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ABSTRACT

UTILIZATION OF DIFFERENTIAL THRUST FOR LATERAL/DIRECTIONAL
STABILITY OF A COMMERCIAL AIRCRAFT WITH A DAMAGED

VERTICAL STABILIZER

by Long K. Lu

This thesis investigates the utilization of differential thrust to help a

commercial aircraft with a damaged vertical stabilizer regain its lateral/directional

stability. In the event of an aircraft losing its vertical stabilizer, the consequential

loss of the lateral/directional stability is likely to cause a fatal crash. In this thesis,

the damaged aircraft model is constructed, and the lateral/directional dynamic

stability and frequency domain analyses are conducted. The propulsion dynamics of

the aircraft are modeled as a system of differential equations with engine time

constant and time delay terms to study the engine response time with respect to a

differential thrust input. The novel differential thrust control module is presented to

map the rudder input to differential thrust input. Then, the differential thrust

based control strategies such as linear quadratic regulator (LQR), model reference

adaptive system (MRAS), and H∞ loop-shaping based robust control system are

proposed to be utilized to help maintain stability and control of the damaged

aircraft. For each type of control system design, robustness and sensitivity analysis

is also conducted to test the performance of each control system in the presence of

noise and uncertainty. Results demonstrate successful applications of such control

methodologies as the damaged aircraft can achieve stability under feasible control

efforts and without any actuator saturation. Finally, a comparison study of three

control systems is conducted to investigate the merits and limits of each control

system. Overall, the H∞ loop-shaping based robust control system was found to

have the most remarkable results for stabilizing and saving the damaged aircraft.
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NOMENCLATURE

A/C aircraft

A state matrix

ac aerodynamic center

B input matrix

b aircraft wing span, ft

C output matrix

CLi dimensionless derivative of rolling moment, i = p, r, β, δa, δr

CNi dimensionless derivative of yawing moment, i = p, r, β, δa, δr

CY i dimensionless derivative of side force, i = p, r, β, δa, δr

cg center of gravity

cp center of pressure

D state transition matrix

dσ
dβ

change in side wash angle with respect to change in side slip angle

G damaged aircraft plant

Gs shaped plant

g gravitational acceleration, ft/s2

Ixx normalized mass moment of inertia about the x axis, slug ∗ ft2

Ixz normalized product of inertia about the xz axis, slug ∗ ft2

Izz normalized mass moment of inertia about the z axis, slug ∗ ft2

Ks controller

Li dimensional derivative of rolling moment, i = p, r, β, δa, δr

Lv vertical stabilizer lift force, lbf

lv distance from vertical stabilizer ac to aircraft cg, ft

xvii



MRAS model reference adaptive system

m aircraft mass, slugs

Ni dimensional derivative of yawing moment, i = p, r, β, δa, δr, δT

p roll rate, deg/s

r yaw rate, deg/s

S aircraft wing area, ft2

Sv vertical stabilizer area, ft2

T engine thrust, lbf

Tc commanded engine thrust, lbf

t time, s

td time delay, s

Vv vertical stabilizer volume ratio, ft3

v airspeed, ft/s

W aircraft weight, lbs

W1 pre-compensation

W2 post-compensation

Yi dimensional derivative of side force, i = p, r, β, δa, δr

ye distance from the outermost engine to the aircraft center of gravity, ft

zv distance from the vertical stabilizer cp to the fuselage center line, ft

α angle of attack, deg

β side slip angle, deg

γ flight path angle, deg

δa aileron deflection, deg

δr rudder deflection, deg

∆T collective thrust, lbf

xviii



δT differential thrust, lbf

ζ damping ratio

η efficiency factor

θ pitch angle, deg

ρ air density, slug/ft3

τ time constant, s

φ roll angle, deg

ω bandwidth frequency, 1/s

˙( ) first order time derivative

(̈ ) second order time derivative

(̄ ) trimmed value

( )d damaged aircraft component

( )m model aircraft component

( )n nominal (undamaged) aircraft component

xix



CHAPTER 1

INTRODUCTION

The vertical stabilizer is an essential element in providing the aircraft with its

directional stability characteristic while the rudder serves as the primary control

surface of yaw. In the event of an aircraft losing its vertical stabilizer, the sustained

damage will cause directional stability to be compromised, and the lack of control is

likely to result in a fatal crash. Notable examples of such a scenario are the crash of

the American Airlines Flight 587 in 2001 when an Airbus A300-600 lost its vertical

stabilizer in wake turbulence, killing all passengers and crew members [1], and the

crash of Japan Airlines Flight 123 in 1985 when a Boeing 747-SR100 lost its vertical

stabilizer, leading to an uncontrollable aircraft, resulting in 520 casualties [2].

However, not all situations of losing the vertical stabilizer have resulted in a

total disaster. In one of those cases, United Airlines Flight 232 in 1989 [3],

differential thrust was proven to be able to make the aircraft controllable. Another

remarkable endeavor is the landing of the Boeing 52-H in 1964, even though the

aircraft lost most of its vertical stabilizer [4].

Research on this topic has been conducted with two main goals: to

understand the response characteristics of the damaged aircraft such as the work of

Bacon and Gregory [5], Nguyen and Stepanyan [6], and Shah [7], as well as to come

up with an automatic control algorithm to save the aircraft from disasters such as

the work of Burcham et al. [8], Guo et al. [9], Liu et al. [10], Tao and Ioanou [11],

and Urnes and Nielsen [12].

Notable research on the topic of a damaged transport aircraft includes the
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work of Shah [7], where a wind tunnel study was performed to evaluate the

aerodynamic effects of damages to lifting and stability/control surfaces of a

commercial transport aircraft. In his work, Shah [7] studied this phenomenon in the

form of partial or total loss of the wing, horizontal stabilizer, or vertical stabilizer

for the development of flight control systems to recover the damaged aircraft from

adverse events. The work of Nguyen and Stepanyan [6] investigates the effect of the

engine response time requirements of a generic transport aircraft in severe damage

situations associated with the vertical stabilizer. They carried out a study which

concentrated on assessing the requirements for engine design for fast responses in an

emergency situation. In addition, the use of differential thrust as a propulsion

command for the control of directional stability of a damaged transport aircraft was

studied by Urnes and Nielsen [12] to identify the effect of the change in aircraft

performance due to the loss of the vertical stabilizer and to make an improvement in

stability utilizing engine thrust as an emergency yaw control mode with feedback

from the aircraft motion sensors.

Existing valuable research in the literature provides very unique insight

regarding the dynamics of such an extreme scenario whereas in this thesis, a unique

extension of existing work is provided where automatic control methodologies to aid

a damaged aircraft to land safely are implemented. This thesis is motivated to

improve air travel safety by incorporating the utilization of differential thrust to

regain lateral/directional stability for a commercial aircraft (in this case, a Boeing

747-100) with a damaged vertical stabilizer.



CHAPTER 2

PROBLEM STATEMENT AND THESIS OUTLINE

2.1 Problem Statement

For this thesis, the flight scenario is chosen to be a steady, level cruise flight

for the Boeing 747-100 at Mach 0.65 and 20,000 feet. At one point during the flight,

as a result of external disturbances such as wake turbulence, the vertical stabilizer

of the aircraft is completely damaged. In such an extreme scenario, it is desired to

develop and implement differential thrust based control strategies to stabilize and

save the damaged aircraft.

2.2 Thesis Outline

In order to eliminate the dangerous coupling between the aircraft and pilots,

which usually leads to a total disaster in such an extreme scenario, the following

methodology is followed to establish a strategy that will save the damaged aircraft:

(1) The nominal and damaged aircraft models are constructed in Chapter 3.

(2) Lateral/directional dynamic stability analysis is conducted in Chapter 4.

(3) Frequency domain analysis is carried out in Chapter 5.

(4) The engine dynamics of the jet aircraft are modeled as a system of

differential equations with corresponding time constant and time delay

terms to study the engine response characteristics with respect to a

differential thrust input in Chapter 6.
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(5) The novel differential thrust control module is developed to map a rudder

input to a differential thrust input in Chapter 7.

(6) The aircraft’s open loop responses are investigated in Chapter 8.

(7) The controllability of the damaged aircraft is investigated in Chapter 9.

(8) The linear quadratic regulator (LQR) controller is designed to stabilize the

damaged aircraft in Chapter 10.

(9) The Lyapunov stability approach based model reference adaptive control

methodology is implemented to test the ability of the damaged aircraft to

mimic the model aircraft’s reference responses and achieve safe and stable

operating conditions in Chapter 11.

(10) The robust control system design based on H∞ loop-shaping approach is

implemented as a means to stabilize the damaged aircraft in Chapter 12. It

is also worth noting that for each control methodology such as the linear

quadratic regulator (LQR), model reference adaptive system (MRAS), and

H∞ loop-shaping based robust control system, the robustness and

sensitivity analysis is conducted to test the performance and overall

robustness of each control system in the presence of noise and uncertainty.

(11) A comparison study of the three control systems is conducted to investigate

the merits and limits of each control system to save the damaged aircraft in

Chapter 13.

(12) Conclusions and recommendations are in Chapter 14.



CHAPTER 3

THE AIRCRAFT MODELS AND DATA

Here, nominal (undamaged) and damaged aircraft models are developed for

analysis.

3.1 Flight Conditions

The flight conditions for both the damaged and undamaged aircraft models in

this thesis are summarized in Table 3.1.

Table 3.1: Flight conditions

Parameter Value
Altitude (ft) 20,000

Air Density (slugs/ft3) 0.001268
Airspeed (ft/s) 673

3.2 The Aircraft Models

3.2.1 The Nominal Aircraft Model

The Boeing 747-100 was chosen for this thesis due to its widely available

technical specifications, aerodynamics, and stability derivative data. The data for

the nominal (undamaged) Boeing 747-100 are summarized in Table 3.2.

Taken from Nguyen and Stepanyan [6], the lateral/directional linear equations

of motion of the nominal (undamaged) aircraft, with the intact ailerons and rudder

as control inputs, are presented in Eq. (3.1).

5



6

Table 3.2: The nominal (undamaged) aircraft data [14,15]

Parameter Value
S (ft2) 5500
b (ft) 196
c̄ (ft) 27.3
ye (ft) 69.83
W (lbs) 6.3663 ∗ 105

m (slugs) 19786.46
Ixx (slug ∗ ft2) 18.2 ∗ 106

Iyy (slug ∗ ft2) 33.1 ∗ 106

Izz (slug ∗ ft2) 49.7 ∗ 106

Ixz (slug ∗ ft2) 0.97 ∗ 106

CLβ -0.160
CLp -0.340
CLr 0.130
CLδa 0.013
CLδr 0.008
CNβ 0.160
CNp -0.026
CNr -0.28
CNδa 0.0018
CNδr -0.100
CY β -0.90
CY p 0
CY r 0
CY δa 0
CY δr 0.120
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

φ̇

ṗ

β̇

ṙ


=



0 1 0 θ̄

0 Lp Lβ Lr

g
V̄

Yp
V̄

Yβ+gγ̄

V̄

Yp
V̄
− 1

0 Np Nβ Nr





φ

p

β

r


+



0 0

Lδa Lδr

Yδa
V̄

Yδr
V̄

Nδa Nδr


 δa

δr

 (3.1)

where the states are φ, p, β, and r, which represent the roll angle, roll rate, side-slip

angle, and yaw rate, respectively. The corresponding control inputs are δa (aileron

input) and δr (rudder input).

3.2.2 The Damaged Aircraft Model

For the modeling of the damaged aircraft, in case of the loss of the vertical

stabilizer, lateral/directional stability derivatives need to be reexamined and

recalculated. Since the whole aerodynamic structure is affected, the new

corresponding stability derivatives have to be calculated and studied. The

lateral/directional dimensionless derivatives that depend on the vertical stabilizer

include [16]:

CY β = −ηSv
S
CLαv

(
1 +

dσ

dβ

)
(3.2)

CY r = −2

(
lv
b

)
CY βtail (3.3)

CNβ = CNβwf + ηvVvCLαv

(
1 +

dσ

dβ

)
(3.4)

CNr = −2ηvVv

(
lv
b

)
CLαv (3.5)
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CLr =
CL
4
− 2

(
lv
b

)(zv
b

)
CY βtail (3.6)

Due to the loss of the vertical stabilizer, the vertical tail area, volume, and

efficiency factor will all be zero; therefore, CY β = CY r = CNr = 0. If the vertical

stabilizer is assumed to be the primary aerodynamic surface responsible for the

weathercock stability, then CNβ = 0. Finally, CLr = CL
4

.

