose a <,-least element of this set, say by, and then use <;, to choose a
least element of S.

Claim 3: We will show that for all a € Flield(z) and for all ¢ € A,, F,(c) is the
least k£ € w such that g,(c) € V(w + k). Let a € Field(z) and let ¢ € A,. If a = 0,,
then ¢ € A°. From the definition of gy, go(c) € L¥T¥(0) = V(w). As F, = 0, then
F,(c) = 0 is the least & such that g,(c) € V(w + k).

Suppose now that a # 0., and suppose that for all b <, a that the result holds.
If a = Suc,(b), and ¢ € Ay, then F,(c) = F,(c), and we are done by the induction
hypothesis. Otherwise, ¢ € A, \ A, and is of the form ({1},b,n)°by" - - by, ({2}) such
that Defngw((n,bo, ..., bn), k) for some nonzero k € w. By definition, F,(c) = k,
and g,(c) = {z € V(w+ (k= 1)) : (LY"™(0),€) E ¢n(z,bo,...,bn)} and thus,
ga(c) € V(w+ k). Recall from the definition of Defn that k — 1 is an element of the
range of F' restricted to the set defined by (n,bo, ..., b,). This implies that for some
z € ga(c), z € V(w+ (k—1)) witnessing that k is the least such k. The case Lim,/(a)

follows from the successor case. O

Fix the following notation: given a structured linear order x, we write Rf = {b €
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Field(x) : Fp(b) < k}.

Proposition 5.1.9. Suppose x € L (f3) is such that LO(zx) and x = «, for some
«, 3 € ON. Then, there exists f € L*T“(8 + a + w) such that Chy,(f). Moreover,
for each a € Field(x) and each k € w, there is an isomorphism g% € L™ (B +a+w)
such that if x4, = v,

k-

(A, NREE, | (A, mRk)) (L) NV (w+ k), €)

and L (y) N V(w+ k) € LT (B + a+ w).

Proof. Let x € L“T“(3) be a linear order such that z = a. Fix n such that pV(z) =
w-+n. By Lemma 5.1.8, there is a unique f € V(w+w) such that Chy,(f). We show
by induction on « that f € L™ (3 + a + w).

Suppose a = 0. Because A%, E° €] A% 0 € L¥*(1), it follows that (A°, E° €
A% 0) € Lo (4). Thus, f € L (B+7) C L™ (B + a+ w).

Now suppose o > 0 and for all v < a, g € L (4 v+ w) such that Chy,. (g).

Suppose a = v + 1. Thus, for some k, there is g € Lt (8 + v + k) such that g
codes a hierarchy on z,. To see that the L“" ranks of the sets A,, E;, <;, F, are
bounded, note that the proof for Lemma 4.1.4 also works is L“t“. Moreover, the
V-ranks of these sets are also bounded using Lemma 5.1.2. Thus, since = € L“1([3)

and (A,, By, <g, Fy) € LT (3 + v+ 1) for some [, it follows that
f=gU{(z,(Ap, Ex, <o, F )} € L™ (B+ v+ Ek+1+4) C LB+ a+w).

Now suppose « is limit. It suffices to show that for some k

(UAWUE%U <7,UF> e LM (B4 a+k).

y<a <« y<a y<a
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Observe that

U4, ={zeL@B+a): LB +a) =

<o

Jy, glyis an initial segment of x A Chy,(g) A z € Field(f(y))]}

by the induction hypothesis and Lemma 5.1.7 which guarantees the absoluteness of
“Chyy(g)” for limit stages of L**“. The sets E,, <,, F, follow similarly. Moreover,
Lemma 5.1.8 insures that V-ranks of these four of these sets are bounded. Using
reasoning similar to the limit case of Proposition 4.1.8, each of the four sets can be
shown to be in LT (5 + « + k) for some k.

Now let a € Field(z) be such that z, = v. We show by induction on & that there
is an isomorphism g¥ € L+ (3 + o + w) such that

gk

(Aa VR, Eo | (AaNRY)) 2 (L (1) NV (W + k), €)

and that L™ (y) N V(w + k) € LT (6 + a 4+ w).

Let k = 0. Then (A,NRY, E, | (A,NRY)) = (A°, E®) and (L™ (y)NV (w+0), €) =
(L“t(0),€) = (V(w), €). So let g2 = 7 where 7 is the fixed recursive isomorphism
from (A% E%) to (V(w),€) (p. 64). Clearly, both ¢ and L“(0) are elements of
L¥t(1) € LM (6 + a4+ w).

Now let & > 0 and suppose for induction that there is an isomorphism ¢* €
k

98
Lt (B + a +w) such that (A, N RY E, | (A,NRY)) = (LT (y) NV (w+k), €) and
that L*(y) N V(w + k) € LT (B + a + w). Given s € A, N RE*! define the map
ga (AdN R Eo | (Ao N REH)) — (L7 (y) NV (w +E + 1), €) by

9a(5), if s € Ry
{ze L™(y)NV(w+k):3te A (F,(t) =k NtE,s)}, otherwise

Evidently, ¢¥*! is an isomorphism. Also, since Ay, E,, Fy, L“T“(y) N V(w + k) €

LT (B + a + w), it follows that for each s € A, N RETL gh+l(s) € LT (B + a +w).
Consequently, ¢**! = {(s,g**(s)) : s € A, N R¥'} € L¥*(B + a + w). Finally,
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observe that
LY NV(w+k+1)={ze€ L*"“()NV(w+k):Ts € Ay(z = gf“(s))}

so that LT (y) N V(w+k+1) € L™ (8 + a +w).
U

In Chapter 4, we dealt with certain structures isomorphic to L(\) for some A limit.
In light of Proposition 5.1.9, we will need to give up little ground. If A is an ordinal
such that for all 5 < A, B+ [ < A, then we say that )\ is additively closed.

