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ABSTRACT
A dual profit model is used to characterize ther&mouro e Minho (EDM) region agriculture. The
data comes from budgets for twelve representatinag. Positive Mathematical Programming (PMP)
is applied. First, shadow prices of fixed inputs abtained for each farm from a linear program (LP)
forcing base year (1994) net output and fixed irgdldcations. Second, the Maximum Entropy (ME)
technique is used to recover the restricted pfofittions. The model purely reproduces observed net
output and fixed input data. A short run profit étion is derived for the region from aggregation of
the model. The corresponding long run profit fumetis also derived.
The profit model reveals an inelastic responseit®ep in the short run, and a more elastic response
the long run. Nitrogen and water appear as compitsnd he inelasticity of nitrogen response to its
own price precludes taxing nitrogen to control utse. In contrast, pricing water is an effective
strategy, not only to control water use but aldcogen use. The Water Framework Directive (WFD)
recommends both strategies.

INTRODUCTION

This paper illustrates how Positive MathematicagPamming (PMP) and Maximum Entropy (ME)
techniques can be used in the process of informadoovery (data confession) when data are very
scarce. A dual profit model characterizing the Erdrouro e Minho (EDM) region agriculture is
recovered. The data are the budgets of twelve septative farms for the region (Monke et al.,
1998)* PMP is applied. First, shadow prices of fixed itspare obtained for each farm from a linear
program (LP) forcing base year (1994) net odtpmd fixed input allocations (Howitt, 1995a,b; Bari
and Howitt, 1998). Second, the Maximum Entropy (M&jhnique is used to recover the restricted
profit functions (Golan, Judge, and Miller, 1996ar8 and Howitt, 1998). The model purely
reproduces observed net output and fixed input. datshort run profit function is derived for the
region from aggregation of the model. The corresjpanlong run profit function is also derivéd.

! The data has been aggregated in each representativ to distinguish two outputs, two variableitsy and four fixed
inputs. The outputs are capmsc and caplsc, resphcthe farms’ Common Agricultural Policy (CAP) stsupported and less
supported commodities. The output capmsc includes anilk, beef, and lamb. The output caplsc inelugotatoes, winter and
summer vegetables, wine, and apples. The two Jariaputs are nitrogen and energy. Energy incluglestricity, gas, oil,
fertilizer other than nitrogen, and pesticide. Tinar fixed inputs are water, land, labor, and apitabor includes family and
hired labor. Capital includes mainly the annualt @dsquipment and livestock. Water is treated &igeal input because most
of the water comes from private small springs amtlswThere is no formal agricultural water markat water price) in the
EDM. Water quantities are measured in physicaluflioE+4 cubic meters). All other inputs and owgmre measured in 1994
prices Differences in the composition of outputd aputs in quality and in CAP support are reflddtrethe quantity variables
(Cox and Wohlgenant, 1986; Oude Lansink and Thijs$898). The 1994 base year prices are a simpi@ge of 1993, 1994,
and 1995 prices. There is no price variabilityhe tlata except for shadow prices of fixed inputsialed in the LP first stage
of PMP.

2 Net output can be an output or a variable input.

3 The properties of the restricted and the unrestligtrofit functions are related by the virtual prig approach (Rothbarth,
1941; Neary and Roberts, 1980; Squires, 1987, 1Q@dpgaet al, 1992, 1995). Virtual prices lead unrestrictedhfars to
behave as if they were facing restrictions. Butudl prices also lead restricted farmers to belzsvé they were not facing
restrictions. Thus, the short run shadow pricefixefd inputs might be regarded as virtual pricesink can be established
between the parameters of the short run restrigtegfit function and the long run (unrestricted) fifrofunction:
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The profit model uses the normalized quadratiaictet profit function. This function was preferred
to the translog because it allows for zero levéleuiputs and inputs, and has the property thatlloc
convexity implies global convexity. The coefficisnbf the Hessian matrix are constant, allowing
simple derivation of the long run unrestricted firédinction (Lau, 1976). The function has some
drawbacks. The monotonicity condition is not neagfs globally satisfied. The functional form
imposes quasi-homotheticity and separability restms (Lopez, 1985). Estimation results are not
invariant to the choice of numeraire (Oude Lansinl Thijssen, 1998).