In addition, without the vertical stabilizer, the mass and inertia data of the

damaged aircraft are going to change, where the values that reflect such a scenario

(for the damaged aircraft) are listed in Table 3.3.

Table 3.3: The damaged aircraft mass and inertia data

Parameter Value
W (lbs) 6.2954 ∗ 105

m (slugs) 19566.10
Ixx (slug ∗ ft2) 17.893 ∗ 106

Iyy (slug ∗ ft2) 30.925 ∗ 106

Izz (slug ∗ ft2) 47.352 ∗ 106

Ixz (slug ∗ ft2) 0.3736 ∗ 106

In this study, during the loss of the vertical stabilizer, it is proposed that the

differential thrust component of aircraft dynamics be utilized as an alternate control

input replacing the rudder control to regain stability and control of

lateral/directional flight dynamics. Next, the lateral-directional linear equations of

motion of the damaged aircraft are presented, with the ailerons (δa), differential

thrust (δT ), and collective thrust (∆T ) as control inputs [6], as presented in Eq.

(3.7).
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

φ̇

ṗ

β̇

ṙ


=



0 1 0 θ̄

0 Lp Lβ Lr

g
V̄

Yp
V̄

Yβ+gγ̄

V̄

Yp
V̄
− 1

0 Np Nβ Nr





φ

p

β

r


+



0 0 0

Lδa
Ixzye

IxxIzz−Ixz
2 0

Yδa
V̄

0 −β̄
mV̄

Nδa
Ixxye

IxxIzz−Ixz
2 0




δa

δT

∆T


(3.7)

In this case, if the initial trim side-slip angle is zero, then ∆T does not have

any significance in the control effectiveness for a small perturbation around the trim

condition [6], which means that the above equations of motion can be reduced to

the final form of governing equations of motion for damaged aircraft as presented in

Eq. (3.8).



φ̇

ṗ

β̇

ṙ


=



0 1 0 θ̄

0 Lp Lβ Lr

g
V̄

Yp
V̄

Yβ+gγ̄

V̄

Yp
V̄
− 1

0 Np Nβ Nr





φ

p

β

r


+



0 0

Lδa
Ixzye

IxxIzz−Ixz
2

Yδa
V̄

0

Nδa
Ixxye

IxxIzz−Ixz
2


 δa

δT

 (3.8)

3.3 Chapter Summary

In this chapter, we constructed the nominal and damaged aircraft models,

which are of great importance to the stability analysis and controller design phases

in the following chapters. In the next chapter, we are going to conduct the

lateral/directional dynamic stability analysis of the damaged aircraft.



CHAPTER 4

LATERAL/DIRECTIONAL DYNAMIC STABILITY ANALYSIS

4.1 Plant Dynamics

With data taken from Table 3.1 and Table 3.2, the A, B, C, D state space

matrices for the lateral/directional dynamics of the nominal (undamaged) Boeing

747-100 can be obtained as shown in Eq. (4.1-4.4).

An =



0 1 0 0

0 −0.8566 −2.7681 0.3275

0.0478 0 −0.1079 −1

0 −0.0248 1.0460 −0.2665


(4.1)

Bn =



0 0

0.2249 0.1384

0 0.0144

0.0118 −0.6537


(4.2)

Cn =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


(4.3)
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Dn =



0 0

0 0

0 0

0 0


(4.4)

Based on the data for the lateral/directional stability derivatives of the

aircraft without its vertical stabilizer given in Chapter 3.2.2, the lateral/directional

A, B, C, D state space matrices for the damaged aircraft can be achieved as shown

in Eq. (4.5-4.8).

Ad =



0 1 0 0

0 −0.8566 −2.7681 0.1008

0.0478 0 0 −1

0 −0.0248 0 0


(4.5)

Bd =



0 0

0.2249 0.0142

0 0

0.0118 0.6784


(4.6)

Cd = Cn =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


(4.7)
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Dd = Dn =



0 0

0 0

0 0

0 0


(4.8)

Here, An defines the state matrix of the nominal (undamaged) aircraft

whereas Ad represents the state matrix of the damaged aircraft. Furthermore, Bn

represents the input matrix where the ailerons (δa) and rudder (δr) are control

inputs of the undamaged (nominal) aircraft, whereas Bd stands for the input matrix

of the scenario where the ailerons (δa) and differential thrust (δT ) are control inputs

of the damaged aircraft. It is also worth noting that the structure of the input

matrix of the nominal aircraft (Bn) and of damaged aircraft (Bd) remain fairly

similar, except for the b32 term, which maps the rudder input to side-slip angle

output for the nominal (undamaged aircraft) and the differential input to side-slip

angle output for the damaged aircraft. This is important because it signifies the

dramatic consequence of losing the vertical stabilizer. In Bn, b32 equals 0.0144.

However, b32 equals 0 in Bd, which removes the direct effect of differential thrust on

side-slip angle for the damaged aircraft.

In addition, the damping characteristics of the nominal and damaged aircraft

are summarized in Table 4.1 and Table 4.2.

Table 4.1: Damping characteristics of the nominal aircraft

Mode Pole Location Damping Frequency (1/s) Period (s)
Dutch Roll −0.126± i1.06 0.118 1.07 5.8822

Spiral −0.0172 1 0.0172 365.2651
Roll −0.963 1 0.963 6.5262

Table 4.1 shows that all three lateral/directional modes of the nominal aircraft



13

Table 4.2: Damping characteristics of the damaged aircraft

Mode Pole Location Damping Frequency (1/s) Period (s)
Dutch Roll 0.0917± i0.43 −0.209 0.439 14.2969

Spiral 6.32 ∗ 10−18 −1 6.32 ∗ 10−18 9.9486 ∗ 1017

Roll −1.04 1 1.04 6.0422

are stable due to the left half plane (LHP) pole locations whereas Table 4.2 clearly

indicates the unstable nature of the damaged aircraft in the Dutch roll mode by the

right half plane (RHP) pole locations. Furthermore, the pole of the spiral mode lies

at the origin, which represents very slow (also unstable) dynamics. The only stable

mode of the damaged aircraft is the roll mode by the left half plane (LHP) pole

location. The pole locations of both the nominal and damaged aircraft can also be

illustrated by Fig. 4.1.

Figure 4.1: Pole locations of the nominal (blue) and damaged aircraft (red)
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4.2 Transfer Functions

The lateral/directional transfer functions (TF) for the damaged aircraft from

each of the inputs (ailerons (δa) and differential thrust (δT )) to each of the outputs

(roll angle (φ), roll rate (p), side-slip angle (β), and yaw rate (r)) are obtained and

analyzed.

For a continuous time state space system represented as in Eq. (4.9)

ẋ = Ax+Bu

y = Cx+Du

(4.9)

with non-zero initial conditions, the Laplace transform of Eq. (4.9) is represented in

Eq. (4.10).

sX(s)−X(0) = AX(s) +BU(s)

Y (s) = CX(s) +DU(s)

(4.10)

which will then lead to

X(s)(sI − A) = X(0) +BU(s) (4.11)

or

X(s) = (sI − A)−1[X(0) +BU(s)] (4.12)

Therefore,

Y (s) = C(sI − A)−1[X(0) +BU(s)] +DU(s) (4.13)

With zero initial conditions, Eq. (4.13) can be written as
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Y (s) = [C(sI − A)−1B +D]U(s) (4.14)

Finally, one can use Eq. (4.15) to find the transfer functions of a system with

zero initial conditions.

Y (s)

U(s)
= C(sI − A)−1B +D (4.15)

Here the state-transmission matrix, D, is zero assuming there is no direct

effect on the outputs from the inputs. Therefore,

Y (s)

U(s)
= C(sI − A)−1B (4.16)

With the information of the lateral/directional matrices for the damaged

aircraft from Chapter 4.1, the transfer functions from each of the inputs (ailerons

(δa) and differential thrust (δT )) to each of the outputs (roll angle (φ), roll rate (p),

side-slip angle (β), and yaw rate (r)) can be obtained as in Eq. (4.17-4.24).

φ(s)

δa(s)
=

0.22491(s2 + 0.005272s+ 0.1448)

s(s+ 1.04)(s2 − 0.1833s+ 0.1931)
(4.17)

p(s)

δa(s)
=

0.22491s(s2 + 0.005272s+ 0.1448)

s(s+ 1.04)(s2 − 0.1833s+ 0.1931)
(4.18)

β(s)

δa(s)
=
−0.011767(s− 0.5392)(s+ 0.008935)

s(s+ 1.04)(s2 − 0.1833s+ 0.1931)
(4.19)

r(s)

δa(s)
=

0.011767(s+ 0.6744)(s2 − 0.2909s+ 0.1962)

s(s+ 1.04)(s2 − 0.1833s+ 0.1931)
(4.20)

φ(s)

δT (s)
=

0.014166(s2 + 4.826s+ 132.6)

s(s+ 1.04)(s2 − 0.1833s+ 0.1931)
(4.21)
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p(s)

δT (s)
=

0.014166s(s2 + 4.826s+ 132.6)

s(s+ 1.04)(s2 − 0.1833s+ 0.1931)
(4.22)

β(s)

δT (s)
=
−0.67841(s+ 0.8606)(s− 0.005598)

s(s+ 1.04)(s2 − 0.1833s+ 0.1931)
(4.23)

r(s)

δT (s)
=

0.67841(s+ 0.9908)(s2 − 0.1348s+ 0.1336)

s(s+ 1.04)(s2 − 0.1833s+ 0.1931)
(4.24)

From the transfer functions from ailerons and differential thrust to roll rate,

Eq. (4.18) and Eq. (4.22), it can be seen that there might be the pole-zero

cancellation effect of the pole and zero at the origin. This pole-zero cancellation

effect may reduce the order of the system and result in dramatic change in the

response characteristics of the system itself. Therefore, the pole-zero cancellation is

not conducted to reserve the response characteristics of the original system.

4.3 Chapter Summary

In this chapter, we set up the A, B, C, D state space matrices for both the

nominal (undamaged) and damaged aircraft models. We also looked at the damping

characteristics of both the undamaged and damaged aircraft. Additionally, the

transfer functions from the aileron (δa) and differential thrust (δT ) inputs to the roll

angle (φ), roll rate (p), side-slip angle (β), and yaw rate (r) outputs were obtained.

In the next chapter, we are conducting the frequency domain analysis of the

damaged aircraft and comparing it to the nominal (undamaged) aircraft’s.



CHAPTER 5

FREQUENCY DOMAIN ANALYSIS

5.1 Frequency Response Characteristics

In this chapter, the important aspects of frequency domain analysis such as

gain margin (GM) and phase margin (PM) are discussed. GM is defined as the

amount of gain variation which can be tolerated before the system reaches

instability. GM corresponds to the amount of gain at -180 degree crossover at

phase. PM is defined as the amount of phase variation which can be tolerated

before the system reaches instability. PM corresponds to the amount of phase at 0

dB crossover at gain. Together, GM and PM provide the estimated stability safety

margins. The higher the margins are, the more stable the system is, and vice versa,

which represents the trade-off between stability and maneuverability. An example of

GM and PM is shown in Fig. 5.1.

Furthermore, the Bode diagrams of the transfer functions from each of the

inputs (ailerons (δa) and differential thrust (δT )) to each of the outputs (roll angle

(φ), roll rate (p), side-slip angle (β), and yaw rate (r)) of the damaged aircraft are

shown in Fig. 5.2-5.9. From Fig. 5.2 and Fig. 5.3, we can see that there exist dips

in the magnitude plots of the Bode diagrams. Also, in Fig. 5.9, there is also a dip in

the phase plot of the Bode diagrams. This happens due to the existence of complex

conjugate right half plane (RHP) zeros in the corresponding transfer functions,

which creates a non-minimum phase dynamic. These dips do have a negative

impact on stability and more importantly, performance.