We say that L¥¥(«) is pure if w < a and for all § < «,

L L94() £ Lo + 1)
2. there is x € L“*¥(a) such that LO(z) and = = §3.

So pure L“*¥(a) contain well orders that are copies of every ordinal less than a.
Lemma 5.1.11 will show that for pure L« ()), if A is additively closed and L**¥(\) |
WO(z) and x is not a well order, then the length of the well-founded part of x must

be at least A\. The proof requires the following lemma.

Lemma 5.1.10. Let M be a transitive nonempty structure and let x € M be such
that =W O(zx), but M = WO(z). If T is the mazimal well-founded initial segment of
x, then & ¢ M.

Proof. Let M,z, % be as above and suppose £ € M. By assumption, z \ 7 # 0.
Let a € x be such that M [ ais the least element of x \ Z. But then, 7 U {a} is a

well-order, contradicting the maximality of Z. O

Lemma 5.1.11. Suppose X is additively closed and L“Y¥(\) is pure. If x is such that
(LT (X)), €) E WO(x), then either WO(x) or for all 3 < X, there is a € Field(x)
such that (3,€) 2 ({b:b <, a}, <[ {b:b <, a}).

Proof. Let L“*t¥()\) be pure for some additively closed A\, and let z € L*T“(\) be
such that L« (\) = WO(x). Suppose z is not a well order. Let § < A, and suppose
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for a contradiction that 3 is the order type of z, the maximal well ordered initial
segment of x. Thus, & # x, by assumption. Since L¥T¥()) is pure, let y € L“¥())
be such that LO(y) and y = 3. Choose v < A such that &,y € L“"¥(v), and build
an isomorphism h : & — y in the usual way. Clearly, h € L“*“(v + 8 + w), thus
T € Lt (v + § + w), contradicting Lemma 5.1.10. O

Proposition 5.1.12. Suppose \ additively closed, L“T(X) is pure, (L“T()), €)
WO(x), and L“(\) # L™ (X + 1). Then there exists [ € L*T¥(X\) such that
Chy.(f) if there is o < X\ such that v = a.

Proof. («<): Follows from Lemma 5.1.9.

(=): For some § < A, let f € L¥"(8) be such that C'hy,(f). Suppose for a
contradiction that there does not exist a < A such that z = «; that is, "-WO(x). By
Lemma 5.1.11, the maximal well-founded initial segment of , denoted Z, must have

at least length A. Now consider S C z:
S ={a € Field(z) : 3k3b € Range(gF)V c <, a¥p(b ¢ Range(g?))}

where the g¥ are as in Lemma 5.1.9. Observe from the proof of Lemma 5.1.9 that
as f € L¥T9(f), for each k and each a € Field(x), g* € L°T%(8 + w). Thus,
S e LB +w+1) C LYt (N). Moreover, it is clear that £ C S. We now have two
cases:

Case 1: © = \. First note that SN % # (). (Otherwise, z = S € L“t()),
contradicting Lemma 5.1.10.) Since L¥*¥()\) &= WO(z), let a € S be the <,-least
such that a ¢ 7. By definition of S, let k € w and b € Range(g*) be such that for all
c <z aand p € w, b ¢ Range(gP). On the one hand, b € Range(gk) C L (5 +w) C
L¥T¥(X). But, on the other, for all ¢ € Z and all p € w, b ¢ Range(g?) = (L (7.) N
V(w+p)). So & = \implies that b ¢ LT ()), a contradiction.

Case 2: length(Z) > X. So there is a well-founded initial segment of = of length
A+ 1, also denoted 7. Since # C S, let k € w and b € Range(gy, ,,) be as in
the definition of S. On the one hand, all of the ¢* € L“*“(\) by Lemma 5.1.9;
in particular, b € Range(gy, ,,) C L*T(3 +w) C L**“()). But on the other, b €

7



Range(g), ) = L**(A+1)NV (w+Fk) and by definition of S, b ¢ L (7)NV (w+7)
for all y < A+ 1 and all j € w. Hence, b ¢ L“"“()), a contradiction. O

We can now formulate our statement “V = L“*%”  This statement must insure
the existence of the g* isomorphisms from Proposition 5.1.9. Note in the following
formula that the predicate P(s,w) refers to the fixed recursive isomorphism 7 from
page 64. So we have “V = [¥T¢” &

Va3y, f[Chy,()ANWO(y) AV a € Field(y)Vk € wI gk
[9¥is a function A dom(gF) = AN
Vs € dom(g¥)[s € Ay A Fo(s) < kA
VI<E[((I=0AF,(s)=1) = Jw(P(s,w) A g"(s) = w))A
(I>0ANFu(s)=1)=Tw(izews
3t € A (F(t) =1 — 1A g (1) = 2 ALE,s)))]]]
A3Ja € Field(y)3k € w(z € Range(gh))]

Theorem 5.1.13. For every additively closed X, if LT (\) is pure and LT (\) #
LT (N + 1), then LT (\) EV = L¥*v.

Proof. Immediate from Proposition 5.1.12 U

5.2 Consequences of V = [¥*¢

Our goal for this section is the same as in Section 4.2.