The mathematical expression of the normalized qtadrestricted profit function is the following:

m-1 \ 1 m-1m-1
M(p,Z)=u +Zak Py +zbrzr +§chkl PP+
k=1 r=1 k=1 I=1 (1)
1 V.V m-1 v
Ezlzldrszr Zg +;zlekr P Z
r=1 s= =1r=
where [ (p,Z) are profits,p are normalized net output prices, add are fixed input quantities.
=]
Net output prices are normalized by the price efniith net output, sop, = P—k 5
m

PROFIT MODEL RECOVERY
In the profit model context, PMP has two stagest [ (p,Z') be farmi's restricted profit

function,p a set ofk =1,...,(m—1) net output normalized prices, add asetofv=21...r fixed
inputs. The restricted profit function yieldk =1,...,(m—1) net output supply equations,

Y, (p,Z'), and V=1,...,r shadow price equationsSH! (p,Z'). In the first stage of PMP, a

linear programming (LP) model recovers fixed inghadow prices for each representative farm. In
the second stage, the Maximum Entropy (ME) techmiguused to recover net output supply and
shadow price equations, consistent with a quadmtit function. The ME problem is formulated
and solved as a pure inverse problem (Golan, Judge Miller, 1996). The model reproduces base
year data consistent with economic theory.

The LP model for each farm takes the following #jeation in matrix notation:

MaxpY’ (2
Y'z'

ST

AY' <0 3
BZ' <b (4)

M ( P, W) = Mzax{l‘l ( P, Z) - WZ} , where 'l ( P, W) is the long run (unrestricted) profit functioh] ( P, Z)

is the short run restricted profit function, p fiveces of outputsZ the fixed inputs, and w the virtual prices of fixeputs.
4 Homogeneity of the normalized quadratic functidioain requires a net output for asymmetrical trestm
® Sufficient conditions to ensure duality are thafip is a non-negative real valued function, n@easing in output price and

non-increasing in input price, non-decreasinan for every fixedp, linear homogeneous 'mandz , convex and continuous
in p for every fixed Z , and concave and continuousz for every fixed .
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Y <Y(l+eg,) (5)

Z' <7 (1+s,) (6)
where &, and &, are arbitrarily small positive number‘s(,i is the vector of net outputs, ard
the vector of fixed inputsA andB are matrices containing the base year allocationget outputs

and fixed inputs. Scalars, and &, are necessary to uncouple allocation constra®)tard (4) from
calibration constraints (5) and (6) (Howitt, 1995a,Allocation constraints (4) yield fartihs fixed

input unobserved shadow priceSHri . The LP programming code made use of GAMS software
The ME problem consists of maximization of the daling function:

H=-53. pal, <nlpal, )-S5 o, <i(ot,)

533NN (TN B 3 4SBT (7280
—ZZZQI PLorg Xln(pLGg)—Zt]i PQyg *In(PQs)

‘?Z% pexipe,)

subject to model consistency constraints givendtyontput supply and shadow prices equations:

] ) ] m-1 Vv ]
%Knﬂ=¢+2%p+29? (8)
1=1 r=1

(7)

m-1
&HpZ)U+Z¢H+Z%m 9)
s=1 k=1

to duality and symmetry conditions, and to addiiviequirements on the probabilities of support
values. The ME programming code made use of GAMSvace.