17
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Figure 5.1: An example of gain margin (GM) and phase margin (PM)
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Figure 5.2: Bode diagram of the transfer function from ailerons to roll angle

Figure 5.3: Bode diagram of the transfer function from ailerons to roll rate
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Figure 5.4: Bode diagram of the transfer function from ailerons to side-slip angle

Figure 5.5: Bode diagram of the transfer function from ailerons to yaw rate
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Figure 5.6: Bode diagram of the transfer function from differential thrust to roll angle

Figure 5.7: Bode diagram of the transfer function from differential thrust to roll rate
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Figure 5.8: Bode diagram of the transfer function from differential thrust to side-slip
angle

Figure 5.9: Bode diagram of the transfer function from differential thrust to yaw rate
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Table 5.1 shows that for the damaged aircraft, only two transfer functions

have positive gain and phase margins, which are the transfer function from ailerons

to roll angle
(
φ(s)
δa(s)

)
and the transfer function from ailerons to roll rate

(
p(s)
δa(s)

)
. The

rest of the transfer functions have negative gain and/or phase margins, which

signifies instability. This characteristic again demonstrates the tremendous effect of

losing the vertical stabilizer.

Table 5.1: Open loop gain and phase margins of the damaged aircraft

Transfer Functions Gain Margin (dB) Phase Margin (deg)
φ(s)
δa(s)

8.54 91.35
p(s)
δa(s)

41.75 ∞
β(s)
δa(s)

Unstable Unstable
r(s)
δa(s)

Unstable Unstable
φ(s)
δT (s)

Unstable Unstable
p(s)
δT (s)

Unstable Unstable
β(s)
δT (s)

Unstable Unstable
r(s)
δT (s)

Unstable Unstable

Furthermore, Fig. 5.10 illustrates the comparison of the Bode diagrams for

the nominal and damaged aircraft. For the nominal aircraft, the control inputs are

ailerons (δa) and rudder (δr), whereas for the damaged aircraft, the control inputs

are ailerons (δa) and differential thrust (δT ). From Fig. 5.10, it can be seen that for

the aileron input, the Bode diagrams for the nominal and damaged aircraft match

up fairly well at high frequency, but differ very much at low frequency. However, for

the rudder/differential thrust input, the Bode diagrams for the nominal and

damaged aircraft differ significantly, which represents the critical effect of losing the

vertical stabilizer.
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Figure 5.10: Bode diagrams of the nominal (blue) and damaged aircraft (red)
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5.2 Robustness and Uncertainty Analysis of Frequency Response

We investigate the damaged plant frequency response with associated 30% of

full-block, additive uncertainty. We choose 30% to represent a real-life situation,

where the designer is free to choose any bound and margin for uncertainty for

analysis. The response is presented in Fig. 5.11, where it is obvious that even in the

presence of uncertainty, high frequency dynamics of the aircraft remain (relatively)

unchanged, except for the transfer function from ailerons to side-slip angle, while

the low frequency content will remain within a ball of uncertainty. Moreover, for the

differential thrust input, the plant remains fairly unchanged for side-slip angle and

yaw rate in the presence of uncertainty, but for roll angle and roll rate, the plant

experiences excitation at higher frequency range. However, for the aileron control

input, lower frequencies experience more excitation than higher frequencies for roll

angle and roll rate. Furthermore, for side-slip angle and yaw rate, the plant

experiences excitation in both low and high frequencies.

5.3 Chapter Summary

In this chapter, we conducted the frequency domain analysis of the damaged

aircraft and investigated its robustness by introducing 30% full block, additive

uncertainty to the damaged aircraft’s plant matrix. In the next chapter, we are

going to investigate the jet engine propulsion dynamics.
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Figure 5.11: Bode diagrams of damaged (red) and uncertain plant (black) at 30%
uncertainty



CHAPTER 6

PROPULSION DYNAMICS

6.1 Jet Engine Thrust Generation Dynamics

With emerging advancements in manufacturing processes, structures, and

materials, it is a well known fact that aircraft engines have become highly complex

systems and include numerous nonlinear processes, which affect the overall

performance (and stability) of the aircraft. From the force-balance point of view,

this is usually due to the existing coupled and complex dynamics between engine

components and their relationships in generating thrust. However, in order to

utilize the differential thrust generated by the jet engines as a control input for

lateral/directional stability, the dynamics of the engine need to be modeled to gain

an insight into the response characteristics of the engines.

Engine responses, generally speaking, depend on the time constant and time

delay characteristics. Time constant dictates how fast the thrust is generated by the

engine, while time delay (which is inversely proportional to the initial thrust level)

is due to the lag in engine fluid transport and the inertias of the mechanical systems

such as rotors and turbo-machinery blades [6].

It is also suggested [6] that the non-linear engine dynamics model can be

simplified as a time-delayed second-order linear model as

T̈ + 2ζωṪ + ω2T = ω2Tc(t− td) (6.1)

where ζ and ω are the damping ratio and bandwidth frequency of the closed-loop

27
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engine dynamics, respectively; td is the time delay factor; and Tc is the thrust

command prescribed by the engine throttle resolver angle.

With the time constant defined as the inverse of the bandwidth frequency

(τ = 1
ω

), and ζ chosen to be 1 representing a critically damped engine response (to

be comparable to existing studies), the engine dynamics can be represented as

 Ṫ

T̈

 =

 0 1

−1
τ2

−2
τ


 T

Ṫ

+

 0

1
τ2

Tc(t− td) (6.2)

For this study, the Pratt and Whitney JT9D-7A engine is chosen for the

application in the Boeing 747-100, where each engine produces a maximum thrust of

46,500 lbf [13]. The engine thrust response curve at Mach 0.65 and 20,000 feet is

shown in Fig. 6.1.

Figure 6.1: Engine thrust response at Mach 0.65 and 20,000 feet

Figure 6.1 provides a useful insight into how the time constant and time delay
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factors affect the generation of thrust for the JT9D-7A jet engine at Mach 0.65 and

20,000 feet. With the engine time constant of 1.25 seconds, and the time delay of

0.4 second [6], it takes approximately ten seconds for the engine to reach steady

state and generate its maximum thrust capacity at 46,500 lbf from the trim thrust

of 3221 lbf. The increase in thrust generation follows a relatively linear fashion with

the engine response characteristic of approximately 12,726 lbf/s during the first two

seconds, and then the thrust curve becomes nonlinear until it reaches its steady

state at maximum thrust capacity after about ten seconds. This represents one

major difference between the rudder and differential thrust as a control input. Due

to the lag in engine fluid transport and turbo-machinery inertias, differential thrust

(as a control input) cannot respond as instantaneously as the rudder, which has to

be taken into account very seriously in control system design.

6.2 Chapter Summary

In this chapter, we investigated the thrust generation dynamics of the

JT9D-7A jet engine and the effects of time constant and time delay on the engine

thrust response characteristics. In the next chapter, we are developing a mechanism

to utilize differential thrust as a control input to act as a ”virtual rudder” to save

the damaged aircraft.



CHAPTER 7

DIFFERENTIAL THRUST AS A CONTROL MECHANISM

7.1 Thrust Dynamics and Configuration

In order to utilize differential thrust as a control input for the four-engined

Boeing 747-100 aircraft, a differential thrust control module must be developed.

Here, the differential thrust input is defined as the difference between the thrust

generated by engine number 1 and engine number 4 while the amounts of thrust

generated by engine number 2 and 3 are kept equal to each other as shown in Eqs.

(7.1-7.2).

δT = T1 − T4 (7.1)

T2 = T3 (7.2)

This concept is illustrated in further details in Fig. 7.1. Engine number 1 and

4 are employed to generate the differential thrust due to the longer moment arm

(ye), which makes the differential thrust more effective as a control for yawing

moment. This brings into the picture the need of developing a logic that maps a

rudder input to a differential thrust input, which is further explained in the

following section.

7.2 Rudder Input to Differential Thrust Input Mapping Logic

When the vertical stabilizer of the aircraft is intact (i.e. with nominal plant

dynamics), the pilot has the ailerons and rudder as major control inputs. However,

30
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Figure 7.1: The free body diagram
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when the vertical stabilizer is damaged, most probably the pilot will keep on

demanding the control effort from the rudder until it is clear that there is no

response from the rudder. To eliminate this mishap, but to still be able to satisfy

the rudder demand from the pilot, an aircraft control logic is introduced in Fig. 7.2.

Figure 7.2: Aircraft control logic diagram

As seen in Fig. 7.2, the main goal is to map corresponding input/output

dynamics from the rudder pedals to the aircraft responses, so that when the rudder

is lost, the rudder input (from the pilot) will still be utilized but switched to the

differential thrust input, which will act as the rudder input for lateral/directional

controls. This logic constitutes one of the novel approaches introduced in this thesis.

This differential thrust control module is illustrated in Fig. 7.3. The

differential thrust control module’s function is to convert the rudder pedal input

from the pilot to the differential thrust input. In order to achieve that, the rudder

pedal input (in radians) is converted to the differential thrust input (in

pounds-force) which is then provided into the engine dynamics, as discussed

previously in Chapter 6. With this modification, the engine dynamics will dictate

how differential thrust is generated, which is then provided as a ”virtual rudder”
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input into the aircraft dynamics. The radian to pound-force conversion is derived in

the next section.

Figure 7.3: Differential thrust control module

7.3 Radian to Pound-Force Conversion Factor

Using Fig. 7.1 and with the steady, level flight assumption at the altitude of

20,000 feet, the following relationship can be obtained:

Nδr = NδT (7.3)

qSbCNδrδr = (δT )ye (7.4)

which means the yawing moment by deflecting the rudder and by using differential

thrust have to be the same. Therefore, the relationship between the differential

thrust control input (δT ) and the rudder control input (δr) can be obtained as

δT =

(
qSbCNδr

ye

)
δr (7.5)

Based on the flight conditions at Mach 0.65 and 20,000 feet, and the data for

the Boeing 747-100 summarized in Table 3.1 and Table 3.2, the conversion factor for

the rudder control input to the differential thrust input is calculated to be

δT

δr
= −4.43 ∗ 105 lbf

rad
(7.6)
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Due to the sign convention of rudder deflection and the free body diagram in

Fig. 7.1, δr here is negative. Therefore, for the Boeing 747-100, in this study, the

conversion factor for the mapping of a rudder input to a differential thrust input is

found to be

δT

δr
= 4.43 ∗ 105 lbf

rad
(7.7)

7.4 Commanded vs. Available Differential Thrust

At this point, the worst case scenario is considered, and it is assumed that the

aircraft has lost its vertical stabilizer so that the rudder input is converted to the

differential thrust input according to the logic discussed previously in this chapter.

Unlike the rudder, due to delayed engine dynamics with time constant, there

is a major difference in the commanded differential thrust and the available

differential thrust as shown in Fig. 7.4.

It can be seen from Fig. 7.4 that compared to the commanded differential

thrust, the available differential thrust is equal in amount but longer in time

delivery. For a one degree step input on the rudder, the corresponding equivalent

commanded and available differential thrust amounts are 7737 lbf, which is

deliverable in ten seconds. Unlike the instantaneous control of the rudder input,

there is a lag associated with the use of differential thrust as a control input. This is

due to the lag in engine fluid transport and the inertias of the mechanical systems

such as rotors and turbo-machinery blades [6]. This is a major design consideration

and will be taken into account during the control system design phases.
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Figure 7.4: Commanded vs. available differential thrust
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7.5 Chapter Summary

In this chapter, we developed the mapping logic between the rudder input and

differential thrust input. We also derived the radian to pound-force conversion

factor, which is of extreme importance to the utilization of differential thrust as a

control mechanism to save the damaged aircraft. We also conducted the comparison

between commanded and available differential thrust. In the next chapter, we are

investigating the open loop responses of the damaged aircraft.



CHAPTER 8

OPEN LOOP SYSTEM RESPONSE ANALYSIS

8.1 Open Loop Responses of the Damaged Aircraft

The open loop response characteristics of the aircraft with a damaged vertical

stabilizer to one degree step inputs from the ailerons and differential thrust are

presented in Fig. 8.1, where it can be clearly seen that when the aircraft is majorly

damaged and the vertical stabilizer is lost, the aircraft responses to the pilot’s

inputs are completely unstable in all four states (as it was also obvious from the

pole locations). This means the pilot will not have much chance to stabilize the

aircraft in time, which calls for a novel approach to save the damaged aircraft. This

is another point where the second novel contribution of the thesis is introduced:

automatic control strategies to stabilize the aircraft, which allows safe (i.e. intact)

landing of the aircraft.

8.2 Chapter Summary

In this chapter, we conducted the open loop system response analysis of the

damaged aircraft. It is concluded that the open loop responses of the damaged

aircraft are very unstable, and the pilot will not have much chance to stabilize the

aircraft. This calls for the design and implementation of automatic control systems

to save the damaged aircraft. However, before a control system can be designed to

stabilize and save the damaged aircraft, the controllablity of the damaged aircraft

has to be investigated in the next chapter.