5.2.1 Transitive models of V = L¥t¥

Recall from Section 4.2.1 the following definition: given a structure M, define the
ordinal of M, denoted o(M), to be the least ordinal not in M. Clearly, this definition
of o(M) no longer suffices as o(L“"*) = w + w. So we redefine o(M) as follows: let
o(M) be the least ordinal not witnessed by some well-order in M. To insure that
o(M) is addditively closed, let @5 be the conjunction of the sentence @, and the
sentence Vz,ndy[(WO(x) An € w) = WO(y) ANy = x x n]. Note that when we
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write “y = o x n” we mean y = {(i,a) : 0 < i <nAa € Field(x)} with the reverse

lexicographic ordering.

Proposition 5.2.1. For all transitive A such that A |V = L™ A Q5 and for all
z €A, [AEIf(Chy(f))A\WO(x)] = WO(z), then AN(\is additively closed NA =
LET9(A)).

Proof. Let A be as above and let A = o(A). First, to show that A is additively closed,
let & < A. By definition, there is x € A of order type a. As A = Q5, let y € A be
such that y = 2 x 2. So y is a well order of order type a x 2. Thus, @ X2 < A = o(A).

We claim that A = L™ (0(A)). Suppose x € A. As A =V = L¥™ there
exist y, f € A such that A = Chy,(f) Az € f(y). As [A = Ff(Chy.(f))] =
WO(z), we have WO(y). Moreover, as A = @4, it follows from Lemma 5.1.7 that
Chy,(f). Proposition 5.1.8 guarantees, for each a € Fiield(y), the existence of unique
isomorphisms g,, : (4y,, Ey,) = (LT (6y.), €). So it follows that x € L (}3,,), for
some 3, < o(A). Thus, A C L“"“(0(A)). The reverse inclusion follows by similar

reasoning. U

5.2.2 AC in L¥t¥

Theorem 5.2.2. There is a formula Ps(x,y) such that for pure L (X), X additively
closed, and LT () # L™ (X + 1) we have WO((L**T¥(N), R)) where R = {(a,b) :
L) = Ps(a,b)}-

Proof. Rather than write out Ps (it is similar to 6(x,y) from page 39), we simply
define the R.

R = {(gy(a), g5(b)) Fa,y, fIWO() A f € L (X) A Chya(f)A
y € Field(x) Na,be Ay Na <, bA Fy(a) =k A F,(b) =p|}

Note that the g’?j,gly’ depend on z, f as in Lemma 5.1.9. O

Corollary 5.2.3. L¥"v = ZC
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5.2.3 Skolem functions and Skolem hulls

Let L“t“()\) be pure, A additively closed, Lt (\) # L“*“(\ + 1), and recall from
Section 4.2.3 the definition of a Skolem function for ¢, over a structure A. In light of
the uniformly L“*¥(\)-definable well-ordering of L“*“(\) given in Theorem 5.2.2, it
should be clear that a formula analogous to o(n, x1,..., 2, y) = “fu(z1,...,2x) = y”
(p. 41) can be defined for L“*¥(\). (This uses the recursive enumeration of all
LST formulas (p. 64) and the satisfaction relation for L“*“(\) from Lemma 5.1.5.)
Consequently, any finite set of Skolem functions over L¥*¥(\) is L“t¥(\)-definable.
Given z C L“"()) and a finite set of Skolem functions fi,..., fy over L*T¥()\), we
form the Skolem hull H of z inside L¥*¥ () under fi, ..., fy similarly to the definition
of H on page 42 by replacing w with z.

Given a set  C L ()), define the transitive closure of z, denoted TC(x), by

recursion on n

0

U r=z
Un+1$:U(UnSE>
TC(m):U{Unx:nEw}

In the following lemma, we form the Skolem hull of TC(z) inside L**¥()) under a
finite set of Skolem functions f1,..., fy. Note that by choosing N large enough (N >
"V = LY A Q57), we have the L“t¥()\) analog of Lemma 4.2.4, the absoluteness
for H, L**“(\) of the formula o defining the Skolem functions. Having defined H, we
can define the function G, the analog of our surjection F': w — H. However, in this
case, we define G : wx TC(x) — H, and insist that it need only be a partial function.

In the definition of GG, we use the same coding of finite sequences of integers (p. 43.)

Lemma 5.2.4. Let Lt ()\) be pure, A additively closed, L“t¥(\) # LT (X + 1),
and x € LT (N + 1) where x = {a : L (\) = p(a)}. Then, there is a transitive
A C L¥T(X) such that

1 (A, €) EQs AV = [#+
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2. TC(x) C AAVa e z(A,€) E pa) & (L (V) €) E o(a)]
3. (A, €) EV[3 f(Chy.(f)) = WO(z)]

4. for ally € A, (A,€) E WO(x) & (L4 (N),€) E WO(zx) and (A, €) E
31 (Chyy(f)) & (L*T(X), €) = I f(Chyy(f))

5. there is a partial onto function G : wxTC(z)<¥ — A and a formula Ps(a,b, ¢, x)
such that G(a,b) = ¢ < (L“T(N), €) = Ps(a, b, ¢, x)

Proof. Let A and x € L¥“(\) be as above, say x = {a : L“"“()) = ¢(a)}. Form the
Skolem hull H C L¥™¥(A) of TC(z) under the Skolem functions fi,..., fy for the
finite number of formulas needed. Now define the partial function G : wxTC(z)<¥ —

H recursively as follows:

b, if a = (ag,a1), ap =0, and a; = 1;

o filzy, ... x) ifa={ag,...,a), ap =k, | = Ar(k), and z; = G(a,b)

for 1 <i< N and

0 if a is not one of the above forms.

By inspection, G is onto. The formula Pgs(a, b, ¢, z) is defined similar to the formula
®(n,z) from Lemma 4.2.5 and is absolute for H, L*T¥ ().