The letter indicates the representative farm. Homogeneityrices is imposed through normalization

of the system by the price of energy (see ShumwmalyGottret, 1991). Thus, the energy equation is

omitted. The variablespa:(g, pb:g, Plimg: PQimg: Plong . PQyy . and P&, are probabilities

assigned to the support values of the parameﬂi‘,;%r,sbri y Lyns Qs Lops Qo s and g, ® It is
heroically assumed that differences across reprathem farms can be captured by the intercepts of

6 Parameterd_lkm and le have resulted from Cholesky factorization of g parameters, whereas the parameters

LG and Q2t result from Cholesky factorization of ttdrs parameters. Recovering the model given by (8)(&hdsing

the ME technique requires the assumption that pacdmeter has a discrete probability distributiefireed over a parameter
space. A parameter space is a set of equally distiagliscrete points. It must have at least twotpolach point or support
value has a probability of occurrence. Parameterslefined as expected values on their supporesalBupport values are
known but their probability distributions are nAtcording to Golan, Judge, and Miller (1996), Jay(957) proposed making
use of ME in choosing the unknown probability digitions given the known parameter spaces. MEneasure of
uncertainty on a collection of events defined bargton (1948). Under Jaynes (1957) ME principle, dv@oses the discrete
probability distributions for which the informatias sufficient to determine the probabilities.
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the net output supply and shadow price equatiohis dssumption reduces the number of parameters
to recover and provides sample information to bhgeeME technique.

The ME solution is unique for a given specificatioh support values. Support intervals were
specified with five support values. The choice oport intervals is arbitrary. Support interval end

points reflect expected elasticities. Three altévea are considered for the end pointsapf, d,,
and e,- [-11], [-66], and [- 07:07]; [-33], [~ 44]. and [- 2525]; and [- 6],
[— 2,5;2,5], and [— 4;4]. These alternatives imply net output own pricesttities less than 0,25,
0,5, and 1. In all three alternatives, input initgnslasticities are expected to be more elastim thet

output price elasticities. Support interval endng®ifor the interceptsa:( and b: , are: [— 8;8] and
[— 5050]; [— 28;28] and [— 38,38]; [— 48;48] and [— 38,38]. They take into account the
alternatives considered for support interval enthtgoof C,,, d,, and €., and net output and
shadow price variation. Support interval end poiotsQ,,, and Q,, are mapped from the three
alternatives to the support interval end pointsagf and d ;. They are:[0;0,33§i and [0;1,5];
[O;l] and [O;l]; [0;2] and [0;0,62@ Four alternatives are considered for the supiptetval end
points of L, . and L, - [— 1,1] and [— 1,1] [-2,2] and[-2;2]; [— 0,5;0,5] and [— 0,5,0,5];

and [— 0,25;0,25] and [— 0,25;0,25]. In total, twelve alternatives are considered $opport

interval end points of parameters.

In all twelve alternatives, price elasticities ameich more sensitive than input intensity elasssitio
specification of support interval end poifit¥his result is not unexpected, because there iseto
output price variability in the data whereas thisréixed input shadow price variability. Thus, prio
information determines more price than input intignslasticity estimates. Elasticity signs vary mor

in the long run than in the short run. Only tweeatatives have the expected signs and are cortsisten
with the Le Chatelier Principle (long run more éashan short run). These two alternatives geeerat
similar elasticity results. Results are based eratrerage values from these two alternatives.

RESULTS

Table 1 provides short run price and input elastisi for 1994. Results show that own-price
elasticities are positive for outputs and negatorevariable inputs. In the short run, price eleitigs
are small. Input elasticities also are small, exéepenergy responses to water and capital intiessi
This result is not unexpected. Mendes (1994a,bxhasn inelastic response of farmers in this area.
Small and part-time farms are prominent in the E@Msta (forthcoming) shows that small farm milk
price response is more inelastic in the presencdfdarm employment.

In the short run, demand for nitrogen increasesklyaaith respect to the prices of outputs, decrease
with respect to its own price, and increases wetpect to fixed inputs, particularly water and talpi
Nitrogen and fixed inputs are complements.