37
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Figure 8.1: Open loop responses of the damaged aircraft



CHAPTER 9

CONTROLLABILITY OF THE DAMAGED AIRCRAFT

9.1 Controllability of the Damaged Aircraft

Before a controller to stabilize the damaged aircraft can be designed, the

controllability of the damaged aircraft system must be investigated.

Controllability is defined as the ability to drive an initial condition xo(t) to a

final condition xf (t) at a given finite amount of time [to, tf ]. The controllability

matrix of a system is defined as

Co =

[
B AB A2B · · · An−1B

]
(9.1)

In this study, A = Ad, B = Bd, and n = 4 (because there are four states: φ, p, β,

and r, which represent the roll angle, roll rate, side-slip angle, and yaw rate,

respectively). Therefore,

Co =

[
Bd AdBd Ad

2Bd Ad
3Bd

]
(9.2)

In order for the system to be controllable, Rank(Co) = n = 4. For the damaged

aircraft, the controllability matrix is obtained as

Co =



0 0 0.2249 0.0142 −0.1915 0.0562 0.1960 1.8297

0.2249 0.0142 −0.1915 0.0562 0.1960 1.8297 −0.2126 −1.5702

0 0 −0.0118 −0.6784 0.0163 0.0010 −0.0139 0.0041

0.0118 0.6784 −0.0056 −0.0004 0.0047 −0.0014 −0.0049 −0.0453


(9.3)
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Rank(Co)= 4, so the controllability matrix has full rank, which leads to a fully

controllable system. This also means that all four lateral/directional states are

linearly independent, and we are able to manipulate each state separately by the

control inputs. As a confirmation, it is worth checking if there is any uncontrollable

state.

UnCo = length(A)−Rank(Co) = 4− 4 = 0 (9.4)

Therefore, it can be confirmed that there is no uncontrollable state.

9.2 Chapter Summary

In this chapter, we investigated the controllablity of the damaged aircraft and

concluded that the damaged aircraft plant is controllable. Therefore, in the next

chapter, we are conducting the linear quadratic regulator control system design to

stabilize and save the damaged aircraft.



CHAPTER 10

LINEAR QUADRATIC REGULATOR CONTROL SYSTEM DESIGN

10.1 Background Theory

Optimal control aims for the best results with maximum benefits and

minimum control efforts within a given set of constraints. An optimal controller is

designed to minimize a performance index (PI), which constitutes a desired

objective function and is defined as the ultimate collection of all valuable metrics

that are of interest to the designer. In the following, we present the linear quadratic

regulator (LQR).

Taken from [17], consider the optimal regulator problem:

Given the system equation:

ẋ = Ax+Bu (10.1)

Determine the gain matrix K of the optimal control vector:

u = −Kx (10.2)

to minimize the performance index:

J =

∫ ∞
0

(xTQx+ uTRu) dt (10.3)

where Q and R are real and positive definite symmetric matrices. It is worth noting

that Eq. (10.3) represents the performance index (PI), in which xTQx represents

the transient energy cost and uTRu represents the control energy cost. Therefore, Q

becomes the state weighting matrix, and R becomes the control cost matrix.
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By applying the optimal linear quadratic regulator, we investigate the full

state feedback structure.

Substituting Eq. (10.2) into Eq. (10.1), we have

ẋ = Ax+BKx = (A−BK)x (10.4)

Assuming that (A−BK) is Hurwitz, then (A−BK) becomes strictly negative

definite (which means all the poles of (A−BK) are on the left half plane (LHP)).

Substituting Eq. (10.2) into Eq. (10.3), we obtain

J =

∫ ∞
0

(xTQx+ xTKTRKx) dt =

∫ ∞
0

xT (Q+KTRK)x dt (10.5)

Now let us set

xT (Q+KTRK)x = − d

dt
(xTPx) (10.6)

where P is a real positive symmetric matrix. We next have

xT (Q+KTRK)x = −ẋTPx− xTPẋ = −xT [(A−BK)TP + P (A−BK)]x (10.7)

Comparing both sides of Eq. (10.7), we obtain

−(Q+KTRK) = (A−BK)TP + P (A−BK) (10.8)

Due to R being a real positive symmetric matrix, we can rewrite R as

R = T TT (10.9)

where T is a non-singular matrix. Next, Eq. (10.8) can be written as
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(AT −KTBT )P + P (A−BK) +Q+KTT TTK = 0

→ ATP + PA+ [TK − (T T )−1BTP ]T [TK − (T T )−1BTP ]− PBR−1BTP +Q = 0

(10.10)

We can see that the minimization of J with respect to K requires the

minimization (with respect to K) of xT [TK − (T T )−1BTP ]T [TK − (T T )−1BTP ]x.

Since xT [TK − (T T )−1BTP ]T [TK − (T T )−1BTP ]x is non-negative, the minimum

occurs when xT [TK − (T T )−1BTP ]T [TK − (T T )−1BTP ]x = 0. Therefore,

TK = (T T )−1BTP → K = T−1(T T )−1BTP = R−1BTP (10.11)

Equation (10.11) gives us the formulation for finding the optimal K, and this

matrix K must satisfy Eq. (10.8). Hence,

ATP + PA− PBR−1BTP +Q = 0 (10.12)

Equation (10.12) is called the reduced Riccati equation. Therefore, in order to

design the linear quadratic regulator (LQR), one must follow these steps:

(1) Solve Eq. (10.12), the reduced Riccati equation, for the matrix P . It is

worth noting that if matrix P is a positive definite matrix, the system is

stable (matrix (A−BK) is stable).

(2) Substitute matrix P back into Eq. (10.11) to get the optimal feedback

matrix gain.
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10.2 LQR Control System Design

The damaged aircraft plant is stabilized by a full-state feedback linear

quadratic regulator (LQR) controller as shown in Fig. 10.1.

Figure 10.1: Block diagram for full-state feedback LQR control system design

As seen in Fig. 10.1, the pilot’s inputs, which are one degree step inputs for

both ailerons and rudder, will go through the Input Control Module, where the

aileron control signal is routed through the saturation values of ± 26 degrees [18]

and the rudder control input is routed through the Differential Thrust Control

Module, where the rudder input is converted to differential thrust input as discussed

previously in Chapter 7. It is also worth noting that there are also a differential

thrust saturation value of 43,729 lbf and a thrust generation rate limiter of 12,726

lbf/s imposed on the differential thrust control as discussed in Chapter 7. This is to

make sure the control inputs are within the limits of both the ailerons and

differential thrust. Furthermore, in order for the control efforts to be feasible in a

real-life scenario, the control effort signals are also routed through the Actuation

Dynamics, where the same saturation values and rate limiters are imposed on the

ailerons and differential thrust as discussed previously.

After an iterative process, the state weighting matrix, Q, and the control cost

matrix, R, are chosen as
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Q = 105



1 0 0 0

0 2 0 0

0 0 0.1 0

0 0 0 1


(10.13)

R = 103

 1 0

0 1

 (10.14)

The feedback matrix K is then obtained as

KLQR =

 9.6697 13.2854 −9.1487 0.8729

1.9631 2.8644 −12.1067 11.5702

 (10.15)

The model plant matrix, Am = Ad −BdKLQR, is then calculated to be

Am =



0 1 0 0

−2.2026 −3.8851 −0.5390 −0.2595

0.0478 0 0 −1

−1.4455 −2.1243 8.3210 −7.8597


(10.16)

Next, let’s investigate the closed loop responses of the aircraft with an LQR

controller as shown in Fig. 10.2 and Fig. 10.3, and the closed loop control efforts as

depicted in Fig. 10.4.

Compared to the unstable open loop responses of the damaged aircraft in Fig.

8.1 in Chapter 8, the closed loop responses of the damaged aircraft are stable in all

four states: roll angle (φ), roll rate (p), side-slip angle (β), and yaw rate (r). From

Fig. 10.2, we can clearly see that all four states reach steady state only after 15

seconds. It is also worth noticing that with the help of differential thrust acting as a

”virtual rudder” input during the coordinated turn maneuver, the aircraft was able
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Figure 10.2: Closed loop responses of the damaged aircraft with an LQR controller
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Figure 10.3: Closed loop heading angle response with an LQR controller
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Figure 10.4: Closed loop control efforts with an LQR controller
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to achieve very close to zero side-slip angle (β= -0.057 deg). Furthermore, as seen in

Fig. 10.3, the heading angle gain is very linear after 15 seconds, and for one degree

step inputs, the heading angle gain is about 0.22 degree after 30 seconds. In

addition, the control efforts for ailerons and differential thrust are also feasible.

From Fig. 10.4, we can see that aileron control effort demands the maximum

deflection of 1 degree and settles at around -0.7 degree while differential thrust

control effort demands a maximum of -400 lbf (negative differential thrust means

T4 > T1) and settles at approximately 100 lbf, which is within the thrust capability

of the JT9D-7A engine.

10.3 Robustness and Sensitivity Analysis of LQR Control System

The robustness and sensitivity of the LQR control system are investigated by

the introduction of band-limited white noise and additive uncertainty parameters

associated with the state matrix of the damaged aircraft to investigate the

performance of the LQR control system in the presence of noise and uncertainty.

10.3.1 Noise Sensitivity Analysis of LQR Control System

The noise sensitivity analysis of the LQR control system design is conducted

by introducing band-limited white noise to test the performance of the LQR control

system in the presence of noise. Fig. 10.5 shows the logic behind the noise

sensitivity analysis of the LQR control system.
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Figure 10.5: Block diagram for full-state feedback LQR control system design in the
presence of noise

The noise power is set at 10−8 with sampling time of 0.1 second. The

band-limited white noise for the LQR controller is depicted in Fig. 10.6, and its

periodogram using Fast Fourier Transform (FFT) is shown in Fig. 10.7.

Additionally, the closed loop responses of the damaged aircraft with an LQR

controller in the presence of band-limited white noise are shown in Fig. 10.8 and

Fig. 10.9.

From Fig. 10.8, it is obvious that the LQR control system design is able to

stabilize the damaged aircraft within only 15 seconds in the presence of noise. We

can also see that all four state outputs are affected by the band-limited white noise,

but the variations are well within the steady state bounds.

As for the heading angle response (ψ) shown in Fig. 10.9, the effect of noise is

attenuated by the integral action (because the heading angle (ψ) is the integral of

the yaw rate (r)), and the heading angle gain stays the same as when there is no

noise: for one degree step inputs, the heading angle gain is about 0.22 degree within

30 seconds.

Furthermore, it is also worth investigating the control efforts required in the

presence of noise as shown in Fig. 10.10.
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Figure 10.6: Band-limited white noise
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Figure 10.7: Periodogram using Fast Fourier Transform
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Figure 10.8: Closed loop responses of the damaged aircraft with an LQR controller
in the presence of noise
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Figure 10.9: Closed loop heading angle response with an LQR controller in the pres-
ence of noise
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Figure 10.10: Closed loop control efforts with an LQR controller in the presence of
noise
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In the presence of noise, the aileron control effort demands the maximum

deflection of approximately 1 degree and reaches steady state at around -0.7 degree.

The steady state variations are well within bounds for aileron control effort. This

aileron control effort demands are reasonable and feasible due to the limiting factors

of ± 26 degrees of the aileron deflection [18] and the assumption that ailerons have

instantaneous response characteristics by neglecting the lag from actuators or

hydraulic systems.

As for differential thrust, in the presence of noise, the differential thrust

control demands at maximum approximately -400 lbf (negative differential thrust

means T4 > T1), which is within the thrust capability of the JT9D-7A engine, and

reaches steady state at around 100 lbf. The steady state variations are also well

within bounds for differential thrust control effort. Due to the differential thrust

saturation value set at 43,729 lbf and the thrust rate limiter set at 12,726 lbf/s, this

differential thrust control effort in the presence of noise is feasible in a real life

situation.

10.3.2 Robustness and Uncertainty Analysis of LQR Control System

The robustness of the LQR control system design is studied by the

introduction of 30% of full block, additive uncertainty into the plant dynamics of

the damaged aircraft, to test the performance of the damaged aircraft in the

presence of uncertainty. Fig. 10.11 shows the logic behind the robustness analysis of

the LQR control system design in the presence of uncertainty.