Finally, collapse H to A C L“*¥()\) via the isomorphism n : H — A given by
n(z) = {n(y) : y € z}. Note first that n is L“"%()\)-definable. Next, A is evidently
transitive and preserves T'C'(x). Thus, our choice of N large insures that 1, 2, and 3
are satisfied. Moreover, this isomorphism clearly preserves well-orderings so that 4 is
satisfied. As H ~ A, G is onto A and the absoluteness of Py is preserved, satisfying
o. ]

Lemma 5.2.5. Let LT () be pure, A additively closed, L**(\) # LT (X + 1).
Then there is a partial function G and Pg such that 5. holds in Lemma 5.2./ and
A =Lt ()).
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Proof. Let A be as above. Because L“t“(\) # L¥T¥(\ + 1), there is w € LY (\ +
1) ~ L¥*¥(\), not necessarily parameter-free. Using the well-ordering given by the
formula Ps in Lemma 5.2.2, order the set of tuples of parameters that define a new
set in LYTY(A+1) N\ L (\), then define a parameter-free x C LY™(\), z ¢ LY ()
via x = {a : LT (\) = ¢(a)} by choosing the least tuple of parameters. Note that
x is L¥T¥())-definable arguing similarly as in Lemma 4.3.2.

Now let A C L“"()) be as in Lemma 5.2.4. Note that since A  V = L¥t¢
A = Lt (3), for some additively closed /3, by Proposition 5.2.1. By the absoluteness
of p for A, L™ (X\), x € L“t¥(f + 1). But also, z ¢ L“"()), so 3 £ A. Thus,
L¥t@(N) C L¥t¥(), and hence, A < (. Now suppose z € A = L¥T¥(). Since
AEV =L AEIfy(Chy,(finz € f(y). AsH= A, H =3 f,y(Chy,(f)Az €
f(y)). Let f,y € H C L*T¥(\) be as such. By 3. of Lemma 5.2.4, H = WO(y). So
by 4. of Lemma 5.2.4, L“"(X) = WO(y). Similarly, L“"¥(X\) = 3 f(Chy,(f)). So
Lt (N) = 3 f,y(Chy,(f) Az € f(y)). Thus, z € LUT¥(\). O

Up to this point, all of our results have been predicated on the purity of the
L¥*T@()). The next proposition shows that if a new set gets constructed at L« (A\+1),
then LT (X + 1) is pure.

Proposition 5.2.6. Let LT (\) be pure, X additively closed, L*¥()\) # L*T¥(A+1).
Then L9 (X + 1) is pure.

Proof. Let X be as above. As L“"“()) is pure, it is enough to show that there is a
well order (A, R) € L¥T¥(\) of order type \.

Since L¥T¥(\) # LT (A +1), there is y € LT (A +1) ~ L¥T¥(\). We first claim
that there is a parameter-free x € L“t¥(\ + 1) \ L¥T¥(\). Fix k € w, the least arity
of a tuple of parameters from L“"(\) that define some x € L“T¥(\ + 1) . LU ()
(y witnesses the existence of at least one such tuple), and fix n € w the least forumla
¢, that defines some z € LT (X 4+ 1) \ L¥t()\) from some k-tuple of parameters.
Now define y = {z € L“"()) : ¢(2)}, where 1)(z) is the formula

Fb[bis a k-tuple A ¢, (z, b)A

=, =,

~FwVp(p € w & pu(p,b)) ANV E(P5(G,0) = JwVp(p € w & ¢n(p, 0)))]
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and Ps is as in Theorem 5.2.2. Clearly, y is a parameter-free L (\)-definable subset
of L*T“(X\) and y ¢ L“*¥()\). So by Lemma 5.2.4 form the hull H ¢ L“*¥()\) of TC(y)
under a finite number of Skolem functions, and let A C L“*“()\) be the transitive
collapse of H. By Lemma 5.2.5, A = L“"()). Let G : wx TC(y) — A be the partial
surjection guaranteed by Lemma 5.2.5, and let Py be the formula also from Lemma
5.2.5. Let B = Dom(G) and define a binary relation R on B by

(n1, 1) R(ny, 13) & LT (N\) | P5(G(ny, 21), G(ng, 72))

Clearly, (B, R) € L“*“()\). Moreover, (B, R) has order type at least \. If (B, R) has
order type < A, then the initial segment of (B, R) of length A proves the proposition.
O

The next proposition shows that everything is pure.

Proposition 5.2.7. If L («) # L“(a+1) forw < «, then L*T¥(«) and LT (a+

1) are pure.

Proof. Let a > w be such that L7 (a) # LT (a+1). If « is additively closed, then
the purity of L**¥(« + 1) follows from Proposition 5.2.6. If « not additively closed,
then let 3 < a be the largest additively closed limit ordinal below a.. So a = (3-n)+7~
for some v < 3. Since L“T¥ (8 +1) is pure, L*T(3 +1) contains well orders of length
3 and 7. Build a well order of length « in the usual way. Clearly, this well-order is
in LM (). O

The following proposition insures that the L¥™* construction ends at a sufficiently

large ordinal.
Proposition 5.2.8. If Lt (a) # L (a+ 1), then L (a-w) # LT (a-w+1).