Table 2 shows the long run elasticities for 199¢qw and virtual prices. Own-price elasticities are
positive for outputs and negative for variable itsps expected. Usually, long run price elaséisiti

" Constant Returns to Scale (CRS) in fixed inputsas the derivation of a regional short run prdiinction from aggregation
of the restricted profit model. Shadow prices @kl inputs imply CRS in fixed inputs in the secatage. Regional virtual
prices of fixed inputs are computed as weightedages of representative farm shadow prices of firpdts.

8 See Costa (2001).
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are small. Nonetheless, they are more elasticshart run elasticities, as implied by the Le Chatel
Principle.

Demand for nitrogen increases weakly with respecthe prices of outputs (relatively more with
respect to capmsc), decreases with respect tonvtspoice and with respect to the prices of water,
land, labor, and capital. In the long run, nitrogea complement to water, land, labor and capésl,

it was in the short run. Responses to the pricewair and labor are more elastic than nitrogen
responses to the other prices.

Demand for water increases with respect to theeprimf outputs and decreases with respect to the
prices of nitrogen and their own price. The owrc@relasticity for water is elastic, in the long.run

The 1994 CAP was supporting in the EDM region agdtical commodities that used inputs more
intensively, particularly water and nitrogen.

Table 1 - EDM short run agricultural elasticities

Variables capmsc  Caplsc nitrogen energy

Price of

Capmsc 0,193 0,001 0,001 0,408

Caplsc 0,001 0,205 0,001 0,410

nitrogen 0,000 0,000 -0,052 0,004

Quantity of

water 0,492 0,095 0,221 1,205

land 0,042 0,025 0,023 0,136

labour 0,140 0,083 0,093 0,452

capital 0,557 0,090 0,248 1,330

Table 2 - EDM long run agricultural elasticities

Variables capmsc caplsc nitrogen energy water land labor capital
Price of

capmsc 0,236 0,011 0,020 -0,5649 0,630 0,518 0,267,7760
caplsc 0,010 0,208 0,005 -0,106 0,115 0,292  0,148,1200
nitrogen -0,001 0,000 -0,053 0,023 -0,010 -0,010,006 -0,012
water -1,617 -0,276  -0,608 -3,691 -1,416 0,000 ©®,000,000
land -0,024 -0,014 -0,012 0,366 0,000 -0,270 0,00®@,000
labour -1,124 -0,641 -0,689 -2,652 0,000 0,000 48,7 0,000
capital -0,257 -0,036  -0,093 -0,689 0,000 0,000 00,0 -0,195

CONCLUSIONS

A dual flexible quadratic restricted profit modehsvused to characterize EDM agriculture. The
positive mathematical programming (PMP) approach felowed. In the context of the profit model,
PMP has two stages. In the first stage, shadoveprid fixed inputs were obtained from a linear
program that forces base year (1994) net outputfizad input allocations. In the second stage, the
Maximum Entropy technique was used to recover tevflizxible quadratic restricted profit functions.
The model reproduces base year net outputs and fiqauts. A restricted regional function was
derived from aggregation of the model. The corresgim long run profit function was also derived.

In the second stage of PMP, twelve alternativeseweensidered for the support interval end points.
These scenarios are based on expected elastidiiae elasticities appeared more sensitive to
specification of end points than input intensitgsticities because there is no price variabilityhie
data whereas there is fixed input variability. Ohlyo alternatives resulted in elasticities consiste
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with economic theory. These two alternatives geedraimilar elasticity results. Results are based o
the average values from these two alternatives.

The profit model reveals an inelastic responserit®ep in the short run, and a more elastic response
the long run. The inelasticity of nitrogen respotesés own price precludes taxing nitrogen to coint
its use. In contrast, pricing water is an effectsteategy, not only to control water use but also
nitrogen use. The Water Framework Directive (WFE)ammends both strategies.
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