One thousand Monte-Carlo simulations were conducted to test the robustness

of the damaged plant in the presence of uncertainty. The state responses in the

presence of 30% uncertainty are shown in Fig. 10.12 and Fig. 10.13.

From Fig. 10.12, it is obvious that the LQR control system design is able to
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Figure 10.11: Block diagram for full-state feedback LQR control system design in the
presence of uncertainty

Figure 10.12: Closed loop responses of the damaged aircraft with an LQR controller
in the presence of 30% uncertainty
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Figure 10.13: Closed loop heading angle response with an LQR controller in the
presence of 30% uncertainty
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stabilize the damaged aircraft within approximately 15 seconds. However, while the

roll rate (p) response is still robust and settles at the same point when there is no

uncertainty, the steady state responses of three other states: roll angle (φ), side-slip

angle (β), and yaw rate (r) all settles at different points compared to when there is

no uncertainty. The roll angle (φ) settles at approximately between 0.080 and 0.090

degree compared to about 0.120 degree when there is no uncertainty . The side-slip

angle (β) settles at approximately between -0.070 and -0.060 degree compared to

about -0.057 degree when there is no uncertainty. Finally, the yaw rate (r) settles at

approximately between 0.0036 and 0.0044 deg/s compared to about 0.0057 deg/s

when there is no uncertainty. As for the heading angle (ψ), the heading angle gain

varies between 0.17 and 0.18 degree compared to about 0.22 degree when there is no

uncertainty.

Additionally, it is also worth investigating the control efforts required in the

presence of uncertainty as shown in Fig. 10.14.

According to Fig. 10.14, when there is 30% full block, additive uncertainty,

the aileron control demands the maximum deflection of approximately 1 degree and

reaches steady state at around -0.47 and -0.35 degree after 15 seconds compared to

the maximum deflection of 1 degree and settles at around -0.7 degree when there is

no uncertainty associated with the damaged aircraft plant. The aileron control effort

demands are reasonable and feasible due to the limiting factors of ± 26 degrees of

the aileron deflection [18] and the assumption that ailerons have instantaneous

response characteristics by neglecting the lag from actuators or hydraulic systems.

As for differential thrust, when there is 30% uncertainty, the differential thrust

control demands at maximum approximately -1200 lbf (negative differential thrust

means T4 > T1), which is within the thrust capability of the JT9D-7A engine, and

the differential thrust control effort reaches steady state at around the range of -430
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Figure 10.14: Closed loop control efforts with an LQR controller in the presence of
30% uncertainty
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lbf and 480 lbf after 15 seconds compared to the maximum of -400 lbf and settles at

approximately 100 lbf when there is no uncertainty associated with the damaged

aircraft plant. Again, due to the differential thrust saturation value set at 43,729 lbf

and the thrust rate limiter set at 12,726 lbf/s, this control effort of differential

thrust in the presence of uncertainty is achievable in a real life situation.

10.4 Chapter Summary

In this chapter, we have seen that it is possible to stabilize the damaged

aircraft with a linear quadratic regulator (LQR) controller. Additionally, as proven

in this chapter, although the LQR control system provides the optimal solution to

our problem, it does not guarantee robustness in the presence of uncertainty, which

is extremely crucial for a damaged aircraft. Therefore, in order to save the damaged

aircraft, we will use the LQR controller to stabilize the damaged aircraft (as the

inner loop), which will serve as our model aircraft for the adaptive control system

design in the next chapter, and utilize the Lyapunov based model reference adaptive

control methodology (as the outer loop) to guarantee system stability and

robustness.



CHAPTER 11

ADAPTIVE CONTROL SYSTEM DESIGN

To control an aircraft with a fully damaged vertical stabilizer and no rudder

is, understandably, a very stressful and laborious task for the pilots. This task also

requires skills and experience which are hard to possess and execute in extremely

stressful moments. In such instances, pilots usually have seconds to react, and as

witnessed beforehand, coupling between the pilot and unstable aircraft dynamics

usually led to a catastrophic crash. Therefore, for the safety of the overall flight, it

is crucial for an automatic control system to be developed, tested, and implemented

for the aircraft to mitigate accidents and to improve safety, stability, and

robustness. As an answer to this need, here, we introduce a novel, Lyapunov

stability based adaptive control system design.

In conventional model reference adaptive control theory, two celebrated and

widely used methods are the MIT rule and the Lyapunov stability approaches [19].

Because of the multi-input-multi-output (MIMO) structure of the lateral/directional

dynamics, the MIT rule will not be utilized due to its weak controllability

characteristics in higher order and complex systems [19], and the adaptive control

system design in this thesis will be based on the celebrated Lyapunov stability

approach.

In adaptive control theory, generally speaking, the Lyapunov stability

approach is based on the characteristics of a decreasing kinetic energy function of

state dynamics. Because the kinetic energy of a system is descending, the system is

considered approaching its asymptotic stability (equilibrium) point. However, it is a
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relatively cumbersome task to derive a kinetic energy function for a complex

system, but if a candidate function V (x) could be defined, which represents the

characteristics of the kinetic energy function, and if it is descending along the

trajectory of the kinetic energy functions, then it can be concluded that the solution

of the governing differential equations dy
dx

= f(x) will be asymptotically stable. The

function V (x) is then called a Lyapunov function.

11.1 Stability Characteristics

Assumption 1. Damaged aircraft control (input) matrix preserves the structure of

Eq. (11.1).

Bd =



0 0

b21 b22

0 0

b41 b42


(11.1)

and is assumed to have limited control authority to represent the damaged vertical

stabilizer scenario.

It is also worth noting that the structure of Eq. (11.1) is aircraft independent

and is preserved by the equations of motion, but not necessarily by any individual

aircraft. This means that this is applicable to any damaged aircraft with a dual or

quad jet engine lay-out.

Theorem 1. For given system dynamics of the damaged aircraft model in Eq.

(4.5-4.8), there exists a Lyapunov function in form of

V (x) = eTPe+ Tr[(Ad −BdL− Am)TN(Ad −BdL− Am)] (11.2)
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which guarantees asymptotic stability, if and only if the feedback adjustment law is

defined as

L̇ = (Bd
TNBd)

−1
Bd

TPeyd
T (11.3)

Proof: Let’s consider the suggested Lyapunov function taken from [20],

V (x) = eTPe+Tr[(Ad−BdL−Am)TN(Ad−BdL−Am)]+Tr[(BdM−Bm)TR(BdM−Bm)]

(11.4)

For given damaged aircraft dynamics, it is desired that aircraft maintains

control (input) matrix structure as defined in Assumption 1, leading to Bm = Bd, so

in Eq. (11.4), Tr[(BdM −Bm)TR(BdM −Bm)] = 0. Therefore,

V (x) = eTPe+ Tr[(Ad −BdL− Am)TN(Ad −BdL− Am)] (11.5)

Here N is the weighting factor, and Tr is the ”Trace” of a matrix. Also,

Am = Ad −BdKLQR. It is straight-forward that V (x) > 0,∀x 6= 0, V (0) = 0, and

V (x) is continuously differentiable. For given system, error dynamics (e = yd − ym)

become

ė = ẏd − ˙ym

= (Adyd +Bdu)− (Amym +Bmuc)

(11.6)

With the defined control effort u = uc − Lyd,

ė = Adyd +Bd(uc − Lyd)− Amym −Bmuc (11.7)

where ym = yd − e. After some algebra, we get

ė = Ame+ (Ad −BdL− Am)yd + (Bd −Bm)uc (11.8)
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Again, for given damaged aircraft dynamics, it is desired that aircraft maintains

limited control (input) matrix structure as defined in Assumption 1, leading to

Bm = Bd. Thus,

ė = Ame+ (Ad −BdL− Am)yd (11.9)

With L = L∗ + ∆L where L∗ is the constant feedback gain and ∆L represents the

parameter adjustment uncertainty, and Ad − Am = BdL
∗,

ė = Ame+ (Ad−Am−Bd(L
∗+ ∆L))yd = Ame+ (BdL

∗−BdL
∗−Bd∆L)yd (11.10)

Therefore,

ė = Ame−Bd∆Lyd (11.11)

The derivative of the Lyapunov function from Eq. (11.2) can be obtained as

V̇ (x) = −eTQe+ 2Tr[−∆LTBT
d Peyd

T + ∆LTBT
d NBd∆L̇] (11.12)

where Am
TP + PAm = −Q, with positive-definite matrix Q selected to be equal to

the Observability Gramian, CTC. From here, it is clear that the negative definite

nature of Lyapunov function (V̇ (x) < 0), and therefore, the asymptotic stability of

the overall system dynamics is guaranteed when

∆LT (−BT
d Pey

T +BT
d NBd∆L̇) = 0 (11.13)

is satisfied. This leads to the final adaptation law:

L̇ = (BT
d NBd)

−1
BT
d Peyd

T (11.14)

which guarantees the asymptotic stability �

11.2 Adaptive Control System Design

Before designing an adaptive control system to guarantee adaptive stability of

the damaged aircraft and make it behave like the model aircraft, it is crucial to
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check the adaptive law condition: Ad −BdL
∗ → Am as mentioned in Chapter 11.1.

For this study, the model plant is chosen as the stabilized plant of the damaged

aircraft by a linear quadratic regulator (LQR) controller, as explained in Chapter

10. The state matrices for the damaged and model aircraft are from Eq. (4.5) and

Eq. (10.16), respectively.

Ad =



0 1 0 0

0 −0.8566 −2.7681 0.1008

0.0478 0 0 −1

0 −0.0248 0 0


(4.5)

Am = Ad −BdKLQR =



0 1 0 0

−2.2026 −3.8851 −0.5390 −0.2595

0.0478 0 0 −1

−1.4455 −2.1243 8.3210 −7.8597


(10.16)

Because the linear quadratic regulator (LQR) controller will only change the

pole locations and stabilize the plant, the LQR controller does not change the

control matrix B. Therefore, it can be clearly seen that

Bm = Bd =



0 0

0.2249 0.0142

0 0

0.0118 0.6784


(11.15)

Furthermore, the adaptive law condition is satisfied as

Ad −BdL
∗ = Am (11.16)
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→ BdL
∗ = Ad − Am (11.17)

→ L∗ = Bd\(Ad − Am) (11.18)

Here it is also worth noting the pseudo-inverse nature of the damaged

aircraft’s input matrix (Bd), which is a 4x2 matrix. The pseudo-inverse of Bd can be

expressed from the singular value decomposition (SVD) of Bd [21].

Let the SVD of Bd be

Bd = U

 S 0

0 0

V T (11.19)

where U , V are both orthogonal matrices, and S is a diagonal matrix containing the

singular values of Bd.

Then the pseudo-inverse of Bd is a 2x4 matrix defined as

Bd
† = V

 S−1 0

0 0

UT (11.20)

The pseudo-inverse of the input matrix Bd is found. Then, with the

information from the Ad and Am matrices, the matrix L∗ can be obtained as

Ad −BdL
∗ = Am → BdL

∗ = Ad − Am → L∗ = pinv(Bd) ∗ (Ad − Am) (11.21)

→ L∗ =

 9.6697 13.2854 −9.1487 0.8729

1.9631 2.8644 −12.1067 11.5702

 (11.22)
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Therefore, there exists a matrix L∗ that will lead the system dynamics to

Ad −BdL
∗ → Am , where Am is the model plant dynamic.

The representative block diagram architecture for the suggested adaptive

control system design (based on the Lyapunov stability approach) is illustrated in

Fig. 11.1. The ultimate goal of the proposed adaptive control system design is to

investigate whether the aircraft with a damaged vertical stabilizer is going to be

able to mimic model aircraft dynamics and track the responses of the model aircraft

or not, by utilizing differential thrust as a control input for lateral/directional

dynamics. The control inputs for both plants are one degree step inputs for both

the ailerons and differential thrust. It is worth noting that this is an extreme

scenario test to see whether the damaged aircraft utilizing differential thrust can

hold itself in a continuous yawing and banking maneuver without becoming

unstable and losing control.