Proof. Suppose LYY («) # L**¥(a + 1), but L™ (- w) = L*™(av-w + 1). By
Proposition 5.2.7, there is a well order of length v in L (v + 1). So we have y €
LYt (a-w) a well order of length (a-w)+1. As (L¥*(a-w), €) = Z, Proposition 5.1.9
holds in L™ (a-w). So there must be f € L“"¥(a-w) such that Chy,(f). That is, f
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codes the entire model since L (a-w) = L (-w+1). So, TC(f) € L™ (a-w) and
thus, LY («-w) must satisfy that every set has smaller cardinality than TC'(f). But
as L¥(«-w) models the power set axiom and Cantor’s theorem holds in L“** (- w),

this is a contradiction. O

5.3 The theory of L“t¥(\)

Our first lemma shows that there is an L“*¥()\)-definable map from w onto L% (\)

Lemma 5.3.1. Let x € w¥ N LY. Then there is a limit A such that L (\) #
LT(XN 4+ 1) and a formula Pr(n,x,a) such that L*T*(\) E Vz3n € w(Pr(z,n,a))
for some a € LT ()).

Proof. O
The next lemma shows that we can eliminate the parameter from the formula P;.

Lemma 5.3.2. Let x € w¥ N LY. Then there is a limit A such that L (\) #
LT (XN + 1) and a formula Ps(n,z) such that L (\) = Va3 n € w(Ps(z,n)).

Proof. O

Recall that given a structure A, Th(A) denotes the theory of A, the set of all

sentences true in A.

Lemma 5.3.3. Suppose Py(n,x) is a formula such that (L¥T¥(\),€) E Va3n €
w(Py(z,n)). Then Th(LYT¥(N)) € LYT(A +2).

Proof. O

Given a structure (A, E), n € w and z € A, we write Def((A, E),n,z) if ¢, is
a formula of exactly one free variable, and z is the unique element of A such that
(A, E) E ¢u(z), and furthermore n is the least integer with this property that x is
the unique element of A such that (A4, F) = ¢,(z).

Theorem 5.3.4. For every x € w* N L™ there is a limit ordinal X and formulas

Yy (vo, v1), Y2 (vo, v1), P3(vo, v1) whose free variables are shown such that
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1.z e Lo (),

\S]

. forally € LT (X), there isn € w such that Def((LY™ (), €),n,y), fora < A,
3. Th(L“+(\), €) € L+ (\ + 2)

4. (L, €) E i (vg, v1) & plrg) < p(v1),

)

- (L2, €) = tha(vo, v1) & plvo) = p(v1), and

D

- (Lo €) B s (vg, v1) & v = pY(vp).

5.4 The non-determined IT?, ,, set

We conclude our final chapter with the construction of a II?_, set of degrees which
neither contains nor omits a cone. The reals in these degrees are the theories of
structures called towered structures which are similar to those in Section 4.4 except
that a towered structure retreats from full well-foundedness to £° well-foundedness
(clause 11 of the definition to follow). Note that the formulas 1, 19, 13 occurring in

the following definition are as in Theorem 5.3.4.

Definition 1. Given A Cw, A # () and a binary relation E on A, let

<={(z,y) € Ax A: "z, )},
~={(z,y) € Ax A (a,y)},
F ={(z,n) € Axw:pi*(z,n)}.

Then (A, E) is a towered structure provided that:
1. ~ is an equivalence relation on A,
2. < s a strict linear order preserving ~ and having no mazimal element
3. A={ie A:VjeA(j£i)} and E°=E | A,

4. VreAdneuw[(xe A’ = F(x) =0) A F(z) = nl,
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10.

11.

Vo e ANA’An e w[F(z) =nA(Vy € Adm € w(yEx = F(y) = mAm <; n))]

where <y 18 the usual order on w,

Ve,y€ AlzEy = x <y,

(A, E) models Extensionality where the € relation is interpreted as F,
Vie AN A% [Def((A, E), %,i)],

Va,2€ Alz € FODO(I,,E | I,) & (2 C I, A

il <zxzVvji~z)ANz={k:kEj}])], where I, ={i:i < z},

Th(A, E) € FODO(FODO((A, E)), €), and

for every TI° relation Q(n, f), if An € A(=Q(n, Th(A, F)) then
dn € A[-Q(n, Th(A,E)) A¥Ym < n(Q(m,Th(A, E)))]

Now define T as follows:

T(y) < Jzx[zris a towered structure Ay = Th(x)].

At first, the initial existential real quantifier seems to make T' € 1. The next lemma

shows that we can eliminate this quantifier.

Lemma 5.4.1. For ally € T, if x € 2* is such that y = Th(w, E;) for some towered

structure (w, E,), then x <r y.

Proof. The proof is similar to the proof of Lemma 4.4.4. Clauses 3 and 9 in the

definition of a towered structure provide the necessary definability conditions. O

Again, as in Lemma 4.4.4, it is clear that there is one algorithm for all towered

structures (w, F,) that computes x from Th(w, F,). We fix an index of this algorithm,

say e. So, we reformulate T: T(y) < fY codes a towered structure Ay = Th(f?).

Lemma 5.4.2. T € II? ,,
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Proof. Let y € 2“. We show that

T(y) < Ti(y) A Ta(y)
&y =Th(fY) A f?codes a towered structure € I,

by showing that 77 € II?(y) and 15 € I, (y).
To see that Ty € 12 (y), observe that

“ye Th(f!)” & Vklk ey e (v, Ep) E il

Let k € w. “k € y” is evidently AY(y). Recall Lemma 4.4.3 which insures that if oy,
is S (Muery), then {z € 2¢ 1 (w, E,) = @r} € ) 4y (T ). Thus it follows that
(w,Ep) = ox € Zg(k)(y)(ﬂg(k) (y)). Thus, as k ranges over w, n(k) increases without
bound. Hence, Ty € T12 (y).

Next, we claim that Th(y) € II),,(y). Specifically, clauses 1-9 are arithmetic,
clause 10 is X2 (y) and clause 11 is TI2 , (y).