Figure 11.1: Block diagram for adaptive control system design

As seen in Fig. 11.1, the pilot’s inputs for both the model and the damaged

aircraft, which are one degree step inputs for both ailerons and rudder, will go
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through the Input Control Module, where the aileron control signal is routed

through the saturation values of ± 26 degrees [18] and the rudder control input is

routed through the Differential Thrust Control Module, where the rudder input is

converted to differential thrust input as discussed previously in Chapter 7. It is also

worth noting that there are also a differential thrust saturation value of 43,729 lbf

and a thrust generation rate limiter of 12,726 lbf/s imposed on the differential thrust

control as discussed in Chapter 7. This is to make sure the control inputs are within

the limits of both the ailerons and differential thrust. Furthermore, in order for the

control efforts to be feasible in a real-life scenario, the control effort signals are also

routed through the Actuation Dynamics, where the same saturation values and rate

limiters are imposed on the ailerons and differential thrust as discussed previously.

Following to that, the simulation results of the adaptive control system model

are presented in Fig. 11.2 and Fig. 11.3. As shown in Fig. 11.2, after only 15

seconds, all four states of the aircraft’s lateral/directional dynamics reach steady

state values. It can also be clearly seen from Fig. 11.2 and Fig. 11.3 that after a

time interval of 15 seconds the damaged aircraft plant can mimic the model aircraft

plant, and the heading angles of the damaged and model aircraft also converge at

0.22 degree for one degree step inputs. It is also worth noticing that with the help of

differential thrust acting as a ”virtual rudder” input during the coordinated turn

maneuver, the damaged aircraft was able to follow the behaviors of the model

aircraft in achieving very close to zero side-slip angle (β= -0.057 deg). Additionally,

the errors are minimized as shown in Fig. 11.4. This demonstrates the functionality

of the Lyapunov based adaptive control system design in such an extreme scenario.

From Fig. 11.4, it can be observed that the error signals for all four

lateral/directional states are diminished after 15 seconds. Therefore, it can be

concluded that the damaged aircraft plant can track and mimic an model aircraft in
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Figure 11.2: Closed loop responses of the damaged aircraft with an adaptive controller



71

Figure 11.3: Closed loop heading angle response with an adaptive controller
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Figure 11.4: Adaptive error signals
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a remarkable fashion. However, this comes at the cost of the control efforts as

shown in Fig. 11.5, which are still within control limits and without any saturation

of the actuators.

Figure 11.5: Closed loop control efforts with an adaptive controller

In order to have a feasible control strategy in real-life situation, limiting

factors are imposed on the aileron and differential thrust control efforts. The aileron

deflection is limited at ±26 degrees [18]. For differential thrust, a differential thrust

saturation value is set at 43,729 lbf, which is the difference of the maximum thrust

and trimmed thrust values of the JT9D-7A engine. In addition, a rate limiter is also

imposed on the thrust response characteristic at 12,726 lbf/s as discussed in
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Chapter 6.

The aileron control effort, as indicated by Fig. 11.5, calls for the maximum

deflection of about -2 degrees and reaches steady state at approximately -0.7 degree

of deflection after 15 seconds responding to a one degree step input. This aileron

control effort is very reasonable and achievable if the ailerons are assumed to have

instantaneous response characteristics by neglecting the lag from actuators or

hydraulic systems. The differential thrust control effort demands a maximum

differential thrust of -3000 lbf (negative differential thrust means T4 > T1), which is

within the thrust capability of the JT9D-7A engine, and the differential thrust

control effort reaches steady state at around 85 lbf after 15 seconds. Therefore, it

can be concluded that the adaptive control system design with the utilization of

differential thrust as a control input is proven to save the damaged aircraft by

making it follow the behaviors of the model aircraft.

11.3 Robustness and Sensitivity Analysis of Adaptive Control

System

The robustness and sensitivity of the adaptive control system are investigated

by the introduction of band-limited white noise and additive uncertainty parameters

associated with the state matrix of the damaged aircraft to investigate the

performance of the adaptive control system in the presence of noise and uncertainty.

11.3.1 Noise Sensitivity Analysis of Adaptive Control System

The noise sensitivity of the adaptive control system presented in this thesis is

investigated by the introduction of band-limited white noise to test the performance

of adaptive control system in the presence of noise. Fig. 11.6 shows the logic behind

the noise sensitivity analysis of the adaptive control system.
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Figure 11.6: Block diagram for adaptive control system design in the presence of noise



76

The noise power is set at 10−8 with sampling time of 0.1 second. The

band-limited white noise for the adaptive control system is depicted in Fig. 11.7,

and its periodogram using Fast Fourier Transform (FFT) is shown in Fig. 11.8.

Figure 11.7: Band-limited white noise

Additionally, the closed loop responses of the damaged aircraft with an

adaptive controller in the presence of band-limited white noise are shown in Fig.

11.9 and Fig. 11.10. The adaptive error signals in the presence of band-limited

white noise are also shown in Fig. 11.11.

From Fig. 11.9, it is obvious that the adaptive control system design is able to

stabilize the damaged aircraft within approximately 15 seconds in the presence of

noise. We can also see that the roll angle (φ), side-slip angle (β), and yaw rate (r)
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Figure 11.8: Periodogram using Fast Fourier Transform
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Figure 11.9: Closed loop responses of the damaged aircraft with an adaptive controller
in the presence of noise
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Figure 11.10: Closed loop heading angle response with an adaptive controller in the
presence of noise
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Figure 11.11: Adaptive error signals in the presence of noise
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are least affected by the band-limited white noise. Their responses remain virtually

unchanged. However, the roll rate (p) is most affected, and the steady state

variations of roll rate associated with noise are also obvious from Fig. 11.9.

As for the heading angle response (ψ) shown in Fig. 11.10, the effect of noise

is attenuated by the integral action (because the heading angle (ψ) is the integral of

the yaw rate (r)). The heading angles for the model, damaged, damaged aircraft

with noise converge after 15 seconds, and for one degree step inputs, the heading

angle gains are about 0.22 degree after 30 seconds.

In addition, from Fig. 11.11, we can see that the adaptive error for slip angle

(β) and yaw rate (r) are diminished after 15 seconds, but there is still some small

steady state variations (in the magnitude of 10−3) for roll angle (φ) and roll rate (p).

Additionally, it is also worth investigating the control efforts required in the

presence of noise as shown in Fig. 11.12.

According to Fig. 11.12, in the presence of noise, the aileron control effort

demands the maximum deflection of approximately -2.3 degrees and reaches steady

state in the range between -1 and -0.4 degree compared to the maximum aileron

control effort of -2 degrees and steady state value of -0.7 degree when there is no

noise. This aileron control effort demands in the presence of noise are reasonable

and feasible due to the limiting factors of ± 26 degrees of the aileron deflection [18]

and the assumption that ailerons have instantaneous response characteristics by

neglecting the lag from actuators or hydraulic systems.

As for differential thrust, in the presence of noise, the differential thrust

control effort stays virtually unchanged, which demands at maximum approximately

-3000 lbf (negative differential thrust means T4 > T1), which is within the thrust

capability of the JT9D-7A engine, and reaches steady state at around 85 lbf. Again,

due to the differential thrust saturation value set at 43,729 lbf and the thrust rate
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Figure 11.12: Closed loop control efforts with an adaptive controller in the presence
of noise
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limiter set at 12,726 lbf/s, this differential thrust control effort in the presence of

noise is feasible in a real life situation.

11.3.2 Robustness and Uncertainty Analysis of Adaptive Control

System

The robustness of the adaptive system design presented in this thesis is

investigated by the introduction of 30% of full block, additive uncertainty into the

plant dynamics of the damaged aircraft, to test its ability to track the reference

responses of the model aircraft in the presence of uncertainty. Fig. 11.13 shows the

logic behind the adaptive control system design in the presence of uncertainty.

Figure 11.13: Block diagram for adaptive control system design in the presence of
uncertainty

One thousand Monte-Carlo simulations were conducted to test the robustness

of the damaged plant in the presence of uncertainty. The state responses in the

presence of 30% uncertainty are shown in Fig. 11.14 and Fig. 11.15. It is obvious

that the adaptive control system design is able to perform well under given
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uncertain conditions and the damaged aircraft can follow/mimic the responses of

the model aircraft only after approximately 15 seconds. In that sense, the uncertain

plant dynamics are well within the expected bounds.

Figure 11.14: Closed loop responses of the damaged aircraft with an adaptive con-
troller in the presence of 30% uncertainty

The robustness of the adaptive control system design can be further illustrated

in Fig. 11.16 that all the error signals reach steady state and converge to zero only

after 15 seconds. However, these favorable characteristics come at the expense of

the control effort from the ailerons and differential thrust as shown in Fig. 11.17.

According to Fig. 11.17, when there is 30% full block, additive uncertainty,

the aileron control demands the maximum deflection of approximately -1 degree and
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Figure 11.15: Closed loop heading angle response with an adaptive controller in the
presence of 30% uncertainty
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Figure 11.16: Adaptive error signals in the presence of 30% uncertainty
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Figure 11.17: Closed loop control efforts with an adaptive controller in the presence
of 30% uncertainty
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reaches steady state at around -0.4 and -0.3 degree after 15 seconds. The aileron

control effort demands are reasonable and feasible due to the limiting factors of ±

26 degrees of the aileron deflection [18] and the assumption that ailerons have

instantaneous response characteristics by neglecting the lag from actuators or

hydraulic systems.

As for differential thrust, when there is 30% uncertainty, the differential thrust

control demands at maximum approximately -3400 lbf (negative differential thrust

means T4 > T1), which is within the thrust capability of the JT9D-7A engine, and

the differential thrust control effort reaches steady state at around the range of -350

lbf and 450 lbf after 15 seconds. Again, due to the differential thrust saturation

value set at 43,729 lbf and the thrust rate limiter set at 12,726 lbf/s, this control

effort of differential thrust in the presence of uncertainty is achievable in a real life

situation.

11.4 Chapter Summary

In this chapter, we designed an adaptive control system to stabilize the

damaged aircraft and make it mimic the behaviors of the model aircraft. We also

tested the robustness and sensitivity of the adaptive control system design by

introducing band-limited white noise as well as 30% full block, additive uncertainty

into the damaged aircraft plant matrix. It has been concluded that the adaptive

control system was able to stabilize the damaged aircraft in only 15 seconds and

under feasible control efforts without any actuator saturation. In the next chapter,

we are going into designing a robust control system based on the H∞ loop-shaping

approach.



CHAPTER 12

H∞ LOOP-SHAPING BASED ROBUST CONTROL SYSTEM DESIGN

12.1 H∞ Loop-Shaping Based Robust Control System Design

As seen in Chapter 8, the open loop responses of the damaged aircraft are

unstable in all four lateral/directional states. This means the pilot will not have

much chance to save the aircraft, which calls for a novel approach to save the

damaged aircraft and to provide a safe landing. In addition, in Chapter 11, we

designed a model reference adaptive control system to stabilize and save the

damaged aircraft by making it follow and mimic the behaviors of the model aircraft.

However, for the model reference adaptive control system, there is a need to design

a model plant before designing the control system itself. In this chapter, we want to

emphasize the need and necessity of designing a robust controller to stabilize and

save the damaged aircraft without the need to develop the model plant. Our goal is

to design a feedback controller which will not only stabilize the plant but which will

also make it robust. Therefore, the H∞ loop-shaping based robust control system is

chosen as a means to stabilize the damaged aircraft due to its ability to suppress

external disturbances and overall system robustness.

The damaged aircraft plant’s open loop singular values are shaped by the pre-

and post-compensation [22] as illustrated in Fig. 12.1.

As seen in Fig. 12.1, G is the open loop plant of the damaged aircraft while

W1 and W2 are the pre- and post-compensation, respectively. The shaped plant is,

therefore, as shown in Eq. (12.1).

89
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Figure 12.1: The damaged aircraft’s shaped plant and controller
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Gs = W2GW1 (12.1)

In addition, the controller (Ks) is synthesized by solving the robust

stabilization problem for the shaped plant (Gs) with a normalized left coprime

factorization of Gs = Ms
−1Ns, and the feedback controller for plant G is, therefore,

K = W1KsW2 [23].

Next, the implemented H∞ loop-shaping diagram is shown in Fig. 12.2.