It is easy to verify that clauses 1-7 are X0(y) for some n. Given i € w, it should
be clear from Lemma 5.4.1 that Def((A, E), %,4) is AJ(y), because we can consult
y to verify whether or not "Def((A, E), %,i)7 € y. Consequently, clause 8 is I19(y).
As for clause 9, let =,z € w. Recall that I, = {m : ¢1(m,z)}. The formula “z €
FODO(I,,Ey | I;)” abbreviates the formula 3n,2,...,z,Vmm € 2z & (I, Ep |
I.) E @n(m,21,...,2))]. Now there is a recursive procedure that, given a formula
¢n, produces the relativization of ¢, to (I, Eyy [ I,). Namely, replace each instance
of the € relation in ¢, with the Ey relation, and replace every unbound quantifier
31 with 3¢y (l,z) A ...]. Thus, z € FODO(I,, Ep | 1) is 9(y). Tt easy to verify
that “z C I,” is II}(y) and that 3j[(j < 2V j ~x) Az = {k : kEpj}] is E5(y).
Consequently, clause 9 is TI3(y).

Next, we claim that clause 10 is X2. Observe that the formula

In, 21, - ., 2V [k € y & (FODO((A, Ep)), €) & @nl(ky 21. - -, 2m)]
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faithfully represents clause 10. Let n,k € w and z,...,2, € FODO((A, Ep)), €).
From our above argument for clause 9, it should be clear that each incidence of z; €
FODO((A, Ey)), €) is arithmetic in y. Using the reasoning found in Lemma 4.4.5,
we claim that if ¢, is Xpn)(lpmy), then (FODO((A, Epv)), €) | on(k,21.. .., 2m) is
S W) (I (). Thus, VE[k € y & (FODO((A, Ep)), €) E ¢n(k, 21..., 2m)] i
Hg(n)+1(y). As n ranges over w, p(n) increases without bound. Thus, clause 10 is
AE
Finally, we claim that clause 11 is II? ,. Observe that the formula

V k[k codes aTI? relation A [3n(=px(n, Th(A, E))) =
An(=@r(n, Th(A, E)) AV m < n(pk(m, Th(A, E))))]]

faithfully represents clause 11. Counting quantifiers, it is easy to see that this is

Recall that at this point in Section 4.4, we have Lemma 4.4.7 which assigns a
unique limit ordinal to each structure. This is possible because of each structure’s
well-foundedness, a luxury we lack in towered structures. We must therefore use
some other way to compare structures. Our next proposition is the main idea in that
direction and shows that if two towered structures are “close” enough, then either
they are isomorphic or one is isomorphic to an initial segment of the other. Note that

for z,y € w*, the join of x and y, denoted = @ y, is given by:

xz(n) if k = 2n;
(0@ y)(k) = |
y(n) ifk=2n+1

Proposition 5.4.3. If (A, E}), (As, E5) are towered structures such that
Th(Al, El) ST J(Th(AQ, Eg)) and Th(AQ, EQ) ST J(Th(Al, El)),

then either
1. (A1, Ey) = (Az, E), or
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2. (A1, Ey) =2 (I, By | x) for some x € Ay where I, ={y € Ay :y <oz}, or
3. (Ag, Ey) =2 (I, Ey | x) for some x € Ay where [, ={y € Ay :y <, z}.

Proof. Let (A1, E1), (As, Es) be towered structures as above where <;, ~;, F; refer to
(A;, E;) and T; = Th(A;, E;) for i = 1,2. We build a partial map from (A, E1) to
(Ag, E5) inductively on the V(w+ k) rank of the elements of Ay, As. Then we prove by
induction on the rank of the elements of A, A, that either the map is an isomorphism
or the map is an isomorphism from one structure to an initial segment of the other.

Define P(n,i,j) by recursion on n as follows:

P(0,i,j) < ic A°Ni=j
Pn+1,i,j) & F1(i) = Fy(j) =n+ 1A
Va[aEyi = 3b,k (bEyj A P(k,a,b) A Fi(a) = Fy(b) = k)]A
Vb[bEoj = Ja, k (aEyi A P(k,a,b) A Fi(a) = Fy(b) = k)]

It is clear that for each k, P(k,a,b) uniformly defines a AS, (T} @ T3) relation.
Consequently, uniformly for each k, P(k,a,b) € A), ., (T1) and P(k,a,b) € AS, | (T3).

Next, we show by induction on n that for each ¢ € A, there is at most one
j € Ay such that P(n,i,5). The case n = 0 is trivial because (A4, N A%, B} | E%) =
(Ay N A%, Ey | E°). Now suppose that for all & < n and for all i € A; there is at
most one j € A, such that P(k,i,7). Let i € Ay, j,j" € Ay be such that P(n+ 1,4, j)
and P(n + 1,i,5'). We claim that j = j'. Suppose b € A, is such that bF,j. By
Clause 5 of the definition of a towered structure, Fy(b) = k for some k < n. By the
definition of P, there is a € A; such that aEyi and P(k,a,b). Since P(n+1,1,j’), for
some O € Ay, b'Eyj' and P(k,a,b'). But by the induction hypothesis, b = &’. Thus,
bE,j'. A symmetric argument shows that Vb[bFyj" = bE,j]. Since (As, E5) models
Extensionality, we must have j = j'. A similar argument shows that for each j € Ay,
there is at most one i € A; such that P(n,i, 7). Consequently, P defines a partial
isomorphism from A; to A,. Let m be the partial isomorphism from A; to A, induced

by the predicate P(n,i,j).
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Now consider the following K C Ajy:

1€ K &1 € dommA
Vija,b[(m(i) =aANi~yj)=(j € domm A (m(j) =b= a~qb))]A

Vi,a,b[(m(i) =aAa~yb)= (b€ rangem A (7(j) = b =i~ j))]A

(
Vij,a,b[(m(i) =aAb<ga)= (b€ rangem A (w(j) =b=j <1 1))]

We claim that K € T1° (T}). Observe that

“ € domn” < dn,j P(n,i,j) < VYnas(i,n) = 35 P(n,i, j)]
“j € rangen” < In,i P(n,i,7) < Vnlys(j,n) = i P(n,i,7)]

It follows that dom (), range () € A? (7). The presence of the universal quantifiers
makes K € I12(T7).