Figure 12.2: Block diagram for H∞ loop-shaping based robust control system design

Figure 12.2 provides an insight into the robust controller design based on the

H∞ loop-shaping approach. The main goal of this controller is to stabilize all four

lateral/directional states of the damaged aircraft, which are roll rate (p), roll angle

(φ), side-slip angle (β), and yaw rate (r). The control inputs of the damaged

aircraft are ailerons (δa) and differential thrust (δT ). As seen in Fig. 12.2, the

pilot’s inputs, which are one degree step inputs for both ailerons and rudder, will go

through the pre-filter gain Ks(0)W2(0) and then the Input Control Module, where

the aileron control signal is routed through the saturation values of ± 26

degrees [18] and the rudder control input is routed through the Differential Thrust

Control Module, where the rudder input is converted to differential thrust input as

discussed previously in Chapter 7. It is also worth noting that there are also a

differential thrust saturation value of 43,729 lbf and a thrust generation rate limiter



92

of 12,726 lbf/s imposed on the differential thrust control as discussed in Chapter 7.

This is to make sure the control inputs are within the limits of both the ailerons and

differential thrust. Furthermore, in order for the control efforts to be feasible in a

real-life scenario, the control effort signals are also routed through the Actuation

Dynamics, where the same saturation values and rate limiters are imposed on the

ailerons and differential thrust as discussed previously.

The next step is to select the weighting functions, which should be taken into

careful consideration due to the dimensions of the system. Unfortunately, for most

of the time, the system matrices that represent dynamical systems are non-square.

Therefore, the selection of weighting functions requires a simple dimensional

analysis. The damaged aircraft’s lateral/directional system is [4x2], which

represents 4 outputs and 2 inputs. Due to Eq. (12.1), which states Gs = W2GW1,

the dimension of W2 needs to be [4x4] signifying a system of 4 outputs and 4 inputs,

and the dimension of W1 needs to be [2x2], representing a system of 2 outputs and 2

inputs.

After an iterative process, the selected weighting functions for W1 are as

W1(11) =
4s+ 1

4s+ 10
(12.2)

W1(22) =
50s+ 5

18s+ 25
(12.3)

We can then construct the system matrix of W1 as
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W1 =



−2.5000 0 2.5981 0 2

0 −1.3889 0 1.8922 0

−2.5981 0 3 0 0

0 −1.8922 0 2.7778 0

0 0 0 0 −∞


(12.4)

The selected weighting functions for W2 are as

W2(11) =
16

s+ 16
(12.5)

W2(22) = W2(33) = W2(44) =
120

s+ 120
(12.6)

where the system matrix of W2 becomes

W2 =



−16 0 0 0 4 0 0 0 4

0 −120 0 0 0 10.9545 0 0 0

0 0 −120 0 0 0 10.9545 0 0

0 0 0 −120 0 0 0 10.9545 0

4 0 0 0 0 0 0 0 0

0 10.9545 0 0 0 0 0 0 0

0 0 10.9545 0 0 0 0 0 0

0 0 0 10.9545 0 0 0 0 0

0 0 0 0 0 0 0 0 −∞


(12.7)

As it is customary in general loop-shaping formulation, the maximum stability

margin (emax) is defined as a performance criterion:

emax = 1/γmin (12.8)
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where γmin is the H∞ optimal cost. For our analysis, the maximum stability margin

is then obtained as

emax = 0.2763 (12.9)

which is within the suggested optimal value bounds: 0.25 < emax < 0.30.

Next, the sensitivity (S) and co-sensitivity (T) plots are constructed, where

the sensitivity (S) function is defined as the transfer function from the disturbance

signal to the output while the co-sensitivity (T) function is defined as the transfer

function from the reference signal to the output. The input and output sensitivity

functions are shown in Fig. 12.3 and Fig. 12.4, respectively.

Figure 12.3: Input sensitivity function
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Figure 12.4: Output sensitivity function



96

Next, we can investigate the shaped plant behaviors for inputs and outputs in

Fig. 12.5 and Fig. 12.6, respectively, where we can see that for the aileron control

input (δa), the shaped plant has very good response characteristics of having high

gain at low frequencies for tracking and low gain at high frequencies for disturbance

rejection. For the differential thrust control input (δT ), although the gain at low

frequencies is not as high as that of the aileron control input, but the gain is

relatively linear, which makes the differential thrust control quite predictable for the

pilots. At high frequencies, the gain roll-off is also linear and quite similar to that of

the aileron control input, which is helpful at rejecting disturbances. In addition,

Fig. 12.5 and Fig. 12.6 also show the output responses of the shaped plant in all

four lateral/directional states, from which we can see that the implemented

controller based on H∞ loop-shaping approach can augment the system in two

groups: roll angle and roll rate (φ and p) and side-slip angle and yaw rate (β and r).

It is also obvious that roll angle and roll rate (φ and p) have higher gains than

side-slip angle and yaw rate (β and r), which is expected when the aircraft loses its

vertical stabilizer.

In addition, it is possible to look at the augmented control action by the H∞

loop-shaping controller in Fig. 12.7. Furthermore, the co-sensitivity plots related to

the shaped plant behaviors for the inputs and outputs are presented in Fig. 12.8 and

Fig. 12.9, respectively. Fig. 12.7, Fig. 12.8, and Fig. 12.9 prove that the controller

based on H∞ loop-shaping approach is able to achieve desirable closed loop response

characteristics in the frequency domain in terms of robustness and stability.
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Figure 12.5: Input responses of shaped plant
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Figure 12.6: Output responses of shaped plant
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Figure 12.7: Augmented control action by the H∞ loop-shaping robust controller
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Figure 12.8: Co-sensitivity plot for input responses of shaped plant
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Figure 12.9: Co-sensitivity plot for output responses of shaped plant
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Next, the comparison of the open-loop, shaped, and robustified plant

responses is carried out to investigate the effect of the H∞ loop-shaping on the plant

dynamics as illustrated in Fig. 12.10 and Fig. 12.11.

As seen in Fig. 12.10 and Fig. 12.11, compared to the open-loop plant

responses, the performance of the damaged aircraft is further improved by controller.

(a) Transfer function φ
δa

(b) Transfer function p
δa

(c) Transfer function β
δa

(d) Transfer function r
δa

Figure 12.10: Open-loop (G) vs. shaped (Gs) vs. robustified (GsKs) plant for aileron
input
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(a) Transfer function φ
δT

(b) Transfer function p
δT

(c) Transfer function β
δT

(d) Transfer function r
δT

Figure 12.11: Open-loop (G) vs. shaped (Gs) vs. robustified (GsKs) plant for differ-
ential thrust input
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Furthermore, it is also worth checking the allowable gain and phase margin

variations (i.e. associated uncertainty balls in gain and phase margins for a robust

response and guaranteed stability). Obtained results for the disk margins for the

inputs and outputs are described in Fig. 12.12 and Fig. 12.13, respectively. From

Fig. 12.12 and Fig. 12.13, it can be clearly seen that with the H∞ loop-shaping

control system design, both the inputs and outputs can achieve desirable and safe

stability margins. For the inputs, the maximum phase margin is approximately 78

degrees while the maximum gain margin is about 19 dB. For the outputs, the

maximum phase margin is approximately 36 degrees while the maximum gain

margin is about 5.8 dB.

Figure 12.12: Disk margins for inputs
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Figure 12.13: Disk margins for outputs
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12.2 Simulation Results

Now it is time to look at the time domain responses of the damaged aircraft,

which are shown in Fig. 12.14 and Fig. 12.15. It is worth mentioning that the

control inputs for both plants are one degree step inputs for both the ailerons and

differential thrust to simulate an extreme scenario test to see whether the damaged

aircraft utilizing differential thrust can hold itself in a continuous yawing and

banking maneuver without becoming unstable and losing control. From Fig. 12.14,

it is obvious that after only 15 seconds, all four states of the aircraft’s

lateral/directional dynamics reach steady state values, which means that the

controller can stabilize the damaged aircraft in only 15 seconds. It is also worth

noticing that with the help of differential thrust acting as a ”virtual rudder” input

during the coordinated turn maneuver, the aircraft was able to achieve zero side-slip

angle. Additionally, as seen in Fig. 12.15, the heading angle gain becomes very

linear after 15 seconds, and for one degree step inputs, the heading angle gain is

about 3.6 degrees after 30 seconds. However, this comes at the cost of the control

efforts as shown in Fig. 12.16, which are still under the control limits and without

any saturation of the actuators.

As discussed previously, in order to have a feasible control strategy in real-life

situation, limiting factors are imposed on the aileron and differential thrust control

efforts. The aileron deflection is limited at ±26 degrees [18]. For differential thrust,

a differential thrust saturation value is set at 43,729 lbf, which is the difference of

the maximum thrust and trimmed thrust values of the JT9D-7A engine. In

addition, a rate limiter is also imposed on the thrust response characteristic at

12,726 lbf/s as discussed in Chapter 7.

The aileron control effort, as indicated by Fig. 12.16, calls for the maximum
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Figure 12.14: Closed loop responses of the damaged aircraft with a robust controller
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Figure 12.15: Closed loop heading angle response with a robust controller
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Figure 12.16: Closed loop control efforts with a robust controller
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deflection of approximately 2.4 degrees and reaches steady state at approximately

-0.1 degree of deflection after 15 seconds. This aileron control effort is very

reasonable and achievable if the ailerons are assumed to have instantaneous

response characteristics by neglecting the lag from actuators or hydraulic systems.

The differential thrust control effort demands a maximum differential thrust of

approximately 3350 lbf, which is well within the thrust capability of the JT9D-7A

engine, and the differential thrust control effort reaches steady state at around 15

lbf after 15 seconds. Therefore, it can be concluded that the robust control system

design based on the H∞ loop-shaping approach is proven to be able to stabilize and

save the damaged aircraft.

12.3 Robustness and Sensitivity Analysis of H∞ Loop-Shaping

Based Robust Control System

The robustness and sensitivity of the H∞ loop-shaping based robust control

system are examined by the introduction of band-limited white noise and additive

uncertainty parameters associated with the state matrix of the damaged aircraft to

investigate the performance of the robust control system in the presence of noise

and uncertainty.

12.3.1 Noise Sensitivity Analysis of H∞ Loop-Shaping Based Robust

Control System

The noise sensitivity of the H∞ loop-shaping based robust control system

presented in this thesis is investigated by introducing band-limited white noise to

test the performance of the robust control system in the presence of noise. Fig.

12.17 shows the logic behind the noise sensitivity analysis of the robust control

system.
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Figure 12.17: Block diagram for H∞ loop-shaping based robust control system design
in the presence of noise
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The noise power is set at 10−8 with sampling time of 0.1 second. The

band-limited white noise for the H∞ loop-shaping based robust control system is

depicted in Fig. 12.18, and its periodogram using Fast Fourier Transform (FFT) is

shown in Fig. 12.19.

Figure 12.18: Band-limited white noise

Additionally, the closed loop responses of the damaged aircraft with an robust

controller in the presence of band-limited white noise are shown in Fig. 12.20 and

Fig. 12.21.

From Fig. 12.20, it is obvious that the robust control system design is able to

stabilize the damaged aircraft within approximately 15 seconds in the presence of

noise. We can also see that all four state outputs are virtually unaffected by the

band-limited white noise, which clearly demonstrates the robustness of the H∞
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Figure 12.19: Periodogram using Fast Fourier Transform
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Figure 12.20: Closed loop responses of the damaged aircraft with a robust controller
in the presence of noise
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Figure 12.21: Closed loop heading angle response with a robust controller in the
presence of noise
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loop-shaping based robust control system.

As for the heading angle response (ψ) shown in Fig. 12.21, the effect of noise

is attenuated by the integral action (because the heading angle (ψ) is the integral of

the yaw rate (r)), and the heading angle gain stays the same as when there is no

noise: for one degree step inputs, the heading angle gain is about 3.6 degrees within

30 seconds.

Additionally, it is also worth investigating the control efforts required in the

presence of noise as seen in Fig. 12.22.

Figure 12.22: Closed loop control efforts with a robust controller in the presence of
noise

According to Fig. 12.22, in the presence of noise, the aileron control effort

stays virtually unchanged, which still demands the maximum deflection of
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approximately 2.4 degrees and reaches steady state at around -0.1 degree as when

there is no noise. This aileron control effort demands are reasonable and feasible

due to the limiting factors of ± 26 degrees of the aileron deflection [18] and the

assumption that ailerons have instantaneous response characteristics by neglecting

the lag from actuators or hydraulic systems. The differential thrust control effort

also stays unchanged, and it still demands at maximum approximately 3350 lbf and

reaches steady state value of 15 lbf. Again, due to the differential thrust saturation

value set at 43,729 lbf and the thrust rate limiter set at 12,726 lbf/s, this differential

thrust control effort in the presence of noise is feasible in a real life situation.