We use K to argue by cases that either 7 is an isomorphism between (A;, E}) and
(As, Es), or 7 is a partial isomorphism between one towered structure and an initial
segment of the other. Recall that for x € A;, [, ={z € A;: z <; z},i=1,2.

Case 1: Ay~ K =0andVa € Ay3In,iP(n,i,a).

Then dom (1) = A; and range (1) = Ay. Hence, (A;, E7) =2 (Ag, Ey) via 7.

Case 2: Ay N K =0 and Ja € A3V n,i(=P(n,i,a)).

Again dom () = A;. Let L ={a € Ay : Vn,i(=P(n,i,a))}. First, we claim that
L <y J¥(T,). Let a € A; be given. We can compute Fi(a) recursively in T3, say
Fi(a) = n. Then for any a € Ay, we can verify Vi (i <, £ = —P(n,1,a)) recursively
in J21(Ty). Thus, L <r J*(T}).

Now L # () by assumption. Thus, by clause 11 of the definition of a towered
structure, there is y € Ay such that Vn,i (=P(n,i,y)) AVa <s y (In,i P(n,i,a)). We
claim that (A, E) = (Iy, E5 | I,). Suppose a € A, is such that 3n,i P(n,,a). Note
that 7 € K by the assumption that A; = K. Thus, if a ~5 y, then there would be
r € wand d € Ay such that d ~q i and P(r,d,y), violating the definition of 3. Similar
reasoning shows that if y <5 a then there exist r € w and d € A; such that d <; ¢
such that P(r,d,y), again, a contradiction. Consequently, Va € Ay(In,i P(n,i,a) =
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a <5 y), and thus range (7) = I,.

Case 3: A~ K # 0.

So there is z € A; \ K. Because K € I1°(T}), there is a <;-least such z by Clause
11 of the definition of a towered structure. Let z be as such. Note that x ¢ A° as
A% € K. Now consider L = {a € Ay : Vn,i (i <; x = (=P(n,i,a)))}. There are two
cases: L =) and L # ().

If L =0, then (I, E, | I,) = (Ay, E) via 77"

Suppose now that L # (; we will show that # € K, a contradiction. Let
y € L be the <,-least element of L; again, clause 11 of the definition of a tow-
ered structure insures that such a y exists. Hence, Vn,i(i <; © = —P(n,,y)) and
Va < y3an,i(i <4 x A P(n,i,a)). Thus, (I, Ey | I,) = (I,,E, | I,) via 7. To
show = € K, it is enough to show that Vi ~y x(3n,a(P(n,i,a) A a ~g y)) and
Va ~y y(In,i(P(n,i,a) ANi ~y x)). Let i € Ay be such that i ~ z; let n € w
be such that Fy(i) = n+ 1. By clause 6 of the definition of a towered structure,
{j € Ay : jEyi} € FODO(I,, E, | I). So let ©(z,21,...,2) be a formula and let

Jiy--.,J1 € Ay be such that

{]]Ell} = {] : (ICMEI rjl') ): Qp(jajlavjl)}

Since 7 is an isomorphism between (I, Ey [ I,;) and (I, B> | 1), let a € Ay be the

unique element such that

{b:bEsa} & {b: (1, B> 1 1) | @(b, (), - m(50) )

again, by Clause 6 of the definition of a towered structure. Moreover, as i ¢ I, it
follows that a ¢ I, and thus, a £, y. Since a € FODO(I,, E, | I,,) by clause 6 of the
definition of a towered structure, a ~5 y. Hence, P(n+1,4,a). A symmetric argument
shows that Va ~y y(In,i (P(n,i,a) Ai~y x)). Thus, © € K, a contradiction. Thus,
L=90. O

The next proposition is in the same spirit as Proposition 4.4.8.
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Proposition 5.4.4. If (A, E}), (As, E5) are towered structures such that for some
Y € Ag, (Ala El) i (Iy, E2 rIy), then J(Th(Al,El)) <T Th(AQ, EQ)

Proof. Let (A, Ey),(A2.Fy) be towered structures as above where <;, ~; refer to
(A;, E;) and T; = Th(A;, E;) fori = 1,2. Let © € Ay be such that (Ay, E) = (I, By |
I,). We observe first that since <, has no largest element, for any a € A,, we have
{be Ay :a <o b} #0. Solet y; € Ay be any <,-least element of {y € Ay : 1 <5 y}; we
are assured that such a y; exists by clause 11 of the definition of a towered structure.
By the same reasoning, let yo € Ay be any <y-least element of {y € Ay : y; <5 y}.
Now define y C A, as follows:

2By < Jk[z =k A (I, By [ 1) = .

First, since (A1, Fy) = (I, F5 | I;) and since (A, E}) and (As, E») are identical on
A% it is clear that y is recursively isomorphic to T;. Moreover, it follows from clause
10 of the definition of a towered structure that y ~g ys.