12.3.2 Robustness and Uncertainty Analysis of H∞ Loop-Shaping

Based Robust Control System

The robustness of the H∞ loop-shaping based robust differential thrust control

system design presented in this thesis is investigated by the introduction of 30% of

full block, additive uncertainty into the plant dynamics of the damaged aircraft to

test the performance of the aircraft in the presence of uncertainty. Fig. 12.23 shows

the logic behind the robust control system design in the presence of uncertainty.

Figure 12.23: Block diagram for H∞ loop-shaping based robust control system design
in the presence of uncertainty
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One thousand Monte-Carlo simulations were conducted to test the robustness

of the damaged plant in the presence of uncertainty. The state responses in the

presence of 30% of uncertainty are shown in Fig. 12.24 and Fig. 12.25, where it is

obvious that the robust control system design is able to perform well under given

uncertain conditions and the damaged aircraft has stable steady state responses

within only 15 seconds. The roll angle (φ) settles at approximately between 3.1 and

3.3 degrees compared to about 3.2 degrees when there is no uncertainty. The roll

rate (p) settles at approximately between -0.02 and 0.01 deg/s compared to about 0

deg/s when there is no uncertainty. The side-slip angle (β) settles at approximately

between -0.02 and -0.01 degree compared to about 0 degree when there is no

uncertainty. Finally, the yaw rate (r) settles at approximately between 0.14 and

0.16 deg/s compared to about 0.15 deg/s when there is no uncertainty. As for the

heading angle (ψ), the heading angle gain varies from 3.4 to 3.7 degrees compared

to about 3.6 degrees when there is no uncertainty. In that sense, the uncertain plant

dynamics are well within the expected bounds.

However, these favorable characteristics come at the expense of the control

effort from the ailerons and differential thrust as shown in Fig. 12.26.

According to Fig. 12.26, when there is 30% full block, additive uncertainty,

the aileron control demands the maximum deflection of approximately 2.4 degrees

and reaches steady state between -0.12 and -0.09 degree after 15 seconds, which is

quite similar to the required aileron control effort when there is no uncertainty.

Therefore, the aileron control effort demands are reasonable and feasible due to the

limiting factors of ± 26 degrees of the aileron deflection [18] and the assumption

that ailerons have instantaneous response characteristics by neglecting the lag from

actuators or hydraulic systems.

As for differential thrust, when there is 30% uncertainty, the differential thrust
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Figure 12.24: Closed loop responses of the damaged aircraft with a robust controller
in the presence of 30% uncertainty



120

Figure 12.25: Closed loop heading angle response with a robust controller in the
presence of 30% uncertainty
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Figure 12.26: Closed loop control efforts with a robust controller in the presence of
30% uncertainty
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control demands at maximum approximately 6500 lbf, which is within the thrust

capability of the JT9D-7A engine, and the differential thrust control effort reaches

steady state between -120 lbf (negative differential thrust means T1 < T4) and 120

lbf (positive differential thrust means T1 > T4) after 15 seconds. Compared to the

case when there is no uncertainty, the demanded differential thrust associated with

uncertain plant dynamics is higher in both magnitude and rate. It is also obvious

from Fig. 12.26 that in a few cases, the differential thrust control effort demand hit

the thrust generation rate limiter, which is set at 12,726 lbf/s for the JT9D-7A

engine, but fortunately, the control system is so robust that throughout 1000

Monte-Carlo simulations, it can stabilize the aircraft’s uncertain plant dynamics.

Again, due to the differential thrust saturation value set at 43,729 lbf and the thrust

rate limiter set at 12,726 lbf/s, this control effort of differential thrust in the

presence of uncertainty is achievable in a real life situation.

12.4 Chapter Summary

In this chapter, we designed a H∞ loop-shaping based robust control system

to stabilize the damaged aircraft. We also tested the robustness and sensitivity of

the H∞ loop-shaping based robust control system design by introducing

band-limited white noise as well as 30% full block, additive uncertainty into the

damaged aircraft plant matrix. It has been concluded that the H∞ loop-shaping

based robust control system was able to stabilize the damaged aircraft in only 15

seconds and under feasible control efforts without any actuator saturation. In the

next chapter, we are conducting a comparison study of the LQR, adaptive, and H∞

loop-shaping based robust control System in order to investigate the merits and

limits of each control methodology.



CHAPTER 13

COMPARISON OF LQR, ADAPTIVE, AND ROBUST CONTROL

METHODOLOGIES

13.1 Comparison of LQR, Adaptive, and Robust Control

Methodologies

Throughout this thesis, three control systems (LQR, adaptive, and H∞

loop-shaping based robust control systems) have been designed to stabilize the

damaged aircraft. In this chapter, a comparison study of the three control systems

is conducted to investigate the merits and limits of each control system to save the

damaged aircraft.

As seen in Fig. 13.1 and Fig. 13.2, all three control systems were able to

stabilize the damaged aircraft within only 15 seconds. However, from Fig. 13.1, the

H∞ loop-shaping based robust control system exceeds the other two control systems

in its ability to eliminate entirely the side-slip angle and have a better overall

steady-state yaw rate of 0.15 deg/s as compared to only 0.0057 deg/s achieved by

the LQR and adaptive control systems. Furthermore, as seen in Fig. 13.2, the merit

of the H∞ loop-shaping based robust control system is once again demonstrated by

having an overall better heading angle gain of 3.6 degrees in 30 seconds compared to

only 0.22 degree from the LQR and adaptive control systems. Next, the aileron and

differential thrust control efforts for three types of control systems are illustrated in

Fig. 13.3.

As discussed before in Chapter 10, Chapter 11, and Chapter 12, all three

control systems demand the control efforts that are well within the capability of the
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Figure 13.1: Comparison of closed loop responses of the damaged aircraft
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Figure 13.2: Comparison of closed loop heading angle responses
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Figure 13.3: Comparison of control efforts
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ailerons and differential thrust. However, from Fig. 13.3, we can see that the LQR

control system demands the least overall maximum control efforts from ailerons and

differential thrust at 1 degree and -400 lbf as compared to only -2 degrees and -3000

lbf, and 2.4 degrees and 3350 lbf by the adaptive and robust control system,

respectively. However, for steady state control efforts, the H∞ loop-shaping based

robust control system demands the least control efforts from ailerons and differential

thrust at -0.1 degree and 15 lbf as compared to only -0.7 degree and 85 lbf, and -0.7

degree and 1000 lbf by the adaptive and LQR control system, respectively. This is

also another merit of the H∞ loop-shaping based robust control system because less

demanded steady state aileron and differential thrust control efforts mean lower

stress on the ailerons and engines.

Additionally, as discussed in Chapter 10.3, Chapter 11.3, and Chapter 12.3,

from the robustness and uncertainty analyses in the presence of noise and

uncertainty, the H∞ loop-shaping based robust control system excels above the

other two types of control systems in terms of overall system robustness in the

presence of band-limited white noise as well as uncertainty associated with the

damaged aircraft plant dynamics.

It is also worth noting that the performance of the adaptive control system

depends on its model plant (which is stabilized by an LQR controller), so the

adaptive control system will follow and mimic the performance of the LQR control

system. Therefore, it is possible to improve the performance of the model reference

adaptive control system by using the model plant stabilized by the H∞ loop-shaping

based robust control system.
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13.2 Chapter Summary

In this chapter, we conducted a comparison study of the LQR, adaptive, and

H∞ loop-shaping based robust control system in order to investigate the merits and

limits of each control methodology. We also concluded that due to its merits, the

H∞ loop-shaping based robust control system provides the most remarkable results

for stabilizing and saving the damaged aircraft under the assumptions in this thesis.



CHAPTER 14

CONCLUSIONS AND RECOMMENDATIONS

14.1 Conclusions

This thesis studied the utilization of differential thrust as a control input to

help a Boeing 747-100 aircraft with a damaged vertical stabilizer regain its

lateral/directional stability. The motivation of this thesis is to improve the safety of

air travel in the event of losing the vertical stabilizer by providing control means to

safely control and save the damaged aircraft.

Throughout this thesis, the necessary nominal and damaged aircraft models

were constructed, where lateral/directional equations of motion were revisited to

incorporate differential thrust as a control input for the damaged aircraft. Then, the

lateral/directional dynamic stability characteristics of the damaged aircraft were

investigated. A frequency domain analysis was also conducted to study the response

characteristics of the damaged aircraft. The engine dynamics of the jet aircraft were

modeled as a system of differential equations with engine time constant and time

delay terms to study the engine response time with respect to a commanded thrust

input. Next, the novel differential thrust control module was presented to map the

rudder input to differential thrust input. The controllability of the damaged aircraft

was then investigated. The linear quadratic regulator controller was designed to

stabilize the damaged aircraft. The ability of the damaged aircraft to track and

mimic the behaviors of the model aircraft in an extreme scenario was illustrated

through the adaptive control system design based on the Lyapunov stability

approach. Next, the H∞ loop-shaping based robust control system design’s ability
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to stabilize the damaged aircraft was proven as investigation results demonstrated

that the damaged aircraft was able to reach steady state stability within only 15

seconds under feasible control efforts and without any actuator saturation. Results

showed that the unstable open-loop damaged plant dynamics could be stabilized

using all three control methodologies. Furthermore, the robustness and sensitivity

analyses showed that all three control strategies were also able to stabilize the

damaged aircraft plant in the presence of band-limited white noise as well as 30%

full block, additive uncertainty. A comparison study of the LQR, adaptive, and

robust control systems was also conducted to investigate the strengths and limits of

each control system in order to select the most suitable control strategy to stabilize

and save the damaged aircraft, and due to its merits, the H∞ loop-shaping based

robust control system was found to have the most remarkable results for stabilizing

and saving the damaged aircraft under the assumptions in this thesis.

Through listed analyses above, the ability to save the damaged aircraft by the

three automatic control strategies and the utilization of differential thrust has been

demonstrated in this thesis. This framework provides automatic control

methodologies to save the damaged aircraft and avoid the dangerous coupling of the

aircraft and pilots, which led to crashes in a great number of commercial aircraft

accidents.

14.2 Recommendations

For the proposed control methodologies to save the damaged aircraft to be

feasible and effective in a real life scenario, the following recommendations should

be taken into consideration.

• Aircraft Modeling: the damaged aircraft model in this thesis was
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constructed with a fully damaged vertical stabilizer. This represents an

extreme scenario in which there is a total damage of the vertical stabilizer

and the rudder. In a real life scenario, there will be no prior knowledge of

how much the vertical stabilizer will be damaged so the parameters in the

state matrix (A matrix) of the aircraft may vary. This was taken into

account by the robustness and uncertainty analyses in this thesis.

• Propulsion Dynamics of Jet Engines: in this thesis, the non-linear and

complex jet engine dynamics are simplified by the second-order linear model

for analysis. It is worth noting that in a real life scenario, the differential

thrust generation characteristics are governed by the highly non-linear and

complex dynamics of jet engines. This can affect the effectiveness of

differential thrust as a control input. Furthermore, due to the heavy

dependence of the differential thrust response characteristics on the engine

dynamics, in order to better incorporate the differential thrust as an

effective control input in a life-saving scenario, major developments in

engine response characteristics and engine dynamics modeling are desired to

better assist such algorithms.

• Aileron Response Characteristics: it is worth taking into account that

in this thesis, the ailerons are assumed to have instantaneous response

characteristics by the assumption that there are no actuator and hydraulic

lags associated with the ailerons. However, in a real life scenario, the

actuator and hydraulic lags will affect the effectiveness of the ailerons. In

addition, the rapid demand for aileron control effort can cause the ailerons

to flutter, which may introduce vibration (and colored noise) into the

damaged aircraft system.
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• Noise Sensitivity: the noise sensitivity analyses of control systems in this

thesis are conducted by the introduction of the band-limited white noise to

test the performance of the control systems in the presence of noise. It is

worth noting that in a real life scenario, the damaged aircraft system can

also be affected by colored noise.

• Other Disturbances: in this thesis, the aircraft is assumed to be in a

steady, level cruise flight. However, in a real life scenario, there can be

sudden, strong gusts of wind (such as updrafts or downdrafts) which can

affect the performance of the control systems to save the damaged aircraft.

• Structural Integrity of the Damaged Aircraft: in a real life scenario,

when the vertical stabilizer of an aircraft is ripped off, the structural

integrity of the damaged aircraft is of great importance in deciding whether

the damaged aircraft can be saved.
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