Next, note that as x,y € Ay . A%, there exist 4, j € w such that

Def((Asg, Ey),i,x) and Def((Az, E2),j,y),

by clause 9 of the definition of a towered structure. Let ¢, be as such. Finally, we
observe that (J?(T}))(k) = Ty("+, ") where ¢ is the sentence

321, 22[pi(21) A k codes a 3 formula of on free variable A ¢;(z2) A ¢} (22)]

where ¢} (vp) is the formula g (vy) modified as follows: every Ja is replaced with
Ja(“ais an integer ...); likewise, every Vb is replaced with Va(“ais an integer ...);
every instance of “n € y” is replaced with nFE,y; and every instance of “n ¢ y is
replaced with —-nFEyy. Thus, J?(T}) <7 T,. Since J(T}) <r J?(T}), it follows that
J(T) <7 Ts. O

We can now improve Proposition 5.4.3 with Proposition 5.4.4; if two towered

structures are “close” enough, they are identical.
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Proposition 5.4.5. If (A, Ey), (As, E5) are towered structures such that
Th(Al, El) ST J(Th(AQ, Eg)) and Th(AQ, EQ) ST J(Th(Al, El)),

then (Al, El) = (AQ,EQ).

Proof. Let (Aq, Ey) and (As, E») be as above where T; = Th(A;, E;) for i =1,2. By
Proposition 5.4.3, it follows either that (A, Fy) and (A, E») are isomorphic or that
one is isomorphic to an initial segment of the other. If (A, Ey) = (I, Fy | 1) for
some r € A,, then by assumptions and by Proposition 5.4.4 we would have Ty, <r
J(T1) <1 T3, clearly a contradiction. A symmetric argument shows that if (As, E5)
is isomorphic to an initial segment of (A;, Ey), a similar contradiction is reached.
Thus, we must have (A;, E) = (Ag, Es) for some isomorphism 7, and consequently,
Ty = T,. We claim that 7 must be the identity map. Both structures are clearly
isomorphic on the odd integers, because they both are (A%, E°) on the odd integers.
Now suppose n = 2j and m = 2k for some j,k € w and that m(n) = m. Suppose
j < k. By Clause 9 of the definition of a towered structure, Def((Ay, E1),j,n) and
Def((As, Es), k,m). But, 7 an isomorphism implies that m is also definable from j
in (Ay, Ey), contradicting the minimality of & from the definition of Def. A similar
contradiction occurs if j > k. It follows that j = k& and hence, for all k, 7(2k) = 2k.
Thus, 7 is the identity map. O

Lemma 5.4.6. If Y C 2¢ is such that Y € 11D ,, then Y N L¥* e 110 .

Proof. Standard absoluteness argument. O

Corollary 5.4.7. TN L™ € L™ and TN LYt e 17 _,.

Proof. Follows immediately from Lemmas 5.4.2 and 5.4.6. O
The next theorem is analogous to Theorem 4.4.14 : T" does not omit any cone.

Theorem 5.4.8. For all x € 2“ N L¥™, there is 2’ € T N LY such that v < a'.
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Proof. Let x € 2N L. Choose A to be a limit ordinal in accordance with Theorem
5.3.4. We will show that there is a towered structure (A, E) such that (A, F) =
(Lt (X), €). First, we define a map ¢ from L“"“()) to w. There are two cases.

Case 1: L*™(A\) NV (w). Take g | V(w) to be the fixed isomorphism from
(V(w), €) to (A°, E®).

Case 2: LY (\) \ V(w). Suppose y € Lt (A\) \ V(w). Then by Theorem 5.3.4,
there is n € w such that Def((L“*“()\)),n,y). So define g(y) = 2n.

Now let A = Range(g) and let E be the relation on induced by g on A. Then
it is clear that (A, E) L (LX), €). As (LYt¥()), €) easily fulfills clauses 1-10
of the definition of a towered structure, so does (A, F). Moreover, < is a well-
founded relation on (L“**()), €). Thus, (A, E) fulfills clause 11 of the definition of a
towered structure, and hence is a towered structure. Letting z’ = Th(A, E), we have
' € TN L™ such that z <; 2/ O

The next theorem is analogous to Theorem 4.4.13 : T" does not contain any cone.

Theorem 5.4.9. For all x € 2¥ N LY, there is x' such that v <7 x' and for all
y €Y ify=ra, then 2’ € (2 \T) N LY.

Proof. Let x € 2¥ N L“*¥, Then by Theorem 5.4.8, there is z € T N L“* such that
x <7 z. We claim that J(z), the jump of z, proves the theorem. Since z € T, let
(A, E) be a towered structure such that z = Th(A, E). Tt is clear that J(z) € L“*¥,
as z € L. Moreover, for all y =7 J(z), y € L“*¥. Now suppose that y € T is such
that y =7 J(z). That is, let (A, E') be a towered structure such that y = Th(A', E').
Now y <7 J(z), so that y = Th(A", E') <p J(Th(A, E)). But also, z <p J(J(2)),
thus, Th(A,E) <r J(Th(A',E’). So by Proposition 5.4.5, (A,E) = (A, E') and
hence z = Th(A, E) = Th(A', E') = y =7 J(z), clearly a contradiction. O

We now define A C D as follows: x € A & Jy € T(z =r y).
Lemma 5.4.10. AN L™ € LT and AN Lt €TI0,
Proof. Follows from Corollary 5.4.7. O

Theorem 5.4.11. A does not contain any cone.
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Proof. Follows from Theorem 5.4.9
Theorem 5.4.12. A does not omit any cone.
Proof. Follows directly from Theorem 5.4.8
Theorem 5.4.13. ZC ¥ Det(II? ,)

Proof. Take A and the contrapositive of Martin’s Theorem.
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